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List of used symbols

The following list covers some of the mathematical symbols and conventions used in the work
without prior definition.

Symbol Meaning

N the set of positive integers, i.e., {1, 2, 3, . . .}
N0 the set of nonnegative integers, i.e., {0, 1, 2, 3, . . .}
Z the set of all integers, i.e., {0, 1,−1, 2,−2, . . .}
R the set of real numbers
C the set of complex numbers

(a, b) an open interval from a to b
〈a, b〉 a closed interval from a to b
n̂ the set {1, 2, . . . ,n}
Span(S) the closed linear complex span of set S
U(n) the group of unitary operators on Cn

|a〉, 〈a| normalized ket- and bra-vectors in Dirac notation
HA state space of a (sub-)system A
U(t 7→ t′) unitary time-evolution operator taking states at time t to states at time t′

% quantum state, density matrix
U(t 7→ t′) completely positive trace-preserving superoperator evolving mixed states

1 identity operator, identity matrix
α∗ complex conjugate of a complex number α
A† Hermitian adjoint of an operator A
Tr A trace of an operator A
⊗ tensor product of operators, vectors, or vector spaces
⊕ bitwise addition modulo 2
σX, σY, σZ the Pauli matrices, taken as operators on C2

P(E) probability of an event E
E[X] expectation value of a random variable X

x = x1x2 . . . xn a binary string
bxc the integer part, the largest integer not greater than x ∈ R
dxe the smallest integer larger than or equal x ∈ R
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Introduction

The field of quantum computing and information processing has been facing a true boom for
the past few decades. The idea of reducing computational complexity of certain important
algorithmic tasks is so tempting that even many scientific centres have been established for the
sole purpose of theoretical and experimental studies of quantum computing and quantum in-
formation theory. With the number of scientific papers in prominent journals steadily growing
every year, the whole community is bringing close the epoch of practical quantum computing.

The novelty of the branch allows the research to be broadly open-minded, unconstrained by
established techniques, unlimited by commercially available equipment or backward com-
patibility. The ubiquity of quantum mechanics as a generic descriptive language for the
whole of physics allows the theoretical framework to be implementation-independent. What
is more, the very techniques of composing quantum logical operations from simple building
blocks may vary significantly. Various approaches seen so far include quantum logic circuits,
measurement-based (one-way) quantum computing, or adiabatic quantum computing.

The new quantum paradigm, replacing the computing model at its very pillars represented by
Boolean logic, has significant implications across the whole field of computer science. New
theories of quantum information, quantum complexity, quantum communication, quantum
algorithms, or quantum games, needed to be established, to name a few. In most cases, these
are rooted in their classical counterparts and much effort is put into studying the respective
differences and generalizations. Quantum algorithms differ from this scheme rather signifi-
cantly: despite the fact that a quantum algorithm might be designed as a direct translation of a
classical algorithm, any real improvement only comes with algorithms which are completely
unlike any classical pattern. There are also some cases of algorithmic tasks where a genuine
polynomial-time quantum algorithm is known but no classical one has been found. In other
words, not only new tools are made accessible but a whole new manner of thinking needs to
be developed in order to harness the true power of quantum computers.

The aim of this doctoral thesis is to define and develop one of such concepts—quantum
walks—not only as a very competitive means of designing, describing and realizing quantum
algorithms, but more generally as a universal tool for studying quantum mechanics of simple
systems and using these to reach far more involving goals. Starting with a brief review, various
aspects of quantum walks are covered, from a theoretical as well as experimental point of view,
focusing primarily on the areas where the original research presented in this thesis contributed
to the global knowledge of the topic.
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Chapter 1

Basics of quantum algorithms and quantum walks

In this chapter, I will define what quantum walks are and show the main points of motivation
to study them as a main research topic. For this purpose, I will first need to make a brief
introduction into quantum computing and quantum algorithms. I will use this framework to
introduce the concept of quantum walks in Section 1.3 and specify it further in Section 1.4. The
subsequent three sections show the importance of quantum walks in the theory of quantum
algorithms, showing particular examples. Finally, the current state of art in experimental
implementations of quantum walk system is summarized in Section 1.8.

1.1 Quantum computing and quantum algorithms

Quantum algorithms are any algorithms designed to be run on quantum computers, compu-
tational machines using quantum mechanical systems to store or transmit information and the
laws of quantum mechanics to process it.

Quantum computation is usually performed on a quantum system composed of n two-state
subsystems, called qubits. Larger partitions of the system, called quantum registers, may be
used to store and process input/output variables or provide auxiliary space for computation.

For the i-th qubit, let |0〉i and |1〉i denote the basis vectors of a chosen orthonormal basis of its
state space. The tensor product basis

|0〉1 ⊗ |0〉2 ⊗ . . .⊗ |0〉n =: |00 . . . 0〉 through |1〉1 ⊗ |1〉2 ⊗ . . .⊗ |1〉n =: |11 . . . 1〉 (1.1)

is called the computational basis of the system. If the qubits are partitioned into quantum
registers, one might also speak of their respective computational bases, built analogously.

A quantum algorithm consists of the specification of an initial state, a means of inserting input
data into the system, a sequence of transformations applied to the state, and a measurement
used for reading out the result of the algorithm. If no particular observable is stated in
the measurement step, a complete measurement in the computational basis is automatically
assumed and the result is interpreted as a binary string, or a binary representation of an integer
between 0 and 2n − 1. Additional partial measurements may be applied during the run of the
algorithm and used for conditioning of its further evolution; however, any such measurement
can be deferred till the final step [1].

A classical input can be loaded into the quantum system in several ways: in the initial state,
via conditioning of the operations applied to the state, or via tunable parameters of these
operations.

Due to the unitary nature of quantum dynamics of closed systems, any computation performed
in a quantum algorithm is inherently reversible. However this may seem limiting at first sight,
even in classical computational models, reversible computation is capable of replacing any
irreversible algorithm at the cost of a polynomial extension of the working space. Since any
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reversible binary operation on n qubits can be expressed using a unitary matrix, and any
unitary operation is reachable in quantum mechanics via a suitable Hamiltonian, quantum
computation can also simulate any classical logical circuit effectively. For example, a commonly
used way to reversibly store the result of a non-injective function f : {0, 1}n → {0, 1}m in a m-
qubit register is using a unitary time-evolution operator (a quantum gate) of the form

U f : |x〉(n) ⊗ |y〉(m) 7→ |x〉(n) ⊗ |y⊕ f (x)〉(m), (1.2)

where ⊕ denotes bitwise addition modulo 2. Note that upon a second application of the same
operator, the function value f (x) would get “un-computed”, which in turn proves reversibility
of this gate.

The power of quantum computers stems primarily from the availability of creating and work-
ing with quantum superpositional states, which is the base of quantum parallelism. One must
keep in mind that the superposition principle of quantum mechanics takes place on the state
space of the whole system, as opposed to taking superpositions of |0〉 and |1〉 in its individual
qubits only, so a generic state features a strong entanglement of all the qubits. For an example
of quantum parallelism, consider a superposition of several computational basis states (|xi〉)k

i=0

with amplitudes αi in one quantum register augmented by |y〉 = |0〉 := |00 . . . 0〉 in the second
register as the input to the gate U f defined in Eq. (1.2). As a result of the overall linearity of
quantum mechanics, the result of its application on this superpositional state is

U f

((
k∑

i=0

αi|xi〉(n)

)
⊗ |0〉(m)

)
=

k∑
i=0

(
αiU f

(|xi〉(n) ⊗ |0〉(m)
) )

=
k∑

i=0

(
αi|xi〉(n)⊗| f (xi)〉(m)

)
. (1.3)

We see that the function f is effectively computed for k different inputs simultaneously with
only one use of the quantum gate implementing it.

Also, the set of quantum gates available for processing a register of quantum bits is a broad
generalization of the set of classical reversible logic gates acting on the same number of bits.
For example, the only operations applicable on a single bit in reversible classical computation
are the identity and the -gate. On the other hand, a single qubit is a system with two-
dimensional complex linear state space and any unitary operator U ∈ U(2) represents a possible
single-qubit quantum gate, leaving the identity and the Pauli σX gate (the quantum version of
the  gate) as only two special cases.

A set of quantum gates is called universal if any unitary operation on an arbitrary number of
qubits can be decomposed into gates belonging to this set acting in succession on subsystems
of corresponding number of qubits. An important universal set of quantum gates is the set
of all single-qubit gates augmented by a two-qubit -gate, defined in the computational
basis by the rule

U: |a〉 ⊗ |b〉 7→ |a〉 ⊗ |a⊕ b〉. (1.4)
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1.2 The power of quantum computers

The classical-to-classical data processing pattern allows us to compare quantum computing
machines to the classical theoretical model of computation.

It can be easily proven that the class of problems decidable in a classical computer and a quan-
tum one is the same. This follows from the possibility of simulating each kind of machine on
the other, given unlimited resources. However, simulating quantum algorithms on classical
computers is generally a hard problem, requiring a substantial amount of both memory and
time due to an exponential dependence of the state space dimension on the number of qubits.
The space complexity of the simulation may be reduced back to polynomial using techniques
described in [1] but no such techniques are known for bounding the necessary running time.
This justifies the question whether quantum algorithms can outperform classical ones in terms
of time complexity. Indeed, several examples of quantum algorithms have been found that de-
cide particular problems faster (even exponentially faster) than their best classical counterparts
in various measures, most notably:

– Deutsch-Josza’s algorithm[2] (1992), showing an exponential speed-up of exact quantum
algorithms against classical algorithms in determining the properties of a black-box func-
tion,

– Simon’s algorithm[3] (1994), displaying an exponential speed-up of bounded-error quan-
tum algorithms against bounded-error classical algorithms in a similar setting,

– Shor’s algorithm[4] (1994), showing that integer factorization, suspected to be of exponen-
tial time complexity on a classical computer, can be solved in polynomial time on a quantum
one,

– Grover’s algorithm[5] (1996), finding an element satisfying a binary function quadratically
faster than both deterministic and probabilistic classical algorithms.

The first two examples present important separations of the power of quantum and classical
computers, but for this purpose, they use a black box “oracle” function which itself might take
an exponential time to evaluate, or allow for a simpler solution to be designed if its definition
could be examined. Shor’s algorithm was an important milestone in quantum computing,
marking the beginning of a broad interest in the field of the public. The importance of integer
factorization is that its classical computational hardness, albeit never truly proven, is being
exploited in many computer security schemes. This leaves Grover’s algorithm the only one of
the four giving an example of a problem solved unconditionally faster in a quantum computing
model, even though this speed-up is only quadratic.

This analysis leads us to defining new complexity classes valid for quantum computers. The
most widely used class of problems considered feasible for a quantum computer is , in
which a decision problem belongs if and only if there is a polynomial-time quantum algorithm
solving it with an upper bounded probability of error. This gives a quantum generalization of
the classical complexity class  and indeed,

 ⊆  ⊆ . (1.5)

The upper bound on the size of the class  is given by , the class of problems decidable
on a probabilistic Turing machine with a probability of correct answer strictly larger than 1

2 ,
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but possibly arbitrarily close to it. This class is no longer considered feasible for a classical
computer, because it might take an exponential number of tries to confirm a difference from an
uniformly distributed (and thus useless) outcome. This leaves space for a possible exponential
speed-up by quantum algorithms.

At present, it is not known whether there are any problems for which polynomial-time quantum
algorithms exist but classical ones do not. Shor’s algorithm would give a positive answer if
integer factorization is proven to be of exponential time complexity in the future. Similarly,
the relation of  to , the well-known classical class of nondeterministically polynomial
problems, has not been established.

1.3 Quantum walking

The generic scheme of a quantum algorithm, defined above, allows for several generalizations.
Primarily, the restriction to using two-level elementary subsystems and binary representations
of all respective variables is often relaxed. Besides digital representations in other than binary
number bases, the whole spectrum of any suitable physical quantity, discrete or continuous,
may be employed.

An important example of this alternative is given by quantum walks. In the most direct model
of quantum walking [6], the physical position of a quantum particle is used as a dynamical
variable without the need for any numeric representation. The motion of the particle is
driven by its wave equation, taken either in continuous time or discretized time steps. An
indisputable benefit of directly using the naturally omnipresent kinematics and interactions
with the confining environment is that this approach is certainly more straightforward and
less error-prone than resorting to using abstract finite-dimensional systems and engineered
Hamiltonians. The price to pay for this advantage is a limitation of synchronizing arrivals of
the particle to the corresponding sites and a related time cost of the transitions. For this reason,
the transitions are generally restricted to crossing exactly one edge of some underlying graph
structure per one time step in the case of discretized time evolution, or to nearest-neighbour
interaction Hamiltonians in continuous-time systems.

The quantum walk in [6] is not being presented as a quantum algorithm per se, rather a new
formalism or language for describing simple quantum systems. However, it has provided
ground for later works specifically oriented on quantum computing, e. g., [7] or [8], which can
be interpreted in a similar straightforward real-world manner.

1.4 Definition of quantum walks

A generic pattern of quantum walk algorithms can be summarized as follows:

Primary assumptions. The walk is realized in a quantum system described by its position
(in discretized Euclidean space or among the vertices of a prescribed graph) and a number of
optional internal degrees of freedom. It is assumed that the internal state may be modified
freely but the spatial motion can only happen at a speed of one unit per each time step.
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Preparation. The quantum particle, or a walker, is prepared in a given initial state. This is
typically, but not necessarily, a localized state in one of the possible positions with a fiducial
internal state or, in the case of finite walking spaces, an equal weight superposition of all
position and all internal states.

Time evolution. Time evolution takes place either in discrete steps or continuously in time.
In the latter case, the system is governed by a Hamiltonian supported in the position space
by the adjacency matrix of the walking graph. In the case of discrete-time quantum walks,
the evolution operator applied in each time step can induce any change in the internal states,
followed by a displacement connecting each position to its nearest neighbours. If the direction
of this displacement is controlled by the internal state, one calls the system a quantum walk
a walk with a coin, the quantum coin being the internal state register. The change in the
internal state is then referred to as a quantum coin toss or an application of a quantum coin
operator, similarly, the controlled displacement is governed by a step operator. N. B. that for
both continuous- or discrete-time quantum walks, the evolution operator may also feature an
explicit time dependence, and if the internal state is being altered, the transformation applied
to it may be position-dependent.

Finish. After a prescribed time of evolution according to the previous rules, the quantum walk
is stopped and the resulting quantum state is made available for arbitrary further processing.
This usually, but not necessarily, involves a measurement of the position of the walker.

The need for any internal state dynamics can be dropped in continuous-time quantum walks. In
many important discrete-time configurations, most notably all Euclidean lattices, however, the
use of a quantum coin is inevitable in order to reach nontrivial time evolution [9]. The purpose
of the coin is to introduce quantum superposition states in the low-dimensional internal state,
which are translated via the controlled displacement to superpositions of different positions,
causing a spread of the quantum walker’s position.

1.5 Theoretical importance of quantum walks

Quantum walks were first proposed as a quantum analogue of random walks [6]. This also
explains the original name “quantum random walks”, which was later simplified by multiple
authors to “quantum walks” conforming to the lack of randomness in an unitary evolution of
a closed quantum system. The effort put into quantum walk research was motivated not only
by the multitude of uses of classical random walks in computer science and algorithm design,
but by the possibility of use of a similar description in a surprising number of branches of
modern science, e. g., mathematics, physics, biology, economy or genetics.

Already in the first studies, certain striking differences between quantum and classical walks
were discovered. Most notably that the asymptotic behaviour of a quantum walk does not
converge to a Gaussian probability distribution of the particle’s position spreading over the
allowed space. Instead, it forms one or more wavefronts travelling the space at asymptotically
constant group velocities. This has a direct consequence of quickly covering large areas and
reduced hitting times (for two given vertices in a graph, the hitting time is the time in which
a walker starting in one vertex reaches the other with probability higher than a prescribed
bound). The functional dependence of hitting time on the graph diameter depends on the
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class of graphs of interest and might be as much as exponentially faster than the hitting time
observed in classical diffusive systems [10].

Despite the major differences, a link between quantum and classical random walks can be
observed when the ideal unitary time evolution is disturbed. Stochastic randomness and
diffusive behaviour may emerge in a quantum walk system by introducing information de-
coherence, intermediate measurements of the system state, or random perturbations of the
parameters of on-site interactions. Due to the simplicity of the unperturbed system and the
perturbations sufficient to reach this behaviour, quantum walks provide a brilliant framework
for studying the effects of quantum-to-classical transitions in theory, numerical simulations,
and experiments.

Not unlike classical walks, quantum walks have also been used as a language to model or
explain certain phenomena observed in other branches of science. Some important theoretical
and numerical uses of quantum walks in connection with particular sources of randomness
include a proposed explanation of rapid energy transport in photosynthesis [11,12] or a mini-
mum assumptions example of a system featuring Anderson localization [13].

1.6 Quantum walks as a computational resource

Besides being a tool for understanding and modelling processes involving simple local or
nearest-neighbour interactions, the time evolution of quantum walks can also be used indirectly
in quantum algorithms.

In particular, one may ask whether a known quantum algorithm can be represented as a
quantum walk. That is, whether one can use the definition of the algorithm to design a task-
specific graph and a quantum walk on it, with the property that initial states encoding the
input to the algorithm would evolve, in a given time, to states able to reveal the output upon
measurement. This question has been settled by the work of Childs [14] for continuous-time
quantum walks and later extended also to the discrete-time case by Lovett [15], showing that
in either of these models, there is a simple mapping from the universal set of quantum gates
to elements of a walking space that can be sequentiated to represent any composition of the
former, and thus an arbitrary quantum algorithm. This means that quantum walks on their
own present an universal language for expressing quantum algorithms and are capable of
efficiently solving any -class problem.

The result in both cases is a graph divisible into layers of vertices, connected by edges in a
configuration resulting into an unidirectional flow of information from an input set of nodes
towards the output. The only issue with the mappings presented in the two works is that the
size of the resulting graphs depends exponentially on the size of the working register in the
original algorithm. This is because, essentially, a separate path is kept for each computational
basis state in [14] (two paths per a basis state in [15]). It is important to note that this only
affects the “transverse” dimension of the graph—the time needed for the computation is linear
in the running time of the original algorithm—but an exponential space complexity would still
be a serious obstacle in any practical realization. To account for this, the authors claim that
despite the size, the structure of the graph is extremely predictable, e. g., the same motif on
4 concurrent paths appears in parallel on all 4-tuples of those. The high predictability of the
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graph allows for its systematic description and a subsequent effective simulation of a quantum
walk on its vertices on another quantum computing machine. One might be wondering why, if
the authors aimed to present quantum walks as an alternative to a general quantum computer,
they conclude by resorting to one to simulate the resulting walk. The answer is simple: if
one finds any way of simulating arbitrary quantum walk dynamics effectively, or designs a
quantum simulator limited to simulating quantum walks, the works of Childs and Lovett can
be used to make it capable of running any quantum algorithm.

1.7 Quantum walks and database searching

In comparison with the last section, specific quantum walk-based algorithms can also been
designed in more general geometric configurations, resulting in simpler and more directly
realizable layouts. By dropping the assumption of an unidirectional flow of information
across the graph, it is possible to reuse the same vertices many times. Similarly, it is not
imperative to keep one edge per a computational basis state. Both these facts may be used to
reduce the space requirements of a quantum realization of a particular algorithmic task.

More specifically, one might be interested in finding quantum algorithms which are intrinsi-
cally based on quantum walking, using the principal differences from classical random walks
to reach an algorithmic speedup. A first example of such approach was a quantum database
search algorithm presented by Shenvi, Kempe and Whaley, utilizing a quantum walk defined
on a hypercube graph [16].

In general, the purpose of unordered database searching is to identify one or more elements
which are identified by a binary function. This function, also called an oracle, may query
and evaluate an element in an actual database, but for modelling purposes, one may take any
prescribed mapping from the set of elements to {0, 1}. The well-known-complete saturation
problem shows that even the knowledge of the full formula of the marking function may not
give a clue of the preimage of {1}.

It can be easily seen that in an unstructured database, i. e., a sole set of entries, no classical
algorithm can possibly do better than querying one half of the database on average before
hitting the marked element, provided it is unique. This is also the case for databases in which
any implicit structure (e. g., a metric) of the underlying space is independent on, and thus lacks
any connection to, the particular search query the algorithm is performing.

However, it has been found that Grover’s algorithm [5], mentioned in Section 1.2, solves the
same task with a number of queries to the oracle proportional to the square root of the total
size, using a technique later named amplitude amplification [17] and shown to be optimal for
this purpose [18–20].

Comparing the results of Grover with those of Shenvi, Kempe and Whaley, one can easily
note that the running time of the quantum-walk based search is twice as long on a database of
the same size. More importantly, the former has an asymptotic unit probability of success in
finding the marked element and can be theoretically made perfectly deterministic [21] whereas
the latter suffers from the success probability being upper bounded by 1

2 in any instance. At
first sight, this might seem to be the cost of the restriction to using only nearest-neighbor
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interaction on the walking space. However, a previously published result of mine [22] shows
that both of these imperfections can be overcome.

The algorithm by Shenvi, Kempe and Whaley has attracted the interest of researchers to de-
signing algorithms genuinely based on quantum walking. Many authors responded by giving
examples of algorithmic speedup in quantum walk-based solutions. Quantum database search
algorithms have been found on other kinds of graphs than hypercubes, used in [16], both in
discrete-time [7,8] and continuous-time [23] settings. Algorithmic problems beyond database
searching successfully approached by quantum walk-based algorithms include checking for
element distinctness [24] or a conjectured quantum decision of the graph isomorphism prob-
lem [25].

1.8 Experimental realizations of quantum walks

Many experimental physics groups have succeeded at observing quantum walk behaviour in
various physical systems. Most groups studied systems realizing a quantum walk on a line.
Discrete-time settings include quantum walks of atoms trapped in optical lattices [26], ions held
in a Paul trap [27,28], or Bose-Einstein condensate in phase space [29]. Implementations using
photons in fully optical settings are of special interest because of their easy control, no need for
ultra-low temperatures or pressures, and low decoherence. Among photonic quantum walk
implementations, I would like to pinpoint a series of experiments partly developed by our
group [A1,A2,A4], which will be discussed in detail in Chapters 3 and 4 of this thesis. Other
important photonic implementations use birefringent beam displacers [30] and optical angular
momentum manipulation [31]. Continuous-time quantum walks on a line were first observed
in lattices of coupled waveguides [32].

At the time of writing of this thesis, not many works have gone beyond the model of walking
on a line. Jiangfeng Du et al. [33] modeled a quantum walk on a circle graph with 4 vertices
on a nuclear magnetic resonance based quantum computer able to carry operations on two
qubits. A similar setup was later successfully used to demonstrate the Shenvi-Kempe-Whaley
search algorithm on the same graph [34]. White’s group used waveguides etched in crystals
to observe a quantum walk on a circle graph of 6 vertices performed by two indistinguishable
particles simultaneously [35]. Both of these generalized graph scenarios were studied in the
continuous-time regime.

Quantum walks of two particles are the first step to study walks in higher-dimensional spaces.
This is because any such a system is equivalent to a special case of a single-particle quantum
walk on the Cartesian product of the walking graph with itself. For a discrete-time quantum
walk, this equivalence is thoroughly studied in [36]. A quantum walk of two particles on a
line was experimentally realized in waveguide lattices in the continuous-time variant [37,38]
and using integrated photonics for a discrete-time walk [39].

The primacy in a genuine discrete-time quantum walk on a two-dimensional Euclidean lattice
graph belongs to our group [A5]. Similarly as in the case of [A1], this setup represents
a fully optical interferometric setup where the walking particles are single photons. This
achievement is important not only because it opens up the field of experimental realizations
of higher-dimensional quantum walks. The possibility of interpreting a coordinate pair in a
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two-dimensional plane as a tuple of coordinates of two one-dimensional systems allows us to
engineer and study various models of interaction of two particles moving on a discrete line.
As the external control allows for simulations of even very unusual kinds of interactions, the
presented approach has the potential to provide a direct access to experimental research in
new unexplored areas of physics.

1.9 Chapter summary

In this introductory chapter, I presented the basic principles of quantum walks, arriving to
the concept as to a natural extension of quantum computation model based on qubit systems.
I presented the generic pattern of quantum walk algorithms, defining both discrete- and
continuous-time variants. N. B. that the main results presented in the following chapters of
this thesis were found in the discrete-time setting, so this differentiation is sometimes omitted
for brevity.

Quantum walks were shown to provide a useful building block for quantum algorithm design.
I argued that a quantum walk can be used as a resource in a quantum algorithm, e. g., providing
a way of scanning large data sets for the purpose of quantum searching. This is usually done in
connection with a qubit circuit implementing the oracle function and thus making it possible
to use quantum parallelism in its evaluation. However, quantum walks were also proved
to be capable of providing equivalent formulations of universal quantum gates, making it
theoretically possible to rewrite any quantum algorithm purely within the quantum walk
formalism.

Finally, I presented an overview of the current state of implementing quantum walk systems
experimentally. Many instances of quantum walks have been realized, in both discrete- and
continuous-time variants, using various quantum systems including trapped ions or atoms,
optical waveguides and more. Special attention was drawn to implementations of quantum
walks using photons in optical interferometers for their numerous experimental benefits as
well as good results.

This completes the general overview of the topic of quantum walks. Chapters 2, 3, and 4
form the main part of this thesis where new results will be summarized and embedded in the
framework presented here.
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Chapter 2

New results in quantum walk research

In this and the following chapters, I will present a selection of the original results on quantum
walks published in [A1–A6]. A detailed description of all the methods used, full results and
further bibliography can be found in the attached copies of these publications. The field of
quantum walks is approached from various points of view: the current chapter opens the
topic with a precise definition of the quantum systems to be studied and aims to provide a
solid theoretical background for the subsequent parts. Chapter 3 describes the results of the
long-term collaboration with the experimental group of Professor Christine Silberhorn with
the goal to design a generic framework for realizing one- and two-dimensional quantum walks
using photons in an interferometric setup. The last chapter focuses on quantum walks with
specific sources of environmental errors and presents our numerical results in quantum walks
with large sudden jumps along with a third experiment studying the effects of quantum phase
decoherence in the optical framework. My contribution to the joint works is stated as a part of
the summaries at the end of each chapter.

2.1 Discrete-time quantum walks on Cayley graphs

Since all the research topics covered in this thesis address discrete-time quantum walks on
graphs which can be treated as Cayley graphs of certain discrete groups, I will start with a
more precise definition of this concept.

Let G be a discrete group with a finite generating set S. The Cayley graph Γ(G,S) is a directed
graph (V,A) in which the set of vertices V is equal to the underlying set of G and the set of
edges E is defined by

∀g, h ∈ G: (g, h) ∈ E⇔ ∃c ∈ S: h = gc. (2.1)

If the set S is symmetric with respect to the group inverse operation then Γ(G,S) is a symmetric
graph and thus equivalent to a simple undirected graph.

For the purpose of quantum walking, we define a position space HS as a Hilbert space of
dimension equal to the cardinality of G in which we assign each vertex x ∈ Γ(G,S) to one
element |x〉 of a fixed orthonormal basis. Alternatively, one may reach this space constructively
by assuming the linear space of formal finite complex linear combinations of kets |x〉, x ∈ G,
augmented by the unique scalar product making the set {|x〉}x∈G orthonormal, and closed with
respect to the resulting norm. In either way, the coin space is a linear span reached by the
same procedure applied on the set S. In the field of quantum information theory, one usually
expresses this identification, or construction, by a short-hand notation

HS = Span({|x〉 | x ∈ G}), HC = Span({|c〉 | c ∈ S}), (2.2)

without explicitly emphasizing the facts that the linear span is taken in the field of complex
numbers, that it also defines the scalar product (if the span is being constructed) or that it
involves closure.
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Any discrete-time coined quantum walk on the Cayley graph Γ(G,S) takes place on the tensor
product Hilbert space

H = HS ⊗HC = Span ({|x〉S ⊗ |c〉C | x ∈ G, c ∈ S}) . (2.3)

In the following, I will leave out the lower indices S and C where a misunderstanding is
unlikely.

The class of possible quantum walks, conforming to the framework presented in Section 1.4, is
very broad and leaves a substantial amount of freedom for variations on the basic principles.
However, where needed, I will refer to the following setup as the referential quantum walk on
the Cayley graph Γ(G,S).

Let e be the identity element of the group G. Let us assume a fixed coin state (state of the coin
register) |c0〉 ∈ HC. The initial state of the referential quantum walk is then |e〉 ⊗ |c0〉. We say
that the walker starts his walk in position e with coin state |c0〉.

The evolution takes place in discrete steps, each of which has two phases. The first phase is
the application of the unitary quantum coin operator, defined by the action

C: |x〉 ⊗ |γ〉 7→ |x〉 ⊗ Cx|γ〉, ∀x ∈ G,∀|γ〉 ∈ HC. (2.4)

The operators Cx ∈ U(HC) are called the elements of the coin operator. Their explicit form is
left to be specified later in specific situations. Since there is a preferred basis in HC given by
the elements of the set S, it is often illustrative to represent the operators Cx as matrices in this
basis.

The coin operation may depend on the number of steps which have already taken place, t ∈ N0,
also called the quantum walk time. In situations where this is the case, we denote this fact by
adding the t index to the symbols C and Cx. If there is no dependence on t, we say that the
coin is homogeneous in time.

Similarly, if the elements Cx are equal for all values of x ∈ G, we call the quantum coin operator
homogeneous in space, or simply homogeneous if it is homogeneous in both space and time.
In this case, the operator C can be expressed as tensor product

C = 1⊗ C0, (2.5)

where C0 ∈ U(HC) is the common value of all the elements Cx. The index 0 points out the
difference from the operator C, which acts on the full state space H = HS ⊗HC, as well as the
indifference with respect to x.

After the coin operator is applied, the state is subject to conditional displacement described by
the unitary step operator

S: |x〉 ⊗ |c〉 7→ |xc〉 ⊗ |c〉. (2.6)

The combined action of the coin and step operators gives a time evolution operator

U(t→ t + 1) = S · C, (2.7)

which takes states |ψt〉 ∈ H at quantum walk time t to states at time t + 1.
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In many cases, it is advantageous to replace the unitary evolution formalism by another means
of describing how to obtain the state at a given quantum walk time t from the state valid
for the system in the preceding step. One means of an exceptional importance for numerical
simulations as well as theoretical study of quantum walks on Cayley graphs is the recurrence
relation found for probability amplitudes

αc(t, x) = (〈x| ⊗ 〈c|)|ψt〉, x ∈ G, c ∈ S, t ∈ N0. (2.8)

N. B. that αc(t, x) are also the coefficients in the decomposition of |ψt〉 in the orthonormal basis
formed by the states |x〉 ⊗ |c〉. Using basic linear algebra in the Dirac notation, one arrives at
the formula

αc(t, x) =
∑
d∈S

αd(t− 1, xc−1)〈c|C0|d〉, ∀x ∈ G,∀c ∈ S,∀t ∈ N. (2.9)

This completes the description of time evolution of the referential quantum walk. We finally
assume that these rules govern the state of the system for a finite time t, after which the position
x of the particle is measured, irreversibly collapsing the state created by the unperturbed
evolution. Unless stated otherwise, we will be studying the probability distribution of the
possible outcomes of this final measurement.

2.2 The homogeneous quantum walk on a line

The class of graphs expressible as Cayley graphs of discrete groups is very broad, making the
definition introduced in the last section an excellent alternative to a more general, but less
instructive one allowing arbitrary regular directed graphs (see, e. g., [40]). However, to give
a better idea of the concept, we start with one of the simplest instances, a quantum walk on
a line with a homogeneous coin. Much of the work presented in the following chapters will
relate to this section.

The definition of a discrete-time quantum walk on a line is obtained from the framework
introduced in Section 2.1 when the additive group (Z,+) is supplied for G and the set of
generators S is taken to be {−1,+1}. Therefore, we define

H(Z)
S = Span({|x〉 | x ∈ Z}), H(2)

C = Span({|−1〉, |+1〉}) ' C2, H(line) = H(Z)
S ⊗H(2)

C . (2.10)

Unless explicitly stated otherwise, the step operator transforms the basis states according to

S: |x〉 ⊗ |±1〉 7→ |x± 1〉 ⊗ |±1〉. ∀x ∈ Z (2.11)

For a homogeneous quantum walk on a line, the quantum coin operator is defined as

C = 1⊗ C0: |x〉 ⊗ |γ〉 7→ |x〉 ⊗ (C0|γ〉), ∀x ∈ Z,∀|γ〉 ∈ HC. (2.12)

As noted above, the operator C0 can be expressed as a unitary matrix in the {|−1〉, |+1〉} basis.
We can utilize the Pauli decomposition to parametrize all possible two-dimensional unitary
matrices:

C0 = eiϕ
(

eiα 0
0 e−iα

)(
cos β − sin β
sin β cos β

)(
eiγ 0
0 e−iγ

)
. (2.13)
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Fig. 1: Comparison of probability distributions and the standard deviation of the position of a walker in classical
and quantum (Hadamard) walks on a line after t = 200 steps. The initial state of the quantum walk was chosen to
be |0〉 ⊗ |+1〉. Only even-numbered positions are plotted as the probability is exactly zero in odd values of x. The
probability distribution of a quantum walker’s position (blue) forms two wavefront-like peaks which move away
from the initial position at a constant speed (black arrows), causing the standard deviation of x, estimated by the

distance ∆x, to be linear in time, quadratically faster than in the case of classical random walks (red).

Among the variety of homogeneous discrete-time quantum walks on a line, the special choice
of the Hadamard matrix

H =
1√
2

(
1 1
1 −1

)
(2.14)

for C0 is often taken for an example as the closest to the classical model of balanced random
walk [41–43]. We refer to the resulting system as to a Hadamard quantum walk.

Starting at a localized initial state and explicitly computing several iterations of the evolution
rules (2.7) in this simple system, we can find that the wave function of the quantum walker
spreads into the neighbourhood of the starting position. Using this wave function to find
the probability distribution of a position measurement of the quantum walker, substantial
differences from a classical random walk behaviour quickly appear. An example of this
probability distribution after a larger number of time steps, in comparison with the distribution
of a classical balanced random walk after the same number of steps, is shown in Fig. 1.

Studying the time evolution of the quantum walk on a line using techniques described in
[44], it can be proven that the wave function assumes a shape dominated by two wavefronts
(generally unequal in amplitude) moving away from the initial position as the quantum walk
time t rises. This spread takes place at an asymptotically constant speed of ± cos β units of the
x axis per a time step. The two wavefronts also correspond to sharp maxima of the probability
distribution observed in Fig. 1.

As a result of a high contribution of the positions near x = ±bt cos βc to the total probability,
the variance of the particle’s position is asymptotically quadratic in t. This is in sharp contrast
with classical random walks in which the variance is always linear in t as a consequence of the
Law of large numbers from probability theory.

Another important feature distinguishing quantum walks from classical random walks is the
impact of the choice of initial coin state on the whole run of the quantum walk. The strong bias
towards positive positions in Fig. 1 is a practical example of this phenomenon. In contrast,
in a classical random walk, the direction taken in each step is completely independent of the
history.
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In spite of the striking differences, there are many attributes common to classical and quantum
walking. For example, it is possible to think of the set of trajectories a quantum walker could
have taken to reach a given position from its initial position. This is a central idea in studying
classical random walks, where one would assign a probability to each of these trajectories and
sum these contributions to obtain the probability of reaching the above point. An analogous
principle can be found in quantum walking but probability amplitudes need to be employed
instead of probabilities. This approach, representing a discretized version of the Feynman
path integral, is one of the core methods used in [44].

2.3 Symmetries of quantum walks

In comparison with a classical homogeneous random walk on a line, the time evolution of
which is completely specified by the initial position of the walker and the probabilities to
move to the right or to the left in any time step, we can note that an analogous quantum walk
has significantly more parameters. Namely, one needs to specify, besides the initial position,

– the initial coin state (3 real parameters—the relative amplitude of the |−1〉 and |+1〉 compo-
nents and their respective complex phases),

– the quantum coin matrix (4 real parameters according to Eq. (2.13)).

We know from essential quantum mechanics that global phase of the wave function does
not influence the observable properties of a physical system in any way; indeed, two wave
functions differing only by a constant multiple are considered to describe the same physical
state of the system. This makes one of the three parameters of the initial state redundant.

Similarly, since the ϕ parameter in Eq. (2.13) can be factored out of Eq. (2.7) and also only
influences the global phase of the quantum wave function evolved by the latter equation, one
can require that ϕ = 0 without loss of generality.

The above two observations are both examples of continuous symmetries valid globally in
quantum mechanics. There are further symmetries specific to quantum walks that prove the
redundancy of even more out of the parameters listed above. This knowledge has very practical
implications in experimental research of quantum walks as well as their numerical simulations
when the parameter space needs to be covered as densely as possible. The advantage of
knowing the symmetries is even more pronounced in quantum walks on more complex graphs
where the number of parameters is higher than in a quantum walk on a line.

In the following, we will call symmetries any transformations that can be done on the initial
state of the system and the definition of the coin operator but do not influence the observable
properties of the resulting state of the quantum walk. We need to put a restriction on what
kind of observations is allowed on the resulting state, otherwise this statement is meaningless,
leaving for candidates only the two universal symmetries we found in the preceding paragraph.
To this end, we will assume that the quantum walk is terminated by a measurement of the
walking particle’s position and a transformation of the parameters is a symmetry if and only
if it leaves the probability distribution of position intact.

The continuous symmetries of this kind in discrete-time quantum walks on Cayley graphs, as
defined in Section 2.1, are systematically studied in my recent manuscript [A6]. The methods
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used in the analysis aim to give answers valid for all Cayley graphs without difference. The
results are presented in the form of mathematical theorems.

Moreover, the paper gives separate results in the cases where the implementation of the
quantum walk requires a time- or space-homogeneous coin, as introduced in Section 2.1. As
this restriction itself reduces the number of parameters describing the quantum walk, the full
set of symmetries must be filtered to contain only those which respect these restrictions.

I will be referring to the results of symmetry analysis in Sections 3.2 and 3.4. As both of these
cases consider both time- and space-homogeneous quantum coin and a localized initial state,
let me just cite the main result valid for this special case, reformulating it in the formalism used
in the current work.

Let a discrete-time quantum walk on Γ(G,S) have an initial state of the form

|ψi〉 =
∑
c∈S

αc|x〉 ⊗ |c〉, (2.15 a)

where x ∈ G is fixed, let the quantum coin is time- and space-homogeneous, C = 1⊗C0, where

C0 =
∑
c,d∈S

〈c|C0|d〉 · |c〉〈d|. (2.15 b)

Let further β(c) and γ(c) be two arbitrary mappings from S to the unit circle in the complex
plane. Then another quantum walk on the same Cayley graph, initiated in a state

|ψ̃i〉 =
∑
c∈S

β(c)αc|x〉 ⊗ |c〉 (2.16 a)

and using a homogeneous quantum coin C̃ = 1⊗ C̃0, where

C̃0 =
∑
c,d∈S

γ(c)β∗(d)〈c|C0|d〉 · |c〉〈d|, (2.16 b)

results in the same distribution of the quantum walker’s position as the original quantum
walk, after an arbitrary quantum walk time t. In other words, the transformation

|ψi〉 7→ |ψ̃i〉, C 7→ C̃, (2.16 c)

is a quantum walk symmetry according to the definition above. Moreover, we learn that no
other kind of continuous symmetries exists in the same system, the transformations obtained
this way represent an exhaustive answer to the problem of finding symmetries.

If the elements of S = {ci}n
i=1 are identified with the elements of the standard basis in Cn,

where n is the cardinality of S, C0 can be directly treated as a matrix. Similarly, we can write
Eq. (2.15 a) in a vector form

|ψi〉 = |x〉 ⊗ |γ〉, |γ〉 =


αc1
αc2

...
αcn

 . (2.17)

N. B. that Eqs. (2.16) can then be written in a compact matrix form

|ψi〉 7→ |ψ̃i〉 = |x〉 ⊗ B|γ〉,
C 7→ C̃ = 1⊗ ΓC0B−1 (2.18)

where B and Γ are diagonal matrices with the values of β(c) and γ(c) on their diagonal,
respectively.

In the following two subsections, we apply these general formulas to two important quantum
walk scenarios.
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2.3.1 Quantum walk on a line

Applying Eq. (2.18) to a quantum walk on a line, we find that a walk initiated in the state
|0〉 ⊗ |γ〉, where

|γ〉 = α−1|−1〉 + α+1|+1〉 =

(
α−1
α+1

)
, (2.19)

and using a homogeneous coin C = 1 ⊗ C0, where C0 is of the form (2.13), is equivalent, in
terms of distribution of position of the walker, to a walk with initial state |0〉 ⊗ |γ̃〉,

|γ̃〉 =

(
eia 0
0 eib

)(
α−1
α+1

)
=

(
eiaα−1
eibα+1

)
(2.20 a)

and quantum coin C̃ = 1⊗ C̃0,

C̃0 = eiϕ
(

eic 0
0 eid

)(
eiα 0
0 e−iα

)(
cos β − sin β
sin β cos β

)(
eiγ 0
0 e−iγ

)(
e−ia 0

0 e−ib

)
=

(
ei(α+c+ϕ) 0

0 ei(−α+d+ϕ)

)(
cos β − sin β
sin β cos β

)(
ei(γ−a) 0

0 ei(−γ−b)

)
,

(2.20 b)

for any a, b, c, d ∈ R. From this form, we can immediately see that the freedom in choosing c
and d allows us to reduce the leftmost diagonal matrix in the last line to the identity without
affecting the quantum walk. The rightmost diagonal matrix can be brought to the identity, too,
by choosing a and b to be equal to γ and−γ, respectively. These values will then appear in the
transformed initial state (2.20 a). A simple trick of increasing all of a, b, c, d by the same amount
can be used to transform out any desired global phase from |γ̃〉while leaving C̃0 intact.

As a result, any discrete-time quantum walk on a line with an initial state localized at x = 0
can be replaced by another quantum walk with the coin matrix reduced to

C̃0 =

(
cos β − sin β
sin β cos β

)
(2.21)

at the cost of altering the initial coin state to the form (2.20 a). Together with a freedom in
the global phase of the latter, also covered by the general result, this leaves 3 independent
parameters out of the original 7. These 3 parameters are sufficient to provide a full control
over the evolution of the probability distribution of the quantum walker’s position the original
set of parameters could.

2.3.2 Quantum walk on a two-dimensional lattice

A two-dimensional Euclidean lattice graph can be described in the Cayley graph formalism as
Γ(Z2,S(2)), where

S(2) = {(−1, 0), (1, 0), (0,−1), (0, 1)}. (2.22)

The coin space in this walk is thus 4-dimensional, isomorphic to C4.

In order to find the total number of parameters and the number of independent parameters, one
does not necessarily need to repeat the whole procedure demonstrated in the last subsection.
It is also possible to obtain the answer non-constructively by simple counting.
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Given an initial position of (0, 0), a specification of an initial state needs 7 additional real param-
eters for the coin register, which is 8 real coordinates of C4, reduced by 1 for the normalization
constraint. The coin is determined by an element of U(4) which is a 16-dimensional Lie group.
This gives a total of 23 parameters of the generic system if no symmetries are used.

For any given two-dimensional quantum walk, the results of [A6] parametrize a manifold
of quantum sharing the same evolution in terms of position probability distribution by two
4-tuples β(c) and γ(c). The freedom in the choice of these 8 variables allows one to reduce the
number of parameters to a minimum of 15 independent ones. Using the same reasoning as in
the case of a quantum walk on a line, one can take off 8 parameters off the coin matrix alone,
leaving 8 substantial parameters of the coin and 7 of the initial state.

2.4 Chapter summary

In this chapter, I introduced a rigorous treatment of an important class of systems conforming
to the quantum walk framework, as outlined in Section 1.4, for use throughout the following
parts if this thesis. The theory of discrete-time quantum walks on Cayley graphs is particularly
straightforward but also general enough to cover many important practical applications of
quantum walks in quantum algorithm design, e. g., [7,8,16].

In the second part, I presented my original results in the theoretical study of discrete-time
quantum walks on Cayley graphs [A6]. I have shown the usefulness of the theory on two
important cases of quantum walks. Some of the obtained results are used in full or in part in
Sections 3.2 and 3.4.

Of course, the study of symmetries does not complete the research done on the theoretical
aspects of quantum walks. Further work in this field was done as a part of the broader topics
covered by the following chapters and its results are included therein.
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Chapter 3

Novel experimental realization of quantum walks

Starting in 2008 and during all my Ph.D. studies, I have participated in an international col-
laboration aiming at presenting a novel way of implementing quantum walks experimentally,
focusing on the minimization of resource requirements and scalability of the experiment. The
principal idea was using photons as the quantum walkers and translate the quantum walk
into time domain, i. e., to allow the particles to take paths of different length and resolve the
final position of the walker from its detection time.

3.1 The principle of the feedback loop realization

In the proposed framework, the photon is led into a feedback loop where it stays for some—not
necessarily constant—number of rounds, t. Every round allows for n different routes, each
taking a different time τi, i ∈ n̂. The total time for which the particle stays in the feedback loop
is thus of the form

τ =
n∑

i=1

kiτi,
n∑

i=1

ki = t, (3.1)

where for each i, ki ∈ N0 may be classically interpreted as the number of times the i-th route
was taken.

If the set {ti | i ∈ n̂} is algebraically independent, i. e., no two elements have a rational ratio,
it is theoretically possible to uniquely identify the constants ki, given any τ from the range
T of the mapping in Eq. (3.1). Practically, this inversion is limited by a finite time resolution
of the detection as well as a nonzero temporal width of any quantum wave packet, which is
further broadened by dispersion and other disruptive phenomena. Tools used to overcome
these limitations will be discussed in specific cases in Section 3.2 through 3.4. In the following,
we will idealize the particle to keep a purely singular wave function over the whole course of
the thought experiment.

Since in quantum mechanics, a number of incoming modes can not be unitarily recombined
into a smaller number of nodes, we can accept an abstraction that there indeed are exactly n
parallel paths labelled by indices 1, 2, . . . ,n, which only meet in one point to mix according to
an unitary transition matrix U, as shown in Fig. 2. Moreover, we can assume that the transition
takes place in the beginning of the loop, before the paths separate. It is simple to prove that
these assumptions are without loss of generality. This picture allows us to define—within
closed system dynamics—the probability amplitude of finding a particle at the closing point
of the feedback loop as a function of time τ and the index i of the path it arrived in. Let us
denote this function αi(τ).

N. B. that the probabilities |αi(τ)|2 do not form a normalized probability mass function either
on τ ∈ 〈0,+∞) or on i ∈ n̂. However, if only times τ according to the same number of t rounds
are considered, the resulting sum

∑
(k j)∈A

n∑
i=1

∣∣∣∣∣∣αi

 n∑
j=1

k jτ j

∣∣∣∣∣∣
2

, A =
{

(k j)n
j=1

∣∣∣ n∑
j=1

k j = t
}

(3.2)
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input
detection

U

Fig. 2: Generic scheme of the optical feedback loop implementation of quantum walks. The main loop (blue)
consists of n optical paths of different lengths. A photon can enter the through a beam splitter. The same

component allows it to leave the loop, after which it is measured and its arrival time is recorded. Coherent
transitions between the channels, capable of switching the path to be taken from one round to the next, are

assumed to take place in an initial segment (counting from the input point) where no mutual time difference of the
paths has been acquired yet. These transitions are described by a unitary matrix U.

becomes the total probability of the particle being present in the loop after t rounds, so the
squared moduli of the amplitudes αi(τ) can be renormalized to a conditional probability
distribution over the partitions (k j) of t and path indices i.

By the construction of the system, it is obvious that the values αi(τ) are subject to a recurrence
relation. Namely, if σ denotes the transmittivity of the input beam splitter, i. e., the probability
amplitude of the particle to re-enter the feedback loop at the end of a round, we can find that

αi(τ) = σ
n∑

j=1

α j(τ− τi)〈i|U| j〉, ∀τ ∈ T; τ 6= 0, (3.3)

where 〈i|U| j〉 is the probability amplitude of a particle that entered the loop in path j crossing
over to the path i. Due to the invertibility of Eq. (3.1), the obtained recurrence relation is, up
to the occurence of σ, fully equivalent to Eq. (2.9) with the underlying group G being a free
additive subgroup of R generated by S = {τ j}n

j=1.

From the equivalence of Eqs. (3.3) and (2.9), one can conclude that the amplitudes αi(τ) give
the probability amplitudes of observing a hypothetical particle undergoing a quantum walk
at point τ of this particular walking space with a coin state |τi〉, only multiplied by σt(τ). The
initial state of this quantum walk is a state localized at 0 with the initial coin state determined
by the wave function of the actual particle immediately after its insertion into the loop.

The result of the above analysis is that the simple optical feedback loop system outlined in
Fig. 2 is capable of realizing quantum walks on Cayley graphs of some finitely generated
subgroups of the additive group of real numbers with a time- and position-homogeneous
coin represented by the the matrix of transition coefficients between the paths forming the
loop. One could object that the generators {τi}n

i=1 are all positive and thus do not allow for an
undirected walking graph. However, the following sections prove the contrary.
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τ

t 7→ t + 1
x 7→ x + 1

t 7→ t + 1
x 7→ x − 1

t0 t0 + 1 t0 + 2 t0 + 3

τt

τx

xt0

−3−2−1 0 1 2 3

Fig. 3: Graphical meaning of Eq. (3.4) in the case τx � τt. The τ-axis can be divided into bins of size τt.
The image of an arbitrary position x and its neighbours is marked in black and blue, respectively, in two

consecutive times t. The blue arrows illustrate how a shift of τt ± τx in the τ coordinate can be interpreted as a
transition in the (t, x) space according to one step of a quantum walk. The detail (red circled area) shows the

locally valid xt0 coordinate indexing the positions belonging to the same bin t0.

3.2 Quantum walk on a line

Applying the theory of the preceding section to a feedback loop with two different delay times,
τ1 and τ2, we can obtain a framework for an experimental realization of a quantum walk on
a line. This is due to the fact that any combination τ of the form (3.1) can be assigned two
nonnegative integers k1 and k2, which we can use to define position x = k1 − k2 along the
previously defined time t = k1 + k2. Eq. (3.1) can be rewritten in the new variables as

τ = k1τ1 + k2τ2 =
t + x

2
τ1 +

t− x
2
τ2 =

τ1 + τ2

2
t +

τ1 − τ2

2
x =: tτt + xτx. (3.4)

Taking into consideration a particle entering the feedback loop at time τ given by Eq. (3.4),
closing the loop with a delay of τ1 = τt + τx or τ2 = τt − τx causes a shift of 1 or −1 in x,
respectively, and an advance of 1 in t in either case. We can interpret this as a virtual walker
taking an unit time to make one step along its x axis to the left or right.

The single detection time axis τwill cover all the possible combinations of t and x. By grouping
of the detection events corresponding to a common t, we can reconstruct the probability
distribution of a quantum walk along the x coordinate in time t. The grouping is particularly
straightforward if τx is chosen much smaller than τt, i. e., if the difference between τ1 and τ2

is much smaller than their mean, as shown in Fig. 3. If we define nmax = bτt/2τxc, one can
observe up to nmax steps of the quantum walk without the overlap of the t-bins, provided the
initial state is localized. It is easy to make the upper bound nmax much higher than the number
of rounds sufficient for the single photon visibility to drop below the detection noise.

We report on a successful observation of quantum walk behaviour in this kind of interferometer
in [A1]. In this experiment, the shorter or longer route is chosen by the photon according to its
polarization. It is used with benefit that two orthogonal polarizations can travel along a single
interferometric arm and still be easily separated using a polarizing beam splitter ().

The use of polarization as the internal degree of freedom determining the path taken by the
photons, and thus the coin of the quantum walker, makes it particularly easy to establish and
control the cross communication between the two modes. In the case of [A1], the unitary
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Fig. 4: Scheme of the experiment realizing a homogeneous discrete-time quantum walk on a line [A1]. The parts
of the path drawn in red are realized in free space, the parts drawn in yellow in a polarization-maintaining optical

fibre. Explanation of abbreviations: —neutral density attenuation filters, —polarizing beam splitter,
—half-wave plate, —quarter-wave plate, —nonpolarizing beam splitter, —avalanche photodiode

single-photon detector.

mixing was accomplished by a single half-wave plate (). In the basis of horizontal and
vertical polarization eigenstates, the operation applied on a polarization state by a  with
its optical axis rotated at an angle θ to the horizontal is

C =

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)
. (3.5)

N. B. that the special choice of θ = π
8 corresponds to the Hadamard matrix (2.14).

According to Section 2.3.1, any discrete-time homogeneous quantum walk on a line can be
realized using a coin of the form (3.5) and a full control over the initial polarization state. The
latter is realized in our experiment by two more wave plates, which guarantees the universality
of the setup.

A schematic of the actual experiment is depicted in Fig. 4. A pulsed laser light source is first
attenuated near the single-photon level using neutral density filters (). The following polar-
izing beam splitter () leaves only one pure polarization state, which is further manipulated
by a half- and a quarter-wave plate ( and , respectively) to reach an arbitrary desired
polarization. The photons then enter the main optical feedback loop through a 50 : 50 beam
splitter (). As a result, one half of the incoming light intensity is transmitted and absorbed
in the avalanche photodiode detector () having not entered the loop at all. This further
reduces the mean photon number per pulse entering the loop, and gives a temporal reference
τ = 0.

In the feedback loop, the two polarization states are unitarily mixed on the “Coin ” as
determined by Eq. (3.5), and coupled into an optical fibre. The two corresponding modes are
then spatially separated using an in-fibre manufactured polarizing beam splitter. Horizontally
polarized incoming photons are led to an arm of length 7 m while vertically polarized photons
take another arm 8 m long. The polarization state is strictly controlled in the fibre so that
the two paths merge coherently into two polarization modes of the same running wave on
a second . After this moment, they exit the fibre at an out-coupling element and take a
common route back to the beginning of the feedback loop.

The detection of photons passing the feedback loop is done passively using the beam splitter
originally inserting photons into the loop. With a probability of 0.5 at every round, the
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photons can be reflected out of the loop and detected in the , in which the avalanche effect
is exploited for single photon detection. The time of arrival is compared to the initial pulse,
provided that both events have been detected, and recorded in a histogram. If desired, it is
possible to split the two basis polarization states using a  before reaching the detector in
order to measure the joint probability distribution of the arrival time and the internal state of
the photons.

In the formalism of Section 3.1, we can identify, up to the mixing done at the Coin , two
closed paths in the feedback loop, taking times 40 ns and 45 ns, respectively. These values
follow from the dimensions of the respective parts and the index of refraction of the used
fibre. According to Eq. (3.4), this gives the mean time of one step τt = 42.5 ns and a separation
of 2τx = 5 ns between two adjacent positions of the same parity. This allows for observing
nmax = 8 steps of the quantum walk in non-overlapping time bins, as shown in Fig. 3. In
reality, the losses on imperfect optical elements and limited detection efficiency of the , in
connection with the inherent 50 % loss of intensity per each round due to passive out-coupling,
lead to a practical maximum of 5 steps observed with sufficient level of confidence.

The most noticeable result of [A1] is not the observed probability distribution following the
predicted probability distribution of position in a quantum walk on a line but the use of these
data for the estimation of the amount of decoherence taking place in the setup. The methods
used for this purpose resulted in a striking finding: that no effects of decoherence disruptive
to the quantum walk simulation were observed at all. More precisely, any dephasing or
depolarization effects could be safely neglected in the setup. The main source of error is the
loss of photons. However, due to the coherent nature of the setup, linear losses only damp the
detection probabilities but keep the renormalized probability distributions intact. This gives
the implementation of quantum walks using optical feedback loops a great potential.

The work [A1] does not aim at presenting a flawless observation of a high number of steps
of the quantum walk. Rather, it is to be perceived as a pioneering work showing that a fully
optical implementation of a quantum walk with a number of optical elements constant in the
intended number of steps is possible. It gives an important proof of principle, identifying the
sources of the limited performance and proposing means of fighting them.

3.3 Upgrading the experiment

The follow-up experiment to [A1] made by the same experimental group addresses several
points where the performance of the original experiment could be enhanced, which lead to
increasing the number of observed steps up to 27. We report on this upgraded version of the
experiment in [A4].

One of the weak points in the experimental realization described in Section 3.2 is obviously the
50 : 50 in-/out-coupling done on a balanced nonpolarizing beam splitter. This causes a 50 %
loss of probability of a photon staying in the experiment in each round in the feedback loop,
and thus each step of the simulated quantum walk. Replacing the coupling by an unbalanced
beam splitter can increase the probability of the particle staying in the loop.

As a side effect, the same change further reduces the mean photon number inserted into
the loop from the laser pulse and increases the amount of light evading the feedback loop
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Fig. 5: Scheme of the second experiment for realizing discrete-time homogeneous quantum walks on a line [A4].
The pulse preparation chain is left out for simplicity. The new features are separate beam splitters for input and

output and moving the ’s out of the fibre, which allowed for a more precise control over the splitting.

completely. In order not to damage the , the directly transmitted laser light was blocked.
A second out-coupling unit, using a 88 : 12 beam splitter, was inserted into the feedback loop
for the purpose of detection, as depicted in Fig. 5. This allowed a further increase in the laser
power.

Some of the optical elements were replaced by higher quality equivalents. More importantly,
the polarizing beam splitters separating the two polarization states were realized in free space
and the single-polarization modes were coupled into two distinct single-mode optical fibres.
The new configuration gives τt = 59.7 ns and τx = 2.9 ns, so that one time bin in Fig. 3 can
accommodate nmax = 10 different positions of the quantum walker. As up to 27 steps of the
quantum walk were successfully observed, the observed arrival times were decoded via a
direct application of Eq. (3.4). Taking the laser pulse duration of ∆τ = 88 ps as the ultimate
minimum of resolution of the arrival time, the delay between the images of (t0, x0) and (t0, x0+2)
in Eq. (3.4) could theoretically accommodate up to

nx =

⌊
2τx

2∆τ

⌋
= 32 (3.6)

extra pulses from overlapping time bins. In the currently presented case, no more than
d27/10e = 3 time bins overlap at any τ.

The main result of [A4] is the observation of the probability distribution of the walker’s position
in 27 steps of a symmetric Hadamard quantum walk on a line featuring an excellent agreement
with the theoretical prediction (see Fig. 6 for details), proving the easy scalability of the layout
designed in Section 3.2. As a final note, we argue that the milestone of one hundred steps
could be achieved if one replaced the coupling into and out of the feedback loop, currently
achieved by beam splitters, by an active optical component switching between zero and full
transmittivity.
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Fig. 6: Theoretical prediction (coloured bars) and experimental observation (dots with error bars) of the joint
probability distribution of the position and coin state of a particle undergoing a quantum walk on a line with the
Hadamard coin, starting from x = 0 in t = 0, after 27 steps [A4]. The red and blue bars (red drawn atop of blue)
represent the probability of measuring the walker in position x and with coin state |+1〉 and |−1〉, respectively.

3.4 Quantum walk on a two-dimensional lattice

Employing more complex changes, it is possible to design an experimental setup similar to
the one described in the previous two sections realizing a quantum walk on a 2-dimensional
Euclidean lattice Z2, i. e., the Cayley graph Γ(Z2,S(2)) where

S(2) = {(−1, 0), (1, 0), (0,−1), (0, 1)}, (3.7)

as already mentioned in Section 2.3.2.

For this purpose, we need a total of 4 routes of different times closing the feedback loop. It is
no more possible to use a single optical fibre or free space path with different polarizations,
since only two orthogonal polarization states can be separated deterministically.

One possible solution is using a different internal state of the photons. There are several possi-
bilities, for example, frequency or optical angular momentum. The latter option is theoretically
studied in [45], where a combined approach using photon two polarization states along with
two optical angular momentum states is proposed.

In our approach, we used two different spatial paths, each allowing two orthogonal polariza-
tions, to implement the 4 combinations needed for the implementation of a four-dimensional
quantum coin, in the scheme outlined in Fig. 7. The separate in-/out-coupling from Fig. 5 is
reused: photons can enter the feedback loop in one of the two spatial paths in either polariza-
tion (despite the fact that in the experiment, a fixed initial polarization state was actually used)
but can leave for the detectors in either arm.

According to Fig. 7, the four delay times a photon can take to complete one round in the
feedback loop is determined by whether it took the inner or outer free space arm (taking times
τA or τB, respectively), and whether it was later coupled to a shorter or longer segment of
optical fibre (taking times τC or τD, respectively). This gives

τ1 = τA + τC,

τ2 = τB + τC,

τ3 = τA + τD,

τ4 = τB + τD.

(3.8 a)
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Fig. 7: Experimental setup for realizing discrete-time quantum walks on the two-dimensional Euclidean lattice
[A5]. The feedback loop is formed by two parts: a pair of free space arms of different length (in red) and a pair of

arms realized in polarization-maintaining optical fibres (in yellow). The transitions between the paths are
controlled by a total of four half-wave plates, two polarizing beam splitters, and an optional electro-optical

modulator (). The unitary mixing of the paths is spatially separated into regions labelled U1 and U2 but can be
made fully consistent with Fig. 2 by moving the two  from U2 to the other side of the fibres they are connected to.

If we denote
τt =

τA + τB + τC + τD

2
,

τx =
τB − τA + τD − τC

2
,

τy =
τA − τB + τD − τC

2
,

(3.8 b)

then the times (τi)4
i=1 can be written in the form

τ1 = τt − τx,

τ2 = τt − τy,

τ3 = τt + τy,

τ4 = τt + τx.

(3.8 c)

N. B. that the equation τ1 +τ4 = τ2 +τ3, necessary for this equivalence, is automatically satisfied
by Eq. (3.8 a). An independent choice of (τi)4

i=1 would not, in general, allow for the introduction
of the values τt, τx, τy in the same manner.

A translation in the τ axis by one of the four delays can be interpreted as one step of a simulated
quantum walk in the x or the y direction, in a complete analogy to Eq. (3.4) and the subsequent
discussion. The transition between the walking space parametrized by coordinates x and y
with the quantum walk time t and a single time axis τ is described by the mapping

τ =
4∑

i=1

kiτi = tτt + xτx + yτy. (3.9)
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Fig. 8: Projection of the (t, x, y) space onto a single real line (detail in red).
Blue arrows show the four possible round times of a pulse in the delay loop, transferring the image of an arbitrary

position (x0, y0) at time t0 (black) along the τ axis to that of either of its neighbours at time t0 + 1 (blue).

Fig. 8 illustrates this reduction graphically in the conditions τy � τx � τt. Similarly to the
discussion in Section 3.3, however, these conditions are not crucial in the framework.

The main results of [A5] are the measurements of the probability distributions of the position
of a particle undergoing 10 steps of a 2-dimensional quantum walk with a fixed initial state
|0, 0〉 ⊗ | − 1, 0〉. The coin matrices corresponding to the settings used in the experiment are

C1 = H ⊗H =
1
2

 1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 (3.10 a)

and

C2 = C1

 1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0

 =
1
2

 1 1 1 −1
1 −1 −1 −1
1 1 −1 1
1 −1 1 1

 . (3.10 b)

The reason for choosing (3.10 a) was that a tensor product of Hadamard matrix with itself is
the most straightforward generalization of Hadamard walk to the higher-dimensional walking
space. Indeed, a striking resemblance of the measured profile in Fig. 9 a) to the Hadamard
walk in Fig. 6 is readily seen. The second coin was chosen as a minimum variation of C1
resulting in a far more involving dynamics (Fig. 9 b)).

In this work, the primary measure of the match between the probability distribution predicted
by the theoretical description and the empirical probability distribution, obtained by observing
a large number of repetitions of the experiment, is the similarity

S =

(∑
x∈Z

√
ptheory(x)pexp(x)

)2

, (3.11)
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Fig. 9: Experimental observation of a two-dimensional quantum walk [A5]. The probability distribution of the
position of the quantum walker after 10 time steps has been measured using the experiment in Fig. 7. The initial
coin state of the walker was | − 1, 0〉. The direction of motion in the negative x-axis is strongly prevalent in the

two-dimensional Hadamard walk (Inset a). The effect is less pronounced in the case of a different coin, given by
Eq. (3.10 b) (Inset b), where the probability distribution is spread over the walking spaces, but remains noticeable.
Only the positions actually reached by the walker are plotted, which results in the diamond shape of the graph.

a quantity related to the Hellinger distance of the two probability distributions. As stated in
the publication, the similarity ranged from 0.903± 0.018 for the C2 coin to 0.957± 0.003 for the
Hadamard C1 coin after 10 steps of the quantum walk.

As a final note, we emphasize that unlike the one-dimensional experiment described in Sec-
tion 3.2, the experimental setup used in [A5] is not directly able to realize an arbitrary U(4)
operation on the coin state of the simulated quantum walk. In order to cover all distinct cases,
according to Section 2.3.2 one would need a minimum of 8 tunable parameters to match the
number of free parameters of U(4) reduced by the number of removable outer phases. How-
ever, only 4 parameters are controllable using the half-wave plates in the experiment. This
discrepancy can be fixed by adding more polarization-sensitive elements into the setup, but
such a solution would also involve topological modifications of the experiment, at which no
attempt was purposely taken in [A5] in favour of the comprehensibility of the report.

3.5 Quantum walk of two particles

A new element introduced in the experimental setup in Fig. 7 is the electro-optical modulator
(), an active element allowing to induce a dynamically controlled phase shift on the two
polarization components of the photons passing it. The  acts as a wave plate of a variable
width, controlled by the voltage applied on the element by a computer interface. The 
is capable of switching between different configurations within the nanosecond time scale,
allowing one to control individual pulses passing through the element independently in the
current setup.

In the experiment described in the last section, we can use the  to apply an additional
position-dependent change in the coin of the simulated quantum walk. This is achieved by
sending a periodic input signal with period τt to the element such that the phase setting of the
 is the same in the projection of points differing only in their t coordinate.

We use this framework to simulate a quantum walk of two interacting quantum particles on a
line.
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Fig. 10: The equivalence of a two-dimensional walk with a walk of two particles. Left inset: One step over an
edge of a Cartesian lattice in coordinates x and y can be interpreted as a composition of one step in the coordinate
ξ followed by one step in the coordinate η. Right inset: Redrawing the same picture rotated by 45◦, one can see
that a walker starting in a localized state is confined at each instant to one out of two Cartesian lattices (blue and

black points) in the latter coordinates, too.

Firstly, we note that the relation between a walk on a two-dimensional lattice and a walk
of two particles in a classical setting is straightforward—by defining a transformation of the
coordinates (x, y) to a new coordinate system (ξ, η), where

ξ = x + y, η = y− x, (3.12)

any step along either of the original coordinates changes both the new coordinates by +1 or
−1, as depicted in Fig. 10. Interpreting ξ and η as single coordinates of two imaginary particles
constrained to the one-dimensional lattice of integer numbers Z, one can say that both of these
particles make one random walk step as t goes to t + 1.

In a discrete-time quantum walk, the motion of the particle, or particles, is controlled by the
respective coin state. In the picture of the two walkers, it must be accepted as a fact that
the original coin transformation applied on the 4-dimensional coin register generally creates
entanglement between the 2-dimensional coins of the two imaginary walkers.

More precisely, the state space of a system of two distinguishable quantum walks on a line is

(H(Z)
S ⊗H(2)

C )⊗ (H(Z)
S ⊗H(2)

C ) (3.13 a)

withH(Z)
S andH(2)

C defined in Eq. (2.10). This space is isomorphic to

(H(Z)
S ⊗H(Z)

S )⊗ (H(2)
C ⊗H(2)

C ), (3.13 b)

which in turn can be identified with the state space of a two-dimensional quantum walk,
analogously denoted as

H(Z2)
S ⊗H(4)

C . (3.13 c)

Here, any operator U ∈ U(4) acting on theH(4)
C space that lacks the structure of a tensor product

of two 2-dimensional unitary operators inevitably brings separable states in H(2)
C ⊗ H(2)

C to
entangled states.
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N. B. that we can identify a similar effect in the classical scenario, too. If a two-dimensional
classical random walk is not balanced, the random displacements in the coordinates ξ and η
in its two-particle equivalent generally become mutually dependent random variables.

Coming back to the experimental setup described in the last section, we can simulate spe-
cific walks of two particles choosing various parameters of the coin and/or initial state of
the simulated two-dimensional walk. One of the operational modes is a simulation of two
noninteracting distinguishable particles, for which a homogeneous separable quantum coin
operation is sufficient.

One can, however, also simulate the quantum dynamics of pairs of indistinguishable particles.
In many-body quantum mechanics, indistinguishability manifests itself as a restriction of the
state space to states symmetric or antisymmetric with respect to a formal (passive) particle
exchange, as well as a restriction of operations applicable on the state by any physical means
to those which conserve this property. By imposing the same set of restrictions to the simulated
pair of quantum walkers, i. e., a symmetry or antisymmetry of the initial state and quantum
coin operator with respect to a swap of the roles of ξ and η, one could receive results consistent
with bosonic or fermionic behaviour of the walkers, respectively.

Systems with interactions between the two walkers can also be simulated; however, for this
purpose, the need for a fast-switching  is inevitable. For example, a point-like interaction
between the two walkers influences the wave function of the composite system only in points
satisfying ξ = η, or x = 0 in the original coordinates. This is modelled by activating the 
only in the appropriate times τ, as given by Eq. (3.9).

In [A5], we report on observing the probability distribution of 10 steps of a quantum walk of
two identical noninteracting distinguishable walkers performing a Hadamard walk, which is
identical to the result in Fig. 9 a). As a more involving example, we present the simulation of
7 steps of a two-particle quantum walk of distinguishable particles featuring an engineered
point-like interaction.

The interaction is implemented as an additional unitary transform acting in the coin state in
points where ξ = η. Namely, for all points in the plane where ξ and η have different values,
a coin matrix of the form (3.10 a) is applied. For points on the diagonal, where the particles
interact, the coin matrix

Cint = C1

 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 =

 1 1 1 −1
1 −1 1 1
1 1 −1 1
1 −1 −1 −1

 (3.14)

is used instead. This is inspired by nonlinear systems, where a site exhibits a higher or lower
potential energy if more than one particle occupies it; however, the particular interaction
defined by Eq. (3.14) has no known real-world equivalent. Generally, nonlinearity in systems
of multiple particles can result in a formation of bound “molecule” states. As seen in Fig. 11,
a similar behaviour can indeed be observed in the simulated two-particle dynamics. The data
needed to decide whether we are really observing a stable state of the two-particle system in
question is currently unavailable due to the limited number of steps, which suffers significantly
from the low transmittivity of the included . We believe, however, that a future version
of the experiment using a light source of different wavelength, better suiting the commercially
available optical components, could provide an outstanding experimental tool for this new
intriguing area of physics of small systems.
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Fig. 11: Results of a simulation of a quantum walk of two particles on a line with a point-like interaction [A5]. The
high probability concentrated on the diagonal of the graph where ξ = η is a noticeable signature of bound states. 7

steps were observed with a similarity of 0.957± 0.013 with a numerical prediction. Only positions with both
coordinates odd are plotted as all other positions have a vanishing probability of occupation.

3.6 Chapter summary and outlook

The topic of this chapter were optical implementations of discrete-time quantum walks, pre-
sented from a theoretical introduction to a report on a series of successful experimental real-
izations published in leading scientific journals [A1,A4,A5]. The method of optical feedback
loop simulation proves to be a very promising experimental scheme, featuring negligible de-
coherence and high control of the experiment, both while keeping the build and maintenance
costs at very affordable rates. 27 observed steps of a one-dimensional walk and 10 steps in the
two-dimensional case make it one of the world’s top tools for the purpose of quantum walk
realization.

A very important aspect of being able to control and measure quantum walks in two-
dimensional lattices is the possibility of simulation of two-particle dynamics. The direct
access to the two-dimensional configuration spaces allows us to imprint even very elaborate
models of interactions onto the two-particle system, unavailable by other means, and gives
hope to study or even discover new physical phenomena happening under such conditions.

By using a feeble yet classical light source and benefiting from the stability of coherent light
pulses in the presence of losses, the experimental setup also opens new intriguing questions
about physics at the boundary between classical and quantum theories of coherence [A5].

My contribution in this joint work dates back to the very design of the experimental layout.
Some primal attempts at optical feedback schemes can be found in my Master’s thesis [46].
Later I participated in data analysis and processing in the first experiment [A1] and in the
identification of sources of errors using this input. In more recent experiments, I actively
participated in the design of the upgrades of the experiment and the optimization of its setup.

I conclude this chapter by a brief overview of the possible directions of future development of
the optical feedback loop implementation of quantum walks.

Firstly, new schemes need to be explored to generalize the setup to simulate quantum walks
in higher-dimensional lattices. One option is to further enlarge the number of interferometric
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arms forming the feedback loop. Alternatively, some of the properties of photons pointed
out in the beginning of Section 3.4 could be utilized. The employment of optical angular
momentum state of light for this purpose is being actively studied [45].

New possible applications of the current version of the experiment include the study of quan-
tum walks on graphs with percolations, simulation of bosonic or fermionic modifications of
the two-particle quantum walk, or an implementation of a search algorithm based on quantum
walks on an Euclidean lattice in the model of [7] or [8].
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Chapter 4

Exploring the effects of randomness in quantum walks

Despite the fact that quantum walks are usually defined and often studied in closed quantum
systems using unitary quantum dynamics, in realistic scenarios, the consideration of effects of
various kinds of errors is inevitable. The possible sources of errors may be sorted into several
categories:

1. decoherence in internal state of the walker [47,48], including dephasing [49–51] and thermal
effects [11,12];

2. topological errors, e. g., broken links or percolations [52–54], sudden jumps across several
edges [A3], imperfect wave packet localization [55];

3. information leakage, random measurements, full or partial [56,57], and particle loss [A1].

In spite of the conceptual differences between the errors considered in the first two items, nu-
merous reports indicate a common observation. Namely that if a random position-dependent
error of almost arbitrary kind chosen independently from identical distributions is applied in
each time step of the walk, the quantum nature of the walk recedes in favour of a classical
random walk. The same holds for projective measurements of the position and/or coin (in
coined quantum walks) at random points. It follows directly from the corresponding defi-
nitions that the limit case of performing a full projective measurement of the position and a
full mixing of the internal state of the walker at every step (a continuous measurement in the
case of continuous-time quantum walks) recovers a fully classical random walk. As shown in
the following sections, some dephasing models can be shown to be equivalent to projective
quantum measurements or mixing in their strongest case, therefore sharing the same limit.

It is worth noting that random fluctuations may not necessarily make quantum walking less
useful. The authors of [11] and [12] argue that the environmental noise in photosynthetic
energy transfer caused by room temperature actually helps to focus and target the excitation.
The authors of [47] explicitly show the benefits of a small amount of decoherence for mixing
and hitting times of discrete-time quantum walks.

A different kind of randomization in quantum walks is static disorder [58,59,A2,A3]. In this
model, fluctuations in the on-site parameters of the walking space are chosen randomly but
stay constant during the quantum walk. The measurable quantities are studied in terms of
their expectation values under the prior random selection; alternatively, one may inquire on
the averaged final quantum state of many samples of the same procedure. It has been shown in
the cited works that these systems are capable of displaying Anderson localization effects [13].

4.1 On-site randomness

We studied the effects of random environment or random fluctuations in a quantum walk
modeled by introducing randomness in the quantum coin operator. That is, the time evolution
operator of one step of a quantum walk, Eq. (2.7), is replaced by a random operator, allowing
an explicit time dependence, too:

U(t 7→ t + 1;ω) = S · Ct(ω), (4.1 a)

33



where
Ct(ω): |x〉 ⊗ |γ〉 7→ |x〉 ⊗ Ct,x(ω)|γ〉, ∀x ∈ G, ∀|γ〉 ∈ HC, (4.1 b)

and ω is chosen from an appropriate sample space Ω.

The object in question is the mean probability distribution of the particle’s position after a fixed
number of steps t,

pt(x) = E[Pt(X = x)]. (4.2)

In the model of dynamic disorder, where the random operators Ct applied at different times t
are mutually independent, the evolution of the system becomes Markovian and the averaging
over Ω can be performed at every step at the level of quantum state. In this case, the dynamics
is fully described by the evolution of a quantum state %t which follows the recurrence relation

%t+1 = E
[
U(t 7→ t + 1;ω) %t U†(t 7→ t + 1;ω)

]
=

∫
Ω

U(t 7→ t+1;ω) %t U†(t 7→ t+1;ω)P(dω). (4.3)

Given a specification of Ct(ω), the final integral may be evaluated to give a completely positive
trace-preserving () superoperator acting on the state %t:

%t+1 = U(t 7→ t + 1)[%t]. (4.4)

Due to the form of Eq. (4.1), the step operator can be factored out of the superoperator U
and the action of the coin remains local. Moreover, if the coin operator components Ct,x are
homogeneous in x for each realization ω, Eq. (4.4) can be rewritten as

%t+1 = S[Ct[%t]], S[%] = S%S†, Ct[%] =
∑

x,y∈G

|x〉 C̃t[〈x|%t|y〉] 〈y|, (4.5 a)

where
C̃t[X] =

∫
Ω

Ct,x0(ω) X C†t,x0
(ω) P(dω) (4.5 b)

is a superoperator acting on bounded operators on the coin register alone. Alternatively, if for
various x, Ct,x are independent and identically distributed with E[Ct,x] = Γt, Ct takes a more
complicated form

Ct[%] =
∑
x∈G

|x〉 C̃t[〈x|%t|x〉] 〈x| +
∑

x,y∈G
x6=y

|x〉 Γt〈x|%t|y〉Γ†〈y|. (4.5 c)

However, if Γt is zero, Eq. (4.5 c) shows that any superposition of different positions is lost
in the action of Ct, which is equivalent to a full projective measurement in the position basis
(ignoring the measurement result), followed by a  operation C̃t on the coin register. Note
in particular that a sufficient condition for Γt = 0 is that the coin elements Ct,x are of the form

Ct,x = eiϕt,x(ω)C0, ∀x ∈ G, (4.6)

where the phase ϕt,x(ω) is uniformly distributed for each x ∈ G, i. e., if different sites x ∈ G
only apply a uniformly distributed random additional phase atop of a constant coin operator
element.
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Various schemes of coin randomization may be studied. An illustrative example is a “fuzzy”
coin centered at C0, defined by

Ct,x(ω) = F(ω)C0, (4.7)

where F(ω) is a random unitary matrix onHC following any distribution invariant to all basis
rotations. In this case, Eq. (4.5 a) applies with

C̃t[X] = (1− p)C0XC†0 + p
Tr X

dimHC
1C, p ∈ 〈0, 1〉 (4.8)

This is a standard model of decoherence in the coin register. For a full decoherence, p = 1, the
coin becomes separated from the position register and completely mixed in each step of the
quantum walk, resulting in a step in any direction with equal probability, recovering a fully
classical random walk.

Specific systems or experimental realizations can motivate the consideration of more special-
ized models of randomization of the coin operator. We will address one such decoherence
model, particular to quantum walks on a line, in Section 4.2.

Complementary to the concept of dynamic disorder is static disorder. In this model, the ran-
dom operators Ct,x(ω) in Eq. (4.1 b) are independent of t. Therefore, every instance ω ∈ Ω

corresponds to a quantum walk with a possibly position-inhomogeneous, but always time-
homogeneous coin. This assumption can be used to model quantum walks on random but
stable environments. The expected distribution of the particle’s final position must be com-
puted by averaging different such quantum walks, which corresponds to finding the typical
behaviour of the quantum walk in a randomly selected environment. Systems with static
disorder are usually studied using Monte Carlo methods.

4.2 Modelling randomness experimentally

A simulation of random effects described in the last section can be easily realized using the
optical feedback loop implementation of a quantum walk on a line. For a coin operator trans-
forming the internal coin state of the walker differently at different positions x and quantum
walk times t, we use an electro-optical modulator inserted into the main feedback loop, as
outlined earlier in Section 3.5 within the two-dimensional quantum walk setting.

In [A2], we present results of the experiment built for this purpose. Its design is identical to
Fig. 5 with the difference that a fast-switching  is inserted between the Coin- and
1. This seemingly small modification opens up a multitude of new possible applications.

4.2.1 Dynamic disorder

Dynamic disorder can be reached by connecting the  to a pseudorandom signal generator.
The mathematical model of the quantum walk simulated in the experiment is then described
by Eqs. (4.5 a) and (4.5 c). The operator applied to the coin state of the walker in time t and at
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position x by the combined effect of the  and the  can be expressed by a matrix in the
preferred polarization state basis of the form

Ct,x(ω) =

(
eiϕH(ω) 0

0 eiϕV(ω)

)
C, (4.9)

where C is of the form (3.5). The random values ϕH and ϕV are correlated, it has been found
that for the  used in the experiment at the wavelength of the laser,

ϕV(ω)/ϕH(ω) = r = const., r ≈ 3.5 (4.10)

for all ω. Hence, we can write

Ct,x(ω) = exp
(
iϕH(ω)R

)
C0, R =

(
1 0
0 r

)
. (4.11)

We can see that the operation applied on the polarization state by the  is a random element
of a fixed one-parametric subgroup of U(2) generated by the matrix R.

For the following derivation, let us assume a more general form of the generator R,

R = λ1Π1 + λ2Π2, (4.12)

where Π1 and Π2 are two orthogonal projectors forming a decomposition of unity. For conve-
nience, let the parameter ϕH(ω) is distributed symmetrically around zero. Then the compo-
nents of Eq. (4.5 c) can be found in the form

Γt = (E[cosϕHλ1]Π1 + E[cosϕHλ2]Π2)C0,

C̃t[X] = pC0XC†0 + (1− p)(Π1C0XC†0Π1 + Π2C0XC†0Π2),
(4.13 a)

where
p = E[cosϕH(λ2 − λ1)]. (4.13 b)

The explicit properties of the distribution of cos(ϕHλ1,2) and cos(ϕH(λ1 − λ2)) depend on the
details of the implementation of the random source and the response characteristic of the .
However, it is simple to find the limit case of Eq. (4.13) when the expected values of all these
functions reach zero. Here,

Γt = 0, C̃t[X] = Π1(C0XC†0)Π1 + Π2(C0XC†0)Π2. (4.14)

According to Eq. (4.5 c), this result is equivalent to the application of C0 on the coin register
followed by a full projective measurement of the walker’s position and a projective measure-
ment of the coin state. The measurement operators of the coin are the projectors Π1 and Π2,
i. e., the generator R is measured as an observable (the result of the measurement is irrelevant).

It can be easily seen that a quantum walk with this kind of decoherence becomes a classical
random walk where the direction, given by the coin state after its equivalent measurement,
depends probabilistically on the coin state in the previous time step. The transition probabilities
of this Markovian process are the squared moduli of the C0 matrix.

In the experiment, the random source was fine-tuned so that this limit case could be observed.
Given R in the form (4.11), the equivalent measurement applied on the coin is a measure-
ment in the basis of horizontal and vertical polarizations, i. e., |−1〉 and |+1〉. Moreover, the
coin  was rotated by π

8 so that it applied the Hadamard transform on the polarization
states. The resulting transition probabilities between each pair of classical coin states are then
|〈±1|H|±1〉|2 = 1

2 , i. e., any information of the previous coin state is deleted. Indeed, the exper-
iment confirmed a fully classical unbiased binomial random walk. The observed probability
distribution is plotted in Fig. 12 a).
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Fig. 12: Results of the observation of quantum walks on a line in three different disorder scenarios [A2].
Inset a: Dynamic disorder, t = 11 steps, showing purely classical random walk behaviour. Inset b: Static

disorder, t = 11 steps, resulting in exponential localization near the initial position (cf. the logarithmic plot).
Inset c: Slow variation of a homogeneous coin, also displaying localization effect. The averaged probability

distribution in position after 10 steps is shown. All insets: Coloured bars with error marks—experimental data,
colourless bars (behind)—theoretical prediction.

4.2.2 Static disorder

The effects of static disorder in quantum walks on a line can be observed if the pseudorandom
source controlling the  is configured to produce periodic output, with the period equal to
τt of Eq. (3.4), but changing between the runs of the experiment, i. e., on the time scale given by
the repetition rate of the pulsed laser source. This creates a random coin operator expressed
by a matrix formally equivalent to Eq. (4.9), but with Ct,x(ω) constant in t.

The result of the experiment is the observation of exponential localization after 11 steps of the
quantum walk. The experimental data, shown in Fig. 12 b), display a clear manifestation of
the phenomenon.

4.2.3 Slow fluctuations of the coin

As a special case complementing the static and dynamic disorder models, we studied a model
of coin randomization where the coin operator is homogeneous both in time in space in each
run of the experiment but its parameters vary randomly between individual runs. This is called
the assumption of slow fluctuations, as opposed to fast fluctuations which define the dynamic
disorder. The intention of the measurement is to find a set of typical features characterizing
the probability distributions of homogeneous quantum walks with different coin settings.

As expected, we observe two peaks at the end points of the interval {−t, . . . , t− 1, t} reachable
in t steps as a remnant of the two-peak character of pure discrete-time quantum walks on a line.
The peaks are most pronounced at the very boundary of the interval. There is an additional
peak in the center of the distribution, which may seem unexpected at first sight (see Fig. 12 c)).

As shown in many works, e. g., by Konno [44], the probability distribution of position of a
quantum walker after t steps of a homogeneous discrete-time quantum walk on a line, if the
initial position is, for simplicity, |0〉 ⊗ |+1〉, can be approximated by the function

pt(x) =
s

πt
(
1− ξ2

)√
c2 − ξ2

(1− (c2 − s2)ξ), (4.15 a)

where
ξ =

x
t
,

c = |〈+1|C0|+1〉| = |〈−1|C0|−1〉|,
s = |〈+1|C0|−1〉| = |〈−1|C0|+1〉|,

(4.15 b)
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as t→ +∞. Integrating this function for fixed t over various angles θ in Eq. (3.5), which is the
parametrization of the C0 used in [A2], we indeed obtain a theoretical prediction of a peak of
probability at x = 0. Surprisingly, we obtain as a side result that the two peaks at the boundary
of the interval are artifacts of the low value of t and are asymptotically suppressed.

4.3 Quantum walks with jumps

In [A3], we study randomness manifested in the form of topological errors in the walking
graph, represented by random jumps of a fixed length. More specifically, the step operator in
the one-step evolution operator of a quantum walk on a line, (2.11), is augmented by a random
jump operator,

S(ω) = (Jt(ω)⊗ 1C)S, (4.16)

where Jt(ω) is chosen from a subset of permutation operators on the position space satisfying

– the permutations contain only cycles of lengths 1 and 2,

– 2-cycles transpose only couples of basis elements corresponding to positions in a fixed
distance j.

In the numerical treatment of the model, the system is constrained to a finite subinterval of
the line of size N. The size of the walking space is large enough for the boundary conditions
not to influence the evolution of a walker initiated in a state localized in the middle of the
interval during n steps. The probability assigned to a jump composed of k transpositions is
proportional to pk(1 − p)N−2k, where p ≤ 1

2 . This model does not have any limit probability
distribution as N → +∞—without the restriction on the size of the walking space, the source
of errors would have to be redefined to cover the area the walker can actually reach in each
step. The meaning of the distribution is, however, that a walker at any position and time has
a probability of 2p of encountering a jump. The coin operator is left unperturbed.

It is assumed that a jump does not cause any disruption to the synchronization of the steps
of the quantum walk. Rather than the walker missing some vertices, an occurence of a jump
should be perceived as a random fluctuation in the media in which the quantum walk takes
place that cause it to become transparent to the walker and thus allow it to cover a bigger
distance during a single time step. This could be related to a similar effect known in plasma
physics or semiconductor science as ballistic flights (see, e. g., [60]). For further compliance
with the introductory chapters, the presence of jump should be understood as an extra edge in
the walking graph, redefining the “nearest neighbors” of the affected vertices when present.

We define dynamic disorder and static disorder in a complete analogy to Section 4.1. In the
former case, one can observe a convergence to a Gaussian-like distribution when the probability
of elementary error p is large, similarly to on-site randomization models. However, one can
identify traces of the choice of the constant j in the form of an additional oscillatory structure
superimposed over the overall probability distribution. This is because the randomized step
operator (4.16) acts like a classical random walk step of size j as p approaches 1

2 .

The study of static disorder reveals another observation. The global evolution of the averaged
probability distribution pt(x) in time t displays significantly different behaviour in the cases
of even and odd parity of the jump size j, respectively. In the former case, the probability
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Fig. 13: Numerical evidence of a new kind of behaviour in quantum walks with jumps [A3]. When the probability
of making a random jump approaches unity within the static model of disorder, with an odd jump size j, the mean

probability distribution pt assumes the shape of an exponential distribution modulated by sharper exponential
peaks separated by the constant j (in this figure, j = 11). The static disorder was simulated using Monte Carlo

method, averaging over 20, 000 runs in randomly varied configurations. Minor oscillations of period 2 in time T
can be observed, attributed to parity considerations. N. B. that the term “channel” is used for the quantum walk

position in accordance with the terminology used in the source.

distribution displays strong artifacts of a classical random walk performed by the incoherent
jumps. Surprisingly, though, this is not the case when even-sized jumps are replaced by odd-
sized ones. Here, for jump probabilities p. 1

2 , a new behaviour unlike any case described so far
becomes dominant (see Fig. 13). An exponential localization takes place at two different length
scales, in the form of an overall Laplace-like distribution modulated by periodic exponential
peaks located at distances of integer multiples of j from the initial position of the walker. There
is a numerical evidence that the variance of this distribution becomes sub-linear in time t,
which replaces both linear dependence of classical random walks and a quadratic one typical
for quantum walks. However, an analytic proof of this conjecture has not yet been given.

The final area studied in [A3] is the analysis of the spread of the quantum walker’s position
in the static disorder scenario with jumps of odd size j and searching for fitting functions
of various measures of delocalization. We primarily focus on the variance of the walker’s
position as a function of time t, probability p and jump size j. Interpolating simulation data,
we provide a numerical fit of the variance at t = 200 parametrized by the values of p and j.
According to our findings, a simple fitting function can be found which the two parameters
do not enter independently but always forming a term of the form pjα, where α = const. This
hints at a possible relationship between instances of the system at different length scales given
by j.

Besides the variance of position, we also study several entropy measures of the corresponding
distribution. The most interesting result is the numerical evidence that unlike other quantities
taken into account, the Tsallis q-entropy of the distribution pt(x) for q = 2, defined by

S2(pt) = 1−
∑
x∈Z

p2
t (x), (4.17)
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taken as a function of the parameters p and j and time t, is very robust with respect to j even
for values of t in hundreds of steps.

4.4 Chapter summary and outlook

Studying the effects of randomization in quantum walks is an important prerequisite in under-
standing quantum walk systems in the presence of environmental noise, as well as designing
possible uses of controlled noise sources. The connection between static disorder in quan-
tum walks and the model of disorder in semiconductors leading to Anderson localization is
especially intriguing and opens up a lot of unexplored theoretical questions.

In this chapter, I introduced a model for studying systems featuring dynamic or static disor-
der, and described an experiment bringing the theory to reality [A2], directly based on the
realizations of quantum walks studied in Chapter 2. In this joint project, I was responsible
for exploring the effects of randomization on a quantum walk on a line and subsequently
developing the theoretical background for the work.

In Section 4.3, I report on a paper exploring a particular scheme of incoherent topological errors
using numerical methods, [A3]. In this work, we explored the behaviour of a quantum walk on
a line, allowed to make random jumps of a fixed size, in several distinct modes of its operation.
The simulations were generally set up to run for a fixed number of quantum walk steps and
the behaviour observed at t = 200 (the maximum made possible by the available resources)
was conjectured to be stable even for higher quantum walk times. Finding a theoretical
confirmation of the findings is an open problem.

The latter paper, despite reporting mostly on empirical results, provides many interesting
insights into the behaviour of quantum walks augmented by a special source of topological
errors. The most striking findings are the similarities to scenarios where only the coin register of
the walker is affected by the randomization. It is worth particular attention that artificial jumps
are also capable of decreasing the variance of the quantum walker’s position to a sub-linear
function of time.

The main open questions in this topic certainly comprise the effects of the described randomiza-
tion modes on quantum walks on higher-dimensional lattices, or on a simulated multi-particle
dynamics. The two-dimensional experimental framework could also be used for simulating
walks on dynamically changing graph structures.
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Conclusion

In this work, I presented an introduction to the general theory of quantum walks and some
recent developments in this field. The primary reasons for studying quantum walks are
their importance in the implementation, or even design, of particular quantum algorithms.
Almost equally important is their significance in describing, modelling, simulating and finally
understanding the dynamics of a rich variety of microscopic quantum systems. Behaviour
compatible with an underlying quantum walk model has been reported even in mesoscopical
molecular systems where thermal quantum decoherence was previously thought to keep any
quantum effects well beyond the detection threshold.

I started the thesis with a brief introductory part, placing quantum walks into the much broader
context of quantum computing. In the main part, results in theoretical, experimental as well
as numerical studies of quantum walks were presented, aiming at covering the topic from a
number of important points of view as well as showing the close relations between all these
fundamental areas of quantum walk research. I presented and explained selected original
results of my work in all the three parts.

The theoretical Chapter 2 opened the topic with definitions of the structure, evolution rules,
and properties of discrete-time quantum walks on a special class of regular graphs with an
underlying group structure. This not only provided a common formalism for the following
parts of the thesis but also gave an anchor point for the subsequent work on optical imple-
mentations of quantum walks by introducing the equivalent reformulation of quantum walk
dynamics using recurrence relations.

The experiments described in Chapter 3 are all examples of the optical feedback loop imple-
mentation of quantum walks. The results obtained in these experiments clearly manifest the
flexibility and the versatility of the optical implementations of quantum walks as a whole. The
optical feedback loop framework was also presented as a means of simulating quantum walk
behaviour under engineered conditions. This opens an important follow-up question whether
the same set of key ideas could be exploited to build a more general (universal, if possible)
quantum simulator.

Chapter 4 completes the triad by introducing results obtained by numerical simulation methods
in studying quantum walks interrupted by random occasional jumps across several positions
at once. In the broader context of quantum walks affected by external errors, one additional
experimental setup is also described, designed to simulate quantum walks in a particular
random environment. Comparing the results of the two examples of randomization—one en-
forcing random jumps and the other affecting local properties of the walker only—unexpected
similarities can be observed. A bridge seems to be open between topological and environmen-
tal sources of error. Numerical and experimental methods were also shown to be practical in
simulating open quantum dynamics of quantum walks caused by dissipation or the loss of
full informational control of the system.

Clearly, quantum walks represent an active field of research on the boundary of many sub-
disciplines of quantum theory. It was the aim of this thesis to justify this claim and expand
as well as unite the knowledge of the topic. Still, many questions remain open and many
new interesting problems constantly come into view as possible topics for a future research.
It seems that experiments are quickly catching up with the theory and many experimental
surprises can be expected in the near future. It remains our conviction that the studied optical
feedback loop will be among the frontrunners.
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fyz. 62, p. 91 (2012)
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We present the first robust implementation of a coined quantum walk over five steps using only passive

optical elements. By employing a fiber network loop we keep the amount of required resources constant as

the walker’s position Hilbert space is increased. We observed a non-Gaussian distribution of the walker’s

final position, thus characterizing a faster spread of the photon wave packet in comparison to the classical

random walk. The walk is realized for many different coin settings and initial states, opening the way for

the implementation of a quantum-walk-based search algorithm.

DOI: 10.1103/PhysRevLett.104.050502 PACS numbers: 03.67.Ac, 03.65.�w, 05.40.Fb, 42.50.Dv

Random walks are one of the fundamental models of
natural sciences. The concept is common to many branches
of research, for example, describing material transport in
media and the evolution of stock market shares [1]. By
endowing the walker with quantum properties, many new
interesting effects appear. As first noted by Aharonov et al.
[2], quantum interference leads to a new type of walk that
spreads much faster than its corresponding classical coun-
terpart. Since classical walks constitute a computational
primitive, it can be expected that their quantum extensions
provide an alternative platform for the implementation of
quantum information protocols. It has been theoretically
proven that quantum walks allow the speed-up of search
algorithms [3,4] and the realization of universal quantum
computation [5]. Moreover, they can be employed for
testing the transition from the quantum to the classical
world by applying a controlled degree of decoherence
[6]. In the context of time-dependent phenomena, recent
theoretical studies of quantum walks with a sufficiently
large number of sites have shown highly nontrivial dynam-
ics, including localization and recurrence [7]. Applying
such ideas, for example, to a biophysical system, can
give important insights into effects like photosynthesis [8].

While theoretical analysis of quantum walks is ad-
vanced, only few experiments have been reported. The
system chosen for implementation has to allow for quan-
tum interference and maintain coherence for a sufficiently
long time. To date, different experimental approaches have
been taken. Several steps of a quantum walk were realized
with trapped ions or atoms [9]. Taking advantage of the
simple preparation and manipulation of light states [10],
the realization of quantum walks with photons has also
attracted attention [11]. In this Letter, we report on the
implementation of a one-dimensional coined quantum
walk based on optical networks, which corresponds to a
quantum analogue of a Galton board. While our primary
aim is a demonstration of the experimental feasibility with
a low degree of decoherence, the employed configuration

is scalable in terms of reachable number of steps and
accessible position Hilbert space. In contrast to previous
implementations, we designed a setup for an optical im-
plementation of the coined quantum walk, which presents
the distinct advantage of high flexibility in the manipula-
tion of the walker’s internal degree of freedom.
In our implementation, we exploit the polarization of the

photon as the internal degree of freedom, which can be
described with the basis states jHi ¼ ð1; 0ÞT and jVi ¼
ð0; 1ÞT . In the elementary version, the quantum walker
performs a spatial shift (step) conditioned on its internal
state. If the motion is restricted to a line, the shift occurs
either to the left or to the right, and the resulting position is
represented by integer values x. In mathematical terms, one
step of the quantum walk is determined by the product of
two unitary operators. After n steps, the evolution operator

Û is given by Û ¼ ðŜ ĈÞn, with
Ŝ ¼ X

x

jx� 1ihxj � jVihVj þ jxþ 1ihxj � jHihHj; (1)

describing the spatial shift (step operator), and Ĉ the toss-
ing of the quantum coin, which operates on the polarization
of the photon (see below). The coherent action of the step
and coin operators leads to entanglement between the
position and the internal degree of freedom. After several
steps, the counterintuitive profile of the quantum walk
probability distribution emerges as a result of quantum
interference among multiple paths.
Despite the appeal of performing a quantum walk using

only linear optical components, a straightforward imple-
mentation of the Galton board requires the use of multiple
beam splitters and phase shifters [12]. This increases the
experimental complexity in terms of optical stability,
alignment, and cost. In our implementation, we circumvent
this obstacle by translating the position of the walker
(photon) into arrival times at the detector. Since the coin
operator acts on the polarization subspace, it is simply
implemented using a half-wave plate (HWP). Its matrix
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representation on the fjHi; jVig basis is

C ¼ cosð2�Þ sinð2�Þ
sinð2�Þ � cosð2�Þ

� �
; (2)

where � is the rotation angle of the HWP relative to one of
its optical axes. The evolution of the walk is perpetuated
using an optical feedback loop [13], which allows us to
completely avoid the use of additional optical elements to
realize several steps of the walk. Similar ideas employing
optical networks have been applied with considerable suc-
cess in other experiments for obtaining a time-multiplexed
detector [14]. Here, we advance this concept significantly
by realizing a network that includes interferences among
multiple paths.

Our experimental setup is sketched in Fig. 1. The pho-
ton’s wave packet is provided by a pulsed laser source with
central wavelength of 805 nm, pulse width of 88 ps, and
repetition rate of 1 MHz. The pulses are attenuated to the
single-photon level by using neutral density filters. The
initial polarization is prepared using standard half- and
quarter-wave plates, the coin is realized by another HWP,
and the step operation by an optical feedback loop. The
‘‘stepper’’ is composed of a polarization-maintaining fiber
network, such that the horizontal and vertical components
are first separated spatially and then temporally in a deter-
ministic way. Horizontally polarized photons traverse the
fiber loop network in 40 ns, while vertical ones take 5 ns
longer. At the output of the ‘‘stepper,’’ the two paths are
coherently recombined, and the photon is sent back to the
input beam splitter for the next step. An illustration of the
evolution of the photon’s wave packet through the optical
network is shown in Fig. 2. At first inspection, it seems that
no interference can occur due to the orthogonal nature of
the states that are recombined at the end of the fiber.
Nevertheless, in the next iteration, the coin operation cre-
ates a superposition of the states, thus displaying interfer-
ence when analyzing in the jHi and jVi basis (PBS 1 on
Fig. 1). Finally, at each step of the walk (corresponding to
one loop), there is a 50% probability of coupling the

photon out of the loop, in which case an avalanche photo-
diode (APD with time jitter <1 ns) will register a click.
The detection efficiency is�det ¼ 0:24ð1Þ, and the losses in
the setup are characterized by an efficiency of �setup ¼
0:18ð1Þ per step, neglecting the input coupling.
Measurements of the transmitted (and/or reflected) count
rates after each optical component enable us to character-
ize the losses for jHi and jVi polarizations. A glass plate
was introduced in the setup to equalize the losses; never-
theless, jHi polarized photons experienced 3% less loss per
step than jVi ones.
The characterization of the walk consisted of a series of

consecutive runs of the experiment, each generating at
most a single click at a specific time, which is recorded
by a computer via a time-to-digital converter interface.
From the technical point of view, we stress that phase
stability is required only during the short time scale of a
single experiment (e.g., 225 ns for five steps), in contrast to
the longer time required for an ensemble measurement.
This fact brings the advantage that no active phase stabi-
lization was required in our experiment.
To demonstrate the crucial properties of our implemen-

tation, we conducted two different types of measurements.
In the first experiments, we show a high degree of coher-
ence and the scalability of the system by studying the
evolution of the walk over five steps. The second set of
experiments show the flexibility achieved for the manipu-
lation of the coin. We begin with the study of coherence
properties over an increasing number of steps. The proba-
bility distribution of the quantum walk is highly sensitive
to the initial state. The best way to emphasize the differ-
ences between the quantum and the classical walk—or in
other words, to test for coherence—is to use a particular
balanced input state, i.e., a circularly polarized photon. In
addition, by using the Hadamard coin (� ¼ 22:5�), which
creates an equal superposition of horizontal jHi and verti-
cal jVi polarizations, the wave packet of the photon
evolves into a highly delocalized state.
We prepared the initial circular polarization state jpii ¼

aHjHi þ ei�aV jVi with an accuracy characterized by the
factor jaHj2=jaV j2 ¼ 0:94ð4Þ, yielding a fidelity of F ¼
99:9%. The initial mean photon number was hniinitial ¼
8ð2Þ and, after the fifth step, hni5step � 7� 10�4. The

measured evolution of the probability distribution for the

FIG. 1 (color online). Sketch of the setup. A laser field is
attenuated to the single-photon level via neutral density filters
(ND) and coupled into the network loop through a 50=50 beam
splitter (BS). HWP: half-wave plate; QWP: quarter-wave plate;
PBS: polarizing BS; APD: avalanche photodiode. Setup dimen-
sions: 1.5 m in free space and 7 m (8 m) in fiber when horizontal
(vertical) polarization is used.

FIG. 2 (color online). Illustration of the working principle of
the setup. From left to right, the walk evolves from the end of the
first step to the end of the second. The arrows represent the
polarization of the photon, which was assumed to be initially
vertical (‘‘zero’’ step).
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photon’s arrival time from the first to the fifth step is shown
in Fig. 3(a). Here, one can see the gradual decrease of the
probabilities of a photon arriving in the central time bins
alongside the growth of arrivals in the outer wings—a
distinctive feature of the quantum walk. This is a clear
signature of a high degree of coherence throughout the
complete evolution of the walk.

The delocalization effect can be better appreciated in
Fig. 3(b), in which we show the measured distribution after
five steps. In addition to our experimental data, we present
a comparison with both the theoretical model applied to
our setup [Figs. 3(b) and 3(c)] and the classical Gaussian
distribution [Fig. 3(d)]. While in the classical case the

standard deviation is given by �C ¼ ffiffiffi
5

p � 2:24, a higher
deviation occurs in the quantum case (�Q ¼ 2:83). Our

measured value � ¼ 3:03ð10Þ agrees well with the ex-
pected ballistic spread. The presented error bars include
only statistical errors, calculated as the standard deviation
of the finite number of experiments (N ¼ 3016 in the fifth
step). By analyzing the evolution of the walk over several
steps, we find that the current limitation in implementing
more than 5 steps arises from spurious optical reflections.
Those can be largely suppressed by appropriate time gat-
ing, but they still lead to a systematic error in the proba-
bility distribution. In addition, the use of the 50=50 beam-
splitter (BS) coupler introduces high losses, which in turn
causes a low signal-to-noise ratio at the detection of further
steps. We stress that these problems are not intrinsic to this
implementation, since the setup can be optimized to give
better performance (discussed below).

Our second experimental result highlights the flexibility
of our implementation with respect to the easy adjustability
of different coin settings. In Fig. 4, we show how the
probability distribution after three steps changes as a func-
tion of the angle of the half-wave plate. In this case, the
photon is initially prepared with horizontal polarization,
leading to an asymmetric distribution when the Hadamard
coin is applied. Setting the HWP at zero degrees is essen-
tially equivalent to applying the identity operation, thus
resulting in the photon being found at the first time bin,
labeled t ¼ 3. From zero to 45�, interference among mul-
tiple paths takes place, giving rise to a probability of
finding the photon at t ¼ 1 (t ¼ �1) that is increased
(decreased) in comparison to the classical result. At exactly
45�, the NOT operation is realized; i.e., incoming jHi
polarized photons are converted into jVi and vice-versa.
For these measurements, the initial polarization state
jpii ¼ a0HjHi þ a0V jVi was characterized by
ja0V j2=ja0Hj2 ¼ 0:003ð4Þ (F ¼ 99:7%), and the initial
mean photon number was given by hni ¼ 0:58ð5Þ. The
experimental results agree well with the theoretical pre-
diction and are clearly distinct from the classical values.
We performed a detailed theoretical analysis of the

system by taking into account possible sources of coherent
and incoherent errors. The imperfections are modeled as
additional linear optical elements and represent the effect
of depolarization, relative phase shifts, and efficiency ratio
� between the two polarizations, undesired polarization
rotations by an angle ’, and imperfect preparation of the
initial state jc 0i. By analyzing the output signal, the
strength of decoherence has been found to be equal to

FIG. 3 (color online). Measured probability distribution of the
photon’s arrival time. (a) Evolution of the distribution from the
initial circularly polarized state (rear part) to the state after the
fifth step (front part). (b) Detail of the measured distribution
after five steps. Filled bars: measured results. Frames: predic-
tions from our theoretical model. (c) Difference between experi-
mental and theoretical values. (d) Detail of ideal distributions
after five steps. Left: classical walk; right: quantum walk.

FIG. 4 (color online). Effect of different coin operations on the
probability distribution after the third step for an initially hori-
zontally polarized photon. In each inset, from (a) to (d), we show
the probability for the photon to arrive at a particular time bin, as
depicted in the top illustration. At time bins t ¼ �3, the classical
and quantum descriptions coincide. Dots: Measured quantum
walk (error bars are smaller than used symbols). Solid line:
Theoretical model for the quantum walk. Dashed line: Classi-
cal random walk.
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zero within the statistical error, indicating that effects such
as depolarization and rapid phase fluctuations can be ne-
glected. The system can be described by an effective coin

operation Ĉ0, with matrix representation given by

C0 ¼ Lð�LÞRð’ÞRð�ÞLð��HWPÞRð��ÞLð�BSÞ; (3)

where Lð�Þ is a matrix characterizing differential losses
and Rð�Þ a rotation:

Lð�Þ ¼ 1 0
0 �

� �
; Rð�Þ ¼ cosð�Þ sinð�Þ

� sinð�Þ cosð�Þ
� �

: (4)

Values � < 1 for the efficiency ratio indicate loss imbal-
ance between the jHi and jVi polarizations. This parameter
was characterized at the different components of the setup:
at the coupling beam splitter �BS ¼ 0:99, at the delay loop
�L ¼ 0:96, and between the slow and the fast axis of the
HWP �HWP ¼ 0:98. The results indicate that jVi polariza-
tion undergoes higher loss than jHi. The rotation intro-
duced by the mirrors has been determined to be ’ ¼ 1:4�.
The final state of the walk is calculated as jc finali ¼
ðŜĈ0Þnjc 0i.

Discrepancies between the experiment and the theoreti-
cal model are due to reflections of the optical signal and
imperfections of the detector, e.g., dead time and dark
counts. Considering only intrinsic problems of the actual
proposal, i.e., supposing the use of the best available
components, thereby suppressing the reflections, we can
estimate the maximum number of steps that are in principle
possible to achieve. In the optimized scenario, it is reason-
able to suppose �setup ¼ 71%, considering that the 50=50

coupler is replaced by a 99=1 coupler. Since the properties
of the quantum walk can be simulated by using an intense
coherent field, we could employ a laser with 1 W power
(250 kHz). By adding an active switch to couple the photon
out of the loop, the signal-to-noise ratio is improved, thus
allowing us to reach 100 steps. The measurements can still
be done in a time scale shorter than typical unavoidable
low frequency mechanical vibrations (lower than 500 Hz),
thus preserving phase coherences.

In conclusion, we have implemented a compact and
efficient way of realizing coined quantum walks. In con-
trast to many other experiments, we benefit from employ-
ing quantum states of light, which are simple to
manipulate. For instance, one could achieve a higher di-
mensional coin by using the optical angular momentum of
photons [15] instead of their polarization, therefore in-
creasing the dynamical richness of the walk. Moreover,
the ability to operate with different coins and the ease of
addressing individual position states opens exciting new
possibilities for the realization of quantum information
protocols. The present experimental setup constitutes a
starting point for implementing a one- or two-dimensional
quantum-walk-based search algorithm.
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We investigate the impact of decoherence and static disorder on the dynamics of quantum particles

moving in a periodic lattice. Our experiment relies on the photonic implementation of a one-dimensional

quantum walk. The pure quantum evolution is characterized by a ballistic spread of a photon’s wave

packet along 28 steps. By applying controlled time-dependent operations we simulate three different

environmental influences on the system, resulting in a fast ballistic spread, a diffusive classical walk, and

the first Anderson localization in a discrete quantum walk architecture.

DOI: 10.1103/PhysRevLett.106.180403 PACS numbers: 03.65.Yz, 05.40.Fb, 71.23.�k, 71.55.Jv

Random walks describe the probabilistic evolution of a
classical particle in a structured space resulting in a dif-
fusive transport. In contrast, endowing the walker with
quantum mechanical properties typically leads to a ballis-
tic spread of the particle’s wave function [1]. The coherent
nature of quantum walks has been theoretically explored,
providing interesting results for a wide range of applica-
tions. They state not only a universal platform for quantum
computing [2] but also constitute a powerful tool for
modeling biological systems [3–5], thus hinting towards
the mechanism of energy transfer in photosynthesis.
Quantum walks of single particles on a line have been
experimentally realized in several systems, e.g., with
trapped atoms [6] and ions [7,8], energy levels in NMR
schemes [9,10], photons in waveguide structures [11], a
beam splitter array [12], and in a fiber loop configuration
[13]. Although these experiments opened up a new route to
higher dimensional quantum systems, more sophisticated
quantumwalks need to be implemented to pursue the realm
of real applications. A first step in the direction of photonic
quantum computation has been recently reported [14], in
which two particles execute a simultaneous walk and dis-
play intrinsic quantum correlations. However, their static
system misses the ability to access and manipulate the
walker’s state in a position dependent way, which is an
important requirement for implementing quantum-walk-
based protocols [15].

In this Letter we present the first experimental realiza-
tion of quantum walks with controlled dynamics. We use
the flexibility to investigate the evolution of quantum
particles moving in a discrete environment presenting
static and dynamic disorders.

As predicted by Anderson in 1958 [16], static disorder
leads to an absence of diffusion and the wave function of
the particle becomes localized, which, e.g., would render a
conductor to behave as an insulator. Anderson localization
has been experimentally investigated in different physical
scenarios, e.g., employing photons moving in semiconduc-

tor powders [17] and photonic lattices [18,19], or even via
Bose-Einstein condensates [20,21]. However, although
theoretically predicted in the context of quantum walks
[22–24], the effect has never been observed in a discrete
quantum walk scenario.
Furthermore, it is interesting to note that the energy

transport in photosynthetic light-harvesting systems is in-
fluenced by both static and dynamic disorders, and it is
precisely the interplay between the two effects that leads to
the highly efficient transfer in those molecular complexes
[4,5]. Thus, in order to simulate a realistic influence of the
environment, we go further in our studies by investigating
the effect of dynamical noise, which typically induces
decoherence [25–27]. Utilizing the ability to easily tune
the conditions for the quantum walk, we demonstrate here
the diverse dynamics of quantum particles propagating in
these different systems.
In our experiment we realize the quantum walk of

photons by employing a linear optical network. The evo-
lution of the particle’s wave function jc ðxÞi is given by

jc ðxÞi ! �xjc ðxÞi þ X
k�x

�x;kjc ðkÞi; (1)

with the position dependent amplitudes �x and �x;k deter-

mining the probability of the particle to stay at the discrete
position x or evolve to the adjacent sites k, respectively.
We study the expansion of the particle’s wave packet in

four different scenarios. (i) First of all we implement the
quantum walk in a homogeneous lattice, showing that it
presents an evolution that is free from decoherence.
(ii) Next, we introduce static disorder by manipulating
the lattice parameters �x and �x;k, thus observing

Anderson localization. We then examine two scenarios
leading to decoherence, which essentially differ in the
time scales of the occurring dynamic perturbations.
(iii) In this case a dynamic randomization of the lattice
parameters �x and �x;k simulates the evolution of a

particle interacting with a fast fluctuating environment.
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The resulting dephasing suppresses the underlying inter-
ference effects and hence causes the particle to evolve just
like in a classical random walk [6,8]. (iv) In the last
scenario we simulate a slowly changing homogeneous
environment. While �x and �x;k are stable during a single

realization, a slow drift leads to different conditions for
subsequent particles, thus affecting results obtained in an
ensemble measurement.

In a discrete quantum walk the position of a particle
evolves according to its internal coin state jci. For our
photonic implementation we use the linear horizontal
jHi ¼ ð1; 0ÞT and vertical jVi ¼ ð0; 1ÞT polarization of
light. The state of the photon after N steps of the walk

is found by applying the unitary transformation U ¼Q
N
n¼1 Ŝ Ĉn to the initial state jc ðxÞ0i ¼ jx0i � jc0i. The

coin operation ĈnðxÞ manipulates the polarization of the
photon in dependence on the position x and the step
number n. In the basis fjHi; jVig the coin operator is given
in matrix form by

CðxÞ ¼ ei�HðxÞ 0
0 ei�V ðxÞ

 !
cosð2�Þ sinð2�Þ
sinð2�Þ � cosð2�Þ

� �
; (2)

with the diagonal matrix representing a phase shift �HðxÞ
for horizontal and �VðxÞ for vertical polarizations, while
the second matrix corresponds to a polarization rotation of

2�. The step operation Ŝ shifts the position x of the photon
by þ1 if the polarization is horizontal and by �1 if it is
vertical.

Following Eq. (1), the evolution of the wave function
with the step number n is given by

jc ðxÞnþ2i ¼ �xjc ðxÞni þ �x;x�2ðjc ðxþ 2Þni
þ jc ðx� 2ÞniÞ: (3)

Note that the transition coefficients �x and �x;x�2 are fully

set by the coin operations Cnþ1ðxÞ and Cnþ2ðxÞ. By chang-
ing the parameters �ðxÞH=V and � in a controlled way we

can alter the coefficients and hence create diverse types of
physical conditions for a quantum walk scenario.

A simple measure to quantify the spread of the wave
function in the different systems is provided by the vari-
ance �2 of the final spatial distribution. While the
decoherence-free quantum walk presents a ballistic spread,
with �2 / n2, the classical random walk is diffusive, char-
acterized by �2 ¼ n. In contrast to both, in a one-
dimensional system with static disorder the wave packet
shows exponential localization after a short initial expan-
sion. The stagnation of the wave packet spread is thus
evidenced by a constant variance.

The functional principle of our experimental setup is
sketched in Fig. 1(a) and is discussed in detail in [13]. We
generate the input photons with a pulsed diode laser with a
central wavelength of 805 nm, a pulse width of 88 ps, and a
repetition rate of 110 kHz. The initial polarization state of
the photons is prepared with retardation plates. Each coin
operation consists of a polarization rotation, which is

realized with a half-wave plate (HWP), and a subsequent
phase shift implemented by a fast switching electro-optic
modulator (EOM), as described in Eq. (2). The properties
of the EOM impose that �VðxÞ=�HðxÞ � 3:5. The step
operation is realized in the time domain via two polarizing
beam splitters (PBS) and a fiber delay line, in which
horizontally polarized light follows a longer path
[Fig. 1(a)]. The resulting temporal difference of 5.9 ns
between both polarization components corresponds to a
step in the spatial domain of x� 1. After a full evolution
the photon wave packet is distributed over several discrete
spatial positions or, equivalently, over respective time win-
dows. For detection the photon gets coupled out of the loop
by a beam splitter with a probability of 12% per step. We
employ two avalanche photodiodes (APD) to measure the
photon’s time and polarization properties, which gives
information about the number of steps, the specific position
of the photon, as well as its coin state. The probability that
a photon undergoes a full round-trip without getting lost or
detected is given by �setup ¼ 0:55 (0.22) without (with) the

EOM, and the detection efficiency is �det ¼ 0:06 per step.
To determine the statistical distribution of one specific

step we detected more than 104 events in an overall mea-
surement time of maximally 1 h, limited by the setup
stability. This guaranteed an absolute statistical error of
the assessed probability at each position of less than 0.01.
An average photon number per pulse at the detected step of
less than hni< 0:003 ensured a negligible probability of
multiphoton events Pðn > 1Þ=Pðn ¼ 1Þ< 0:02.
(i) Homogeneous lattice.—In the first of our four quan-

tum walk scenarios we investigate a homogeneous envi-
ronment, thus testing the intrinsic coherence properties of
the setup. The spatial distribution after 28 steps can be seen
in Fig. 1(b). We used the initial state jc 0i ¼ j0i � 1ffiffi

2
p �

ðjHi þ ijViÞ and the Hadamard coin (� ¼ �=8) at each
position. The final state clearly shows the characteristic
shape of a fully coherent quantum walk: the two

FIG. 1 (color online). (a) Schematic setup (see text for details).
(b) Probability distribution after 28 steps of a symmetric
Hadamard walk with initial circular polarization. Stacked
bars: Adapted theory split into the two coin states jVi (blue,
bottom) and jHi (red, top). Gray dots show experimental data for
vertical polarization, black dots show the sum of both polar-
izations. Error bars correspond to statistical errors.
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pronounced side peaks and the low probability around the
initial position. Moreover, the polarization analysis con-
firms the expected dependence of the particle’s final
position on its coin state. An adapted theory including
only small imperfections of the coin parameter �, the initial
coin state, and differential losses between the two polar-
izations fully explains the final spatial and polarization
distribution. The quality of the result can be quantified
by the distance dðPm; PtheorÞ ¼ 1

2

P
xjPmðxÞ � PtheorðxÞj be-

tween the measured Pm and the theoretical Ptheor probabil-
ity distributions. It ranges between 0 for identical
distributions and 1 for a complete mismatch. The distance
of the measured walk to the adapted quantum theory is
dðPm; PqwÞ ¼ 0:052� 0:015. For comparison we calcu-

lated the distance to the fully decoherent (classical) sce-
nario, obtaining dðPm; PclÞ ¼ 0:661� 0:015. Hence, our
result confirms an almost decoherence free evolution after
28 steps.

(ii) Static disorder.—We implemented the evolution of
a particle in an environment with static disorder using a
quantum walk with variable coin operation. To create a
static disorder a coin operation is required, which is posi-
tion and not step dependent. In our system this is realized
by a controlled phase shift �H=VðxÞ, such that the photon

acquires the same phase any instance it appears at position
x. To generate a random static phase pattern we applied a
periodic noise signal to the EOM. The periodicity of the
signal was carefully adjusted to ensure that the applied
phase shift operation is strictly position dependent. Using
different phase patterns at subsequent runs allows us to
average over various disorders, as considered in the model
of Anderson. The strength of disorder is determined by the
maximal applied phase shift �max, which defines the uni-
form interval �VðxÞ 2 ½��max;�max�, from which the
phases are chosen. The probability distribution after 11
steps is shown in Fig. 2(a). We used the initial state jc 0i ¼
j0i � jHi, � ¼ �=8 and a high disorder strength [�max ¼
ð1:14� 0:05Þ�]. In contrast to the decoherence free quan-
tum walk [�max ¼ 0, inset of Fig. 2(c)], in the disordered
scenario the expansion of the wave packet is highly sup-
pressed. We observe a strictly enhanced arrival probability
around the initial position, which also displays the pre-
dicted exponential decay. This striking signature of
Anderson localization is emphasized by linear fits in the
semilog scaled plot [inset of Fig. 2(a)]. Our results are in
agreement with a theoretical model determined by a Monte
Carlo simulation of 104 different phase patterns compatible
with our experiment. Compared to (i), the number of steps
is reduced due to the additional losses introduced by the
EOM.

(iii) Fast fluctuations.—To generate a system with dy-
namic disorder we detuned the temporal length of the noise
signal, thus eliminating position dependent phase correla-
tions. Decoherence appears as a consequence of the dy-
namically varying phase suffered by the quantum particle
during the evolution. As a result, the photon undergoes a

classical random walk, revealing a binomial probability
distribution [Fig. 2(b)]. In contrast to the previous case, the
spatial profile of the wave packet does not reflect the
asymmetry of the initial state and, furthermore, shows a
parabolic shape in the semilog scale [inset, Fig. 2(b)].
A stepwise increase of the disorder strength�max nicely

demonstrates the controlled transition of the system from
the ballistic evolution (decoherence free quantum walk)
towards the diffusive evolution (localization) in a scenario
with dynamic (static) disorder [Fig. 2(c)]. For this purpose
we characterize the resulting expansion profile by its vari-
ance �2. Without decoherence (�max ¼ 0) the ballistically
spreading wave packet shows a large expansion induced
by quantum interference after 11 steps. In a system with
dynamic disorder, decoherence reduces the expansion of
the wave packet to the level of a diffusive classical particle.
In contrast, static disorder leads to a stagnation of the
spread and hence an even smaller variance. Our results
clearly demonstrate how the amount and kind of disorder
influence the expansion of the particle’s wave packet.
The agreement between theory and measurement in the

completely dephased scenario [Fig. 2(b)] confirms a suffi-
cient randomness of the applied noise signal. Furthermore,
an independent interferometric measurement revealed the
relative frequency of the used phases fðj�V jÞ, as can be
seen in Fig. 2(d) with �max ¼ ð1:02� 0:05Þ�. However,
imperfections of the EOM lead to a distribution slightly off
uniformity. These are included in the theoretical curve in
Fig. 2(c).

FIG. 2 (color online). Measured probability distribution (front)
and respective theory (back, gray bars) of 11 steps of a quantum
walk (� ¼ �=8) with static disorder (a), dynamic disorder (b),
and in a decoherence free environment [inset (c)]. The insets
in (a) and (b) show the measured distribution in semilog scale
with linear (a) and parabolic fit (b). (c) Transition of the variance
from ballistic quantum walk to diffusive or localized evolution
due to dynamic (red squares) and static (green dots) disorder with
increasing disorder strength �max; dashed lines: theory with
adaption for experimental imperfections. The red solid line marks
the variance of a classical random walk. (Vertical error is smaller
than the dot size). (d) Relative frequency fðj�V jÞ of the applied
phases �V for the signal with interval �max ¼ ð1:02� 0:05Þ�.
The dashed line indicates the uniform distribution.
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(iv) Slow fluctuations.—As the fourth scenario we simu-
lated fluctuations in a homogeneous system, but with pa-
rameters that change in a time scale much larger than the
full duration of a single quantum walk. Although the
individual evolution is not affected under these circum-
stances, an ensemble measurement of subsequent walks
results in an average over coherent evolutions in different
types of lattices. For this purpose we changed the parame-
ter � 2 ½0; �=4� in steps of �=18 for a quantum walk with
initial state jc 0i ¼ j0i � 1ffiffi

2
p ðjHi þ ijViÞ. An average over

the full range � 2 ½0; �=4� exhibits a nearly uniform spa-
tial distribution of the wave packet with an enhanced
probability to arrive at its initial position x ¼ 0 after 10
steps [Fig. 3(a)]. In particular, the high chance to reach the
outermost positions x ¼ �10 differs significantly from all
previous scenarios. This increases the variance of the dis-
tribution (�2

ðivÞ ¼ 40:00� 0:42) to a level, which is even

higher than in the decoherence free quantum walk with the
Hadamard coin (�2

ðiÞ ¼ 31:27� 0:19). The result demon-

strates that special kinds of decoherences can even speed
up the expansion of wave packets in homogeneous lattices.

Finally, the geometry of the setup allows us to easily
observe the wave packet’s evolution step by step in all four
scenarios [Fig. 3(b)]. For cases (i) and (iv) we observe a
ballistic spread, with an even faster expansion in a system
with slow fluctuations. The evolution with fast dynamic
disorder (iii) is clearly diffusive. Lastly, under the condi-
tion of static disorder (ii) the variance saturates after few
steps and the dynamics is dominated by the effect of
Anderson localization. The parameters used in simulation
and experiment are equivalent to the experimental settings
used for Figs. 1(b), 2(a), 2(b), and 3(a).

In conclusion, we presented how disorder and fluctua-
tions in a periodic lattice can influence the evolution of a
traversing particle and showed the controlled transition
between the different regimes. The high flexibility and
control allows not only the study of further decoherence
phenomena in quantum walks but also to simulate specific

physical scenarios of interest for the solid state and bio-
physics community. Moreover, the possibility to manipu-
late quantum walks with time-dependent coin operations is
a crucial step towards the realization of quantum-walk-
based protocols.
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FIG. 3 (color online). (a) Averaged probability distribution
in a slow decoherence scenario with different coin angles � 2
½0; �=4�: Measurement (orange, front) and theory (gray, back).
(b) Measured trend of the variance up to 12 steps (dots) with
respective theoretical simulation (lines). Photons in scenario (i)
(blue triangles) and (iv) (orange dots) show a ballistic behavior.
In scenario (iii) (red squares) they move diffusively, and in
(ii) (green diamonds) they stagnate.
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H. Lavička1,2,a, V. Potoček1, T. Kiss3, E. Lutz4, and I. Jex1

1 Czech Technical University in Prague, Faculty of Nuclear Sciences and Physical Engineering, Department of Physics,
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Abstract. We analyze a special class of 1-D quantum walks (QWs) realized using optical multi-ports.
We assume non-perfect multi-ports showing errors in the connectivity, i.e. with a small probability the
multi-ports can connect not to their nearest neighbor but to another multi-port at a fixed distance – we
call this a jump. We study two cases of QW with jumps where multiple displacements can emerge at one
timestep. The first case assumes time-correlated jumps (static disorder). In the second case, we choose the
positions of jumps randomly in time (dynamic disorder). The probability distributions of position of the
QW walker in both instances differ significantly: dynamic disorder leads to a Gaussian-like distribution,
while for static disorder we find two distinct behaviors depending on the parity of jump size. In the
case of even-sized jumps, the distribution exhibits a three-peak profile around the position of the initial
excitation, whereas the probability distribution in the odd case follows a Laplace-like discrete distribution
modulated by additional (exponential) peaks for long times. Finally, our numerical results indicate that
by an appropriate mapping a universal functional behavior of the variance of the long-time probability
distribution can be revealed with respect to the scaled average of jump size.

1 Introduction

The quantum walk (QW) is a quantum mechanical model,
a generalization of a classical random walk. It was in-
troduced in 1993 [1–3] and later found fruitful applica-
tions as a tool to design efficient quantum algorithms. The
model of a quantum walk was defined in two distinct ways:
continuous- and discrete-time. In the former, the parti-
cles (walkers) are achiral, the Hilbert space is spanned
by the discrete position states corresponding to vertices
of a graph. In the discrete-time case, the introduction of
chirality is unavoidable. The Hilbert space corresponding
to the chirality has its dimension equal to the number of
possible directions of a step.

A possible experimental implementation of a classi-
cal random walk is the Galton board (also known as
Quincunx). Here a large number of balls (walkers) fall
through the board, changing their direction randomly on
periodically arranged pins and forming so a binomial dis-
tribution of their final position. A quantum analogy of
the Galton board (and one possible implementation of the
QW) is shown in Figure 1 where the walker is a coher-
ent light pulse moving through a medium with periodical
boundaries that split the signal; finally, there are detec-

a e-mail: hynek.lavicka@fjfi.cvut.cz

tors at the end which represent the quantum equivalent
of the bins in the classical model.

The spectrum of investigation of the QW (and its
modifications) is broad. The original idea was presented
in [1–3] and since then a few review papers have been
published [4–6]. Recently, there have been studies of QW
allowing Lévy noise in the model. The latter is introduced
via randomly performed measurements with waiting times
following a Lévy distribution [7,8]. The most relevant pa-
per for the present work is [9] in which the properties of the
one-dimensional continuous-time QW in a medium with
static and dynamic disorder are examined. Other studies
of the QW have focused on the meeting problem of two
particles [10,11]. Recurrence properties of the walker have
been investigated in [11–13]. Moreover, localization of the
walker has been studied in [14]. Finally, a theoretical in-
vestigation of the QW in random environment has been
performed in [15,16], where a robust mathematical defini-
tion of a random environment is provided.

The simplest analytic task in the study of quantum
walks is to determine the functional expression of the
probability to find a particle at a certain location at a
certain time. General analytic calculations of quantum
walks are not known. However, asymptotic solutions of
several quantum walk models have been found using path
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integral techniques in [14–22] and in [10,11] using Fourier
transform.

Since their introduction, many experimental groups
have tried to implement quantum walks. A number of suc-
cessful realizations of one-dimensional QW have been re-
ported in optical lattices [23], trapped ions [24], and cavity
QED [25]. More recently, additional realizations of a quan-
tum walk using atoms in an optical lattice [26], trapped
ions [27,28] and photons [29] have been announced.

Recent studies of quantum systems [30,31] with ran-
dom potentials have shown that localization of the parti-
cle can occur as a result of the randomness. Focusing on
quantum walks, Ribeiro et al. [32] have used two different
coin operators switched according to the Fibonacci series
and they have observed localization in the system. Yin
et al. [9] have numerically simulated the continuous-time
QW on a line and they have observed Anderson local-
ization only in the case of static disorder, while dynamic
disorder leads to decoherence and a Gaussian position dis-
tribution. In addition, effects of spatial errors have been
studied by Leung et al. in [33]. They have examined QWs
in 1 and 2 dimensions on networks with percolation where
the missing edges or vertices absorb the walker, leading to
topological randomness of the graph.

The simplest discrete QW is described by the action of
the coin and the step operator. Much attention was paid
to the alternation of the coin operator – position or time
dependent coin and its implications on the walker dynam-
ics have been extensively discussed. However, little focus
was given to changes of the step operator. Our analysis
takes a step in this direction. While assuming a constant
coin we study changes in the step operator. When assum-
ing a Galton board realization this amounts to a change
in the connectivity between the layers of beam splitters
forming the walks.

In the present paper, we focus on the QWs where sig-
nals can jump to a distant location, which is a generaliza-
tion motivated by Lévy flights in classical mechanics. The
jump may be caused by an inhomogeneity of the material,
spatial proximity of non-neighbor channels or scrambling
in the topology of the network (for instance relabeling of
input-output label of multiports forming the network re-
alising the QW).

We study two basic modifications of the QW. In the
first case, which we call dynamic disorder, the jumps are
prepared as independent and identically distributed in
time, whereas in the second case, called static disorder,
the positions of the jumps are perfectly correlated. We
investigate the problem using computer simulations em-
ploying the Zarja library1 [34] and its offspring library
focused on the QW2.

The structure of the article is as follows. In Section 2,
we motivate our study from an experimental point of view.
Then we define a model with next neighbor interactions
only. In Section 3, we show the results of the simulations
based on Monte Carlo method. In Section 4, we discuss our
results and draw conclusions. Finally, we describe in the

1 http://sourceforge.net/projects/zarja/
2 http://sourceforge.net/projects/quantumwalk/

Fig. 1. A schematic of an interferometer simulating material
and implementing a random walk. The red lines are the con-
nections of multi-ports along which the signal is transmitted.
The light blue half-circles represent detectors. The blue arrows
are two selected input channels. Every horizontal layer of the
multi-ports is accessed simultaneously.

appendix the set of operators used in the simulations and
an algorithm to sample from the appropriate probability
distribution.

2 Definition of a quantum walk

We model a sequence of optical layers by an array of multi-
ports, or beam splitters (Fig. 2), forming so a large in-
terferometer, see Figure 1 – this is a quantum analog to
Galton’s board (Quincunx). Due to the regular structure
of the interferometer, it is natural to treat the temporal
evolution of the system in discrete steps, discretized by
the time needed for an excitation to travel the distance
between two consecutive layers at a constant angle. If we
let this angle approach the right angle, we obtain so-called
static disorder (see Fig. 3d, 3e), where the same set of
beam splitters is used repeatedly in every time step. An
excitation enters the system of multi-ports at one selected
position and spreads due to the coherent interaction with
the beam splitters. A number of detectors is placed in the
interferometer so that the signal hits one detector in ev-
ery possible path after a given number of interactions with
the medium. The resulting scheme is an implementation
of the QW.

In the following, we introduce two ways to describe
the system. First we introduce the standard notation for a
discrete-time QW. We define the basis states of the system
as states localized at the beam splitters just before or after
the interaction takes place. Therefore, every basis state is
described by a position within the beam splitter layer (an
integer number) and a chirality, which can take values L
or R for left and right, respectively. Formally, we define
the state space H of the system as

H = HS ⊗HC (1)

where a “position” space HS and a “coin” space HC (the
name stemming from the idea of a random walker tossing a
coin to decide the direction of his next step) are defined as

HS = Span{|n〉 | n ∈ Z} (2)
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Fig. 2. Action of a beam splitter on the input states a†(t) and
b†(t) which are transformed to the output states c†(t + 1) and
d†(t + 1) using the matrix M .

and
HC = Span{|L〉, |R〉}. (3)

We define all the numbered states |n〉, as well as the states
|L〉 and |R〉, to be normalized and mutually orthogonal.
Therefore, HS is isomorphic to the space �2 of quadrat-
ically integrable complex sequences and HC to C2. The
basis states are then constructed as tensor product basis
states |n,R〉 and |n,L〉, where n ∈ Z.

Following Konno [16], we define that the state of the
system at time t in a random environment ω is described
by the positive semi-definite density matrix ρ̂ω(t) on H
having Tr ρ̂ω(t) = 1. Thus the density matrix of the sys-
tem ρ̂(t) at time t is

ρ̂(t) =
∫

ω∈Ω

ρ̂ω(t)P(dω), (4)

where symbols Ω and P will be specified later in
Section 2.2.

The evolution of the system by one timestep from t to
t+1 for one particular setup of environment ω is described
by a unitary operator Uω(t→ t+1) which acts as follows:

ρ̂ω(t+ 1) = Uω(t→ t+ 1)ρ̂ω(t)U †ω(t→ t+ 1) (5)

just the same way as typical propagator on density matrix
in quantum mechanics in, e.g., [35].

2.1 Quantum walk

The QW described, e.g., in [4] assumes that the conditions
of the environment are stable and thus it holds ρ̂(t) =
ρ̂ω(t) for all ω ∈ Ω. If we set up the initial density matrix
ρ̂(0) as a pure state |ψ0〉 ∈ H using ρ̂(0) = |ψ0〉〈ψ0|, then
the system is in a pure state |ψT 〉 =

∏T−1
t=0 UQW (t→ t+

1)|ψ0〉 (the product expanded in the proper time ordering)
at every timestep T and the appropriate density matrix is
ρ̂(T ) = |ψT 〉〈ψT |. Moreover, the original QW was defined
with fixed unitary operator UQW (t → t + 1) in the form
of a composition of two unitary operations as follows:

UQW (t→ t+ 1) = SC. (6)

Thus, the evolution of the walker at time T is |ψT 〉 =(
UQW

)T |ψ0〉. The operatorC is called a coin operator and
describes the transformation induced by a beam splitter.

Here the position of a localized state stays unchanged and
the operation acts only on the coin state as C = I ⊗M ,
where M is a unitary operation transforming the proba-
bility amplitudes due to a partial reflection on the beam
splitter. We assume for simplicity that all the beam split-
ters have the same physical properties and perform a
Hadamard transform on the input states,

M =
1√
2

(
1 1
1 −1

)
. (7)

The operator S represents the propagation of an excitation
in the free space between the beam splitters. Hence, the
chirality of a basis state does not change but the position
is shifted by ±1, depending on the coin state. We can
express S as

S =
∑
n∈Z

(|n+ 1, R〉〈n,L|+ |n− 1, L〉〈n,R|). (8)

It is easy to show that the sum converges and defines a
unitary operator defined on all the state space H.

If the initial state of the walker is one of the basis
states, for example |0, R〉, it evolves under the operation U
so that in terms of a complete measurement in the po-
sition space, the probability spreads to both sides from
the starting position. However, it is bounded between the
positions −t and t as it can’t change by more than 1 in
either direction in any step. Moreover, due to the fact that
a transition by 1 has to be done in every time step, the
walk is restricted at each time t to a subspace spanned
by the basis states for which the position shares the same
parity with t.

Alternatively, we can describe the path of the walk in
terms of the edges of the underlying graph instead of its
vertices, following the physical trajectories of the excita-
tion and eliminating the need to describe the propagation
between beam-splitters. In the following, we will call these
edges “channels”. Due to the fact that every channel lies in
between two consecutive positions of the beam splitters, as
well as to avoid confusion in the notation, we will denote
the channels by half-integer numbers. A notation based
on the channel formalism can be introduced and mapped
to the previously defined state space in more ways. One
such possibility is to identify the channel as a given time t
with the state in which the excitation is at the end of the
propagation, just before hitting another beam splitter (or
a detector). This time-dependent mapping is given by the
formulas ∣∣∣n+

1
2
; t

〉
=

{
|n,L〉 if t is even,
|n+ 1, R〉 if t is odd

(9)

for even n and∣∣∣n+
1
2
; t

〉
=

{
|n+ 1, R〉 if t is even,
|n,L〉 if t is odd

(10)

for odd n. One can verify that such a mapping respects
the parity rule and covers all the subspace of H that is

(A3–59)



4 The European Physical Journal D

Fig. 3. Schematic picture of different jumps of the signal.
Scheme (a) shows a part of interferometer without jumps. Two
schemes in the middle, namely (b) and (c), show dynamic dis-
order pattern where (b) and (c) shows even (j = 2) and odd
(j = 3) size of jump, respectively, which can emerge inde-
pendently at every level. Scheme (d) shows an interferometer
without jumps for static disorder and a jump of size j = 2 is
illustrated in scheme (e).

actually used by the quantum walk if we assume that
the initial state was |0, R〉 or |0, L〉. In particular, these
two initial states are denoted | − 1

2 ; 0〉 and |12 ; 0〉 in the
channel notation, respectively; cf. Figure 1 for a visual-
ization. Since the instantaneous chirality of an excitation
is uniquely given by the position of the channel and the
time, we do not need to specify the coin degree of freedom
explicitly in this approach. The “coin toss” and “step” are
merged into one unitary operation which mixes neighbor-
ing channels in pairs.

The above discussion gives two equivalent ways to de-
scribe QW on a line. Throughout this work, we will use
the latter approach as it makes it much simpler to describe
the jumps in the network.

2.2 Quantum walk with jumps

We will assume that the quantum walk is disturbed by
random topological errors, see Figure 3, which are mod-
eled by random changes of connectivities between the
multi-ports forming the network in Figure 1. We focus our
analysis on two distinct situations. First we will assume
that we deal with the repetition of random but station-

ary errors. Stationary errors mean that in each layer the
same jumps appear. One could also realize static disorder
with a single set of beam splitters, if the incident beam
is parallel to the layer of beam splitters and repeatedly
sent through them (see Figs. 3d, 3e). The other situation
refers to the case when in each layer jumps are generated
independently. We refer to the latter situation as dynamic
disorder (see Fig. 3a–3c).

In the QW with jumps we assume that the unitary
operators Uω(t → t + 1) = U jump

ω (t → t + 1) in equa-
tion (5) are random (the set of such operators forming a
probability space of random unitary operators) and that
U jump

ω (t→ t+ 1) can be written in form of a joint action
of two unitary operations,

U jump
ω (t→ t+ 1) = Sjump

ω (t)UQW
ω (t→ t+ 1), (11)

where UQW
ω (t → t + 1) is the evolution operator of

the 1D QW in a clean media without errors, defined by
equation (6).

We define that the set of all unitary operators Sjump
ω (t)

forms the probability space S(Ω,F ,P). For the sake of
simplicity of the following discussion and the numerical
simulations, we make the set Ω finite by replacing the in-
finite walking space by a cycle of size N with a periodic
boundary condition. If N is chosen sufficiently large, this
imposes no restriction on the validity of the results. The
sample space Ω is then the set of all the possible combina-
tions of jump operators Pji exchanging signals in channels
ji and ji + j, having the matrix form

Pji =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 ... 0 ... 0 ... 0 0
0 1 ... 0 ... 0 ... 0 0
...

.. .
...

0 0 ... 0 ... 1 ... 0 0
...

. ..
...

0 0 ... 1 ... 0 ... 0 0
...

. ..
...

0 0 ... 0 ... 0 ... 1 0
0 0 ... 0 ... 0 ... 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (12)

i.e., that of a transposition operator. F = 2Ω is the σ-field
defined on

Ω = {E,Pj1 ,Pj1Pj2 , . . .} (13)
and P : F → [0, 1] is the probability measure, specified by
the probability of elementary events, defined as

P (π) =
1
Z
ptr(π) (1− p)N−2tr(π)

. (14)

We define tr(π) as the number of transpositions of indexes
forming permutation π, N is equal to the size of the sys-
tem and consequently to the dimension of jump operators
Pji , p is probability that one pair of errors with distance

j occurs and finally Z =
(
1 + (−p)N

g

)g

is normalization
where g = gcd(N, j) (gcd stands for greatest common de-
nominator).

3 Simulation of the model

The disorder of the system is expressed by the set of
unitary operators displacing the signal to a distant lo-
cation. In general, the system can undergo either static
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or dynamic disorder. The system with static disorder is
propagated by random unitary operators fixed during the
realization, i.e., the operators are correlated in time. On
the other hand, the evolution of the system undergoing
dynamic disorder is governed by the operators that are
independently and identically distributed in time.

3.1 Static disorder

The random unitary operators propagating the system
with typical structure of jumps according to equation (12)
can have due to mapping 9 and 10 one of two fundamental
distinguished forms, according to the parity of the length
of the jumps induces by the errors in the media. Jumps
of even lengths j do not change chiral state of the walker
in Hilbert state H in contrast to jumps of odd lengths j
which swap chirality of the walker from state L to R and
vice versa.

3.1.1 Odd jumps

The only tunable parameter that affects the evolution of
the walker is the probability p that one error (jump with
distance j) occurs. The value of the parameter p close to
0 should produce typical chiral 1D QW pattern, which is
clearly visible on the top of Figure 4. Here the QW was
initiated in a localized state |0 + 1

2 ; 0〉 of the walker, caus-
ing an asymmetrically distributed walk. Higher values of
p produce totally different pattern where high-frequency
oscillations of probability distribution of positions of the
walker are suppressed. In the middle and at the bottom
of Figure 4 the probability distribution of the positions
of the walker shows Laplace distribution modulated by
Laplace distributed peaks with distance j between neigh-
boring peaks (clearly observable as the small triangular
peaks modulated on a bigger structure in Fig. 4).

Previous observations of the fundamental change in-
duced by the variation of p is supported by Figure 5 show-
ing evolution of the probability distribution. The top part
shows the typical structure of evolution of the probability
distribution of the walker – the quantum carpet [36] – with
additional quantum carpets on the border of the main one
which were formed at initial stages of evolution. For small
values of p, the interference is not strong enough to change
the pattern of distribution. In contrast, in the second case
displayed at the bottom of Figure 5, where p = 0.5, we
observe a typical structure of equidistant peaks separated
by valleys of width j. The peaks are formed early during
evolution and they do not change their positions later.

To support the idea that the walker froze in the close
neighborhood of a few preferred locations we analyzed the
evolution of entropy and variance of the probability dis-
tribution of the position of the walker. The evolution of
the variance, shown in Figure 6, visualizes the observation
from the previous paragraph. For a probability p close to 0
(unperturbed QW), we see a clear ballistic diffusion of the
walker (σ2 ∼ t2) – in contrast to this we stress that for a
classical random walker σ2 ∼ t. Increasing p, we observe

Fig. 4. Typical patterns of probability distribution of position
of the walker among channels after T = 200 steps for j = 21,
from the top to the bottom p = 0.01, p = 0.05 and p = 0.2.
On the top, the typical structure of the QW without jumps
that is perturbed by formation of an extra central peak. In
the middle, we see formation of Laplace-like tail and 3 peaks
with distance j. Central peak is located at the position of the
initial excitation of the system at T = 0. On the bottom, the
whole distribution follows an overall exponential decay which
is modulated by exponential peaks with a distance j = 21
between maxima. The graphs were obtained using Monte Carlo
method after R = 20 000 runs of the randomized evolution.

sub-ballistic diffusion and finally, in the range close to 1/2,
the variance tends to finite constant.

Next, we turn our attention to the evolution of the clas-
sical (Shannon) entropy of the probability distribution of
the positions of the walker, which is shown in Figure 7.
The evolution of the classical entropy follows an analogous
behaviour as described in the case of variance in the previ-
ous paragraph. Thus, we can observe for the probability p
close to unperturbed QW an increase of classical entropy
proportional to ln (t). However, rising probability p causes
slower and slower increase in entropy in time and for the
case p = 0.4 we observe a saturation of entropy.

The conclusion of the above paragraphs on odd-sized
jumps in the QW is that we clearly observe localization of
quantum walker in static disorder media described by the
probability space of random unitary operators S(Ω,F , P )
parametrized by probability p. Moreover, the numeri-
cal results suggest that taking separately odd and even
timesteps the probability distribution of the position of
the walker converges to a stationary distribution:〈

n+
1
2
; 2t

∣∣∣ρ̂(2t)∣∣∣n+
1
2
; 2t

〉
t→+∞−−−−→ Peven

p,j

(
n+

1
2

)
(15)〈

n+
1
2
; 2t+ 1

∣∣∣ρ̂(2t+ 1)
∣∣∣n+

1
2
; 2t+ 1

〉
t→+∞−−−−→

Podd
p,j

(
n+

1
2

)
. (16)
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Fig. 5. Probability distribution among channels for T = 200,
R = 20 000 and j = 11; from the top to the bottom p = 0.01
and p = 0.5. On the top, the maxima of probability move
outward similarly to the standard case of the QW. On the
bottom, the maxima are formed and they stay at the point of
original formation.

Fig. 6. Evolution of variance of the system f or T = 200,
R = 20 000 and j = 11. Transition from the case of ballis-
tic diffusion of the signal for probabilities p close to 0 to the
case of sub-ballistic diffusion, demonstrated for p = 0.05 can
be observed, and finally we observe for p = 0.4 that variance
tends to a constant, i.e., diffusion coefficient approaches 0 and
the walker ceases to “spread” – a characteristic property of
localization [37].

Fig. 7. Evolution of classical (Shannon) entropy of probability
distribution of positions of walker for T = 200, R = 20 000 and
j = 11. Classical entropy is a rising function of time t for
p = 0.01 where the functional form is proportional to ln t. On
the other hand, increasing probability p causes “freezing” of
the evolution, as can be observed for p = 0.4.

Peven
p,j (n + 1

2 ) and Podd
p,j (n+ 1

2 ) are universal distributions
for odd and even timesteps for probabilities p in range
close to 1

2 and the size of the region of convergence is also
dependent on j.

Let us consider the fundamental properties of the
asymptotic probability distribution Peven

p,j

(
n+ 1

2

)
; vari-

ables of the probability distribution Podd
p,j

(
n+ 1

2

)
for odd

timesteps are different but general properties are shared.
We concluded from Figure 4 that we observe a formation
of an overall Laplace distribution modulated by Laplace
distribution of peaks, both in the form

P (x) = C exp
(
−|x− μ|

a

)
, (17)

where μ is the mean value of the distribution and a is
related to variance via Var P (x) = 2a2. Our aim is to
estimate the inverse parameter 1

a of Laplace distribution
in two cases for

– the whole distribution (with mean at the point of in-
jection),

– the modulated peaks (with mean at the center of the
peak).

We focus on the shape of the whole probability distribu-
tion. The plots in Figure 8 suggest a U -shape function of
the fitted inverse parameter 1/a of the Laplace distribu-
tion for all parameter values. We vary the probability p
and we connect points for the same jump sizes j. Defin-
ing the x-axis as x = pj we put all minima at a fixed
position. Thus, for the minima pj = xmin holds where an
approximation of the constant is xmin = 2. The values
of minima of the fitted inverse parameter 1/a, reached
for p = xmin/j, form an increasing function of jump
size j. The size of the central peak is j, j/2 on the left
and on the right from the maximum at 0. Estimation of
the inverse parameter 1/a of the central peak is shown in
Figure 9. The shape of the central peak is an increasing
linear function of probability of jump p independent of
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Fig. 8. Fit of the inverse parameter 1
a

of the probability dis-
tribution of position of the walker for T = 200 and R = 15 000
with various odd sizes of jump j taking x-axis as x = pj and
y = 1/a. We observe the formation of a U -shape function for
constant sizes of jump j and changing x = pj with a minimum
at xmin = 2.

Fig. 9. Fit of the inverse parameter 1
a

of the central peak
of the probability distribution of the position of the walker
for T = 200 and R = 15 000 with various odd sizes of jump
j. Increasing probability causes linear increase of the inverse
parameter 1

a
with p when j is fixed. Moreover we observe a

universal dependence on p, independent of the length of jump j.

the size of jump j. Thus the central peak becomes steeper
and steeper with increasing p – localization of the walker
becomes more evident. This is true not only for the cen-
tral peak but it holds true for the other peaks as well, see
Figure 4.

Let us look at the dependence of entropy of probability
distribution Pj,p(n+ 1

2 ) to find a walker at position n+ 1
2 .

We plot it in Figure 10 where the entropy was measured
by both extensive and non-extensive measures. In the first
case, the extensive measure is classical (Shannon) entropy.
The non-extensive one is the q-entropy introduced by
Tsallis, which for a particular q = 1 reduces to the classi-
cal entropy (for more about q-statistics, see [38–42]). Both
entropies are decreasing functions for increasing disorder
measured by p. This leads to a counter-intuitive state-
ment that increasing classical disorder organizes quan-
tum system even if measured by a non-extensive entropy

Fig. 10. Classical entropy of the probability distribution is on
the top, Tsallis entropy for q = 2 on the bottom for parameters
set to T = 200 and R = 15 000. Classical entropy, on the top,
decreases for increasing p but the shape of the dependence is
different for different values of j. The shape of the decrease
becomes the same for Tsallis entropy with parameter q = 2 as
seen on the bottom.

(in classical random walk longer jump causes increasing
variance and increasing entropy as well). Moreover, the
q-entropy of the probability distribution of position of the
walker for the parameter value q = 2 brings all curves cor-
responding to different sizes of jump j on one single curve.
This means that if we take into account non-additivity of
the system quantified by the parameter |1−q| (taken form
the theory of the nonadditive q-entropy), we can map the
QWs between each other for different sizes of error j hold-
ing probability of occurrence of pair of error positions p
constant for q = 2.

Finally, the last studied variable for the QW with
static disorder was the variance of position displace-
ments Var Pp,j , plotted in Figure 11 on the left and with
rescaled axes on right-hand side. The variance forms a U -
shaped function of p with moving minima for different but
fixed j. Rescaling the axis x = pjα where α = 1.04 and
axis y = j−βVar Pp,j where β = 1.67, we clearly see from
Figure 11, right inset, that there is a universal U -shape
function f∗odd(x) fulfilling

f∗odd (x) = j−βVar Px,j. (18)
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Fig. 11. Dependence of variance of the probability distribution
for odd j on p for T = 200 and R = 15 000 is shown. The
typical U -shape function can be observed with shifted position
of the minimum. On the right, there are the same data with
rescaled x-axis where x = pjα where α = 1.04 and y-axis
where y = j−βVar(i) where β = 1.67. The data fit on the
same U -shape function reaching their minimum at the same
place.

Due to relation α 	 1 and the U -shape of function f∗odd (x)
we can conclude that the overall variance of probability
distribution of the walker’s position is strongly correlated
with the fit of the inverse parameter 1/a (of the Laplace
distribution) of whole probability distribution.

3.1.2 Even jumps

Let us now assume that the ensemble of the random uni-
tary matrices is still parametrized by the probability p
that the pair of erroneous positions occur, but the dis-
tance of a pair of errors j is an even number and due to
the mappings 9 and 10 the chirality of walker does not
change. The typical formation of Laplace-like distribution
as in the case of odd jumps is not present, but instead we
observe a 3-peaked structure, as seen in Figure 12 (left-
right asymmetric due to the initial condition) modulated
by a periodic function that has its period equal to the
length of jump j. To emphasize the difference between
odd and even j, we conclude that both cases form a lo-
cated peak at the initial position of the walker. However,
odd sized jumps j cause Laplace-like overall distribution
while the case of even j can form a 3-peaked distribution
where the central (localized) peak is sharp but the two
others are broad and peaks with distance j are modulated
on the overall structure.

3.2 Dynamic disorder

The static disorder analyzed in the preceding sections as-
sumes random, but time-correlated emergence of pairs of
errors that are expressed in the set of random unitary op-
erators S(Ω,F ,P). In contrast, dynamic disorder assumes

Fig. 12. Probability distribution among channels for T = 200
and R = 15 000 in the case of even sized jumps (j = 20). The
probability distribution forms a 3-peak structure that is modu-
lated by additional periodical small peaks which are separated
by j.

independent and identically distributed random unitary
operators from the same probability space S(Ω,F ,P).

Let us consider on the probability distribution of the
position of the walker, plotted in Figure 13 on the top.
We observe decoherence of the quantum walker forming a
distribution reminiscent of a Gaussian distribution modu-
lated by 1D QW patterns for small probabilities of jump p.
On the other hand, large p causes a modulation by valleys
with distance j between peaks. The functional dependence
of the standard deviation of the probability distribution of
position of the walker on probability of jump p in Figure 13
on the bottom shows a linear behavior.

4 Discussion and conclusions

We have defined a modification of the QW in 1D where the
environment causes long but fixed-size jumps that emerge
with a constant probability – the model is no longer deter-
ministic but stochastic, depending on a random variable.
In one step, first a unitary QW coin and shift operator
act on the state, then a stochastic displacement opera-
tor generates jumps. We have studied two classes of QW
with disordered connections between beam-splitters. First,
dynamic disorder model shows decoherence that leads to
Gaussian distribution modulated by residual patterns of
QW (for small probabilities of jump p) or by valleys (for
large probabilities of jump p). The standard deviation of
the position of the walker is a linear function of p. In
the second case, the QW is perturbed by static disorder.
The behaviour of the model depends on the size of jump
and we have investigated odd and even jump sizes sepa-
rately. Even jump sizes cause localization of the walker at
the initial position and two other broad peaks modulated
by oscillations with a period of the size of jump j. The
focus of the paper, however, was mainly given to jumps
with odd size. In this case, the evolution of the variance
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Fig. 13. On top, probability distribution among the channels
for dynamic disorder for T = 100, R = 5000 and j = 40.
Probability distribution can be fitted to a normal distribution
where residual patterns of the QW are present for p = 0.01;
for p = 0.2, formation of periodical valleys modulated on over-
all distribution (similar to static disorder with an odd size of
jump) can be observed. On the bottom, functional dependence
of standard deviation of the probability distribution of the po-
sition of the walker on probability of error p and its linear fit.

shows a transition from the ballistic diffusion to a no-
diffusion regime with increasing p and this observation
is supported by numerical calculation of classical entropy
which changes from logarithmically increasing regime to
a no-growth regime.

In addition, the probability distribution of positions
of the walker changes from a pattern typical to the QW
to Laplace distribution modulated by Laplace distributed
peaks separated by the size of jump j. The formation of
Laplace distribution depends on the probability p that a
pair of errors occurs. Moreover, the model exhibits the
unusual property that classical disorder in quantum sys-
tem can decrease, i.e., we observe a decrease of both the
classical (Shannon) and q-entropy (with q = 2) of mea-
surements. Finally, our numerical calculation shows that
using non-additive q-entropy with q = 2 there is an uni-
versal functional dependence of q-entropy on p for arbi-
trary j. The next part of out investigation was turned to
the variance of the probability distribution. Our numerical

results indicate that there is an universal functional form
of variance of the probability distribution of the position
of the walker – variance multiplied by j−β is an univer-
sal U -shaped function of one variable pjα where α = 1.04
and β = 1.67. The functional dependence of the universal
function shows a minimum which separates two regimes –
one with decreasing variance and the second with increas-
ing variance. To put this result in the broader context
of complex systems and game theory, we note that simi-
lar behavior of variance of attendance has been observed
in Minority Game, exhibiting dynamical phase transition,
see, e.g., [34,43].
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GAČR 202/08/H072, the Czech-Hungarian cooperation
project (KONTAKT CZ-11/2009), Hungarian Scientic Re-
search Fund (OTKA) under contract No. K83858, the Emmy
Noether Program of the DFG (contract No. LU1382/1-1) and
the cluster of excellence Nanosystems Initiative Munich (NIM)
is gratefully acknowledged.

Appendix: Properties of the set of operators

Let the unperturbed walking space be represented by a
cycle graph with N vertices where every vertex represents
a channel in the main text. The errors in the network are
represented by swapping the walker’s probability ampli-
tudes between vertices labelled i and i + j mod N for a
fixed j, which happens with a relative probability p. With
a relative probability 1− p, a vertex is left intact. Finally,
a vertex already exchanged with another one cannot be
used for another transposition in the same permutation.

These conditions give the probability of a permuta-
tion π in the form

P(π) =
1

Z(N)
ptr(π)(1− p)N−2tr(π), (A.1)

where tr(π) denotes the unique number of independent
transpositions forming the permutation π. A factor of 2
in the exponent of 1−p is present due to the fact that every
transposition reduces the number of unused vertices by 2.
Finally, the factor Z(N) is the normalization constant.

The constant Z(N) is computed as

Z(N) =

N

2 �∑
k=0

Nkp
k (1− p)N−2k , (A.2)

where Nk is the count of all possible permutations formed
by exactly k non-incident transpositions of size j.

Lemma 1 Let N > 2, let j and N are relatively prime.
Then

Z(N) = 1 + (−p)N . (A.3)

Proof. Due to the relative primality of j and N , we can re-
label the vertices by indices 0 throughN such that vertices
with successive indices have a distance of j in the original
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numbering. This way, we can reduce the problem of find-
ing Nk to a combinatorial problem of finding the number
of k-element subsets A ⊆ {0, 1, . . . , N − 1} satisfying the
following conditions:

(a) for all 0 ≤ i < N − 1, {i, i+ 1} � A,
(b) {0, N − 1} � A.

In order to find Nk, we discuss two disjoint cases:

(i) Let us count the subsets which do not contain N − 1
as an element. For each such set A = {a1, a2, a3, . . . ,

ak}, a1 < a2 < . . . < ak, we denote Ã = {a1, a2 −
1, a3−2, . . . , ak−k+1}. This is a one-to-one mapping,
reducing the problem to finding k-element subsets of
N − k elements without any additional restriction.
This gives

(
N−k

k

)
possible subsets.

(ii) Let now N − 1 ∈ A. Then the other k− 1 elements of
A must lie in {1, 2, . . . , N − 2}, with no two of them
successive and N−2 excluded. This is a variant of the
subproblem (i), giving

(
N−k−1

k−1

)
possibilities for A.

Adding these results, we find that

Nk =
(
N − k

k

)
+

(
N − k − 1
k − 1

)
. (A.4)

In order to calculate Z(N), we find the generating
function

F (x) =
+∞∑
N=0

Z(N)xN

=
+∞∑
N=2

�N
2 �∑

k=0

Nk × pk(1− p)N−2kxN . (A.5)

Here, for simplicity, we generalize A.4 also for N ≤ 2
and we define by convention

(−1
−1

)
= 0. Using standard

methods, we obtain for the sum

F (x) =
1 + px2

1− x+ xp− px2
. (A.6)

This result can be decomposed into partial fractions as

F (x) =
1

1− x
+

1
1 + px

− 1, (A.7)

from which the power series can be derived quickly as

F (x) =
+∞∑
N=0

xN +
+∞∑
N=0

(−px)N − 1

= −1 +
+∞∑
N=0

(
1 + (−p)N

)
︸ ︷︷ ︸

Z(N)

xN . (A.8)

QED.
If N = 2, the formula A.3 cannot be used. Indeed,

computing Z(2) manually gives

Z(2) = p+ (1− p)2 = 1− p+ p2. (A.9)

This is because A.4 gives an incorrect result for k = 1 in
this case. In practical situations, however, N � 2.

Lemma 2 Let N and j be positive integers such that j <
N , g = gcd(N, j) and N

g > 2. Then

Z(N) =
(
1 + (−p)N

g

)g

. (A.10)

Proof. If g = 1, then j and N are relatively prime and we
can use Lemma 1 to obtain the result. In the case g > 1,
we first split the set {0, 1, 2, . . . , N − 1} into g modular
classes (mod g). According to the definition, the selection
of the errors can be done independently on each of these
subsets. Therefore, as N

g is relatively prime to j, we can
use Lemma 1 for each of these classes and multiply the
partial results to obtain the total partition function in the
form stated by the lemma.
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10. M. Štefaňák, T. Kiss, I. Jex, B. Mohring, J. Phys. A 39,

14965 (2006)
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34. H. Lavička, Simulations of Agents on Social Networks
(LAP Lambert Academic Publishing, 2010)

35. J. Blank, P. Exner, M. Havĺıčekn, Linear Operators
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Silberhorn∗,‡

∗Max Planck Institute for the Science of Light, Günther-Scharowsky-str. 1 / Bau 24, 91058
Erlangen, Germany.

†Department of Physics, FNSPE, Czech Technical University in Prague, Břehová 7, 115 19 Praha,
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Abstract. We present a flexible and robust system for implementing one-dimensional coined quan-
tum walks. A recursion loop in the optical network together with a translation of the spatial into
the time domain ensures the possible increment of the step number without need of additional opti-
cal elements. An intrinsic phase stability assures a high degree of coherence and hence guarantees
a good scalability of the system. We performed a quantum walk over 27 steps and analyzed the
54 output modes. Furthermore, we estimated that up to 100 steps can be realized with only minor
changes in the used components.

Keywords: Quantum walk, Quantum simulations
PACS: 03.65.-w, 03.67.-a, 42.50.-p

INTRODUCTION

Quantum walks describe the coherent evolution of quantum particles in a discretized
environment. In the case of coined quantum walks the spreading of the particle’s wave-
function is determined by an internal quantum state (coin state). Superpositions in the
coin state induce quantum interference, which leads to a quadratically faster spread com-
pared to the evolution of a classical particle. Quantum walks constitute not only the basis
for modelings of natural phenomena like the energy transfer in photosynthesis, but are
an important resource for performing quantum algorithms. This emphasizes the need of
an experimental implementation, that is not only flexible enough to simulate different
physical scenarios but also scalable concerning the number of applicable modes and op-
erations for computational applications. The first implementations of the quantum walk
were realized in completely diverse ways: they were based on the manipulation of atoms
[1] and ions [2] in traps, energy levels in nuclear magnetic resonance schemes [3] and
photons in both, beam splitter arrays [4] and waveguide structures [5]. The major prob-
lem with photonic implementations is the lack of scalability or control over the under-
lying system. Hence our goal is to circumvent this disadvantages and present a photonic
implementation with a high flexibility and scalability.

Quantum Communication, Measurement and Computing (QCMC)
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QUANTUM WALK IN AN OPTICAL NETWORK

In this work we present the implementation of a photonic quantum walk with an inte-
grated feedback loop [6] and investigate its scalability. To manipulate the path of the
photons in the experiment we use their linear horizontal |H〉 an vertical polarization |V 〉
as the coin state. Each step of the walk consists of a coin operation Ĉ acting on the
polarization state and a subsequent step operation Ŝ conditionally moving the photon’s
wavepacket to a new position x→ x±1. A typical coin operation is the Hadamard gate,
transforming the coin state in an equal superposition of basis states. The wavefunction
of the photon after n steps of the walk is given by |ψn〉= (SC)n|ψ0〉 with the initial state
|ψ0〉. At each step the probability of finding the photon at position x with a coin state c
is determined by P(x,c)n = |〈x,c|ψn〉|2.

Functional principle: Experimental setup

Our setup is depicted in Fig.1 (left). An attenuated laser pulse (λ = 805 nm, pulse
width = 88 ps) is initialized in an arbitrary polarization state via a half- (HWP) and
a quarter-wave plate before getting coupled into the setup with a 3/97 beam splitter
(BSi). For simplicity the initial position is defined as x = 0. The polarization of the
photon is rotated via another HWP, which constitutes the coin operation Ĉ. By changing
the orientation of the HWP’s axes we are able to implement quantum walks with
completely different coin operations. A separation and recombination of the polarization
components via polarizing beam splitters (PBS) leads to a temporal shift determined by
an unequal travelled path length. The spread in time is analogous to a spatial step of
length ±1, thus realizing the step operator Ŝ. To implement further steps of the walk
without additional optical elements we simply use a loop structure, ensuring that the
photon is sent back to the same elements used before. We extract the timing (i.e. position)
and polarization information of the photon with two avalanche photo diodes (APDs), by
reflecting it out of the setup with a probability of 12% (BSo) per step. The experiment
is repeated with a rate of 110 kHz, allowing to obtain the statistics P(x,c)n up to a high
number of steps.

Scalability: Experimental results

We measured the distribution P(x,c)27 after 27 steps of a quantum walk with a sym-
metric initial state |H〉+ ı|V 〉 and the Hadamard coin. A time and polarization analysis
reveals the spread of the photon’s wavepacket over the resulting 54 output modes (Fig.
1, right). While the probability to end up near the initial position gets suppressed by
quantum interference, the outer positions are strictly enhanced. Furthermore, the asym-
metric distribution in both coin states is in marked contrast to the symmetric binomial
distribution of a classical random walk. This emphasizes the high degree of coherence
in the setup. After 27 steps even small inaccuracies of the used optical components have
an impact on the fidelity of the final state, compared to the ideal quantum walk. Such
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FIGURE 1. Left: Scheme of the setup. The photons get coupled in and out of the setup probabilistically
by the beam splitters BSi/o. The coin operation is applied via a half-wave plate (HWP). A separation
in time induced by two polarizing BS (PBS1,2) and polarization maintaining fibers of unequal length
implements the step operation. A time and polarization resolving detection is done with two avalanche
photodiodes APDs; Right: Arrival distribution P(x,c)27 after 27 steps of the symmetric Hadamard walk:
Adapted theory for vertical (blue bars) and horizontal polarization (red bars) and measured probabilities
(vertical: Gray dots; Vertical + horizontal: Black squares).

imperfections are taken into account in the theory presented in Fig.1 (right). The cur-
rent limitation of steps is mainly induced by the losses at the optical components: The
efficiency per step is equal to 0.55, i.e. a photon will get either lost or detected with a
probability of 45% in one round trip. The resulting low arrival rate at the higher step
numbers increases the contribution of dark counts detected with the APDs, and hence
falsifies the final distribution.

In the following we want to examine in detail the three mentioned limiting factors and
give an estimation of their impact on the scalability of the system.

Losses: The losses can be divided into two parts: The intrinsic losses due to in-/ and
outcoupling with the beam splitters BSi/o and the common losses at optical components
and fiber couplings. To guarantee as many roundtrips as possible, the reflectivity of BSo
can be minimized further, which reduces the probability of a detection at earlier steps. A
more efficient way is to replace the passive coupling method by an active switch. In this
scheme the photons would be injected in the unused input port of PBS1. A polarization
modulator in each output arm would induce a 90 degree rotation to guide the injected
photons to the correct output port of PBS2. A further active rotation after the desired
number of steps would eject the photon at the unused output of PBS2 for detection.

Since the losses at the optical components are inevitable, a valid method to increase
the arrival probability for higher step numbers is to increase the average photon number
per initial pulse. We want to emphasize at this point that the quantum interference effect
underlying the quantum walk can be simulated with the interference of a coherent light
pulse as long as the initial state is localized at one position [7]. A replacement of the
laser source with a 1 W Laser and the switch to an active coupling system would give us
the possibility to implement 100 steps of the quantum walk.

Accuracy: Based on manufacturing and alignment imperfections the performance of
the individual components can influence the quality of the quantum walk. To quantify
the overall effect we estimated the degree of accuracy for each component and did a
Monte Carlo simulation combining the individual errors. The fidelity of the final state
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between the ideal walk and the simulation is above 90% for the first 32 steps and drops to
50% for 100 steps, considering a walk with a Hadamard coin and an initial polarization
|H〉.

Decoherence: So far we’ve realized 27 steps of a quantum walk without a sign of
decoherence. One reason to be mentioned here is the intrinsic insensitivity of the setup
to static, polarization dependent phase shifts. These are automatically compensated
by the geometry of the setup and therefore irrelevant for the coherence of the walk.
Nevertheless, dynamic phase fluctuations due to mechanical vibrations still influence the
experiment to some extent. Typically, unavoidable vibrations of the optical components
occur at a frequency below 500 Hz, corresponding to a time scale of 2 ms. Since the
limit of steps is defined by the losses in the setup it is enough to restrict the analysis
to 100 steps. The time duration for realizing 100 steps in the current setup would be
approximately 50 µs and hence a factor of 20 smaller than the typical vibrations. This
means that the impact of decoherence due to vibrations of the optical components is
negligible in the first 100 steps.

CONCLUSION

We presented a robust and flexible implementation of a one dimensional coined quantum
walk. We demonstrated a low degree of decoherence in the setup by analyzing all 54
output modes after 27 steps of the quantum walk and showed the potential to perform
up to 100 steps. The good scalability and control make the setup a perfect test bed for
quantum walk based simulations. Furthermore, an addition of another spatial dimension
opens up the possibility to implement efficient quantum algorithms, relying on the
quantum walk principle.
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A 2D Quantum Walk Simulation of
Two-Particle Dynamics
Andreas Schreiber,1,2* Aurél Gábris,3,4 Peter P. Rohde,1,5 Kaisa Laiho,1,2 Martin Štefaňák,3
Václav Potocekˇ ,3 Craig Hamilton,3 Igor Jex,3 Christine Silberhorn1,2

Multidimensional quantum walks can exhibit highly nontrivial topological structure, providing a
powerful tool for simulating quantum information and transport systems. We present a flexible
implementation of a two-dimensional (2D) optical quantum walk on a lattice, demonstrating a
scalable quantum walk on a nontrivial graph structure. We realized a coherent quantum walk
over 12 steps and 169 positions by using an optical fiber network. With our broad spectrum of
quantum coins, we were able to simulate the creation of entanglement in bipartite systems with
conditioned interactions. Introducing dynamic control allowed for the investigation of effects
such as strong nonlinearities or two-particle scattering. Our results illustrate the potential of
quantum walks as a route for simulating and understanding complex quantum systems.

Quantum simulation constitutes a para-
digm for developing our understanding
of quantum mechanical systems. A cur-
rent challenge is to find schemes that

can be readily implemented in the laboratory to
provide insights into complex quantum phenome-
na. Quantum walks (1, 2) serve as an ideal test
bed for studying the dynamics of such systems.
Examples include understanding the role of en-
tanglement and interactions between quantum par-
ticles, the occurrence of localization effects (3),
topological phases (4), energy transport in photo-
synthesis (5, 6), and the mimicking of the for-
mation ofmolecule states (7). Although theoretical
investigations already take advantage of complex
graph structures in higher dimensions, experi-
mental implementations are still limited by the
required physical resources.

All demonstrated quantum walks have so
far been restricted to evolution in one dimension.
They have been realized in a variety of archi-
tectures, including photonic (8–11) and atomic

(12–14) systems. Achieving increased dimen-
sionality in a quantum walk (15) is of practical
interest because many physical phenomena
cannot be simulated with a single walker in a one-
dimensional (1D) quantum walk, such as multi-
particle entanglement and nonlinear interactions.
Furthermore, in quantum computation based on
quantum walks (16, 17), search algorithms ex-
hibit a speed-up only in higher dimensional
graphs (18–20). The first optical approaches to
increasing the complexity of a linear quantum
walk (21, 22) showed that the dimensionality of
the system is effectively expanded by using two
walkers, keeping the graph one-dimensional.
Although adding additional walkers to the sys-
tem is promising, introducing conditioned inter-
actions and, in particular, controlled nonlinear
interactions at the single-photon level is tech-
nologically very challenging. Interactions be-
tween walkers typically result in the appearance
of entanglement and have been shown to im-
prove certain applications, such as the graph iso-
morphism problem (23). In the absence of such
interactions, the two walkers remain effectively
independent, which severely limits observable
quantum features.

We present a highly scalable implementation
of an optical quantum walk on two spatial di-
mensions for quantum simulation, using frugal
physical resources. One major advance of a 2D
system is the possibility to simulate a discrete evo-
lution of two particles, including controlled inter-
actions. In particular, one walker, in our case a
coherent light pulse, on a 2D lattice is topolog-

ically equivalent to two walkers acting on a 1D
graph. Thus, despite using an entirely classical light
source, our experiment is able to demonstrate sev-
eral archetypal two-particle quantum features. For
our simulations, we exploited the similarity be-
tween coherent processes in quantum mechanics
and classical optics (24, 25), as it was used, for
example, to demonstrate Grover’s quantum search
algorithm (26).

A quantum walk consists of a walker, such as
a photon or an atom, which coherently propa-
gates between discrete vertices on a graph. A
walker is defined as a bipartite system consisting
of a position (x) and a quantum coin (c). The po-
sition value indicates at which vertex in the graph
the walker resides, whereas the coin is an an-
cillary quantum state determining the direction of
the walker at the next step. In a 2D quantum
walk, the basis states of a walker are of the form
|x1, x2, c1, c2〉 describing its position x1,2 in
spatial dimensions one and two and the corre-
sponding two-sided coin parameters with c1,2 = T1.
The evolution takes place in discrete steps, each
of which has two stages, defined by coin (Ĉ) and
step (Ŝ) operators. The coin operator coherently
manipulates the coin parameter, leaving the po-
sition unchanged, whereas the step operator up-
dates the position according to the new coin
value. Explicitly, with a so-called Hadamard (H)
coin ĈH =Ĥ1⊗Ĥ2, a single step in the evolution
is defined by the operators,

H% ijxi,þ−1〉 → ðjxi,1〉 þ− jxi,−1〉Þ=
ffiffiffi
2

p
,∀i ¼ 1,2

S%jx1, x2, c1, c2〉 → jx1 þ c1, x2 þ c2, c1, c2〉 ð1Þ
The evolution of the system proceeds by repeat-
edly applying coin and step operators on the ini-
tial state |yin〉, resulting in |yn〉 = (ŜĈ)n|yin〉 after
n steps. The step operator Ŝ hereby translates
superpositions and entanglement between the
coin parameters directly to the spatial domain,
imprinting signatures of quantum effects in the
final probability distribution.

We performed 2D quantum walks with pho-
tons obtained from attenuated laser pulses. The
two internal coin states are represented by two
polarization modes (horizontal and vertical) in
two different spatial modes (27), similar to the
proposal in (28). Incident photons follow, de-
pending on their polarization, four different paths
in a fiber network (Fig. 1A). The four paths cor-
respond to the four different directions a walker
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can take in one step on a 2D lattice. Different path
lengths in the circuit generate a temporally en-
coded state, where different position states are
represented by discrete time bins (Fig. 1B). Each
round trip in the setup implements a single-step
operation, whereas the quantum coin operation is
performedwith linear optical elements (half-wave
plates, HWP) (27). In order to adjust the coin op-
erator independently at each position, we used a
fast-switching electrooptic modulator (EOM). A
measurement with time-resolving single-photon
counting modules allowed for the reconstruction
of the output photostatistics (27).

We have implemented two different kinds
of quantum coins in our 2D quantumwalks. First,
we investigated quantum walks driven only by
separable coin operations,Ĉ =Ĉ1⊗Ĉ2. Here, the
separability can directly be observed in the spa-
tial spread over the lattice, when initializing the
walker in a separable state. As an example, we
measured a Hadamard walk with photons initial-
ly localized at position |x1, x2〉 = |0, 0〉. The prob-
ability distribution showing at which position the
photons were detected after 10 steps (Fig. 2, A

and B) can be factorized into two independent
distributions of 1D quantum walks (15), stating
no conceptual advantage of a 2D quantum walk.
However, 2D quantumwalks allow for much great-
er complexity using controlled operations. These
operations condition the transformation of one
coin state on the actual state of the other. Because
of the induced quantum correlations, one obtains
a nontrivial evolution resulting in an inseparable
final state. The probability (P) distribution for a
Hadamard walk with an additional controlling
operation can be seen in Fig. 2, C and D. We
compare the ideal theoretical distribution with
the measured photostatistics via the similarity,

S ¼½ ∑
x1, x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pthðx1, x2ÞPexpðx1, x2Þ

q �2,quantifying
the equality of two classical probability distribu-
tions (S = 0 for completely orthogonal distribu-
tions and S = 1 for identical distributions). For the
Hadamard walk (Fig. 2, A and B), we observe
S = 0.957 T 0.003, and for the quantum walk
with controlling gates (Fig. 2, C andD) S = 0.903 T
0.018 (after 10 steps, across 121 positions).

Increasing the number of walkers in a quan-
tum walk effectively increases its dimensionality
(21). Specifically, for a given 1D quantum walk
with N positions and two walkers, there exists
an isomorphic square lattice walk of size N2

with one walker. By this topological analogy, a
measured spatial distribution from a 2D lattice
with positions (x1, x2) can be interpreted as a
coincidence measurement for two walkers at
positions x1 and x2 propagating on the same lin-
ear graph. Hereby each combined coin operation
of both particles, including controlled opera-
tions, has an equivalent coin operation in a 2D
quantum walk. This allows us to interpret the
2D walk in Fig. 2, C and D, as a quantum walk
with controlled two-particle operations, a sys-
tem typically creating two-particle entanglement.
The inseparability of the final probability dis-
tribution is then a direct signature of the simu-
lated entanglement.

In Fig. 2E, we show a lower bound for the
simulated entanglement between the two parti-
cles during the stepwise evolution with four dif-
ferent coin operations.We quantified the simulated

A

B

Fig. 1. (A) Experimental setup. Our photon source is a pulsed diode laser
with a pulse width of 88 ps, a wavelength of 805 nm, and a repetition rate of
110 kHz. The photons are initialized at position |x1, x2〉 = |0, 0〉 in horizontal
polarization (corresponding to coin state |c1, c2〉 = |−1, −1〉). Once coupled
into the setup through a low-reflectivity beam splitter (BS, reflectivity 3%),
their polarization state is manipulated with an EOM and a HWP. The photonic
wave packets are split by a polarizing beam splitter (PBS) and routed through
single-mode fibers (SMF) of length 135 or 145 m, implementing a tem-
poral step in the x2 direction. Additional HWPs and a second PBS perform a
step in the x1 direction based on the same principle. The split wave packet

after the first step with equal splitting is indicated in the picture. At each
step, the photons have a probability of 12% in loops x1 − 1 (or 4% in loops
x1 + 1) of being coupled out to a polarization and hence coin state resolving
detection of the arrival time via four avalanche photodiodes (APDs). In-
cluding losses and detection efficiency, the probability of a photon con-
tinuing the walk after one step is 52% without the EOM and 12% with the
EOM. (B) Projection of the spatial lattice onto a 1D temporally encoded pulse
chain for step one and two. Each step consists of a shift in both x1 direction,
corresponding to a time difference of ∆t1 = 3.11 ns, and x2 direction with
∆t2 = 46.42 ns.
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entanglement via the von Neumann entropy, E,
assuming pure final states after the quantumwalk
(27). For this calculation, the relative phases be-
tween the positions and coins were reconstructed
from the obtained interference patterns, whereas
phases between the four coin states were chosen
to minimize the entanglement value. Without
conditioned operations, the two particles evolve in-
dependently (E = 0), whereas an evolution in-
cluding controlled operations reveals a probability
distribution characterized by bipartite entangle-
ment. We found that the interactions presented

in Fig. 2, C and D, exhibit an entropy of at least
E = 2.63 T 0.01 after 12 steps, which is 56% of
the maximal entropy (given by a maximally en-
tangled state). The nonzero entropies obtained
in the higher steps of the separable Hadamard
walk are attributed to the high sensitivity of the
entropymeasure to small errors in the distribution
for E ≈ 0.

The investigated interactions can be interpreted
as long-distance interactions with the interaction
strength being independent of the spatial distance
of the particles. This is a unique effect and highly

nontrivial to demonstrate in actual two-particle
quantum systems.

Contrary to the position-independent interac-
tions is the evolution of two-particle quantumwalks
with short-range interactions, that is, interactions
occurring only when both particles occupy the
same position. These interactions can be interpreted
as two-particle scattering or nonlinear interactions.
When using a 2D quantum walk to simulate two
walkers, all vertices on the diagonal of the 2D
lattice correspond to both walkers occupying the
same position. Hence, we can introduce nonlinear

Fig. 2. Measured and simulated probability dis-
tribution P(x1,x2) (traced over the coin space) after
10 steps of a 2D quantum walk with initial state
|0, 0, −1, −1〉. Theoretical (A) and measured (B)
probability distribution of a 2D Hadamard walk
using the operation CH% (Eq. 1). Because only sep-
arable coin operations were performed (inset), the
distribution is separable, given by a product of two
1D distributions (gray). Theoretical (C) and mea-
sured (D) probability distribution of a 2D walk
with controlled-not X and controlled-phase opera-
tion Z, resulting in an unfactorizable distribution.
Here, c2 is only transformed by XZjT1〉→ Tj∓1〉 if
c1 = −1. The results in (B) and (D) are obtained by
detecting over 7 × 103 events and calibrated by
the detection efficiencies of all four coin basis states. (E) Dynamic evolution of
the von Neumann entropy E generated by quantum walks (B) and (D) and
quantum walks using controlled Hadamard coin operations (inset). The exper-

imental values (dots) and theoretical predictions (dashed lines) mark a lower
boundary for simulated two-particle entanglement. Statistical errors are
smaller than the dot size.
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interactions by modifying the coin operator on the
diagonal positions while keeping all other posi-
tions unaffected. As an example of a two-particle
quantumwalk with nonlinear interactions (Fig. 3),
the coin operator on the diagonal is in the form
Cnl = (H1⊗H2)CZ, whereCZ is a controlled phase
operation implemented by a fast switching EOM.
The chosen operation simulates a quantum sce-
nario of particular interest: the creation of bound
molecule states, predicted as a consequence of
two-particle scattering (7). Evidently, the quantum
walk is to a large extent confined to the main

diagonal [∑
x
Pðx,xÞ ¼ 0:317 T 0:006 as opposed

to theHadamardwalk∑
x
Pðx,xÞ ¼ 0:242 T 0:001],

a signature of the presence of a bound molecule
state. In general, using a coin invariant under
particle exchange, bosonic, or fermionic behav-
ior can be simulated, depending on whether
the initial states are chosen to be symmetric or
antisymmetric with respect to particle permu-
tations. With our initial state being invariant
under particle exchange, we simulated an ef-
fective Bose-Hubbard type nonlinearity for two
bosons (29).

We have demonstrated an efficient implemen-
tation of a 2D quantum walk and proved the
experimental feasibility to simulate a diversity of
interesting multiparticle quantum effects. Our
experiment overcomes the technical challenges
of two-particle experiments while exhibiting very
high similarity and scalability. Combined with
the flexibility in the choice of input state, con-
trolling the coin at each position independently
allows for simulations of a broad spectrum of dy-
namic quantum systems under different physical
conditions.

Our experimental architecture can be general-
ized to more than two dimensions, with the
addition of extra loops and orbital angular mo-
mentum modes as coin states (30). This opens a
largely unexplored field of research, facilitating
quantum simulation applications with multiple

walkers, including bosonic and fermionic behav-
ior, and nonlinear interactions. It may be possible
to study the effects of higher dimensional local-
ization or graph percolations or to use the network
topology in conjunction with single- or two-
photon states. Additionally, a foreseeable future
application for our system is the implementation
of a quantum search algorithm.We demonstrated
that, with a physical resource overhead, a clas-
sical experiment can simulatemany genuine quan-
tum features. Although our experiment is important
for simulation applications, it is equally interest-
ing for understanding fundamental physics at
the border between classical and quantum co-
herence theory.
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Fig. 3. (A) Circuit representation of
coin operations simulating nonlinear
interactions via 2D quantum walk. On-
ly when the two virtual particles meet
(x1 = x2) is a controlled operation
applied. Theoretical (B) and measured
(C) coincidence distributions P(x1, x2)
(traced over the coin space) after seven
steps of a simulated two-particle quan-
tum walk with initial state |0, 0, −1,
−1〉. The high probability that both
particles are at the same position (di-
agonal) is a notable signature of bound
states. The measured distribution is re-
constructed by detecting over 8 × 103

events and has a similarity of S =
0.957 T 0.013. Adding the EOM to
the setup for dynamical control limits
the step number to n = 7 because of
the higher losses per step. Small imperfections of the EOM are included in the theoretical plot.
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Symmetries in discrete time quantum walks on Cayley graphs

V. Potoček1, ∗
1Department of Physics, FNSPE, Czech Technical University in Prague, Břehová 7, 115 19 Praha, Czech Republic.

We address the question of symmetries of an important type of quantum walks. We introduce
all the necessary definitions and provide a rigorous formulation of the problem. Using a thorough
analysis, we reach the complete answer by presenting a constructive method of finding all solutions
of the problem with minimal additional assumptions. We apply the results on an example of a
quantum walk on a line to demonstrate the practical significance of the theory.

PACS numbers: 03.65.Fd, 03.67.Ac, 05.40.Fb

I. INTRODUCTION

The search for symmetries is an important problem in
all fields of physics. In both classical and quantum me-
chanics, the knowledge of symmetries of a given system
can help significantly in finding a solution of its equa-
tions of motion, in reducing the number of parameters,
or identifying the integrals of motion.

In this paper, we aim to find the symmetries of the
time evolution equation of a broad class of discrete time
quantum walks. We note that this important question
has been addressed partly by other authors. Symmetries
of particular quantum walk scenarios have been classi-
fied, e.g., in [1]. A special class of symmetries of dis-
crete time quantum walks on Cayley graphs has been
studied in [2] in relation to global analytic properties of
the quantum walks. Symmetries have played an essential
role in an approximate analytic solution of time evolution
in the Shenvi-Kempe-Whaley algorithm [3] for quantum
database searching. Another use of symmetries has been
presented in a recent experimental realization of a quan-
tum walk on a line [4] when a reduced set of parameters
have been shown to cover all possible configurations of
the model. However, no general study focused on the
symmetries themselves has been presented so far.

The article is structured as follows. In Section II, we
define the class of discrete time quantum walk to be
studied in more detail. In Section III, we use a gen-
eral method to find all symmetries of the time evolution
equation which preserve measurement probabilities. In
Section IV, we extend the result by generalizing the no-
tion of symmetries of the system to allow automorphisms
of the underlying graph. In Section V, we conclude and
discuss our results.

II. QUANTUM WALKS ON CAYLEY GRAPHS

In the scope of this paper, we will restrict our study to
discrete time quantum walks on Cayley graphs, with the
quantum coin reflecting the graph structure. This class of

∗Electronic address: vaclav.potocek@fjfi.cvut.cz

graphs, however, covers all the most important cases used
in algorithmic applications of quantum walks—lattices
both with and without periodic boundary conditions [5],
hypercube graphs [3], among many others.

In general, Cayley graphs are defined as follows:

Definition 1. Let G be a discrete group finitely gen-
erated by a set S. The (uncolored) Cayley graph Γ =
Γ(G,S) is a directed graph (G,E), where the set of ver-
tices is identified with the set of elements of G and the
set of edges is

E = {(g, gs) | g ∈ G, s ∈ S}.

A discrete quantum walk on a given Cayley graph is
defined as the time evolution of a particle confined to
the vertices of the graph, and allowed to move along its
edges, one per a discrete time step. Thus, the Hilbert
space corresponding to the spatial degree of freedom of
the particle is the space of `2 functions defined on G,
or equivalently, the space spanned by orthonormal basis
states corresponding to the elements of G:

HS = `2(G) = SpanC{ |x〉 | x ∈ G}. (1a)

Besides the spatial degree of freedom, we will require
the particle undergoing the walk (the walker) to have an
internal degree of freedom whose dimension equals the
cardinality of S.

HC = `2(S) = SpanC{ |c〉 | c ∈ S}. (1b)

This is in a direct analogy to [6] where quantum walks on
general regular graphs have been introduced. The need
for the presence of an internal degree of freedom has been
shown to be crucial for quantum walks on Euclidean lat-
tices [7] in order to reach nontrivial unitary time evolu-
tions. A generalization of this “No-Go Lemma” to all
Cayley graphs has been negated in [8]. In the scope of
this article, however, we will keep the assumption about
the internal degree of freedom as stated above.

Definition 2. The Hilbert spaces defined in Eqs. (1a)
and (1b) are called position and coin Hilbert spaces, re-
spectively. The full state space of the system is then

H = HS ⊗HC = SpanC{ |x, c〉 | x ∈ G, c ∈ S},
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where |x, c〉 = |x〉S ⊗ |c〉C . We will refer to the systems
{ |x〉 | x ∈ G}, { |c〉 | c ∈ S}, and { |x, c〉 | x ∈ G, c ∈ S},
as to geometrical bases of HS , HC and H, respectively.

In the following, the symbols G, S, Γ, HS , HC and H
will always denote the objects introduced in Definitions
1 and 2. Moreover, a tensor product of two vectors or
operators will be always understood to follow the factor-
ization of H into HS and HC .

This factorization of the state space plays a key role
in the idea of a quantum walk. The general assumption
is that operations which keep the position of the walker
intact are generally available, whereas the position regis-
ter can only be affected via controlled transitions of the
walker on the underlying graph Γ. We will formalize the
former in the following definition:

Definition 3. Let A ∈ GL(H). We will call A a local
operation if and only if there is a map ωA : G→ GL(HC)
such that A allows the following decomposition:

A =
∑
x∈G
|x〉〈x| ⊗ ωA(x). (2)

It trivially follows that for each local operation A,
the decomposition by Eq. (2) is unique. Moreover, if
A ∈ U(H), then all the components ωA(x) are elements
of U(HC), and vice versa. For a local operation A, we
will use notation Ax = ωA(x) for the components in this
decomposition.

We note that the set of local operations depends not
only on the separation of H to a tensor product of HS
and HC but also on the choice of the basis in HS . In
any case, however, the local operations form a subgroup
of GL(H).

It is important to distinguish local operations on H
from operations acting only on HC , that is, operators of
the form B = Id ⊗ B′. The latter form a subgroup of
the group of local operations: indeed, any such B is local
with Bx = B′ for all x ∈ G.

Out of the other class of operations, altering the posi-
tion of the walker, one representative is sufficient:

Definition 4. The step operator T is a controlled shift
operator on HS conditioned by the coin register, as pre-
scribed by its action on the basis states |x, c〉,

T |x, c〉 = |xc, c〉. (3)

Clearly, T is defined by Eq. (3) on the whole of H
via linearity and is a bounded operator. As the tensor
product basis states, specified by Definition 2, are solely
permuted under T , it is obvious that T is an unitary op-
erator on H and can thus form a time evolution operator
in a discrete time quantum system.[10]

Before defining a quantum walk, we need one last sup-
porting definition:

Definition 5. Let C = (Cn)+∞n=0 is an infinite sequence of
local unitary operations on H. We call C a quantum coin.

If the sequence is constant, we call the quantum coin C
time-homogeneous. If every term Cn of the sequence is a
tensor product Id⊗C ′n, we call the quantum coin C space-
homogeneous. In general, however, a quantum coin may
be both time- and position-dependent.

We call a generic C a time- and position-dependent
coin since, in accordance with Definition 3, we can find
unitary operators Cn,x ∈ U(HC) for each time n ∈ N0

and position x ∈ G which alter the coin register in de-
pendence on both the current time and the state of the
position register, provided that the latter is well-defined.

The set of all quantum coins forms a group under
element-wise composition.

The coin and step operators lead us to the definition
of a discrete time quantum walk on a Cayley graph Γ.

Definition 6. Let Γ is a Cayley graph, let C = (Cn)+∞n=0

is a quantum coin on its corresponding Hilbert space H.
A discrete-time quantum walk on Γ with the coin C is a
quantum protocol described by the following: an initial
state |ψ0〉 ∈ H and the evolution operator

WC : N0 → U(H) : WC(n) = TCn−1TCn−2 . . . TC0.
(4a)

For n ∈ N0, we say that the state of the walker after n
steps is

|ψn〉 = WC(n)|ψ0〉. (4b)

III. SYMMETRIES PRESERVING
MEASUREMENT PROBABILITIES

Symmetry of a system is an invariance of the system
under some kind of transformation acting on its param-
eters and/or the initial state. Invariance does not neces-
sarily mean that the time evolution is exactly the same,
some variations may take place in the internal state as
long as they do not influence the observable properties
of the system, that is, the measurement probabilities of
the spatial degree of freedom. Of all such transforma-
tions, we will be interested only in those which respect
the unitary nature of quantum mechanics. Formally, we
can state the requirement as follows:

Definition 7. Let T be an endomorphism on the Carte-
sian product of the set of quantum coins and initial states
of a quantum walk on Γ. We call T a unitary quantum
walk symmetry on Γ if there is a sequence of local uni-
tary operators (Un)+∞n=0 such that for each quantum coin
C = (Cn)+∞n=0 and for each initial state |ψ0〉,

∀n ∈ N0 : WC̃(n)|ψ̃0〉 = UnWC(n)|ψ0〉, (5)

where C̃ = (C̃n)+∞n=0 and |ψ̃0〉 denote the image of C and
|ψ0〉 under T .

The above definition is motivated by the fact that local
unitary operations preserve measurement probabilities in
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the geometrical basis of HS ,∑
c∈S
|〈x, c|φ〉|2 =: ‖〈x|ψ〉‖2 = ‖〈x|Ulocal|ψ〉‖2.

Lemma 1. Let, in the notation of Definition 7,
(C̃, |ψ̃0〉) = T (C, |ψ0〉). Then the condition of Eq. (5)
is satisfied if and only if

|ψ̃0〉 = U0|ψ0〉, (6a)

∀n ∈ N0 : TC̃n = Un+1TCnU
†
n, (6b)

Proof. The first part is readily obtained by studying the
special case of Eq. (5) where n = 0. Inserting Eq. (6a)
back into Eq. (5), we get

∀n ∈ N0 : WC̃(n)U0|ψ0〉 = UnWC(n)|ψ0〉 (7)

The generality of Eq. (7) with respect to |ψ0〉 implies
an equivalence of the operators,

WC̃(n)U0 = UnWC(n).

Substituting n+ 1 for n, we get another identity,

WC̃(n+ 1)U0 = Un+1WC(n+ 1).

Comparing with

WC̃(n+ 1) = TC̃nWC̃(n),
WC(n+ 1) = TCnWC(n),

we obtain the relation

TC̃nUnWC(n) = Un+1TCnWC(n).

Due to the unitarity of the time evolution operators and
Un, this is equivalent to Eq. (6b).

Lemma 2. Let T be a unitary quantum walk symme-
try imposing a local unitary transform (Un)+∞n=0 on the
instantaneous state of a quantum walk, as given by Defi-
nition 7. Then Un,x is diagonal in the geometrical basis
of HC for each n ∈ N (i.e. n ≥ 1) and all x ∈ G, that
is, there are complex units un,x,c for each n ∈ N, x ∈ G,
and c ∈ S such that

Un =
∑
x∈G

∑
c∈S

un,x,c|x, c〉〈x, c| (8)

Proof. Starting from Eq. (6b), we can rearrange the
terms so that Un+1 is isolated:

Un+1 = TC̃nUnC
†
nT
†.

Let x ∈ G and c, d ∈ S. We can compare the correspond-
ing matrix elements on both sides:

〈x, c|Un+1|x, d〉 = 〈x, c|TC̃nUnC†nT †|x, d〉.

From Definition 4 and the subsequent comment, we can
derive that

T †|x, d〉 = |xd−1, d〉 (9a)

and similarly

〈x, c|T = (T †|x, c〉)† = 〈xc−1, c|. (9b)

Noting that all the other operators are local, we can fac-
tor out the position register to get

〈x|x〉〈c|Un+1,x|d〉 =
= 〈xc−1|xd−1〉〈c|C̃n,xd−1Un,xd−1C†n,xd−1 |d〉

If c 6= d, the right hand side is zero due to its leftmost
term. Since 〈x|x〉 = 1, we obtain the implication

c 6= d ⇒ 〈c|Un+1,x|d〉 = 0,

meaning that Un+1,x is diagonal in the geometrical basis
of HC for all n ∈ N0.

The second part of the Lemma is a trivial application
of the corresponding definitions.

Theorem 1. Let T be a unitary symmetry of a quantum
walk on Γ. Then there is a unique local unitary operation
U0 on H and a unique sequence of local unitary operations
(Un)+∞n=1 diagonal in the geometrical basis of H such that
for each quantum coin C and each initial state |ψ0〉, the
transformed values read |ψ̃0〉 = U0|ψ0〉 and

∀n ∈ N0 : C̃n =
∑
x∈G

(|x〉〈x| ⊗ (Vn,xCn,xU†n,x)) ,
(10a)

where Vn,x ∈ U(HC) is related to Un+1 by

Vn,x =
∑
c∈S

un+1,xc,c|c〉〈c|, (10b)

using the notation of Eq. (8). Conversely, given any
U0 and (Un)+∞n=1 satisfying the aforementioned condi-
tions, there is a unique symmetry T yielding these values.
Therefore, the symmetry group of Eq. (4) is U(HC)G ×
U(1)G×N×S.

Proof. The proof follows from Eq. (6b) and its equivalent
form,

C̃n = T †Un+1TCnU
†
n.

Comparing the matrix elements, we obtain

〈x, c|C̃n|x, d〉 = 〈x, c|T †Un+1TCnU
†
n|x, d〉

Using Eq. (3) and the locality of the U and C operations,
we find that

〈c|C̃n|d〉 = 〈xc, c|Un+1T
(|x〉 ⊗ Cn,xU†n,x|d〉) .
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Using Lemma 2 and Eq. (9a),

〈xc, c|Un+1T =
(
T †U†n+1|xc, c〉

)†
=

=
(
un+1,xc,cT

†|xc, c〉)† = u∗n+1,xc,c〈x, c|,
whence it follows that

〈c|C̃n|d〉 = u∗n+1,xc,c〈x|x〉〈c|Cn,xU†n,x|d〉 =
= 〈c|Vn,xCn,xU†n,x|d〉,

as stated by the theorem.
Conversely, given the unitary operations U0 and

(Un)+∞n=1, Eq. (6b) describes a way to construct a sym-
metry operation T .

According to Theorem 1, the sequence (Un)+∞n=0 pro-
vides a full classification of all the unitary quantum walk
symmetries. If there is no restriction on the homogeneity
of the quantum coins C and C̃ or the initial state, the
choice of Un is free, up to the restriction of Lemma 2.
More interesting cases arise when the coin has some
global property that is required to be preserved under
the symmetry.

Before stating the main theorem regarding homoge-
neous quantum coins, we introduce a means of classifying
various walking spaces.

Definition 8. Let G is a discrete group generated by a
subset S, let S−1 denote the set of inverses of all elements
of S. The causal subgroup of G with respect to S is
defined as

S(0) =
〈 ⋃
n∈Z

SnS−n
〉
. (11a)

The future causal subgroup of G with respect to S is
defined as

S
(0)
+ =

〈 +∞⋃
n=1

SnS−n
〉
. (11b)

A Cayley graph Γ = Γ(G,S) is called nonseparating if
S

(0)
+ = S(0).

In other words, the causal subgroup S(0) contains all
the elements of G which can be written as a product of
generators and their inverses in such a way that the ex-
ponents add up to zero. The causal subgroup has several
important properties, as shown in the following Theorem.

Theorem 2. The causal group S(0) is a normal subgroup
of G. Moreover, G/S(0) is a cyclic group generated by the
coset of any element in S.

Proof. Let c ∈ S, let s ∈ SnS−n for some n ∈ Z. Then it
is simple to show that both csc−1 and c−1sc are elements
of S(0). Indeed, let n > 0. Then csc−1 ∈ SSnS−nS−1 =
Sn+1S−(n+1) ⊂ S(0). Similarly, c−1sc ∈ S−1SnS−nS =
(S−1S1)(Sn−1S−(n−1))(S1S−1) ⊂ S(0). The case n < 0
is analogous, n = 0 is trivial.

Using elementary algebra, this result can be general-
ized to any c ∈ G and s ∈ S(0), which is one of the
conditions equivalent to S(0) being normal in G.

For the second part, let c0 be an arbitrary fixed element
of S. We first show that the coset cS equals c0S for any
c ∈ S. Indeed,

cS = (c0c−1
0 )cS = c0 (c−1

0 c)︸ ︷︷ ︸
∈S

S = c0S.

Analogously, c−1S = c−1
0 S.

Let now g be an arbitrary element of G. We can de-
compose g into

g = cε11 c
ε2
2 . . . cεkk ,

where ci ∈ S and εi ∈ Z for all 1 ≤ i ≤ k. Using the
above result, the coset gS is equal to

gS = cε10 c
ε2
0 . . . cεk0 S = cε1+ε2+...+εk0 S = (c0S)ε1+ε2+...+εk .

This completes the proof.

Remark. The future causal subgroup S
(0)
+ generally

does not share these properties. As they are extremely
helpful for the theorems to follow, we will restrict the
analysis below to quantum walks on nonseparating Cay-
ley graphs, where there is no difference between S(0)

+ and
S(0).

We note without proof that a sufficient condition for
the equality S(0)

+ = S(0) is that for each c, d ∈ S, c−1d is
an element of S(0)

+ . This is satisfied automatically in, but
not restricted to, all abelian groups. On the other hand,
an example that this property is not universal is pro-
vided by the free group on 2 or more generators. In such
cases, the quantum walk splits the initial excitation into
a potentially unlimited number of mutually independent
branches which never can interfere again.

In the following, we denote [G : S(0)] = χ(G,S). This
characteristic plays its role in an important corollary of
Theorem 2:

Corollary 1. Let c0 be a fixed element of S. For each
x ∈ G, there is x̃ ∈ S(0) and k ∈ Z such that x = x̃ck0 .
This decomposition is unique if and only if [G : S(0)]
is infinite, otherwise k is determined up to an integer
multiple of χ(G,S).

Let T be a unitary quantum walk symmetry, as de-
fined in Definition 7. From Theorem 3, we know that the
quantum coin and the initial state are transformed inde-
pendently. The following theorem studies two important
cases where the transformation of the coin is restricted.

Let C denote a quantum coin and C̃ its image under T .
We say that T preserves time or space homogeneity of
the quantum coin if the respective property of C implies
that the same property is held for C̃.
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Theorem 3. Let T be a unitary symmetry of a quantum
walk on a nonseparating Cayley graph, let (Un)+∞n=0 be the
transformation induced in the instantaneous state of the
quantum walk.

• T preserves space homogeneity of the quantum coin
if and only if the unitary operators Un,x, forming
the decomposition of Un, are of the form

Un,x̃ck
0

= ηn−kρ(x̃)U ′n, ∀n ∈ N0, (12a)

where (ηm)m∈Z is an arbitrary doubly infinite se-
quence of complex units, periodic with the pe-
riod χ(G,S) if the latter is finite, ρ(s) is a one-
dimensional unitary representation of S(0) and
the operators U ′n act on HC only. The group
of symmetries preserving space homogeneity is
(U(1)χ(G,S)/U(1))×Rep(S(0))×U(1)N×S×U(HC),
where Rep(S(0)) is the group of one-dimensional
unitary representations of S(0) with pointwise mul-
tiplication.

• T preserves time homogeneity of the quantum coin
if and only if the unitary operations Un,x are re-
stricted by

Un,x = ηn−kεnUx, ∀n ∈ N0, (12b)

where ηm is defined the same way as above, ε is
an arbitrary complex unit and Ux are the com-
ponents of a unitary operation U ∈ U(H) diag-
onal in the geometrical basis of H. If χ(G,S)
is infinite, we can take ε fixed at 1. The
group of symmetries preserving time homogeneity
is (U(1)χ(G,S)/U(1))×U(1)×U(1)G×S if χ(G,S) <
+∞ and (U(1)χ(G,S)/U(1))× U(1)G×S otherwise.

Proof. In both cases, we start from Eq. (10). Let x ∈ G
and c, d ∈ S. Comparing matrix elements on both sides,
we obtain

〈x, c|C̃n|x, d〉 = 〈c|C̃n,x|d〉 = 〈c|Vn,xCn,xU†n,x|d〉.
Using the result of Lemma 2, the right hand side can be
simplified substantially:

〈c|C̃n,x|d〉 =
un,xc,c
un,x,d

〈c|Cn,x|d〉. (13)

Let e be another element of S. We compare the last
equation with another matrix element equation,

〈c|C̃n,x|e〉 =
un,xc,c
un,x,e

〈c|Cn,x|e〉.

As these formulas hold for any quantum coin C, we select
one for which all the matrix elements of Cn,x are nonzero
for all n ∈ N and x ∈ G. We can then divide the above
two equations to get

un,x,e
un,x,d

=
〈e|Cn,x|c〉
〈e|C̃n,x|c〉

〈d|C̃n,x|c〉
〈d|Cn,x|c〉 . (14)

Part A. In the case of a space-homogeneous coin, the
right hand side of Eq. (14) is constant in x. This allows
us to factorize un,x,c into

un,x,c = vn,xδn,c.

Without loss of generality, we will require both the fac-
tors to have a modulus of 1. Similarly, we find from
Eq. (13) that the ratio vn+1,xc/vn,x does not depend on
x, that is, for each y ∈ G,

vn+1,yc

vn,y
=
vn+1,xc

vn,x
,

vn+1,yc

vn+1,xc
=
vn,y
vn,x

. (15)

Let k ∈ N, let c1, . . . , ck, d1, . . . , dk ∈ S. By repeated use
of Eq. (15), we find that

vn,y

vn,x
= vn+1,yc1

vn+1,xc1
= . . . = vn+k,yc1c2...ck

vn+k,xc1c2...ck

=

=
v

n+k−1,yc1c2...ckd
−1
1

v
n+k−1,xc1c2...ckd

−1
1

= . . . =

=
v

n,yc1c2...ckd
−1
1 ...d

−1
k

v
n,xc1c2...ckd

−1
1 ...d

−1
k

Hence for all n ∈ N, x, y ∈ G and s ∈ S(0)
+ = S(0),

vn,ys
vn,y

=
vn,xs
vn,x

. (16)

Let s, s′ ∈ S(0). By putting x = e—the identity ele-
ment of G—and y = s′, we obtain from Eq. (16)

vn,s′s
vn,s′

=
vn,s′s
vn,e

vn,s′
vn,e

=
vn,s
vn,e

.

The last equation implies that vn,s/vn,e for fixed n ∈ N
is a homomorphism from S(0) to U(1) and thus a one-
dimensional unitary representation of S(0). Let us call
this representation ρn.

Let now x be a general element of G. By Corollary 1,
taking any fixed c0 ∈ S, we can find k ∈ Z and x̃ ∈ S(0)

such that x = x̃ck0 . We then find vn,x to equal

vn,x = vn,x̃ck
0

= αn,kρn(x̃).

Inserting this form into Eq. (15), we find that the expres-
sion

vn+1,xc

vn,x
=
vn+1,x̃ck

0c

vn,x̃ck
0

=
αn+1,k+1ρn+1(x̃

∈S(0)︷ ︸︸ ︷
ck0cc

−(k+1)
0 )

αn,kρn(x̃)

is independent of x, that is, of both x̃ and k. This im-
plies that ρn is constant in n, so that we can call it ρ.
Moreover,

αn+1,k+1ρ(ck0cc
−(k+1)
0 )

αn,k

must be constant in k.
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By choosing c = c0, the last equation becomes
αn+1,k+1/αn,k = βn, whence we obtain

αn,k = β0β1 . . . βn−1α0,n−k = γnα̃n−k.

If χ(G,S) is a finite number, the decomposition of
Corollary 1 is not unique. The value of χ(G,S) is then
equal to the least positive power l for which cl0 ∈ S(0).
Let x̃0 = c

χ(G,S)
0 . The equality

x̃ck0 = x̃x̃0c
k−χ(G,S)
0

then imposes a condition on the choice of αn,k and sub-
sequently α̃m:

αn,kρ(x̃) = αn,k−χ(G,S)ρ(x̃)ρ(x̃0)
⇒ αn,k+χ(G,S) = αn,kρ(x̃0)
⇒ α̃m−χ(G,S) = α̃mρ(x̃0).

In this case, the freedom in choosing α̃ is restricted to
χ(G,S) independent complex units. If χ(G,S) is infinite,
all elements of the doubly infinite sequence can be chosen
freely.

Putting together all the above elements, we find that
the complete solution of Eq. (14) with the right hand side
independent of x can be written as

un,x,c = γnα̃n−kρ(x̃)δn,c (17)

for x = x̃ck0 , where

• γn and δn,c are any complex units for all n ∈ N and
c ∈ S,

• α̃m is a sequence of χ(G,S) independent complex
units,

• ρ is a one-dimensional unitary representation of
S(0).

Clearly, the sequence γn can be absorbed into δn,c. Be-
sides that, only one degree of freedom is counted twice—a
global phase factor, which can come from both α̃ and δ.

At this point, we emphasize that the parameter n so
far has been greater than or equal to 1; Lemma 2 puts no
restriction on the form of U0 except that it is local. Thus
the case n = 0 must be studied separately. According
to Lemma 1, the transformation of the quantum coin
element C0 reads

C̃0 = T †U1TC0U
†
0 .

Expressing U0, we obtain

U0 = C̃†0T
†U1TC0. (18)

Comparing the corresponding matrix elements on both
sides and expanding the matrix product on the right hand
side while using the locality property of the C and U
matrices gives

〈c|U0,x|d〉 =
∑
a∈S
〈c|C̃†0 |a〉u1,xa,a〈a|C0|d〉.

This relates the components of U0 to those of U1, which
are described by Eq. (17). Inserting the final form, we
can see that

〈c|U0,x|d〉 =
∑
a∈S 〈c|C̃†0 |a〉α̃1−kρ(x̃)δ1,a〈a|C0|d〉 =

= α1−kρ(x̃)f(c, d),

where x = x̃ck0 and f represents the matrix elements of
some unitary matrix (any matrix can be reached with
a suitable choice of C̃0). Therefore, the components of
U0 are complex unit multiples of one constant unitary
operator on HC , where the dependence on x follows the
same rule as in the case of any other Un, n ≥ 1.

We conclude that the symmetry group under the afore-
mentioned conditions is isomorphic to

(U(1)χ(G,S)/U(1))×Rep(S(0))× U(1)N×S × U(HC),

as stated by the theorem.
Part B. If C and C̃ are simultaneously time-

homogeneous, the right hand side of Eq. (14) is constant
in n, which leads to a factorization

un,x,c = wn,xδx,c,

where we again assume both terms to be complex units.
Eq. (13) then gives for wn,x that the ratio wn+1,xc/wn,x
does not depend on n and thus for each x ∈ G and m,n ∈
N0,

wm+1,xc

wm,x
=
wn+1,xc

wn,x
,

wm+1,xc

wn+1,xc
=
wm,x
wn,x

. (19a)

In a complete analogy to the above, we obtain for each
x ∈ G, n ∈ N0, and s ∈ S+,

wm,xs
wm,x

=
wn,xs
wn,x

. (19b)

This means that for each m and n in N0 and each right
coset xS(0)

+ , the ratio between wm,y and wn,y is a constant
complex unit for all y ∈ xS(0)

+ , so that we can factorize

wn,x = α(n, xS(0)
+ )qx. (20)

Once more, we will require both factors to be unitary. If,
by assumption, S(0)

+ = S(0), the cosets are identified by
the power of one generator of S—c0—as ck0S

(0), where
k ∈ Z, so that we obtain

wn,x = wn,x̃ck
0

= αn,kqx.

We note that if χ(G,S) is finite, then αn,k+χ(G,S) must
be equal to αn,k to retain consistency. Inserting this form
into Eq. (19a), we find that the ratio

αn+1,k+1qxc
αn,kqx

should not depend on n. This is equivalent to the con-
dition that αn+1,k+1/αn,k depends on k only. Denoting
this ratio βk, we find that

αn,k = βk−1αn−1,k−1 = βk−1βk−2αn−2,k−2 =
= . . . = βk−1βk−2 . . . βk−nα0,k−n
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Denoting

γK =

{∏K−1
k=0 βk for K ≥ 0,∏−K
k=1 β

−1
−k otherwise,

we can write

αn,k =
γk
γk−n

α0,k−n.

Unlike α0,k, γk is not constant on the modular class mod
χ(G,S) for χ(G,S) < +∞. Instead,

γm+χ(G,S) =
χ(G,S)−1∏
k=0

βkγm =: εχ(G,S)γm.

In the case of infinite χ, let ε = 1. This allows us to write
the solution uniformly as

αn,k = εnηn−kγk,

un,x,c = εnηn−kγkδx,c, (21)

where x = x̃ck0 and

• δx,c are arbitrary complex units for all x ∈ G, c ∈ S,

• γm and ηm are arbitrary sequences of χ(G,S) com-
plex units,

• ε is an arbitrary complex unit in the case of finite
χ(G,S) and 1 otherwise.

Again, as the term of γk depends only on x, it can be
immersed into δx,c. Also, a global phase factor can be
factored out of ηm and put into δx,c.

As opposed to the previous case, it’s simple to deter-
mine the zeroth element U0: starting from Eq. (18), we
note that for time-homogeneous coins, there is a local
unitary C such that Cn = C for all n ∈ N0. Similarly,
C̃n = C̃ for all n ∈ N0. Thus,

U0 = C̃†T †U1TC.

We can compare this equation with its equivalent for n =
1,

U1 = C̃†T †U2TC.

Noting that by Eq. (21), U2,x̃ck
0

= εη2−k

η1−k
U1,x̃ck−1

0
, we ob-

tain

U0,x̃ck
0

= ε−1U1,x̃ck+1
0

,

so that the operator U0 is also diagonal in the geometrical
basis of H and its matrix elements are given simply by
extending the validity of Eq. (21) to the case n = 0.

We conclude the proof by establishing the group of
time-homogeneity preserving symmetries. Taking into
account Eq. (21) and the following notes, each symmetry
is determined by specifying δx,c, ηm (up to a global phase)
and possibly ε. As all of these parameters are just tuples
of complex units, this immediately gives the group in the
form stated by the theorem.

In the case of a both space- and time-homogeneous
coin, we can easily combine the partial results given by
Theorem 3 as follows.

Corollary 2. Let Γ be nonseparating, let T be a unitary
quantum walk symmetry described by a sequence of uni-
tary operators (Un)+∞n=0. Then T preserves both time and
space homogeneity of the quantum coin if and only if the
components of Un are of the form

Un,x = ηn−kεnγ(x)U ′ (22)

for all n ∈ N0, where ηm is defined the same way as in
Theorem 3, ε is a complex unit, fixed at 1 in the case
where χ(Γ) is infinite, γ is a one-dimensional unitary
representation of G, and U ′ ∈ U(HC) is a unitary opera-
tion diagonal in the geometrical basis of HC . The group
of symmetries with this restriction is

(U(1)χ(G,S)/U(1))× U(1)× Rep(S(0))× U(1)S

if χ(Γ) < +∞ and

(U(1)χ(G,S)/U(1))× Rep(S(0))× U(1)S

otherwise.

Example. In this example, we apply the above theory
to a quantum walk on a line, where G is the additive
group of integers, Z, generated by S = {−1, 1}, with a
homogeneous coin. Even in this simplest case the above
theory produces useful results. Let Γ denote the Cayley
graph Γ(Z, S).

A general quantum coin with this property is given by
C = (Id ⊗ C)+∞n=0, where C, expressed in the geometrical
basis of HC , is a general unitary matrix of rank 2,

C = ω

(
µ 0
0 µ∗

)(
cosψ sinψ
− sinψ cosψ

)(
ν 0
0 ν∗

)
. (23)

Here ω, µ, ν ∈ C, ψ ∈ R, |ω| = |µ| = |ν| = 1.
The causal subgroup is equal to 2Z, because any prod-

uct of an odd number of generators is an even number,
and 2 can be written as c + (−d) ∈ S + (−S) ⊂ S(0) if
c = 1, d = −1. The condition of Γ being nonseparating is
a trivial property of any abelian walking space. We note
that χ(G,S) = 2 and the elements of G : S(0) correspond
to the subsets of even and odd integers. Indeed, walks
started in either of these subsets never interfere.

A general form of a unitary representation of 2Z on C
is

γ(x) = eiφx, φ ∈ R.

According to Corollary 2, the symmetries of the above
system are classified by five continuous parameters:
ηodd/ηeven, ε, φ, δ+1, δ−1. The transformed coin reads

C̃ = ωε

(
eiφ 0
0 e−iφ

)(
δ+1 0
0 δ−1

)(
µ 0
0 µ∗

)
·

·
(

cosψ sinψ
− sinψ cosψ

)(
ν 0
0 ν∗

)(
δ∗+1 0
0 δ∗−1

) (24a)
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and the transformed initial state is

U0|ψ0〉 =
∑
x∈Z

η(x mod 2)e
iφx

(
δ+1 0
0 δ−1

)
|x〉〈x|ψ0〉. (24b)

Based on these formulas, some of the parameters assume
a straightforward mathematical meaning:

• ε is related to the invariance of the system with
respect to multiplying C by a scalar. This is a
phase that the system accumulates per every step
of the quantum walk.

• A common prefactor of δ± is related to the freedom
of global phase of the initial state.

The global phase can be completely moved from δ± into
ηξ by introducing a constraint δ−1 = δ∗+1 and making
ηeven and ηodd two independent parameters.

In general, any continuous symmetry can be used to
reduce the number of parameters determining nonequiva-
lent instances of a given physical system. In our example,
by choosing appropriate values of ε, φ, and δ±1, we can
find a quantum walk equivalent with WC in which the
coin is simplified to

C̃ =
(

cosψ sinψ
− sinψ cosψ

)
(25)

and thus determined by a single parameter. The rest of
the information about the particular quantum walk can
be encoded into the initial state.

Besides this result, Eq. (25) has one nontrivial con-
sequence: the transformed coin is a real-valued matrix
and so is the infinite matrix of the step operator in the
geometrical basis of H. Therefore, an initial state with
real coefficients in the geometrical basis will stay real-
valued during the whole time evolution and an analogi-
cal result holds for a pure imaginary-valued initial vec-
tor. As a consequence, the real and imaginary parts of
the transformed initial state define two quantum walks
which never interfere, although visiting the same set of
vertices. The contributions to measurement probabilities
can be computed separately in the field of real numbers
and classically summed.

Moreover, if the initial state of the walker is localized
at a vertex x0, i.e., of the form

|ψ0〉 = |x0〉 ⊗ |χ0〉,
then this property is kept under the transformation
Eq. (24b). If we also neglect the global phase, which can
be done using ηξ with no effect on the coin, the initial
state is completely determined by two parameters (the
spherical angles on the Bloch sphere). Thus any quan-
tum walk on a line with position- and time-independent
coin starting from a state localized at a given position is
completely determined by a total of three degrees of free-
dom. This particular result has been exploited in a recent
experimental realization [4] where there was only one ad-
justable parameter of the quantum coin, corresponding

precisely to ψ in this example, and a full control of the
initial chirality χ0 (up to a global phase) using two ad-
justable optical elements.

IV. SYMMETRIES INVOLVING
PERMUTATION OF THE MEASUREMENT

PROBABILITIES

In order to extend the applicability of the theory, we
generalize the notion of quantum walk symmetries. Ac-
cording to Definition 7, the probability distribution of
a complete measurement of the position register was re-
quired to stay invariant under a symmetry transforma-
tion. We obtain a broader class of solutions if we allow
transformations which do affect the probability distri-
bution, but in such a way that the original distribution
is easily reconstructible—more precisely, such that the
probabilities merely undergo some fixed permutation. In
order to respect the underlying group structure of the
Cayley graph, we assume that the permutation is given
by an automorphism on G and an optional multiplica-
tion by a fixed element of G, and define a wider class of
symmetries which impose this kind of transformation on
the measurement probability.

Definition 9. Let φ be an automorphism of G such that
φ(S) = S, let g ∈ G. We call the map gφ : G→ G : x 7→
g · φ(x) a shifted S-preserving automorphism on G. We
associate three operators with gφ: a spatial permutation
operator P (S)

gφ onHS , defined by its action on geometrical
basis states

P
(S)
gφ |x〉 = |gφ(x)〉 (26a)

for all x ∈ G; a coin permutation operator P
(C)
gφ on HC ,

defined by

P
(C)
gφ |c〉 = |φ(c)〉 (26b)

for all c ∈ S; and a total permutation operator

Pgφ = P
(S)
gφ ⊗ P (C)

gφ (26c)

on H.

Note that the automorphism part φ of a shifted S-
preserving automorphism gφ, needed in the definition of
P

(C)
gφ , can be extracted using

φ(c) = (gφ(e))−1(gφ(c)).

Definition 10. Let T be an endomorphism on the
Cartesian product of the set of quantum coins and ini-
tial states of a quantum walk on Γ. We call T a gen-
eralized unitary quantum walk symmetry on Γ if there
is a sequence of local unitary operators (Un)+∞n=0 and a
shifted automorphism gφ such that for each quantum
coin C = (Cn)+∞n=0 and for each initial state |ψ0〉,
∀n ∈ N0 : WC̃(n)|ψ̃0〉 = PgφUnWC(n)|ψ0〉, (27)
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where C̃ and |ψ̃0〉 have the same meaning as in Defini-
tion 7 and Pgφ denotes the total permutation operator
associated with the shifted S-preserving automorphism
gφ.

The (unshifted) automorphisms to be considered have
to preserve the generating set S in order to preserve
the edges of the Cayley graph Γ(G,S). We note, how-
ever, that the automorphism group of Γ(G,S) may be
more general.[11] As shown by the following Lemma, the
shifted S-preserving automorphisms form a subgroup of
the automorphism group of Γ.

Lemma 3. The set of all automorphisms on G which
preserve S forms a subgroup Aut(G | S) of Aut(G). The
set of all shifted S-preserving automorphisms on G with
the operation of map composition forms a group isomor-
phic to Go Aut(G | S).

Proof. For the first part, it suffices to show that for any
pair φ1, φ2 of automorphisms on G preserving S, φ−1

1 ◦φ2

preserves S. This is simple as both φ1 and φ2 act as
permutations when restricted to S.

To show that the shifted S-preserving automorphisms
constitute a group, we have to prove that the four group
axioms are satisfied.

Closure. Let φ1, φ2 ∈ Aut(G | S) and g1, g2 ∈ G. The
composition of g1φ1 and g2φ2 is a map G→ G prescribed
by

(g1φ1◦g2φ2)(x) = g1φ1(g2φ2(x)) = g1φ1(g2)·(φ1◦φ2)(x).
(28a)

Noting that g1φ(g2) ∈ G and that φ1 ◦ φ2 ∈ Aut(G | S),
the composed map is by definition a shifted S-preserving
automorphism.

Associativity. Associativity is granted by the operation
of composition.

Identity. The identity element is the shifted S-
preserving automorphism eId , where e is the identity ele-
ment in G. Indeed, this is the identity map on G and thus
the neutral element with respect to map composition.

Inverse. Let φ ∈ Aut(G | S), let g ∈ G. Then the
inverse element of the shifted S-preserving automorphism
gφ with respect to composition is a map G→ G defined
by

(gφ)−1(x) = φ−1
(
g−1x

)
= φ−1

(
g−1

) · φ−1(x) (28b)

This is a shifted S-preserving automorphism as
φ−1(g−1) ∈ G and φ−1 ∈ Aut(G | S).

Let us denote this group G. In order to show that
G ∼= Go Aut(G | S), we first identify G with a subgroup
G′ of G using the monomorphism

γ : G→ G : g 7→ gId

and similarly identify Aut(G | S) with a subgroup A′ of
G using the monomorphism

α : Aut(G | S)→ G : φ 7→ eφ.

It follows directly from the definition that G = G′A′
and that G′∩A′ = {e}. In order to show that the product
is semidirect, we show that G′ is a normal subgroup of G.
Let hId ∈ G′, let gφ be an arbitrary element of G. Using
Eq. (28a) and Eq. (28b), we simplify the composition

gφ ◦ hId ◦ (gφ)−1 = gφ ◦ hId ◦ φ−1(g−1)φ−1 =
= gφ ◦ (hφ−1(g−1)φ−1 =
= gφ

(
hφ−1(g−1)

)
(φ ◦ φ−1) =

=
(
gφ(h)g−1

)
Id ∈ G′.

This proves that G = G′ oA′ ∼= Go Aut(G | S).

Lemma 4. In the notation of Definition 10, the condi-
tion of Eq. (27) is satisfied for each C and each |ψ0〉 if
and only if

|ψ̃0〉 = PgφU0|ψ0〉,
∀n ∈ N0 : TC̃n = PgφUn+1TCnU

†
nP
†
gφ.

(29)

Here, C̃ and |ψ̃0〉 denote the image of C and |ψ0〉 under
T .

Proof. The proof is done in a straightforward analogy to
the proof of Lemma 1.

Lemma 5. Let φ ∈ Aut(G | S), let g ∈ G. Then the
total permutation operator Pgφ commutes with the step
operator T . Furthermore, let U be a local unitary op-
eration. Then P †gφUPgφ is a local unitary operation. If
U is of the form Id ⊗ U ′, then P †gφUPgφ is of the form

Id ⊗ (P (C)†
gφ U ′P (C)

gφ ).

Proof. To show the commutation of T and Pgφ, we com-
pare the action of both TPgφ and PgφT on the same basis
state |x, c〉.

TPgφ|x, c〉 = T |gφ(x), φ(c)〉 = |gφ(x)φ(c), φ(c)〉
PgφT |x, c〉 = Pgφ|xc, c〉 = |gφ(xc), φ(c)〉

The equality φ(x)φ(c) = φ(xc) follows from the fact that
φ is a group automorphism.

In order to prove the second part of the Lemma, we
first note that all the operators P (S)

gφ , P (C)
gφ , and Pgφ are

unitary. This can be shown promptly from the fact that
the operators act as permutations in the corresponding
geometrical basis systems. Thus for any unitary operator
U , P †gφUPgφ is also unitary.

If U is local, we can show using Eq. (26c)

Ũ := P †gφ
(∑

x∈G |x〉〈x| ⊗ Ux
)
Pgφ =

=
∑
x∈G

((
P

(S)†
gφ |x〉〈x|P (S)

gφ

)
⊗
(
P

(C)†
gφ UxP

(C)
gφ

))
If we change the summation variable from x to y =
φ−1(g−1x), such that gφ(y) = x, we obtain

Ũ =
∑
y∈G

(
P

(S)†
gφ |gφ(y)〉〈gφ(y)|P (S)

gφ

)
⊗
(
P

(C)†
gφ Ugφ(y)P

(C)
gφ

)
.
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We used the fact that the composition of an automor-
phism and left multiplication is a bijection on G.

Using the unitarity of P (S)
gφ , from which it follows that

P
(S)†
gφ |gφ(y)〉 =

(
P

(S)
gφ

)−1

|gφ(y)〉 = |y〉
and

〈gφ(y)|P (S)
gφ =

(
P

(S)†
gφ |gφ(y)〉

)†
= 〈y|,

we can simplify Ũ to the form

Ũ =
∑
y∈G
|y〉〈y| ⊗

(
P

(C)†
gφ Ugφ(y)P

(C)
gφ

)
,

which proves that Ũ is a local operator.
Similarly, let U = Id ⊗ U ′. Then

P †gφ(Id ⊗ U ′)Pgφ =

=
(
P

(S)†
gφ Id P (S)

gφ

)
⊗
(
P

(C)†
gφ U ′ = P

(C)
gφ

)
=

= Id ⊗
(
P

(C)†
gφ U ′P (C)

gφ

)
.

As shown by the following Theorem, the search for
generalized unitary quantum walk symmetries can be re-
duced to the problem already solved in Section III.

Theorem 4. Let T be an endomorphism on the Carte-
sian product of the set of quantum coins and initial states
of a quantum walk on Γ, let T (C, |ψ0〉) = (C̃, |ψ̃0〉), C̃ =
(C̃n)+∞n=0. Then T is a generalized unitary quantum walk
symmetry if and only if there is a ordinary unitary quan-
tum walk symmetry T ′ : (C, |ψ0〉) 7→ (C′, |ψ′0〉), C′ =
(C ′n)+∞n=0, and a shifted S-preserving automorphism gφ
such that

|ψ̃0〉 = Pgφ|ψ′0〉
∀n ∈ N0 : C̃n = PgφC

′
nP
†
gφ.

(30)

Theorem 4 solves in general the problem of symmetries
without any assumptions about the coin. The restricted
problems with position- and/or time-independent coins
can also be addressed. As a direct consequence of
Lemma 5, the restriction is transferred from the quantum
coin C to the quantum coin C′ of the original problem,
where we can use Theorem 3 or Corollary 2 to find all
solutions.

It also trivially follows that the symmetry group is in
all cases simply augmented by the group of shifted S-
preserving automorphisms.

Proof. Let us define |ψ′0〉 and C ′n such that Eq. (30) is
held. Then, according to Eq. (29), these objects must
satisfy

|ψ′0〉 = U0|ψ0〉 (31a)

and

TPgφC
′
nP
†
gφ = PgφUn+1TCnU

†
nP
†
gφ. (31b)

Using the commutativity of T and Pgφ, Eq. (31b) be-
comes

TC ′n = Un+1TCnU
†
n. (31c)

However, Eq. (31a) and Eq. (31c) are exactly the con-
ditions of Lemma 1. Therefore T is a generalized uni-
tary quantum walk symmetry if and only if the map
(C, |ψ0〉) 7→ (C′, |ψ′0〉) is an ordinary unitary quantum
walk symmetry.

Example. We show an application of the generalized
quantum walk symmetries again on a quantum walk on
a line with a homogeneous coin. Given a coin C = (Id⊗
C)+∞n=0 and an initial state |ψ0〉, we can use Theorem 4 to
find a new homogeneous quantum coin C̃ = (Id⊗ C̃)+∞n=0

and an initial state |ψ̃0〉 such that the evolution of the
new quantum walk is a mirror image of the original one.

Taking the S-preserving automorphism P : x 7→ −x =
0 + (−1)x, we construct the tuple of permutation opera-
tors P (i)

P easily. We note that the matrix of the coin per-
mutation operator is the Pauli X-matrix, or the quantum
not gate.

In the simplest case, we can choose to only perform
the permutation, choosing the identity transform as T ′
in Theorem 4. Doing so, not only the measurement prob-
abilities but also the amplitudes are preserved, they only
undergo the permutation in both position and coin ge-
ometrical bases. In this case, the transformed coin is
described by the matrix

C̃ = XCX† = XCX

and the transformed initial state satisfies

〈x|ψ̃0〉 = X〈−x|ψ0〉
for all x ∈ Z.

If we use the general form of the coin as described by
Eq. (23), after the transformation we obtain

C̃ = ω

(
µ∗ 0
0 µ

)(
cosψ − sinψ
sinψ cosψ

)(
ν∗ 0
0 ν

)
.

We note that it is now possible, if desired, to transform
the coin back to its original state, using the results of
Section III only. This way, the probability distribution
stays unchanged, i.e. mirrored with respect to the origi-
nal quantum walk, thus we obtain a new initial state |ψ1〉
for the original coin C for which the time evolution has
flipped sides.

We can do so by the following transform:

C = ω

(
µ∗ 0
0 µ

)(
µ2ν2 0

0 (µ2ν2)∗

)(−iν∗2 0
0 iν2

)
×(

cosψ − sinψ
sinψ cosψ

)(
iν2 0
0 −iν∗2

)(
ν∗ 0
0 ν

)
.

This corresponds to choosing δ− = δ∗+ = iν2, eiφ = µ2ν2,
and ε = 1 in the notation of the Example in Section III.
The choice of ηeven and ηodd is free, so we can let them
be 1. The transformed initial state is then given by

|ψ1〉 =
∑
x∈Z

(−iν∗2 0
0 iν2

)
X|−x〉〈x|ψ0〉.
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If the initial state |ψ0〉 is localized at x = 0, the transi-
tion to |ψ1〉 is simply a linear transformation of the initial
chirality, described in the geometrical basis by the matrix

Q =
(−iν∗2 0

0 iν2

)
X =

(
0 −iν∗2
iν2 0

)
Having this result enables us to find initial states which

produce a symmetric probability distribution at each it-
eration of the quantum walk. These are simply the eigen-
states of the matrix Q, tensor multiplied by |0〉 in the
position register. The eigenvalues of Q are ±1 and the
corresponding normalized eigenvectors are

|χ0〉± =
1√
2

(
ν∗
±iν

)
in the coin space basis. Except for the degenerate cases
of ψ = kπ, k ∈ Z, the parameter ν is defined uniquely
up to a sign and therefore there are exactly two localized
initial states producing a symmetric probability distribu-
tion and these are orthonormal.

V. CONCLUSIONS

We used analytic and algebraic methods to study the
symmetries of discrete time quantum walks on Cayley
graphs, where the quantum coin was allowed to trans-
form along with the initial state. We constructed a gen-
eral way of obtaining transformations which preserve the
measurement probabilities, and our results grant that we
obtained the complete set of such transformations in a

uniform manner. We described the symmetry group of
the quantum walk time evolution operator using the re-
sults of the analysis.

Some of the symmetries found this way correspond
to trivial properties of any discrete time quantum sys-
tem, but most of the symmetries are specific to quantum
walks. Once the symmetry group is found, any contin-
uous symmetry can be used to reduce the problem. We
have demonstrated this fact on the quantum walk on a
line with a constant coin, where the result was that two
out of three physical parameters of the quantum coin
could be dropped without loss of generality. Quantum
walks on more complicated graphs allow even more sig-
nificant reduction.

An open question is how the results change if we drop
the condition that the Cayley graph is nonseparating. An
example where this condition is not held is a quantum
walk on any group which contains the free group of order
2 or higher. Counterexamples to the forms provided by
Theorem 3 can be found for such graphs, indicating that
a more general treatment is necessary to cover all Cayley
graphs.

However, the most important open question, which
could be addressed in a subsequent work, is how the re-
sults change if the definition of a quantum walk is gen-
eralized such that the dimension of the coin space is dif-
ferent from the out-degree of the Cayley graph.
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