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Abstrakt

Strunova teorie stéle zustdvd nadéjnym kandiddtem na sjednoceni teorie gravitace a kvan-
tové teorie pole. Jeji dilezitou soucésti je relativisticky popis pohybu vicerozmérnych objekti
nazyvanych membrény (pfipadné p-bréany) v zakfiveném prostorocase. Ten je na tdrovni kla-
sické teorie pole popsan funkciondlem akce extremalizujicim objem variety vytnuté Sitici se
membranou. Tuto a souvisejici polni teorie souhrnné nazyvame membranové sigma modely.

Diferencidlni geometrie predstavuje dulezity matematicky ndstroj pii studiu strunové teorie.
Ukazuje se, ze strunovd a membranova pozadi lze vyhodné popsat pomoci objektu defino-
vanych na direktnim souc¢tu te¢ného a kotecného fibrovaného prostoru k prostoro¢asové varieté.
Studiem tohoto objektu se zabyva tzv. zobecnénd geometrie. Jeji nedilnou soucasti je teorie
Leibnizovych algebroidu, vektorovych fibrovanych prostoru, jejichz moduly hladkych fezu jsou
vybaveny Leibnizovou algebrou. Specidlnimi piipady Leibnizovych algebroidu jsou znamé;jsi
Lieovy a Courantovy algebroidy.

Tato préce je rozdélena do dvou hlavnich ¢asti. V prvni rekapitulujeme zéklady teorie Leib-
nizovych algebroidii, zobecnéné geometrie, rozsitené zobecnéné geomerie a Nambu-Poissonovych
struktur. Cilem je poskytnout ¢tenaii uceleny zaklad matematické teorie pouzité v publiko-
vanych pracech, text je kombinaci zndmych i novych vysledku. Duraz je kladen predevsim na
pojem zobecnéné metriky a prislusnych ortogonélnich transformaci, jenz poslouzily jako zdklad
naseho vyzkumu. Druhou hlavni ¢asti je piiloha tvofena ¢tyfmi ¢lanky uzivajicimi zobecnénou
geometrii na vybrané partie teorie strun a membran. Prace jsou otistény ve stejné podobé, v
jaké byly publikovany.






Bibliographic entry

Title: Geometry of membrane sigma models

Author: Ing. Jan Vysoky
Czech Technical University in Prague (CTU)
Faculty of Nuclear Sciences and Physical Engineering
Department of Physics
Jacobs University Bremen (JUB)
Department of Physics and Earth Sciences

Degree Programme: Co-directed double Ph.D. (CTU - JUB)
Application of natural sciences (CTU)
Mathematical sciences (JUB)

Field of Study: Methematical engineering (CTU)
Mathematical sciences (JUB)
Supervisors: Ing. Branislav Juréo, CSc., DSc.

Charles University

Faculty of Mathematics and Physics
Mathematical Institute of Charles University
Prof. Dr. Peter Schupp

Jacobs University Bremen

Department of Physics and Earth Sciences

Academic Year: 2014/2015

Number of Pages: 209

Keywords: generalized geometry, string theory, sigma models, membranes.
Abstract

String theory still remains one of the promising candidates for a unification of the theory
of gravity and quantum field theory. One of its essential parts is relativistic description of
moving multi-dimensional objects called membranes (or p-branes) in a curved spacetime. On
the classical field theory level, they are described by an action functional extremalising the
volume of a manifold swept by a propagating membrane. This and related field theories are
collectively called membrane sigma models.

Differential geometry is an important mathematical tool in the study of string theory. It
turns out that string and membrane backgrounds can be conveniently described using objects
defined on a direct sum of tangent and cotangent bundles of the spacetime manifold. Mathe-
matical field studying such object is called generalized geometry. Its integral part is the theory
of Leibniz algebroids, vector bundles with a Leibniz algebra bracket on its module of smooth
sections. Special cases of Leibniz algebroids are better known Lie and Courant algebroids.

This thesis is divided into two main parts. In the first one, we review the foundations of the
theory of Leibniz algebroids, generalized geometry, extended generalized geometry, and Nambu-
Poisson structures. The main aim is to provide the reader with a consistent introduction to
the mathematics used in the published papers. The text is a combination both of well known
results and new ones. We emphasize the notion of a generalized metric and of corresponding
orthogonal transformations, which laid the groundwork of our research. The second main part
consists of four attached papers using generalized geometry to treat selected topics in string
and membrane theory. The articles are presented in the same form as they were published.






Acknowledgements

I would like to thank my supervisors, Branislav Jur¢o and Peter Schupp, for their guidance
and inspiration throughout my entire doctorate, unhesitatingly encouraging me in my scientific
career.

I would like to thank my wonderful wife, Kamila, for her endless support and patience with
the weird and sometimes rather unpractical mathematical physicist.

Last but not least, I would like to thank my family and all my friends for all the joy and
fun they incessantly bring into my life.






Contents

1 Introduction
1.1 Organization . . . . . . . .. .
1.2 Overview of the theoretical introduction . . . . . .. ... .. ... ... ....
1.3 Guide to attached papers . . . . . . . . .. . ...

1.4 Conventions . . . . . . . . . . e

2 Leibniz algebroids and their special cases
2.1 Leibniz algebroids . . . . . . . . ...
2.2 Liealgebroids . . . . . . . . . L
2.3 Courant algebroids . . . . . . . ... L

2.4 Algebroid connections, local Leibniz algebroids . . . . ... ... ... .....

3 Excerpts from the standard generalized geometry
3.1 Orthogonal group . . . . . . . . . .
3.2 Maximally isotropic subspaces . . . . . . . . .. L Lo o
3.3 Vector bundle, extended group and Lie algebra . . . . . ... ... ... ....
3.4 Derivations algebra of the Dorfman bracket . . . . ... ... ... ... ....
3.5 Automorphism group of the Dorfman bracket . . . . ... ... ... ... ...
3.6 Twisting of the Dorfman bracket . . . . . . .. ... ... ... ... ......
3.7 Dirac structures .. . . . . . ... e
3.8 Generalized metric . . . . .. ..o L
3.9 Orthogonal transformations of the generalized metric . . . . . . . ... ... ..
3.10 Killing sections and corresponding isometries . . . . . . .. .. ... .. ...
3.11 Indefinite case . . . . . . . . ..

3.12 Generalized Bismut connection . . . . . . . . ... ...

13
14
14
17
18

21
21
24
27
30



4

6

Extended generalized geometry

4.1 Pairing, Orthogonal group . . . .

4.2 Higher Dorfman bracket and its symmetries . . . . . . . . .. ... ... .. ..

4.3 Induced metric . . ... ... ..
4.4 Generalized metric . . . . . . ..
4.5 Doubled formalism . . . ... ..

4.6 Leibniz algebroid for doubled formalism . . . . .. ... ... ... .......

4.7 Killing sections of generalized metric . . . . . . . .. ... oo

4.8 Generalized Bismut connection II

Nambu-Poisson structures

5.1 Nambu-Poisson manifolds . . . .
5.2 Leibniz algebroids picture . . . .
5.3 Seiberg-Witten map . . . .. ..

Conclusions and outlooks

Appendices

A

B

Proofs of technical Lemmas

Paper 1:

p-Brane Actions and Higher Roytenberg Brackets

Paper 2:

On the Generalized Geometry Origin of Noncommutative Gauge Theory

Paper 3:

Extended generalized geometry and a DBI-type effective action

for branes ending on branes

Paper 4:
Nambu-Poisson Gauge Theory

10

67
67
69
70
73
76
8
82
83

87
87
92
94

97

105

107

111

135

155

203



List of used symbols

R field of real numbers
Mo smooth finite-dimensional manifold
CP(M) o module of smooth real-valued functions on M
XP(M) oo module of smooth p-vector fields on M
QP (M) e module of smooth differential p-forms on M
8 (M) e whole exterior algebra of M
TRHML) o module of tensors of type (p, q)
T e whole tensor algebra of M
(5 ) ettt canonical pairing of two objects
T(E) oo module of smooth global sections of vector bundle E over M
TU(E) i module of smooth local sections of E defined on U C M
XP(E) toeeiiiiiiiiiie. module of global smooth sections of APE, similarly for QP(E), T (E)
A= B expression B is used to define the expression A
BDiag(g, k) «eeeeveeeneiiiiiiii block diagonal matrix with ¢ and h on the diagonal
X e Lie derivative along a vector field X € X (M)
X e insertion operator (or inner product) of a vector field X € X(M)
[ ] oo Schouten-Nijenhuis bracket of multivector fields
Hom(E,E') ..... smooth vector bundle morphisms from E to E’ over the identity on the base
ENA(E) oot shorthand notation for Hom(F, E)
AUt(E) cooiiiiiiiiii subset of End(E) consisting of fiber-wise bijective maps
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Chapter 1

Introduction

After more then forty years of history, string theory still stands as one of the most promising
attempts to unify the gravitational and quantum physics. Originating as a quantum theory of
one-dimensional strings moving in the space-time, it evolved throughout the years to include
fermionic particles (superstring theory) and extended objects such as D-branes, membranes
or p-branes. It also grew into a challenging and sophisticated theory. An effort of a single
person to review the string theory is as difficult as to ask a crab living on a Normandy beach
to describe the Atlantic Ocean. As a welcome side-effect, string theory fueled the development
in various, old and new, areas of mathematics. In particular, attempting to be a theory of
gravity, it pushed forward many areas of differential geometry.

Quite recently, one such mathematical theory rose to prominence as a useful tool in string
theory. It was pioneered in early 2000s, as it appeared in three subsequent papers [43-45]
of Nigel Hitchin and in the Ph.D. thesis [39] of his student Marco Gualtieri. In a nutshell,
generalized geometry is a detailed study of the geometry of the generalized tangent bundle
TM @& T*M. Such a vector bundle has a surprisingly rich structure, in particular it possesses
a canonical indefinite metric and a bracket operation. This allows one to describe various
geometrical objects in a new intrinsic way. Note that Hitchin already recognized the possible
applications of generalized geometry in string theory and commented on this several times in
the above cited papers.

It turned out that certain symmetries of string theory can be naturally explained in terms
of generalized geometry. For example, string T-duality can be viewed as an orthogonal trans-
formation, see [22,38,86], following the work of P. Bouwknegt et al. [14,16,17]. Recently there
has been found a way to describe D-branes as Dirac structures, isotropic and involutive sub-
bundles of E, see [4-6]. For a nice overview of further interesting applications in physics and
string theory see [64]. There are also ways to proceed in the opposite direction, constructing
field theories out of generalized geometry mathematical objects. Besides the very well-known
Poisson sigma models [54,83] , there exist Courant sigma models [55,82] using the AKSZ mech-
anism to construct actions from a given Courant algebroid, Dirac sigma models [68,69] and
Nambu sigma models [18,59,84]. Suitable modifications of generalized geometry can be useful
in string related physics. For applications in M-theory, see the work of Hull [52] and Berman
et al. in [8-10]. A nice modification of generalized geometry was used to describe supergravity
effective actions in [24,25]. Finally, note that generalized geometry is closely related to recently
very popular modification of field theory, called double field theory. See the works of C.M.
Hull, B. Zwiebach and O. Hohm [47,50,51], and especially the recent review paper [48].
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By membrane sigma models we mean various field actions emanating from the bosonic part
of Polyakov-like action for membrane as introduced by Howe-Tucker in [49] and for string case
independently in [28] and [19], and named after Polyakov who used it to quantize strings in [79].
We focus in particular on its gauge-fixed version, which can be related to its dual version, non-
topological Nambu sigma model as defined in [59]. A need to find a suitable mathematics
underlying these field actions leads to a necessity to extend the tools of standard generalized
geometry to more general vector bundles. Driven by this desire we refer to results of our work
and consequently also of this thesis as to geometry of membrane sigma models.

1.1 Organization

This thesis is divided in two major parts.

The first half is an attempt to bring up a consistent introduction to the mathematics used
in the papers. The intention is to give definitions and derive important properties in detail
as well as enough examples to illustrate sometimes quite abstract theory. The main idea is
to provide a self-contained text with a minimal necessity to refer to external literature, which
inevitably leads to a rephrasing of old and well known results. We will stress new contributions
where needed.

The second half consists of four published papers which use these mathematical tools to
describe and develop several aspects of membrane sigma model theory. These papers are
attached in the exactly same form as they were published in the journals. All of them were
published as joint work with both my supervisors.

1.2 Overview of the theoretical introduction

Let us briefly summarize the content of the following chapters. This section is intended to be
main navigation guide for the reader.

Chapter 2 brings up a quick review of elementary properties of Leibniz algebroids. We
could take the liberty to disregard the chronological order in which this theory appeared in
mathematical world. Generalizations usually develop from more elementary objects, but it is
sometimes simpler to provide the original structures as special examples of the more general
ones.

This is why we start with a general definition of Leibniz algebroids in Section 2.1. The
basic and the most important example is the (higher) Dorfman bracket. Further, an induced
Lie derivative on the tensor algebra of Leibniz algebroid is introduced.

A known subclass of Leibniz algebroids are those with a skew-symmetric bracket, denoted
as Lie algebroids. They are described in Section 2.2. Most importantly, a Lie algebroid induces
an analogue of the exterior differential on the module of its differential forms, allowing for a
Cartan calculus on the exterior algebra. In fact, this exterior differential contains the same data
as the original Lie algebroid, and can be used as its equivalent definition. The exterior algebra
of multivectors on the Lie algebroid bundle can be equipped with an analogue of Schouten-
Nijenhuis bracket, turning it into a Gerstenhaber algebra. This observation is essential for the
definition of Lie bialgebroid.

A need of understanding Lie bialgebroids underpins the subject of Section 2.3, Leibniz
algebroids with an invariant fiber-wise metric called Courant algebroids. They first appeared
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in the form of their most important example, the Dorfman bracket with an appropriate anchor
and pairing. Finding a suitable set of axioms for this new type of algebroid proved necessary to
define a double of Lie bialgebroid. We present this as one of the examples of Courant algebroids.

The second chapter is concluded by Section 2.4 dealing with linear connections on Leibniz
algebroids, and related notions of torsion and curvature. For Lie algebroids, this is pretty
straightforward and essentially it can be defined just by mimicking the ordinary theory of
linear connections. For Courant and general Leibniz algebroids, this is more involved task.
We present a new way how to approach this using a concept of local Leibniz algebroids. For
Courant algebroids, one recovers the known definitions of torsion operator. To the best of our
knowledge a working way how to define a curvature operator is presented, as well as a Ricci
tensor and scalar. We explain this on the example which uses the Dorfman bracket.

Chapter 3 contains an introduction to the geometry of the generalized tangent bundle,
usually called a generalized geometry. This thesis covers only a little portion of this wide
branch of mathematics suitable for our needs. These are the reasons why we have completely
omitted the original backbone of generalized geometry - generalized complex structures.

In Section 3.1 we study an orthogonal group of the direct sum of a vector space and its
dual equipped with a natural pairing. Its Lie algebra can conveniently be described in terms of
tensors. This also allows one to construct important special examples of orthogonal maps. We
present a very useful simple ways of block matrix decompositions. Although almost trivial at
first glance, this observation allows one to prove some quite complicated relations later. Since
the natural pairing does not have a definite quadratic form, it allows for isotropic subspaces.
This is a subject of Section 3.2. Examples of maximally isotropic subspaces are presented.

Everything can be without any issues generalized from vector spaces to vector bundles,
replacing linear maps with vector bundle morphism, et cetera. One can consider a more general
group of transformations preserving the fiber-wise pairing on generalized tangent bundle. We
call this group the extended orthogonal group. Its corresponding Lie algebra can be shown to
be a semi-direct product of the ordinary (fiber-wise) orthogonal Lie algebra and the Lie algebra
of vector fields. This is what Section 3.3 is about.

The generalized tangent bundle has a canonical Courant algebroid structure, defined by the
Dorfman bracket. It is natural to examine the Lie algebra of its derivations and the group of its
automorphisms. This was one of the main reasons why generalized geometry and the Dorfman
bracket came to prominence in string theory. We study these structures in Section 3.4 and
Section 3.5. One can also find an explicit formula integrating the Dorfman bracket derivation
to obtain a Dorfman bracket automorphism. To our belief this was not worked out in such
detail before. It happens that some orthogonal maps do not preserve the bracket, and can be
used to "twist” it, to define different (yet isomorphic) Courant algebroids. This defines a class
of twisted Dorfman brackets, introduced in Section 3.6.

Dirac structures are maximally isotropic subbundles of the generalized tangent bundle which
are involutive under Dorfman bracket. They constitute a way how to describe presymplectic
and Poisson manifolds in terms of generalized geometry. They are described in Section 3.7.

For the purposes of applications of generalized geometry in string theory, the most important
concept is the one of a generalized metric. It can be defined in several ways, where some of
them make sense in a more general setting then others. In Section 3.8 we discuss all these
possibilities and show when they are equivalent. The orthogonal group acts naturally on the
space of generalized metrics. We examine the consequences and properties of this action in
Section 3.9. In particular, we show that Seiberg-Witten open-closed relations can be interpreted
in this way.
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Having a fiber-wise metric, we may study its algebra of Killing sections. This is done in
Section 3.10. We give an explicit way to integrate these infinitesimal symmetries to actual
generalized metric isometries. A generalized metric is by definition positive definite. We can
modify some of its definitions to include also the indefinite case. This up brings certain issues
discussed in Section 3.11. Finally, to any generalized metric we may naturally assign a Courant
algebroid metric compatible connection, called a generalized Bismut connection. Its various
forms are shown in Section 3.12, and its scalar curvature is calculated.

Chapter 4 is to be considered as the most important of this thesis. Its main idea is to
extend the concepts of generalized geometry to a higher generalized tangent bundle suitable for
applications in membrane theory. This effort poses interesting problems to deal with. First note
that there is no natural fiber-wise metric present. Instead, one can use a pairing with values
in differential forms. However, its orthogonal group structure becomes quite complicated and
depends on the rank of involved vector bundles. We examine this in Section 4.1. In particular,
a set of examples of Dirac structures with respect to this pairing is very limited.

On the other hand, the Dorfman bracket generalizes into a bracket of very similar properties.
We investigate its algebra of derivations and its group of automorphisms in detail in Section
4.2,

A next important step is to define an extended version of the generalized metric. For
these reasons, we start with a description of a way how to use a manifold metric to induce a
fiberwise metric on higher wedge powers of the tangent and cotangent bundle. There are several
consequences following from the construction. In particular, one can calculate its signature out
of the signature of the original metric. Moreover, for Killing equations and metric compatible
connections, it is important to examine the way how Lie and covariant derivatives of the induced
metric can be calculated using Lie and covariant derivatives of the original manifold metric.
Finally, we derive a very important formula proving the relation of their determinants. All of
this can be found in Section 4.3.

We proceed to the actual definition of a generalized metric in Section 4.4. Similarly to the
ordinary generalized metric, one can express it either in terms of a metric and a differential
form, or in terms of dual fields. One can show that in this extended case, one of the dual fields
is not automatically a multivector, and the two dual fiberwise metrics are not induced from
each other. Finally, we generalize the open-closed relations as a particular transformation of
the generalized metric.

As we have already noted, there is no useful orthogonal group to encode the open-closed
relations as an example of an orthogonal transformation. However, there is a natural pairing on
the ”doubled” vector bundle, produced from the original one by adding (in the sense of a direct
sum) its dual bundle. In this "doubled formalism”, as we call it, one can define a generalized
metric in the usual sense. The membrane open-closed relations can be now easily encoded as
an orthogonal transformation of a relevant generalized metric. The doubled formalism is a
subject of Section 4.5.

Having now a larger vector bundle with working orthogonal structure, we would like to find
a suitable integrability conditions for its subbundles. One such Leibniz algebroid is examined
in Section 4.6. We show how closed differential forms and Nambu-Poisson structures can be
realized as Dirac structures of this Leibniz algebroid. We conclude by showing how its bracket
can be twisted by a certain orthogonal map, obtaining a twist similar to the one of Dorfman
bracket.

One of the reasons to use the induced metric in the definition of generalized metric is the
fact that Killing equations are easy to solve in this case, as we show in Section 4.7. It also
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allows us to find a simple example of a generalized metric compatible connection. We show
how to interpret this connection in the doubled formalism and we calculate its scalar curvature
in Section 4.8.

The final Chapter 5 of this thesis is devoted to a natural generalization of Poisson manifolds
called Nambu-Poisson structures. In Section 5.1 we present and prove various equivalent ways
how to express the fundamental identity for a Nambu-Poisson tensor. Interestingly, it can be
shown that an algebraic part of the fundamental identity not only forces its decomposability,
but also its complete skew-symmetricity of this tensor. Similarly to the ordinary Poisson case,
Nambu-Poisson structures can be realized as certain involutive subbundles with respect to the
Dorfman bracket. This interpretation allows one to easily define a twisted Nambu-Poisson
structure. This and one quite interesting related observation are contained in Section 5.2.

Finally, in Section 5.3, we examine in detail the construction of the Nambu-Poisson structure
induced diffeomorphism called a Seiberg-Witten map. It involves the flows of time-dependent
vector fields which are for the sake of clarity recalled there.

1.3 Guide to attached papers

The second part of this thesis consists of four attached papers. All of them are available for
download at arXiv.org archive, three of them can be openly accessed directly through the
respective journals. Papers are presented here in their original form, exactly as they were
published. We sometimes refer to equations in the theoretical introduction of this thesis to link
the introduced mathematical theory with its applications in the papers.

The first attached paper is p-Brane Actions and Higher Roytenberg Brackets [61].

A main subject of this paper is a study of Nambu sigma model proposed in [59,84]. We
modify its action slightly to include a twist with a B-field. Using relations (4.49 - 4.51), its
equivalence to a p-brane sigma model action is shown. We introduce a slightly modified higher
analogue of Courant algebroid bracket (2.36) which we call in accordance with [42] a higher
Roytenberg bracket. We use the results of [32] to show that the Poisson algebra of generalized
charges of the Nambu sigma model closes and it can be described by the higher Roytenberg
bracket. This generalizes the results [2,42]. Next, we turned our attention to the topological
Nambu sigma model. It can be viewed as a system with constrains. We have proved that a
consistency of the constrains with time evolution forces the tensor II defining the sigma model
to be a Nambu-Poisson tensor. See Chapter 5 of this thesis for details. Using the Darboux
coordinates of Theorem 5.1.2 we were able to explicitly solve the equations of motion. We
have concluded the paper by showing that coefficients of the generalized Wess-Zumino term
produced out of topological Nambu sigma model are exactly the structure functions of the
higher Roytenberg bracket.

On the Generalized Geometry Origin of Noncommutative Gauge Theory [60].

Idea of this paper was to use the tools of generalized geometry to explain and simplify certain
steps derived originally in [58], [62] and [63]. A main observation was that different factoriza-
tions of the generalized metric correspond to Seiberg-Witten open closed relations (3.119). For
the first time we interpret this as an orthogonal transformation (3.17) of a generalized metric,
see Section 3.9 of this thesis. Moreover, also adding a fluctuation F' to the B-field background
can be interpreted as an orthogonal transformation (3.16). These two transformation do not
commute (this is in fact a direct consequence of Lemma 3.1.2). This immediately leads to the
correct definition of non-commutative versions of the respective fields. We were able to use
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this formalism to quickly re-derive the identities essential for the equivalence of classical DBI
action and its semi-classically noncommutative counterpart.

The third of the appended papers is Extended generalized geometry and a DBI-type
effective action for branes ending on branes [56].

In this article, our intentions were to generalize the approach taken in the previous paper [60]
to simplify the calculations in [59] leading to the proposal of a p-brane generalization of DBI
effective action. To reach this goal, we were able to explain the p-brane open-closed relations
(4.56 - 4.59) in terms of the factorization of the generalized metric (4.47). Higher generalized
tangent bundle does not possess a canonical orthogonal group structure (it does for p = 1).
This was the reason why we have approached this through the addition of its dual. See Section
4.5 of this thesis for details. Using the extended generalized geometry, we were able to show
the equivalence of respective DBI actions very quickly.

Moreover, using the doubled formalism, we could define an analogue of a so called back-
ground independent gauge. Reason for this name comes from the famous paper [85], and it is
related to the actual background independence of the corresponding non-commutative Yang-
Mills action. For p = 1, this corresponds to the choice # = B~! in (3.119). We generalize this
idea to p > 1 including also the case of a degenerate 2-form B for p = 1. A choice of suit-
able Nambu-Poisson tensor IT singles out particular directions on the p’-brane, which we call
noncommutative directions. This allows us to derive a generalization of a double scaling limit,
see [85], introducing an infinitesimal parameter € into DBI action. Calculating an expansion of
DBI in the first order of € yields a possible generalization of a matrix model.

This lead us to the writing of the short paper Nambu-Poisson Gauge Theory [57].

The letter follows the ideas for p = 1 published in [76]. Nambu-Poisson theory gauge theory
was originally invented in [46] as en effective theory on a Mb5-brane for a large longitudinal
C-field in M-theory. Our idea was to start from scratch without any reference to M-theory and
branes. We define covariant coordinates to be functions of space-time coordinates transforming
in a prescribed way under gauge transformations parametrized by a (p — 1)-form, using a pre-
scribed (p+ 1)-ary Nambu-Poisson bracket. Following [62,63], we use the covariant coordinates
to define a Nambu-Poisson gauge field and a corresponding Nambu-Poisson field strength. The
second part of this paper is devoted to an explicit construction of covariant coordinates using
the Seiberg-Witten map described in this thesis in Section 5.3. We propose a simple Yang-Mills
action for this gauge theory and relate it to the DBI action expansion obtained in the above
described paper [56].

1.4 Conventions

The main aim of this section is to introduce a notation used throughout this entire work.
We always work with a finite-dimensional smooth second-countable Hausforff manifold, which
we usually denote as M and its dimension as n. For implications of this definition, I would
recommend an excellent book [71]. In particular, one can use the existence of a partition of
unity and its implications. We consider all objects to be real, in particular all vector spaces,
vector bundles, bilinear forms, etc.

Now, let us clarify our index notations. We reserve the small Latin letters (i,7,k etc.)
to label the components corresponding to a set of local coordinates (y',...,y") on M, or
sometimes to some local frame field on M. We reserve small Greek letters («, 3,7, etc.) to
label the components with respect to some local basis of the module of smooth sections of a
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vector bundle E. We use the capital Latin letters (I, J, K etc.) to denote the strictly ordered
multi-indices, that is I = (1,...,14,) for some p € N, where 1 < i; < --- < 4, < n. Particular
value of p should be clear from the context. We always hold to the Einstein summation
convention, where repeated indices (one upper, one lower) are assumed to be summed over
their respective ranges. For example, v/w; stands for the sum 21§11<~.<i,,§n v(““'lp)w(il.__ip).

If (y,...,y") are local coordinates on M, by d; we denote the corresponding partial deriva-
tives and coordinate vector fields. By dy’ and d; we denote the wedge products of coordinate
1-forms and vector fields:

dy' =dy™ A Ndy', O =0, N...0;,. (1.1)
By definition, dy’ and 0; form a local basis of QP(M) and XP(M) respectively.
We will often use a generalized Kronecker symbol. We define it as follows

o +1 both p-indices are strictly ordered and one is an even permutation of the other,
65113;’ = ¢ —1both p-indices are strictly ordered and one is an odd permutaion of the other,
Oin all other cases.

It is defined so that (dy’); = 7. A Levi-Civita symbol ¢;, ;

1...p

, can be then defined as €;,. ;, =

Let E, E' be two vector bundles over M. By Hom(F, E’) we mean a module of smooth vector
bundle morphisms from E to E’ over the identity map Idy;. Under our assumptions on M,
Hom(E, E') coincides with the module of C°°(M)-linear maps from I'(E) to I'(E’), and we will
thus never distinguish between the vector bundle morphisms and the induced maps of sections.
We define End(F) := Hom(FE, E), and Aut(F) := {F € End(F), F is fiber-wise bijective}.

Now, let p > 0 be a fixed integer, and C € QPT1(M) be a differential (p + 1)-form on M.
This induces a vector bundle morphism C, : XP(M) — Q' (M) defined as

Cy(Q70y) = Q7 Cidy’, (1.2)

for all Q = Q’79; € XP(M), and C;; = C(8;,0;, ..., 0;,). It is straightforward to check that C,
is a well-defined C*°(M)-linear map of sections (all indices are properly contracted). At each
point m € M, C, thus defines a linear map from APT,,M to T, M, with the corresponding
matrix (Cy|m )i, = [Clm]ig. Collecting those matrices, we get a matrix of functions (C|);,; =
C;;. Here comes our convention. In the whole thesis, we will denote objects C, C,, and (C}); .
with the single letter C, and the particular interpretation will always be clear from the context.
By CT we mean the transpose map from X*(M) to QP(M). Note that CT(X) = ixC, for all
X e X(M).

Similarly, for IT € XP*1(M), we define the vector bundle morphism IT* : QP(M) — X(M)
as
(¢ dy”) = €117 0, (1.3)

for all £ € QP(M), and I = II(dy*, dy’, ..., dy’»). We again do not distinguish II, II* and
the matrix (IT*)»/ = II*/. The transpose map II” then maps from Q' (M) to XP(M).
These conventions may seem to be quite unusual when compared to the standard generalized

geometry papers. They are however well suited for matrix multiplications, and proved to be
the best choice to get rid of unnecessary (—1)? factors in all formulas.
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Chapter 2

Leibniz algebroids and their
special cases

In this chapter, we will introduce a framework useful to describe various algebraical and geo-
metrical aspects of the objects living on vector bundles. Fields arising in string and membrane
sigma models theory can be viewed as vector bundle morphisms of various powers of tangent
and cotangent bundles, which justifies the efforts to understand the canonical structures com-
ing with those vector bundles. We will proceed in a rather unhistorical direction, starting from
the most recent definitions, and arriving to the oldest.

2.1 Leibniz algebroids

The basic idea goes as follows. Let E <> M be a vector bundle. By definition, E is a collection
of isomorphic vector spaces F,, at each point m € M. Let us say that every FE,, can be
equipped with a Leibniz algebra bracket [-, -], that is an R-bilinear map from E,, x E,, to
E,,, satisfying the Leibniz identity

[U7 [Ulvvl/]m]m = [[’U7U/]mﬂ v”]m + [’U/, [’Uﬂ)”]m}ﬂu (2~1)

for all v,v',v"” € F,,. This bracket needs not to be skew-symmetric. Leibniz algebras were first
introduced by Jean-Luis Loday in [73]. Now, suppose that this bracket changes smoothly from
point to point. More precisely, if e, e’ € T'(F) are smooth sections, then formula

le, €'](m) := [e(m), €' (m)]m, (2.2)

defines a smooth section [e, '] € I'(E). We have just constructed a simplest example of Leibniz
algebroid!. Note that the bracket satisfies [e, fe'] = fle, '] for all e,e’ € T'(E) and f € C>®(M),
and also the Leibniz identity

e, [¢',€"]] = [[e, €], "] + [¢/, [e, €"]]. (2.3)

This special case is too simple in a sense that the bracket depends only on the point-wise values
of the incoming sections. In fact, all examples which we will encounter in this thesis are not of
this type. Let us now give a formal definition of a general Leibniz algebroid.

LConsider that F has its typical fiber equipped with a Leibniz algebra bracket. If E can be locally trivialized
by Leibniz algebra isomorphisms, one calls this example a Leibniz algebroid bundle.
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Definition 2.1.1. Let £ = M be a vector bundle, and p € Hom(E,TM). Let [-,-]g :
I'(E) xT'(E) — T'(E) be an R-bilinear map. We say that (F, p, [, |g) is a Leibniz algebroid,
if

e For alle,e’ € I'(E), and f € C*°(M), there holds the Leibniz rule:
le. fe'le = fle,€'le + (ple).f)e". (2.4)
e The bracket [, ]g defines a Leibniz algebra on I'(E), it satisfies the Leibniz identity

[6’ [el’ e//]E]E = [[ev e/]Ev e//]E + [elv [e’ @H]E]E, (2'5)

for all e, ¢/, e’ € T'(E).

The map p is called the anchor of Leibniz algebroid, since it allows the sections of E to act on
the module of smooth functions on M.

Let us make a few remarks to this definition.

e In the math literature, Leibniz algebroids are often called Loday algebroids. There is
an extensive work on this topic by Y. Kosmann-Schwarzbach in [66] and especially by
J. Grabowski an his collaborators [36]. However, we stick to the name Leibniz alge-
broid which was used in relation to Nambu-Poisson structures [41,53], or in relation to
generalized geometry, as in [7].

e In some literature, there is an another axiom present, namely that p is a bracket homo-
morphism:

p(le.€']e) = Iple), p(e')], (2.6)

for all e,e¢’ € T(E). However, it follows directly from the compatibility of Leibniz rule
and Leibniz identity.

e Our motivating example thus corresponds to the case p = 0, so called totally intransitive
Leibniz algebroid. Note that in the general case, there is no way how to consistently
induce a Leibniz algebra bracket on the single fibers of F.

e There is an interesting subtlety in the presented definition of the Leibniz algebroid. The
bracket [-, -] g has two inputs, but Leibniz rule controls only the right one. One can prove
the following. Let ¢’ € I'(E) be a section such that e’|yy = 0 for some open subset U C M.
Then ([e,e']g)|y = 0. This can be shown by choosing f = 1 — x, where x is a bump
function supported inside U, and x(m) = 1 for chosen m € M. Then ¢ = (1 — x)e’ and
consequently

le,e'le = e, (1 = x)e'le = (1 = x)[e, €'lp + (ple).(1 — x))e’.
Evaluating this at m, we get [e,€/]g(m) = 0. We can repeat this for any m € U, and
we get ([e,€']g)|v = 0. This property allows one to restrict the second input of [, |g to
Iy (FE). For a general Leibniz algebroid, there is however no way to do this in the first
input.

Let us now examine some structures induced by Leibniz algebroid bracket on E. First note

that it induces an analogue L of Lie derivative on the tensor algebra 7 (E). It is defined as
follows. Assume e, e’ € I'(E), a € I'(E*) and f € C*(M).
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1. On T(E)
2. For T3 (E)
3. For TP(E)

Il

C>(M), we define it as LE f = p(e).f.

1%

['(E), we set LEe' = [e, ']k,
T'(E*), we define it by contraction
(LEa, ey = ple).(a, €') — (a, [e,€]p). (2.7)

It follows from the Leibniz rule that the right-hand side is C°°(M)-linear in €/, and thus
defines an element L.a € T'(E*).

4. For general 7 € TP(E), LE is defined as

1%

[EfT](eh...7eq,a1,...,ap) =ple).m(e1,...,eq,01,...,0p)
—71(LFer,... eqar,. .. ap) — ... (2.8)
coo—T(er, .y eq o, .., LEa),

for all e1,...,eq € I'(E) and a1, ...,qa, € T(E*).
We can easily prove the following properties of the Lie derivative.
Lemma 2.1.2. Lie derivative LE satisfies the Leibniz rule:
LE(roo)=LE(r®o+T10 LE(0), (2.9)

for all ,0 € T(E). Moreover, it can be restricted to the exterior algebra Q*(E), and forms its
degree 0 derivation:

LEP(wAW)=LE(W) AW FwALEW), (2.10)
for allw,w’ € Q*(E). Next, the commutator of Lie derivatives is again a Lie derivative:
EpE EpE _ pE
LoLg =Ll =L oy (2.11)

for all e;e’ € T(FE). Note that this also implies £[b;e}E = 0, although in general [e,e]g # 0.
Finally, there holds also the identity

LE olig — i o LF =i oy, (2.12)

where both sides are now considered as operators only on the submodule Q°*(E).

Proof. Leibniz rule (2.9) follows from the Leibniz rule (2.4) for the bracket [-,:]g and the
definition formula (2.8). When 7 = w € Q%(E), the expression on the right-hand side of (2.8)
can be seen to be skew-symmetric in (eq, .. ., €,), and the derivation property (2.10) then follows
from the Leibniz rule (2.9). Finally, the left-hand side of (2.11) is a commutator and thus obeys
(2.9). Tt thus suffices to prove this on tensors of type (0,0), (1,0) and (0,1). For f € TY(E),
the condition (2.11) is equivalent to (2.6), for (1, 0) it reduces to the Leibniz identity (2.5), and
for (0, 1) it follows from the relation

(£, L], €”) = [p(e), pe)]-{as ") = (o, [CF, LE]e”). (2.13)

To finish the proof we have to show (2.12). Because both sides are derivations of degree —1 of
the exterior algebra Q°(E), we have to prove the result on forms of degree 0 and 1 only. The
first case is trivial, the second gives

ple).la, ) — (LEa,e) = (a, e, €|B),

which is precisely the definition of the Lie derivative on Q!(E). Note that Leibniz identity for
[-,-] & was not used to prove (2.12). -
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We see that there is still one piece missing in the Cartan puzzle, namely the analogue of
the differential: dp : Q°(E) — Q*T1(E). There is however no way around this for general
Leibniz algebroid. There are two reasons - usual Cartan’s formula for differential not only fails
to define a form of a higher degree, it does not give a tensorial object at all.

To conclude the subsection on Leibniz algebroids, we now bring up an example, which will
play a significant role hereafter.

Example 2.1.3. Let E =TM @& APT*M, where p > 0. We will denote the sections of F as
formal sums X + &, where X € X(M) and £ € QP(M). We define the anchor p simply as the
projection onto TM: p(X + &) = X. The bracket, which we will denote as [, ]p is defined as

for all X + &Y +n € I'(E). It is a straightforward check to see that (E,p, [, |p) forms a
Leibniz algebroid. The bracket [,]p is called the Dorfman bracket. For p = 1, it first
appeared in [29], for p > 1 it appeared in [39,45]. It proved to be a useful tool to describe
Nambu-Poisson manifolds [41]. To illustrate the previous definitions, note that on Q!(E), the
induced Lie derivative £F has the form

LY e(a+Q) = Lxa+ (d€)(Q) + LxQ, (2.15)
for all X +¢ € T(E) and all a + Q € QY(E).

2.2 Lie algebroids

Having the concept of Leibniz algebroid defined, it is easy to define a Lie algebroid. This
structure is much older, it first appeared in [80]. Lie algebroids play the role of an ”infinitesimal”
object corresponding to Lie groupoids. While a Lie algebra is the tangent space at the group
unit with the extra structure coming from the group multiplication, Lie algebroid is a vector
bundle over a set of units of a Lie groupoid. However; not every Lie algebroid corresponds to
a Lie groupoid, see [27]. For an extensive study of Lie groupoids, Lie algebroids and related
subjects, see the book [74].

Definition 2.2.1. Let (L,[,[-,-]1) be a Leibniz algebroid. We say that (L,[,[-,-]r) is a Lie
algebroid, if [-,:]; is skew-symmetric, and hence a Lie bracket. Leibniz identity (2.5) is
now called the Jacobi identity (note that it can be reordered using the skew-symmetry of the
bracket).

Example 2.2.2. There are several standard examples of Lie algebroids

1. Consider L =TM, | = Idpp and let [-,-]p = [+, ] be a vector field commutator.

2. A generalization of the example in the previous section, where each fiber of E,, is equipped
with a Lie algebra bracket, with a smooth dependence on m. In particular, for M = {m},
we see that every Lie algebra is an example of Lie algebroid.

3. This is a classical example, which probably first appeared in [35]. According to [67], it
was discovered independently by several authors during 1980s. Look there for a complete
list of references. It is sometimes called Koszul or Magri bracket, or simply a cotangent
Lie algebroid.
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Let II € X2(M) be a bivector on M. Choose L = T*M, and define the anchor p as
p(a) =T (a) for all @ € Q'(M). Finally, define the bracket [-,-]; as

[, Bl = Lr1(a)B — in(p)dav. (2.16)

This bracket is skew-symmetric when II is, and satisfies the Jacobi identity if and only if
IT is a Poisson bivector, that is {f, g} = II(df,dg) defines a Poisson bracket on M. We
will investigate this in more detail in Section 5.

4. Consider a principal G-bundle P = M. There is a C°°(M)-module T'¢(TP) of G-
invariant vector fields on P, which turns out to be isomorphic to the module T'(TP/G)
of sections of the quotient bundle TP/G (quotient with respect to the right translation
of vector fields induced by the principal bundle group action). This isomorphism induces
a bracket on I'(T'P/G) using the vector field commutator on I'(T'P). Finally, the tangent
map T'(m) : TP — TM descends to the quotient f(w) : TP/G — TM, defining an
anchor. For details of this construction, see the sections §3.1, §3.2 of [74]. The resulting
Lie algebroid is called the Atiyah-Lie algebroid.

The newly imposed skew-symmetry of the bracket [-,-]; of a Lie algebroid allows for new
structures on the exterior algebra Q°®(L) and multivector field algebra X*(L). First, see that
we finally have a differential (absent in general Leibniz algebroid case). We state this as a
proposition.

Proposition 2.2.3. Let (L,l,[-,-]r) be a Lie algebroid. We define an R-linear map dj, :
Q*(L) — Q*TYL) as follows. Let w € QP(L), and e, ..., e, € I'(L). Set

p
(drw)(eo, .. ep) = Y _(=1)l(es).wler, ..., 8, ... ep)
= (2.17)
+Z(il)%kjw([e?ﬁej]lne()w"7é\ia"'7é\ja"'7ep)a
1<J

where €; denotes an omitted term. Then the right-hand side of (2.17) is completely skew-
symmetric in (e, ..., e,), which proves that dpw € QPT1(L). Moreover, dy, is a derivation of
the exterior algebra of degree +1, that is

dp(wAW) =drwAw + (=1)“lwAdpw’, (2.18)

for all w,w' € Q*(L), such that |w| is defined. Moreover, the map dy, squares to zero: d2 = 0.
Finally, let L* be a Lie derivative defined by Leibniz algebroid structure on L. Then the Cartan
magic formula holds:

LEw = dpicw + d.drw, (2.19)

foralle e T'(L) and w € Q°*(L).

Proof. First, one can check the first assertion, which is quite straightforward. Next, one has
to prove that the right-hand side is C°°(M)-linear in e, ..., e, and thus dj, is a well-defined
operator on tensors of L. This follows from the Leibniz rule (2.4). The most difficult step is
to show (2.18), which is a quite tedious but straightforward proof by induction and we skip it
here. To show d2 = 0, one notes that d? = %{dL,dL}, where {-,-} is the graded commutator,
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and thus d2 is a derivation of Q®(M) of degree 2. It thus suffices to check d2 = 0 on degrees 0
and 1. One obtains
(dZf)(e,e) = ple).p(e)).f — p(e').ple)-f — p(le.€']L)-f,
which is precisely the homomorphism property (2.6). For o € Q'(E), we get
(dia)(e, e’ ") = (Ip(e), p(e)] = p(le, €']1).ale”) + cyclicfe, ¢, e"}
+ (o [le, €], el + [€" [e.€'lL]L + €/, [€” €] ] L)
The first line again vanishes due to (2.6), and the second line due to Jacobi identity (2.5). The

last assertion is an equality of two degree 0 derivations of Q°*(L), and it thus has to be verified
for degree 0 and 1 forms, which is easy. |

(2.20)

Interestingly, dj, is not only an induced structure, it contains all the information about the
original Lie algebroid. More precisely, having any vector bundle L with a degree 1 derivation
dy, of the exterior algebra °(L) squaring to 0, we can define the anchor [ as

l(e).f = {drf,e), (2.21)
for all f € C*°(M) and e € I'(L), and then a bracket [-,-]z by
(a, e, €Ly = l(e)(a,e’) = 1(e'){a,e) — (dpa)(e, €'), (2.22)

for all e,¢’ € I'(L) and a € Q'(L). It then follows by simple calculations using just (2.18) that
(L,1,[-,-]) is a Lie algebroid.

The second object induced by a Lie algebroid is an analogue of Schouten-Nijenhuis bracket,
we again define it using a proposition, this time without any proof. For a detailed discussion
on this topic, see [67].

Proposition 2.2.4. Let (L,l,[-,-]5) be a Lie algebroid. Then there is a unique bracket [-,-]r
defined on the multivector field algebra X°*(L), which has the following properties:

o Foreec XY(L)=T(L), and f € X°(L) = C*°(M), we have [e, f]L = p(e).f.
e Fore,e’ € XY(L)=T(L), [,"]r coincides with the Lie algebroid bracket.
e (X*(L),[,"]r) forms a Gerstenhaber algebra, which amounts to the following:

1. [-,]r is a degree —1 map, that is |[P,Q|r| = |P| + |Q| — 1 for P,Q € X°*(L).
2. For each P € X*(L), [P,] is a derivation of the exterior algebra X*(L) of degree
|P| — 1, that is there holds

[P,Q AR], = [P,Q]L AR+ (-1)IPIVIRIQ A [P, R);.. (2.23)
8. It is graded skew-symmetric, that is
[P,Q]L = _(_1)(\P|71)(|Q|71)[Q’p}L. (2.24)
4. It satisfies the graded Jacobi identity
[P,[Q, Rl = [[P,Qz, Rl + (=1)IF=DURI=V[Q, [P, R] ] . (2.25)
All properties are assumed to hold for all P,Q, R € X*(L) with a well-defined degree.

The bracket [-,-]r is called a Schouten-Nijenhuis bracket corresponding to the Lie algebroid
(L,1,[,"]r). For L=TM, it reduces to the original well-known Schouten-Nijenhuis bracket of
multivector fields.
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2.3 Courant algebroids

Let us now consider a second special case of Leibniz algebroids, the one most relevant for
the generalized geometry. We will stick to the modern and more used definition, which views
Courant algebroid as a Leibniz algebroid with an additional structure. Historically, though, it
appeared to be a much more complicated object. It appeared in [72] as a double corresponding
to a pair of compatible Lie algebroids (we will show this as an example) in an attempt to
generalize the concept of Manin triple to the Lie algebroid setting. The modern definition
accounts to the thesis [81] of Roytenberg, who proved that the original skew-symmetric bracket
can be replaced by a Leibniz algebroid bracket together with a set of simpler axioms. We
present this form here.

Definition 2.3.1. Let E 5 M be a vector bundle. By fiber-wise metric on E, we mean a
symmetric C°(M)-billinear non-degenerate form (-,-)g : T'(E) x I'(E) — C*°(M). It follows
from the C°°(M)-bilinearity that for every m € M it defines a non-degenerate symmetric
bilinear form (metric) on the fiber E,,.

Definition 2.3.2. Let (E,p,[-,-]g) be a Leibniz algebroid. Let (-,-)g be a fiber-wise metric
on E. We say that (E,p, {(-,")g, [, ]r) forms a Courant algebroid, if

1. The form (-, -} is invariant with respect to the bracket:
p(e)-e’, ") m = (le, €], ") b + (¢, [e, "] p) (2.26)

for all e,e/,e¢” € T'(E). Equivalently, if g5 € T (E) is a tensor corresponding to (-,-)z,
we require LEgp = 0 for all e € ['(E).

2. For all e, e’ € T'(E), the symmetric part of the bracket is governed by p and (-, ) g in the
sense:

(le-el,e")i = 5p(e")-fes) (227)

for all e,e¢’ € T'(E). Equivalently, let gg : E — E* be the induced vector bundle iso-
morphism. Define an R-linear map D : C®°(M) — T'(E) as D = g5' o p! od, where
pT € Hom(T*M, E*) is the transpose of the anchor. We can then rewrite the axiom

simply as
le,e]lg = %D(ae)E, (2.28)
and this can be polarized to
le,e¢'|lg = —[¢/,e]g + Dle, ). (2.29)
We see that [-,]p is skew-symmetric up to the D of the function (e, e’)g.

We will call (-,-)g or gg the Courant metric on E.

Courant algebroid can be viewed as a generalization of the quadratic Lie algebra, since for
M = {m}, it reduces to a Lie algebra equipped with a non-degenerate ad-invariant symmetric
bilinear form. It was noted in [69] that the invariance of (-,) g cannot be achieved without the
sacrifice of the skew-symmetry, i.e. there is no Lie algebroid with an invariant fiber-wise metric
(-, ) g, unless it is totally intransitive, that is p = 0. Note that the control over the symmetric
part of the bracket allows one to derive the Leibniz rule in its first input. We get

[fe,e'le = fle,e'lp — (p(e').f)e + (e, €'Y g DFf. (2.30)
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Recall the remark under the Definition 2.1.1, where we have noted that general Leibniz bracket
[e,€']r depends only on the values of section €’ in an arbitrarily small neighborhood, but
nothing can be said about e. This is not true for Courant algebroids, where we can use (2.30)
to prove that e|y = 0 implies ([e, €']g)|y = 0. Altogether, we can restrict [-, ]z to the module
of the local sections 'y (E'), which proves useful when working with a local basis for T'(E).

Remark 2.3.3. Interestingly, Kosmann-Schwarzbach has shown in [65] that the axiom of Leibniz
rule (2.4) is superfluous in the definition of Courant algebroid, and can be derived from (2.26,
2.27).

Example 2.3.4. Let us now give a few examples of Courant algebroids.

1. Consider the Leibniz algebroid from Example 2.1.3 for p = 1. Then there is a canonical
pairing (-, ) g of vector fields and 1-forms on I'(E) = X (M) @® Q' (M). Explicitly, the map
D is then D(f) =0+ df € T'(E). We have

X 46X +8p = dixt) = ;DX 46X 465 (231)
The invariance of the pairing reduces to showing that

This is easy to show after one uses the definitions of £ and the exterior differential d.
Now, see that [-,:]p can be modified in the following way. Let H € Q3(M) be a 3-form

on M, and define a new bracket [-, |2 as

(X +&Y +np =[X+&Y +np - HX,Y,), (2.32)

for all X +¢&,Y +n € T'(E). Because H is completely skew-symmetric and C*° (M )-linear,
both axioms (2.26, 2.27) remain valid also for [,-]%. Plugging into Leibniz identity (2.5)
shows that it holds if and only if dH = 0, that is H € Q3 __,(M). The bracket [-, -] is
called the H-twisted Dorfman bracket.

2. Let (L,1,[,-]r) and (L*,I*,[-,-]L+) be a pair of Lie algebroids, where L* is the dual vector
bundle to L. One says that (L, L*) forms a Lie bialgebroid, if dr, is a derivation of the
Schouten-Nijenhuis bracket [+, -]z, that is?

dplw, '] = [dpw, '] + (—1)‘“"1[w,de’]L*, (2.33)

for all w,w’ € Q°(L) = X*(L*). Define E = L & L*. Denote the sections of E as
ordered pairs (e, ), where e € I'(L) and a € T'(L*). The anchor p is defined as p(e, o) =
l(e) + I*(a). The bracket [, ]g is defined as

[(e,), (€', a)]E = ([e, €] + LE e —iy(dp-e), o, | p- + LEo/ — ir(dra)), (2.34)

for all (e, a), (¢, ') € T(E). Finally, let (-,-)g be a fiber-wise metric on E induced by the
canonical pairing of L and L*. Then (E, p, (-, "), [, -|r) is a Courant algebroid, called the
double of the Lie bialgebroid (L, L*). The actual proof of this statement is straightforward
but takes quite some time to go through. See [72] for details.

Conversely, let (E, p,{-,")g,[,-]g) be a Courant algebroid, and L; and Ly be two com-
plementary Dirac structures, that is E = Ly @& Lo. Then Lo & L} and (L, L) can be
equipped with a structure of Lie bialgebroid. (E, L1, Lo) is called a Manin triple.

2This condition is in fact equivalent to the one with L and L* interchanged [75].
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3. Let us show an example of a double of Lie bialgebroid. Let (L,l,[-,-]r) be any Lie
algebroid. Choose L* to be a trivial Lie algebroid (L*,0,0). Since [, ]r» = 0, the Lie
bialgebroid condition (2.33) holds trivially. The resulting bracket on £ = L @& L* is then

[(e,a), (¢, a")]E = ([e.€'], Lia" — iwdra), (2.35)

for all (e, ), (¢/,a) € T(E). We will call it the Dorfman bracket corresponding to Lie
algebroid (L, 1, [,-]1). For L = (T'M, Idr, [, -]), one obtains part 1. of this example.

4. Let L = (TM, Idrpy, [+ ]) be the canonical tangent bundle Lie algebroid, and set L* =
(T*M,1L, [-,]m) to be the cotangent Lie algebroid from Example 2.2.2, 3. One can find
in [75] that dy- = —[I1,]g, where [-,-]s is the ordinary Schouten-Nijenhuis bracket on
X*(M). By definition of Schouten-Nijenhuis bracket, dp- is thus a derivation of [-,]s,
which is exactly the Lie bialgebroid condition (2.33). The pair (L, L*) therefore forms a
Lie bialgebroid, called a triangular Lie bialgebroid. The resulting double bracket (2.34)
on E can be after some effort written as

(X +&Y +nlp = [X +IL),Y + (n)] — (L x41(e)n — ity +1107))d€)

. (2.36)
+ Lx16)M — Yy +11(n)dE,

for all X4+¢,Y +n € T'(E). Although complicated at first glance, it can be rewritten using
the Dorfman bracket (2.14). Indeed, define a bundle map €' : E — E as e!'(X + &) =
X +1I1(¢) + £ for all X + ¢ € T'(E). We can then write

(X + &Y 4+l =e Te(X +6),(Y +1)p. (2.37)

Moreover, p = prrproell, and (e (X +€), (Y +n)) g = (X +&,Y +n) . This shows that
bracket (2.36) is in fact just a "twist” of the Dorfman bracket. There is one important
remark to be said. The bracket written in the form (2.36) in fact does not require II to
be a Poisson bivector in order to define a Courant algebroid. However; for general I, the
bracket (2.34) is not the same as (2.36).

If one uses [-,-]2 in the formula (2.37) instead of [-,]|p, one obtains a bracket which is
in [42] called the Roytenberg bracket. We also use this name for its higher version.

There is a famous classification of Severa of a particular class of Courant algebroids. Let
(E,p,{-,)E, [, ]) be any Courant algebroid. Define a map j : T*M — E as j = ggl opl.
One says that a Courant algebroid is ezact, if there is a short exact sequence

0—— T"M —25 E L5 TM 0. (2.38)

In particular, p has to be surjective and j injective, and Imj = ker p. Note that inclusion
Imj C kerp holds for any Courant algebroid, because p o D = 0. Severa proved in [89] that
up to an isomorphism, exact Courant algebroids are uniquely determined by a class [H] €
Hs(M,R). In particular, there is an isotropic splitting s : TM — E, (s(X), s(Y))r = 0 for all
X,Y € X(M), such that one can write

[s(X) +3(),s(Y) +i(mle = s([X,Y]) + j(Lxn — ivd — H(X,Y, ")), (2.39)

where H € Q3 (M). For different splitting s’ of the sequence, H changes to H' = H + dB

closed

for some 2-form B € Q?(M), but [H'] = [H]. Map ¥ : TM &T*M — E defined as ¥ (X +¢§) =
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s(X) + j(€) then defines a Courant algebroid isomorphism from (T'M & T* M, prras, [+, /| 2) to
(E,p,[',"]g). Every exact Courant algebroid is thus isomorphic to a one equipped with an
H-twisted Dorfman bracket.

Dorfman and H-twisted Dorfman brackets of Example 2.3.4, 1. are exact, whereas a Manin
triple of Lie bialgebroid in general is not. This can be seen on example of the Dorfman bracket
of a Lie algebroid, 2.3.4, 3. where any Lie algebroid L with a non-surjective anchor will give a
non-exact Courant algebroid. On the other hand, the example 2.3.4, 4. is an example of exact
Manin triple, in particular [H] = [0] in this case.

To conclude, let us briefly note on the older, skew-symmetric version of Courant alge-
broid brackets. Let (E,p,(-,")g,[,-]g) be a Courant algebroid. Define [-, -]’y to be its skew-
symmetrization:

e,Ts = 5([e.¢l — [ l) = [e, €l — 5 Dle, ') (2.40)

Let us examine what happened to the Leibniz rule. Plugging into (2.40), we obtain

1

[e, fe'lp = fle. €T + (ple)-f)e’ = 5 (e, ¢)Df. (2.41)
Invariance of (-,-)g with respect to the bracket [, ] becomes
1 1
ple)-(e'se") e = ([e; e + 5D(e, ) g, ") + (¢, [e, ") + 5Dle, ") p) g, (2.42)

for all e,e’, ¢” € T(F). Note that Leibniz rule for [-,-]g implies poD = 0. This also shows that
[-,-]% also satisfies the homomorphism property (2.6):

p(le, €)= [ple), p(e)]; (2.43)

for all e, ¢’ € T'(E). The most complicated calculation is to see that Leibniz identity for [-, 5

fails in the following sense. Define a map T : I'(E) x I'(E) x I'(E) — C*(M) as
T(e, e e := é([e, e, €V e + cyclic{e, €', e"}. (2.44)
Then there holds the following identity:
e, €V, €] + [le” el €] + [l €" ], elp = DT (e, €', €”). (2.45)
For the proof of this statement see [81]. Now let us just say that equations (2.41, 2.42, 2.43,
2.45) form a set of axioms of the original definition of Courant algebroid, as proposed in [72].

The skew-symmetric version of the bracket has its advantages, in particular in relation to
strongly homotopy Lie algebras.

2.4 Algebroid connections, local Leibniz algebroids

For Lie algebroids there is a straightforward way to define linear connections [34]. For Courant
algebroids, or even Leibniz algebroids, matters become more complicated, see [1]. Let us recall
the basic definitions first.

30



Definition 2.4.1. Let E be a vector bundle. Map V : ¥(M) xI'(E) — I'(E) is called a linear
connection on vector bundle F, if

V(fX,e)=fV(X,e), V(X, fe) = fV(X,e) + (X.f)e, (2.46)
for all X € X(M) and e € T'(F). We write Vxe := V(X e).

Remark 2.4.2. Equivalently, we can view V as follows. Let D(E) be a vector bundle over M
such that its space of sections I'(D(FE)) has the form

[(D(E)) = {F : T(E) — T(E) | F(fe) = fF(e) + (X.f)e, Ve € T(E), for X € X(M)}. (2.47)
Define a : I'(D(E)) — X(M) as o(F) = X, and let [F,G] = FoG —GoF. Then (D(E),a,],"])

is a Lie algebroid. We can then view linear connection V as a vector bundle morphism V &
Hom(TM,D(F)) defined as V(X) = Vx fitting in the commutative diagram

T™M —— D(E)

1%
TM

Note that both TM and D(FE) are Lie algebroids. One can easily extend this definition to any
Lie algebroid (L, 1, [,-]r). For more details concerning the construction of vector bundle D(E),
see [74].

(2.48)

Every linear connection on F induces an analogue of the curvature operator. For XY €
X(M) and e € T'(E) it is defined using the standard formula:

R(X,Y)e = VxVye—VyVxe—Vixyle (2.49)

It is C°°(M)-linear in all inputs, hence R € Q?(M) ® T{1(E). In view of Remark (2.4.2), we
may view R as a failure of V to be a Lie algebroid morphism. If gg is any fiber-wise metric on
E, we can say that V is metric compatible with gpg if

X.gr(e,e') =gr(Vxe,e)+ gr(e,Vxe), (2.50)

for all X € X(M) and e, e’ € I'(E). Obviously, there is no analogue of torsion for connections
on a vector bundle. Now, let (E,p,(-,")g, [, |r) be a Courant algebroid. One can define the
Courant algebroid connection according to [1] as follows:

Definition 2.4.3. Let (E, p, (:,")g,[,']g) be a Courant algebroid. A map V :I'(E) xI'(E) —
I'(E) is a Courant algebroid connection, if

V(fe,e') = fV(e,€'), Ve, fe') = fV(e,e') + (p(e).f)e, (2.51)
for all e,e’ € I'(E), and V is metric compatible with Courant metric (-,-) g in the sense that
pe).le', Vg = (Vee' e g+ (e, VeV E, (2.52)
for all e,e’,e” € T'(E). As usual, we will write V. e’ := V(e, €).
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As before, we can naively define a curvature operator R corresponding to V as

R(e,e')e" =V Vee" —=VaVee" = Vi o€, (2.53)

E

for all e,e’,e” € T'(E). This is C°°(M)-linear in e’ and e”, but not in e. Instead, we get
R(fe,e')e” = fR(e,e')e" — (e,e') gV pye”. (2.54)

Let us remark that there is a class of connections which define a tensorial curvature operator.
We say that V is an induced Courant algebroid connection, if V., = V’p(e) for some vector
bundle connection V’'. Because p o D = 0, the anomalous term in (2.54) disappears, and R
is a well defined tensor on E. Second possibility is to restrict R to sections of some isotropic
involutive subbundle D C E, where (e, e’} g = 0.

Unlike for vector bundle connections, there is a well defined analogue of the torsion operator.
There are two independent, but essentially equivalent definitions. In [40], a torsion tensor
T € T3(FE) is given as

1
T(e,e' ") = (Vee' = Vee—le, ey e Vg + §(<Ve~e, Vg — (Ve e) g, (2.55)
for all e, €', e’ € T'(FE). By definition, it is skew-symmetric in (e, e’). In fact, the Courant metric
compatibility condition (2.52) can be used to show that 7' € Q3(E). In [1], a Courant algebroid
torsion was defined as C' € Q3(FE) in the form

1 1
Cle,e,e) = §<[e, g eV — §<Vee’ —Vee,e’) g+ cyclic(e, €', e”). (2.56)

This expression in manifestly completely skew-symmetric in all inputs, but at first glance it does
not resemble the conventional definition of torsion operator. Interestingly, these two definitions
coincide.

Lemma 2.4.4. Let (E,p,{-,")g, [, |r) be a Courant algebroid, and V a Courant algebroid
connection. Then
T(e,e' ey =—Cle, e, e"). (2.57)

Proof. This can be done by using (2.52) and Courant algebroid axioms (2.26, 2.28). Note that
both T" and C are well defined based on the Leibniz rule (2.1.1), but equivalent only due to the
other Courant algebroid axioms. |

For general Leibniz algebroids, there is no metric (-, -) g present and definitions (2.55, 2.56)
make no sense anymore. There is however a way to define a connection, a torsion and even a
curvature operator for a special (and quite wide) class of Leibniz algebroids.

Definition 2.4.5. Let (E,p, [, ]g) be a Leibniz algebroid. If there exists a C'°°(M)-trilinear
map L: T'(E*) xI'(E) x I'(E) — I'(E), such that

[fea e/]E = f[e’ e/]E - (p(e’).f)e + L(df7 ¢, 6/), (258)

for all e,e’ € I'(E) and f € C*(M), we call (E,p, [, |r,L) a local Leibniz algebroid. Here
d:C>®(M) — T'(E*) is an R-linear map defined by

(df.e) = ple).f, (2.59)
for all e € I'(E) and f € C°(M).
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Note that L is not uniquely determined by equation (2.58), and has to be a part of the defini-
tion of a local Leibniz algebroid. Moreover, the compatibility of (2.58) with the homomorphism
property (2.6) implies

p(L(df,e,e)) = 0. (2.60)

For a given Leibniz algebroid (E, p, [-,-]g) with a well-defined subbundle ker p, one can always
find L such that this property can be extended to p(L(8,e,e’)) = 0 for all e,e’ € T'(E) and
B € T'(E*). To achieve this, choose some fiber-wise metric on E* and define L(8, e, €’) := 0 for
all 3 € T'(Annker(p)).

Example 2.4.6. In fact, all examples in this thesis can be equipped with the structure of a
local Leibniz algebroid.

e Let (L,l,[-,-]r) be a Lie algebroid. The choice of L = 0 shows that (L,l,[-,-]r,L) is a
local Leibniz algebroid.

e Let (E,p, (-, )E,[,|E) be a Courant algebroid. We see that from (2.30) that

L(df,e,e') = (e,e)pgy (df). (2.61)
There is one canonical way to extend L. Define
L(6767€/) = <ea€/>E951(ﬂ)a (262)

for all e,e’ € T'(E) and 8 € T'(E*). However, note that this choice does not satisfy
p(L(B,e,¢')) = 0. For E with well-defined subbundle ker p, one can extend L trivially to
some complement of Ann(ker p). Note that different choices of this complement will lead
to different extensions.

e Let E =TM @ T*M be equipped with the Dorfman bracket (2.14), and p(X +¢) = X.
The kernel of p is the subbundle T*M C E. We have a short exact sequence

0—T"M 25 B2 TM 0, (2.63)

where j is an inclusion. Choosing a complement of ker p corresponds to the choice of
a splitting s € Hom(TM, E) of this sequence. We can restrict ourselves to isotropic
splittings, that is (s(X),s(Y))r =0 for all X, Y € X(M). The set of such splittings is in
fact Q%(M), and for any B € Q%(M) the complement to T M is exactly the subbundle
Gp={X+BX)|XeTM}CE. (2.64)
Note that Gy = T M. This gives us also a splitting of E*, in particular
E* = Ann(ker p) d Gp. (2.65)

We can now define L to be trivial on Gp, let us write it with subscript B. We get

Lg(a+V,e,e') =Lg(a— B(V)+ (V+ B(V)),e,€)

R , (2.66)
= (&) pgg (@ = B(V)) = (e, )p(a = B(V)).

We see how L can explicitly depend on the choice of the complement.
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For an arbitrary Leibniz algebroid (E, p, [-, -] g) we can define a Leibniz algebroid connection
V in the same way as in Definition 2.4.3, except that we do not require the metric compatibility
(2.52). Assume that this Leibniz algebroid is local. Then we can in fact define a torsion
operator!

Proposition 2.4.7. Let (E,p,[-,-]g,L) be a local Leibniz algebroid. Define an R-bilinear map
T:T(E) x [(E) — I(E) as

T(e,e) =Vee —Vee —le,e]p+ L(e*, Ve, e,¢), (2.67)

foralle,e’ € T(E). Here (ex)5_, is an arbitrary local frame of E, and (e*)5_, the corresponding
dual one. Then T is C°°(M)-linear in e and e’ and consequently T € T}(E). We call T a
torsion operator corresponding to V.

Proof. Direct calculation. |

Let us emphasize that T is not in general skew-symmetric in (e, e’). This is not a problem
since we can always take its skew-symmetric part. Moreover, its definition certainly depends
on the choice of the map L.

!

p(e)
the local frame (ey)%_, adapted to the splitting E = ker(p) ® ker(p)t with respect to some
fiber-wise metric g on E. Because V is induced, only those e, in T'(ker(p)!) contribute to the

sum in (2.67). But in this case e* € Ann(ker p), where the map L is determined uniquely®

Interestingly, for induced connections V., = V’ . this is not the case. To see this, choose

For Courant algebroid (E,p, (-, ")g,[,:]g) and L in the form (2.62), the torsion operator
(2.67) can be simply related to the one defined by (2.55).

Proposition 2.4.8. Let (E,p,{-,)g,[,"]g) be a Courant algebroid, and L be a map defined
by (2.62). Denote the torsion operator (2.55) as T, and let T be the torsion operator (2.67).
Let V be a Courant algebroid connection. Then

Ta(e, €' €)= (T(e,€),e" ). (2.68)

Proof. This can be verified by a direct calculation. Use the fact that
(L(e Ve, e,¢),e"Vg = (Vere, e ). (2.69)

This shows that for Courant algebroid connections, the symmetric part of the map K(e,e') =
L(e*, Ve, e,¢€') does not depend on V at all. Indeed, we have

K(e,e') +K(e',e) = (Vore, Vg + (e, Vere g = ple’).le,e)E.
This in fact proves that T'(e, e’) is skew-symmetric in (e, e’), because
(e",T(e,e') +T(c',e)) e = (", —[e,€'lp + [¢,e]l ) & + p(e”) (e, €') g = 0.

We have used the axiom (2.28) in the last step. [ |

3Note that sections of the form df for some f € C°° (M) locally generate I'(Ann(ker p)).
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For more general (local) Leibniz algebroids, there also exists a notion of a generalized torsion
introduced for special examples in [24,25]. They proceed as follows. Consider a local Leibniz
algebroid (E, p, [-, |, L). Let £F be the Lie derivative induced by [-,-] . In their paper this is
called the Dorfman derivative. Consider a local holonomic frame (e,)%_, that is [eq, eg]r = 0.

We will use the shorthand notation f, = p(eq).f. Let e = v¥e, and e’ = wﬂeg. We have
LEe = {vow? o —w*(v? o, — v LP*30) Yep. (2.70)

Their idea is to define a ”covariantized” Dorfman derivative LY by replacing commas with
semicolons:
L£Ye = {v*w? o — w® (WP — 0 L\ }es. (2.71)

Here V. e = v’ ,es. This can be rewritten in terms of V and L as
L£Ye =V e —Vee+L(e", Ve e, ¢€). (2.72)
Torsion operator T is in [24,25] defined as difference of these two Lie derivatives:
T(e,e') = (LY — LE)e. (2.73)
Comparing this with (2.67) we see from (2.72) that the two definitions coincide. Note the

importance of the local frame holonomicity for a validity of this assertion.

We have shown that any local Leibniz algebroid allows one to define a tensorial torsion
operator. We can use a very similar approach to get a well-defined curvature operator.

Proposition 2.4.9. Let (E,p, [, "]g,L) be a local Leibniz algebroid, such that p(L(B,e,e’)) =0
for all B € T(E*) and e, e’ € T'(E). Let V be a Leibniz algebroid connection on E. Then the
map R defined for all e,e’,e” € T'(E) as

R(e, 6/)6” = Veve/e" - Ve«Vee” - V[e7e/]E€// + VL(eA,V e/)e”, (274)

ex €

is C°°(M)-linear in all inputs, and thus R € T;H(E). We call R a generalized Riemann tensor.

Proof. The statement can be directly verified. One has to use (2.6) to show the C°°(M)-
linearity in e”. The additional correction term containing L cancels the wrong term coming
from the bracket term and its first input. The condition p(L(S,e,€e’)) = 0 is necessary to keep
the C°°(M)-linearity in e”. |

First, note that because of the condition p(L(8,e,e’)) = 0, the additional term vanishes for
induced connections, which in fact shows that in this case the usual curvature operator formula
works and defines a tensorial R. Next, see that in general R is not skew-symmetric in (e, e’),
which can be fixed by a skew-symmetrization if necessary.

Having a curvature operator R, we can define the corresponding Ricci tensor Ric as a
contraction of R in two indices. Namely set

Ric(e,e’) = (e*, R(ey, €')e), (2.75)

for all e, e’ € I'(E), where (ey)k_, is some local frame of E, and (e*)5_, the corresponding
dual one of E*. For Courant algebroid connections, R has some remarkable properties.
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Proposition 2.4.10. Let (E,p,{-,"Yg,[,"]g) be a Courant algebroid with kerp C E being a
well defined subbundle. Let L be defined trivially on some complement to Ann(ker p). Let V be
a Courant algebroid connection. Then R(e,e’) is skew-symmetric in (e,e’), and

(R(e.e)f, f)e + (R(e,e) f', f)g =0, (2.76)

for alle, e f, f € T(E).

Proof. Let E* = Ann(ker p) @ V for some subbundle V, such that L|yy = 0. Choose a local
frame e* = (g7, f*), where (¢7)7, is a local frame of Ann(ker p), and (f*)k=™ alocal frame of
V. Let ex = (g;, fx) be a corresponding dual basis. Then (fk)ﬁ;in generates ker p, and (g;)7,

its complement. We have

<L(6)‘, Ve,é, 6)7 e/>E = <L(gk7 vgke’ e), e/>E = <<V9ke7 6>Egg‘1(gk)’ eI>E

= [%p(gk)(e,ew] (g".¢) = %p(<g’“,e'>gk + (5 ) o) e e)p

= 2ol fe.ep.

This proves that for Courant algebroid connections, we have L(e*, V., e, e) = [e, €], and the two
non-trivial contributions in R(e,e) cancel. Note that this shows that also T'(e,e) = 0 for such
an L. The proof of (2.76) is analogous to the one for ordinary connections, using the metric
compatibility (2.52). Note that in this process one has to use p(L(e*, V., e,e)) = 0. |

Example 2.4.11. Consider E =TM & T*M and the usual Dorfman bracket (2.14). Extend
Ltoally+ Z e T(E*) as

Ly+Z,X+&Y +0)=(X+ &Y +n)p(0+7). (2.77)

This corresponds to the choice B =0 in (2.66). Now consider a Courant algebroid connection
V on E. We have

Vxe(Y +1) = V(Y +n)+ V(Y +1), (2.78)

for all X +&,Y +n € I'(E), for some vector bundle connection V' on F, and a map V" :
QY (M) x T'(E) — T'(E). Note that V” must be C°°(M)-linear in the second input, and thus
in fact V” € X}(M) @ T{H(E). We can view V" as C°°(M)-linear map V" : Q' (M) — End(E).
What are the implications of the Courant metric compatibility (2.52)?7 We get

XAe,e')p = (Vie,)p + (e, Ve ), (2.79)
0= (Vie,e')p + (e, V{e)p. (2.80)

This implies that V/ and V" have to be of the block form

V¥ I A 0
Vi = (Bf( v)ﬁ;) , Vi = (Ci _j?) : (2.81)

where IIx, 0 € X*(M), Bx,C¢ € Q*(M), A¢ € End(TM), and VM is an ordinary connection
on M. Vév([ in the bottom-right corner of V' is the usual extension of VM on 1-forms. All

36



objects are assumed to be C°°(M)-linear in X and £. For the curvature tensor, we get

pri(R(X,Y)(Z + () = RM(X,Y)Z + (VX TIDy(¢) = (V¥ TD)x (¢) (2.82)
(()+x(By(2)) — Iy (Bx(Z))
= Bi(X,Y)(AM(2) +0*(0)),
pra(R(X,Y)(Z +¢)) = RM(X,Y)( + (VX B)y (2) — (V¥ B)x(2) (2.83)
+ Bpmx,y)(Z2) + Bx (lly (¢)) — By (I1x (¢))
- Bi(X,Y)(C*(Z) — (AM)T(¢)),

+HTM(X Y)

pri(REN)(Z +¢)) = (AeAy +0¢C)(Z) + (Aehy — 0 AL)(C) — (€ 1) (2.84)
— (&, ) (A¥(2) + 0%(C)),

pra(R(E,n)(Z +C)) = (CeAy — ALC))(Z) + (Ceby + ALAT)(C) — (£ ) (2.85)
— Tk (&, m)(C*(2) — (AM)"(0)),

pri(R(X,n)(Z +¢)) = (VN A)p(Z) + Ay rae . x)) (Z) (2.86)

+ (VX 0)5(Q) + 00 731 x) (€)
+ (IIxCy — 0,Bx)(Z) — (Ix A} + A, T1x)(C),

pra(R(X,m)(Z + ) = (VX C)y(2) + Clurx (2) (2.87)
— (VYATQ) — AT 1) (O)
+ (Bx Ay, + ATBx)(Z) + (Bx0, — CylTx)(C). (2.88)

By (VM1II)y we mean the following. Bivector Iy depends C°°(M)-linearly on Y, and thus
defines a tensor II € 7;2(M). One can then calculate its covariant derivative (V!II) € T2(M),
and finally for each Y € X (M) the tensor (VxI)y € TZ(M). Similarly for the other objects.
TM denotes the torsion operator of the connection VM.
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Chapter 3

Excerpts from the standard
generalized geometry

In this chapter, we will recall some basic facts about the standard generalized geometry, that is
the geometry of the vector bundle F = TM & T*M. We will focus only on the topics relevant
for the following chapters (including the papers). In the previous chapter, we have shown that
E is equipped with the Courant algebroid bracket (2.14), and the natural pairing (-, -)g. Note
that F is sometimes called the generalized tangent bundle. Pioneering works in generalized
geometry are those of Hitchin [43,45] and especially the Ph.D. thesis of Gualtieri [39]. We will
focus on a very detailed explicit analysis of the involved objects, which eventually will prove
to be useful for physical applications. In the section describing the generalized metric, we have
used the approach taken in [69].

3.1 Orthogonal group

First assume that V is an n-dimensional real vector space. The direct sum W =V @ V* is
equipped with the canonical pairing (-, )y, which defines a symmetric non-degenerate bilinear
form on W. If £ = (e;)?_; is any basis of V, there is a canonical basis (e1,...,e,, €', ..., e") of
W, where (e®)_, is the basis of V* dual to €. In this basis, the pairing (-, )1 has the matrix

= (1 ) (3.1)

where 1 denotes the n X n unit matrix. This proves that (-,-)y has the signature (n,n). The
group of operators on W preserving (-, -)w is thus O(n,n). Let O € O(n,n). We will often use
the formal block decomposition of linear maps on W, that is we will write

(01 Oq
0= <03 O4> ) (3.2)
where Oy € End(V), O4 € End(V*) and Oy € Hom(V*, V), O3 € Hom(V, V*). The matrix gy

can be thus also viewed as a formal block decomposition of the isomorphism gy : V & V* —
V* @V induced by (-, -)w. The orthogonality condition

O+ a), 00 +a)Nw = (v+a,v" +a) (3.3)
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can be now rewritten in terms of O; by expanding the 2 x 2 block matrix equation O7 gy O =
gw . One obtains a set of three relations:

0501 + 0{03 =0
ofo,+0To, =0
0T0,+0T0, =1

We can get more equations. First note that O~ = gy Ogy, which explicitly gives

1 _ (0] oOF
0 <03T or)- (3.7)

The map O~! is again orthogonal, there holds O~ T gy O~! = gy,. We have three more (of
course not independent) equations:

0,0T + 0;0T =0,
0,0t + 0,01 =0,
0,0% +0,0F =1. (3.10)

We will now focus on the maps of the form O = exp A, where A € o(n,n). Lie algebra o(n,n)
is defined as the space of linear endomorphisms of W, which are skew-symmetric with respect
to (-, yw. Thus, every A € o(n,n) thus has to satisfy the condition

(Av+a), v +a)w + v+ a, A" + o' ))w = 0, (3.11)

for all v + a,v" + o’ € W. Let us write A in a formal block matrix form

e @’ Zg/) 7 (3.12)

where N € End(V), N’ € End(V*), Il € Hom(V*,V) and B € Hom(V,V*). Plugging into
(3.11) gives a block matrix equation A% gy + gw.A = 0, expansion of which yields a set of three
equations

B+BT =0, I+11" =0, N+ NT =0. (3.13)

This gives an easy way to interpret the conditions for the respective blocks. We see that map
B has to be induced by a 2-form B € A?2V*, II by a bivector II € A%V, and N’ = —N7T. The
conclusion is that (as a vector space) the Lie algebra o(n,n) can be decomposed as

o(n,n) = End(V) @ A*V* @ A*V, (3.14)

where each A € o(n,n) has a block form

A= (g _gT) (3.15)

for N € End(V), B € A2V* and II € A?V. Note that this simply reflects the fact that for any
two finite-dimensional vector spaces V, W, one has A%(V & W) = EB?:O AV ® A27'W. We can
now proceed with the examples of O(n,n) transformations.

Example 3.1.1. Let us now show three main classes of O(n,n) transformations.
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1. B-transform: Choose N = Il = 0 in A of the form (3.15). Denote by e its exponential,

that is e = exp A. Explicitly,
eP = (113 ?) : (3.16)

As a map, it has the form e (v +a) = (v,a + B(v)), for all v+« € W. By construction,
eP € O(n,n). Below, it will play an important role in relation to the Dorfman bracket.

2. II-transform: Now, choose A so that N = B = 0. Denote by e'l its exponential, that is

el = exp A. Explicitly,
1 1II
el = (0 1) : (3.17)

As a map, it has the form e!'(v + a) = (v + (), a), for all v + o € W. It will play an
important role in the description of (Nambu-)Poisson structures.

3. Group Aut(V): Every invertible map A € Aut(V') defines an O(n,n) transformation O 4
in the form

04— (g‘ A9T> . (3.18)

As a map, it works as Oa(v + ) = A(v) + A~ (a).

O(n,n) as a Lie group has four connected components, and the above three examples
generate its identity component. We will often make use of the following simple observation:

Lemma 3.1.2. Let M be a block 2 x 2 matriz in the form

M= (é g) . (3.19)

The matrices A and D have to be square, but can be of different dimensions. Then

o If A is invertible, there exists a unique decomposition

1 0\ (A 0 1 A°'B
MZ(CA‘l 1) (o D—CA—1B> (o 1 ) (3.20)

of M into a product of block lower unitriangular, block diagonal, and block upper unitri-
angular matrices.

e If D is invertible, there exists a unique decomposition

I BDN\ (A-BD'C 0\( 1 0
M:(o 1 )( 0 D) (ch 1) (8:21)

of M into a product of block upper unitriangular, block diagonal, and block lower unitri-
angular matrices.

o If M is invertible, and there exists some decomposition of M into a product of block
lower unitriangular, block diagonal, and block upper unitriangular matrices, then A is
invertible, and the decomposition is precisely of the form (3.20).
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o If M is invertible, and there exists some decomposition of M onto a product of block
upper unitriangular, block diagonal, and block lower unitriangular matrices, then D is
invertible, and the decomposition is precisely of the form (3.21).

Proof. It A is invertible, we can construct the right-hand side of (3.20) and verify by direct
calculation that the product gives M. Now assume that

a6 D6 o

for some matrices U, V, S, T. Expanding the right-hand side gives

A B\ (S SV

cC D) \US T+USV)’
This shows that S = A, and since A is invertible, we get U = CA™', V = A"'B and T =
D — CA~!B, which are exactly the blocks in (3.20). This proves the uniqueness assertion.

The proof of the invertible D case is analogous.

Now assume that M is invertible and there exists some its decomposition of the form (3.22).
We see that det M = det .S - det T', which forces both S and T to be invertible. But we have
shown that S has to be A, and thus A is invertible, and we have shown that the blocks U, V, T
are uniquely determined by M. The proof for the other decomposition is analogous. |

Consider now a general orthogonal transformation O, parametrized as in (3.2). If one
assumes that either O; or Oy is invertible, there always exists one of the decompositions in
Lemma 3.1.2. Are the maps in the decomposition orthogonal? The answer is given by the
following proposition.

Proposition 3.1.3. Let O € O(n,n) be parametrized as in (3.2).

e Let O; € End(TM) be an invertible map. Then there exist B € A2V* and 11 € A%V,

such that
(1 0 04 0 1 I
o= (5 (T o) (o 1) 220

Moreover, any such B and 11 are unique.

o Let Oy € End(T*M) be an invertible map. Then there exist B' € A2°V* and ' € A*V,

such that .
(1 I on 0 1 0
o_<0 1)( : 04) (B, 1). (3.24)

Moreover, any such B’ and II' are unique.

Proof. Let O7 be an invertible map. By Lemma 3.1.2, there exists a decomposition (3.20), and
we get B = OgOfl, A=0,and II = 0;102. We have to show that B is induced by a 2-form
on V, that is B4+ BT = 0. This reduces to 0307+ 077 OF = 0. Multiply this equation by O;
from the right, and by OF from the left. This gives OT O3 + OTO; = 0. But this is exactly the
equation (3.4). To show that IT € A%V, we are required to prove that O; 'Oy + OgOl_T =0.
This reduces precisely to (3.9). At this point we know that

_ B (O1 0 i
O=e (o O, — 0507'0,) ©

42



Because e? and e!! are in O(n,n), so has to be the middle block. This requires Oy —O3Of102 =
o7 T The proof of the second part is analogous. |

Note that there are elements of O(n,n) which can be decomposed in both ways. However,
not every orthogonal map, not even from the identity component of O(n,n), can be written in
this form. Consider for example n = 2 and O = ePelle=Be?!l where

B= (01 (1)) , I = (? _01) : (3.25)

The resulting orthogonal map has the form

0 0 0 -1
0 0 1 0

o=|o 4 o0 o (3.26)
1 0 0 0

It is a product of exponentials, hence it lies in the identity component of O(n,n). On the other
hand, it clearly cannot be decomposed in any way of Proposition 3.1.3.

3.2 Maximally isotropic subspaces

Having the pairing (-, -)y with the signature (n,n), it is natural to study its isotropic subspaces.
We say that subspace P C W is isotropic, iff (p,q) = 0 for all p,q € P. In particular, we will be
interested in mazimally isotropic subspaces. Let us recall a well-known fact from the theory of
quadratic forms. For the proof, see for example [70]. Note that maximally isotropic subspaces
are sometimes called Lagrangian subspaces.

Lemma 3.2.1. All mazimally isotropic subspaces of (W, (-,-)w) are n-dimensional.

Because (-, -)w is induced by the canonical pairing, there are two obvious maximally isotropic
subspaces, namely V and V*, viewed as subspaces of W. By definition, every orthogonal trans-
formation O € O(n,n) applied on V or V* induces an isotropic subspace.

Example 3.2.2. Let us recall some standard examples of maximally isotropic subspaces of
e Let B € A2V*, and define the subspace G := ¢Z(V). Explicitly,
Gg={v+Bw) |veV}CVaV". (3.27)

We can thus view G as a graph of the linear map B € Hom(V,V*). Conversely, let
B € Hom(V,V*) be any linear map. One can always construct the subspace (3.27). It is
always an n-dimensional subspace of W. One readily checks that Gp is isotropic if and
only if B € A2V*.

e Let IT € A2V, and define the subspace Gy := e}(V*). Explicitly,
Gn={a+I(a) |acV'}C VoV (3.28)

We can thus view Gpp as a graph of the map II € Hom(V*, V). Conversely, let II €
Hom(V*, V) be any linear map. Onc can always construct the subspace (3.28). It is
always an n-dimensional subspace of W. One readily checks that Gy is isotropic if and
only if I € A2V
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e Let A CV be any subspace of V. Let Ann(A) C V* be the annihilator subspace of V*,
that is the vector space defined as

Amn(A)={a e V*|Vve A, a(v) =0}. (3.29)
Then A @ Ann(A) C W forms a maximally isotropic subspace.
e Let E C V be a vector subspace of V, and let § € A2E*. Define the vector space
LE,§)={v+acVaeV | veFE, and a =0(v)} (3.30)

Then L(F,0) is a maximally isotropic subspace. Moreover, every maximally isotropic
subspace is of this form for some E and 6, see [39].

3.3 Vector bundle, extended group and Lie algebra

We can generalize everything from the previous two sections to the vector bundle E = TM &
T*M. Subspaces will be replaced by subbundles, and linear maps are promoted to vector
bundle morphisms over the identity map on M. For example, we define

O(n,n) ={F € Awt(E) | (F(e),F(e'))g = (e,€')g for all e € T(E)}. (3.31)
Similarly for the orthogonal Lie algebra:
o(n,n) ={F € End(E) | (F(e),e)g + (e, F(e'))g =0 for all e € T'(E)}. (3.32)
By a direct generalization of (3.14) we would arrive to
o(n,n) = End(TM) ® Q*(M) & X*(M). (3.33)

We now have O(n,n) transformations of the form of B-transforms, II-transforms and Aut(7T'M)
at our disposal, for B € Q*(M) and II € X?(M). Finally, instead of maximally isotropic
subspaces, we will talk about maximally isotropic subbundles of E. All examples from the
previous subsection generalize naturally.

Of course, we can study also slightly more general objects. In particular, define extended au-
tomorphism group EAut(E) of E to be a group of fiber-wise bijective vector bundle morphisms
over diffecomorphisms. Note that any (F,¢), where ¢ € Diff (M), induces an automorphism
F (denoted by the same letter) of I'(F). Indeed, let e € I'(E). Define F(e) € I'(E) as
(F(e)(e(m)) = F(e(m)) for all m € M.

Using this notation, we can define the extended orthogonal group EO(n,n) as
EO(n,n) = {(F,¢) € EAut(E) | (F(e),F(e'))pop = (e,e) g} (3.34)
Its structure is in fact very simple, as the following lemma proves.
Lemma 3.3.1. Let Diff (M) be the group of diffeomorphisms of M. Then
EO(n,n) = O(n,n) x Diff (M), (3.35)

where Diff (M) acts on O(n,n) by conjugation: ¢ » Fo := T(p) o Foo T (o)L, for all ¢ €
Diff(M). Define the map (T(p), ) € EAut(E) by putting T(¢)(X + &) = 0. (X) + (¢~ 1)*(€),
forall X +€ € T'(E).
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Proof. Let (F,¢) € EO(n,n). It is not difficult to show that (T'(¢),¢) € EO(n,n). Define
Fo € Aut(A) as F = FpoT(p). Then, by definition, Fy € O(n,n). Moreover, O(n,n) forms
a normal subgroup of EO(n,n). It only remains to determine the multiplication rule. Let
(G,¥) € EO(n,n) and G = Gy o T'(¢p). We get

FoG="Foo[T(p)oGooT(p) oT(pot).

This proves the semi-direct structure assertion (3.35). |

What is the Lie algebra Eo(n,n) corresponding to the group EO(n,n)? First, recall the
vector bundle D(FE) defined in Remark 2.4.2. For any Lie algebroid (L,l,[-,]), any vector
bundle morphism R : L — D(FE) preserving the brackets is called a representation of Lie
algebroid L on the vector bundle E. See [74] for details.

We claim that T'(D(E)) is exactly the Lie algebra corresponding to EAut(E). To see this,
assume that (F3, ¢;) is a 1-parameter subgroup of automorphisms in EAut(FE). In particular,
¢ is a 1-parameter subgroup of Diff (M), hence a flow of some vector field X € X(M). Define
F:T(E) - T'(F) as Fle) := %|t:0 F_i(e) for all e € T'(E). Note that for f € C*(M), we
have F_;(fe) = (f o o) F_¢(e). Differentiating this condition with respect to t at t = 0 gives

F(fe) = JF(€) + | flpole = 1T (e) + (X f)e (3.30)

This proves that 7 € I'(D(E)), and moreover a(F) = 4 |t:0 ¢¢. We can also write the relation
of F and F; as exp (tF) 1= F_;.

Let us now return to the Lie algebra Eo(n,n). Let (Fy, ¢:) be a 1-parameter subgroup of
EO(n,n). The corresponding element of Eo(n,n) will be F = F_¢. Since Fy € EO(n,n),
we have

d
dt |t:0

(F_i(e), F-e(e))p = (e,€')p o pr. (3.37)
Differentiating this with respect to t at ¢t = 0 leads us to the definition

Eo(n,n) :={F e T'(D(E)) | a(F).(e,e') g = (F(e),e')r + (e, F(')) g, Ve, e’ € T(E)}. (3.38)

Recall that (D(E),a,[,-]) is the Lie algebroid defined in Remark 2.4.2. Lemma 3.3.1 suggests
that Fo(n,n) can be also written as a semi-direct product, this time of Lie algebras. Before
proceeding to the lemma, note that there is a Lie algebroid representation R : TM — D(E)
of the Lie algebroid (T'M, Idyy, [-,-]) which takes values in Eo(n,n). Indeed, let X € X(M).
Define R(X) e T'(D(F)) as R(X)(e) = [X 40, e]p. It follows from (2.26) that R(X) € Eo(n,n).
We can now state

Lemma 3.3.2. Lie algebra Eo(n,n) can be decomposed as
Eo(n,n) = X(M) x o(n,n), (3.39)

where X (M) acts on o(n,n) by Lie derivatives.

Proof. Let F € Eo(n,n). Define Fy € o(n,n) as F = R(a(F)) + Fo. This proves the as-
sertion on the level of vector spaces. First note that [R(X), R(Y)] = R([X,Y]) because R
is a Lie algebroid representation. From (3.33) we see that every Fy € o(n,n) corresponds
to a triplet (N, B,II) € End(TM) & Q*(M) @ X?(M). Going through the construction of
this correspondence above (3.14) it is straightforward to show that if Fy ~ (NN, B,1II), then
[R(X),Fo] = (LxN,LxB,LxII) where N is viewed as (1,1)-tensor on M. This proves the
assertion (3.39) on the level of Lie algebras. [ |
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3.4 Derivations algebra of the Dorfman bracket

Let us now focus on the Dorfman bracket (2.14). It satisfies the Leibniz rule (2.4) in the right
input, and Courant algebroid induced Leibniz rule (2.30) in the left input. We will now examine
the Lie algebra Der(F) of its derivations defined as

Der(E) = {F € T(D(F)) | F(le,e'|p) = [F(e),e'|p + [e, F(€')]p, Ve,e' € T'(E)}. (3.40)

Let us emphasize that Der(E) is not a C°°(M)-module. Recall the map R defined just before
Lemma 3.3.2. It follows from the Leibniz identity (2.5) that for every X € X(M), we have
R(X) € Der(E). Now observe that any F € Der(E) can be decomposed as

F = R(a(F)) + Fo. (3.41)

Note that Fy is now C°°(M)-linear, or equivalently Fy € End(E). Moreover, it is a difference
of two derivations, hence itself a derivation. We can now focus on finding all Fy € Der(E) N
End(FE). First, there are now certain restrictions forced by the compatibility of the Leibniz
rule (2.4) and the derivation property (3.40). Indeed, evaluating the derivation Fy on [e, fe']
in two ways, we obtain

p(Fo(e)) =0, (3.42)
for all e € I'(E). This shows that Fy must have a formal block form
0 0
Fo= , 3.43
0 <F21 F22> (3:43)

where Fy; € Hom(TM,T*M) and Fyy € End(T*M). Next, there comes the compatibility with
the left Leibniz rule (2.30). We obtain the condition

<€, €/>Ef0 (Df) = {<.Fo (6), €/>E + <€7 f0(€/)>E}Df, (344)
which has to hold for alle, ¢’ € T'(E) and f € C°°(M). In particular, for (e, ¢’) g = 0 this implies
(Fole),eYg + (e, Fo(e'))g = 0. This immediately implies that (F51(X),Y) + (X, F»1(Y)) =0,
and thus Fy(X) = B(X) for B € Q?(M). Choosing e = X € X(M) and ¢’ = ¢ € Q(M), we
get

(€, X) Foa(df) = (Fa2(§), X)df. (3.45)
This has to hold for any (f, X, &), which is possible only if Fs2(£) = X for some A € C°(M).
We see that Fy has to have the form

0 0
F - (B A.1> . (3.46)
It remains to plug this into condition (3.40) to find the conditions on B and A. We have
FolX + &Y +nlp = B(X,Y]) + MLxn — iydE), (3.47)
[Fo(X +&),Y +nlp = —iyd(B(X) + AS), (3.48)
(X +& Fo(Y +n)lp = Lx(B(Y) + An). (3.49)
Inserting this into (3.40) yields two independent equations
B([X,Y]) = Lx(B(Y)) — iyd(B(X)), (3.50)
Recall that B(X) = —ixB. We can use the usual Cartan formulas to rewrite (3.50) as a
condition dB = 0, that is B € Q% __,(M). Second equation forces A to be locally constant,
that is A € Q.. (M). We have just proved the following proposition.
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Proposition 3.4.1. Let Der(FE) be the space of derivations of the Dorfman bracket [-, ] p, that
is (3.40) holds. Then as a vector space, it decomposes as

Der(E) = X(M) D leosed(M) 2 Qzlosed(M)' (352)

Every F € Der(E) decomposes uniquely as F = R(X) + Fn + Fp, where R(X)(Y + 1) =
([X,Y],Lxn) for all X, Y € X(M) and n € Q*(M). Vector bundle endomorphisms Fy and Fp
are defined as

0 0 0 0
ﬂ_(o A-l)’]:B_<B 0), (3.53)
where X € Q0. .(M) and B € Q2 ,(M). Nontrivial commutation relations are
[R(X), R(Y)] = R([X,Y]), (3.54)
[R(X), Fg] = FryB, (3.55)
[Fx, FB] = Fas. (3.56)

On the Lie algebra level, we thus have

Der(E) = X(M) x (90

closed

(M) x Q% .cq(M)), (3.57)

closed

wherg Q0 ea(M), Q% ...(M) are viewed as Abelian Lie algebras, Q% .. .(M) acts on 2-forms
in ()

2 sea(M) by multiplication, and X (M) acts on Q0 .., ¥ Q2 ..4(M) by Lie derivatives.

close closed
Finally, when we restrict to the subalgebra Eo(n,n), we have

Der(E) N Eo(n,n) = X(M) x Q2 ..q(M). (3.58)
Proof. We have proved the first part in the text above. The commutation relations can be
directly calculated. |

3.5 Automorphism group of the Dorfman bracket

Let us now examine the group of Dorfman bracket automorphisms. Its subgroup of orthogonal
automorphisms is well-known for a long time and it is in fact one of the main reasons why the
Dorfman bracket and generalized geometry play such an important role in string theory. We
roughly follow the proof of Gualtieri in [39]. From the Courant algebroid perspective is makes
sense to restrict to FO(n,n), because in this case one obtains an automorphism of the whole
Courant algebroid structure. However, for the sake of generalization to Leibniz algebroids
where there is no pairing anymore, we will discuss the whole automorphism group. We define
the Dorfman bracket automorphism group Autp(FE) as

Autp(E) == {(F,¢) € EAut(E) | [F(e), F(e')]p = Fle,€'|p, Ve, e’ € T(E)}. (3.59)

This group decomposes similarly as EO(n,n) in Lemma 3.3.1. Indeed, let (F, ¢) in Autp(E).
Then recall the map (T'(), ), defined as T(¢) (X +&) = 0. (X)+ (07 1)*(€) for all X +& € T'(E).
It follows from the usual properties of the Lie derivative and the exterior differential that
(T(p), ) € Autp(E). Define Fy € Aut(E) as F = Fy o T(p). It follows that Fo € Autp(FE),
and we can thus focus on finding all vector bundle morphisms Fy over the identity preserving
the bracket.
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First note that it follows from the compatibility of (3.59) and Leibniz rule (2.4) that its
projection using p satisfies p(Fo(e)) = p(e) for all e € T'(E). This shows that Fy has to be of
the block form

1 0
Fo = . 3.60
0 <F21 F22> (360)
The Leibniz rule compatibility in the left input (2.30) gives the condition
(e,€')eFo(Df) = (Fo(e), Fo(e')) DS, (3.61)

for all e,e’ € T'(E). Very similarly to the equation (3.44), this proves that Fy;(X) = B(X) for
B € Q?(M), and Fy(&) = X - £ for some A € C°(M). We require Fy to be fiber-wise bijective,
and thus A(m) # 0 for all m € M. This restricts Fy to have the block form

Fo= G; A(_)1> . (3.62)

Finally, we have to plug Fy into the condition (3.59). We have

FolX +&Y +nlp = [X, Y]+ B([X,Y]) + MLxn — ivdE}, (3.63)
[Fo(X +8), Fo(Y +n)lp = [X, Y]+ Lx(B(Y) + An) — iy d(B(X) + XE). (3.64)

Combining these two expressions gives the same conditions on B and A as (3.40). We thus
get B € Q% (M), and XA € QY . (M). Let G(Q0,,.4(M)) denote the Abelian group of
everywhere non-zero closed 0-forms on M. Note that G(Q2°, .,(M)) is in fact isomorphic to a
direct product of k copies of (R \ {0}, ), where k is a number of connected components of M.
We have just proved the following proposition:
Proposition 3.5.1. Let Autp(F) be the group of automorphisms (3.59) of the Dorfman bracket
(2.14). Then it has the following group structure:

AutD (E) = (QQ

closed

(M) x G(Q°,..a(M))) x Diff (M), (3.65)

closed

where 2

closed
on Q2 ..(M) by multiplication, and Diff(M) acts on Q2

closed

pullbacks. Every (F, ) € Autp(E) can be uniquely decomposed as

(M) is viewed as an Abelian group with respect to addition, G(Q°,,.,(M)) acts
(M) x G(Q%,,.,(M)) by inverse

closed

F=eP oS\ oT(p), (3.66)

where eB = exp Fp, and Sx(X + &) = X + X, for unique B € Q2 (M) and locally constant

closed

everywhere non-zero function X € G(Q0,..4(M)). Finally, the subgroup of Autp(E) consisting
of (extended) orthogonal transformations is
Autp(E)NEO(n,n) = Q2 .eq X Diff(M). (3.67)

close

Proof. Only the multiplication rules remain to be proved. Let G = B o Sy o T(¢'). By the
direct calculation, one obtains

fog :eB+/\(@_1)*B/ OS/\(SO—l)*)\/ OT(QDOQO/). (368)
Symbolically, this yields the multiplication rule
(B, X, @)+ (B, N, ¢') = (B+ AN 1) B Ae™ ) N, poy), (3.69)

which is exactly the double semi-direct product (3.65). u
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Finally, let us show that every Dorfman bracket derivation F € Der(FE) can explicitly be
integrated to a l-parameter subgroup exp (tF) C Autp(F) of the group of Dorfman bracket
automorphisms. Note that ¢ € (—¢, €) for some € > 0, and in general, ¢ cannot be expanded to
R. exp (tF) is thus a 1-parameter subgroup with ”certain conditions on parameters”.

We have shown in Proposition 3.4.1 that every F € Der E can uniquely be written as
F =R(X)+ F\+ Fp for X € X(M), A € Q% ..,(M), and B € Q% __,(M). Let ¢ be the
flow corresponding to X, for t € (—¢,€). There lies the reason of ¢ limitations: X may not be

a complete vector field. We will now look for exp (¢F) in the form

exp (tF) = ePW 0 S, o T(¢%,), (3.70)
where B(t) € Q2. ,(M), and u(t) € G(Q0,,.4(M)) for every t € (—e,€). We have
exp (tF)(Y +n) = 0%, (V) + Bt)(0%.(Y) + ul(t)d7 (), (3.71)
for all Y 4+ n € T'(E). Differentiating with respect to ¢t at t = 0 gives the condition
d d
FY +n) =1 +BONX, Y]+ [ BOIY) + [ | n()ln + u(0)Lan. (3.72)
t=0 t=0

Comparing this with our parametrization of F gives the conditions on B(t), and u(t):

% t’i((f) =\ u(0) =1, % ﬁgt) — B, B(0) = 0. (3.73)

First two conditions give pu(t) = exp tA. To find the solution for B, we will use the 1-parameter
subgroup property of exp (tF). Note that we have ¢;**(\) = \. This follows from the fact that
flows cannot flow outside of the single connected component. Using the multiplication rule
(3.68), we get

exp (tF) o exp (sF) = eBOFTexpth el (B() 6 g .\ o T(¢% 14s))- (3.74)
Comparing this to exp ((t + s)F) gives the condition
B(t+s) = B(t) +expth - ¢;-*(B(s)). (3.75)
Differentiate both sides with respect to s at s = 0. This yields
B(t) = expth- ¢X*B, (3.76)
and consequently
B(t) = /O t{exp kX - ¢ * BYdk. (3.77)

It is straightforward to check that such B(t) indeed satisfies (3.75) and the two initial conditions
(3.73). We have thus made our way to the following proposition:

Proposition 3.5.2. Let F € Der(E) be a derivation of the Dorfman bracket. Then there
is an € > 0 and a 1-parameter subgroup exp (tF) C Autp(FE), where t € (—e¢,€), such that

F = &|,_exp (tF). Eaplicitly, if F = R(X) + Fx + Fp for X € X(M), A € Q9 4(M), and
B e 02 ..(M), we have

exp (tF) = e%W 0 8,4y o T(¢X)), (3.78)
where u(t) = expt), ¢;X is the flow of X, and

B(t) = /Ot{expk)\ - o BYdk. (3.79)
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Proof. We have shown above that exp (tF) integrates F. We just have to show that for each
t, exp (tF) € Autp(F). According to Proposition 3.5.1, this happens if and only if B(t) €

Q2 eeq(M), and p(t) € G(Q%,,.4(M)). But this clearly holds because d commutes with the
integration and pullbacks. ]

3.6 Twisting of the Dorfman bracket

We have shown in Proposition 3.5.1 that F € Aut(F) preserving the bracket must be of
the form (3.60) for B € Q2 . (M) and A € Q% __ . (M). Let us now focus only on O(n,n)

closed closed
transformations, and thus set A\ = 1. In this case simply F = e®. What happens with the
bracket for dB # 07 This is what we will examine in this section. Define a new bracket [-, ],
as
e, e = e~ P[eB(e), €% (¢, (3.80)

for all e, e’ € I'(E). Rewriting this bracket explicitly gives

(X +&Y +ulp = [X, Y]+ Lx(n+ B(Y)) — ivd(§ + B(X)) — B([X,Y])
=[X+&Y +nlp + Lx(B(Y)) —iyd(B(X)) — B([X,Y]) (3.81)
— X +&Y +n)p — dB(X,Y, ).
This proves that [-,-], is precisely the H-twisted Dorfman bracket (2.32), where H = dB.
One can in fact show something more general: Twisted Dorfman brackets corresponding to the

different representatives of the same cohomology class [H] € Hs(M,R) are related precisely by
a B-transform.

Proposition 3.6.1. Let H € Q3 (M), and B € Q*(M). Then

closed
[e5(e), B (eN]E = P ([e, e 1577). (3.82)
Proof. Just repeat the calculation (3.81). |

3.7 Dirac structures

In Section 3.2, we have introduced maximally isotropic subspaces and their examples. Gen-
eralizing this to the vector bundle £ = TM & T*M, we have an additional structure at our
disposal, namely the Dorfman bracket. It is a well known fact that subbundles of T'M which
are involutive with respect to the vector field commutator bracket are of an additional geo-
metrical significance - they are tangent bundles to integral submanifolds of distributions. This
justifies why it is interesting to study the subbundles of E involutive with respect to the
Dorfman bracket [,-]p. In particular, one is interested in involutive subbundles, where the
skew-symmetry ”anomaly” (2.28) disappears. This is precisely the main idea leading to the
definition of Dirac structures. Let us remark that study of Dirac structures was in fact the
origin of all Courant algebroid brackets, see [26].

Definition 3.7.1. Let (E,p,{-,")&,[,"]g) be a Courant algebroid. A subbundle L C F is
called an almost Dirac structure, if for all e,e’ € I'(L), we have (e,e')g = 0.

An almost Dirac structure L is called a Dirac structure, if L is involutive with respect to
[-,"]E, that is [e,€'|p € T(L) for all e,e’ € T'(L).

Note that [, -] g|rz)xr(r) together with p|p(z) forms a Lie algebroid structure on L.

50



We can identify several examples of almost Dirac structures of E = TM @&T*M in Example
3.2.2, if we just replace subspaces with subbundles, and elements of exterior powers of vector
spaces by sections of corresponding vector bundles. We will now show under which conditions
these become Dirac structures.

Example 3.7.2. Let E =TM @® T*M be equipped with the Dorfman bracket (2.14).

e Let G be the graph (3.27) of a 2-form B € Q?(M). We can examine the involutivity.
Let X + B(X),Y 4+ B(Y) € I'(Gp). Then

(X + B(X),Y + B(Y)]p = [X,Y] + Lx(B(Y)) — iyd(B(X)).
We see that [X + B(X),Y 4+ B(Y)|p € I'(Gp) iff
Lx(B(Y)) —iyd(B(X)) = B([X,Y]), (3.83)

for all X,Y € X(M). This is once more the condition (3.50), equivalent to dB = 0. We
conclude that Gp is a Dirac structure iff B € Q?___,(M).

closed

e Let G be a graph (3.28) of a bivector I € X?(M). Involutivity condition implies the
equation
[T1(), TT(m)] = T(Lr(eyn — ina(n)dé), (3.84)

for all £,n € QY(M). We will show in Chapter 5 that this is equivalent to the Jacobi
identity for {f, g} := II(df,dg). We conclude that Gy is a Dirac structure if and only if
II € X2(M) is a Poisson bivector.

e Let A C TM be a subbundle (that is in fact a smooth distribution on M). Let L =
A@®Ann(A) C E. Examining the involutivity condition shows that L is a Dirac structure,
iff [A;A] C A, that is A is an integrable distribution.

3.8 Generalized metric

We will now introduce a key concept for the applications of generalized geometry in string
theory. In the context of generalized geometry, it appeared first in [39]. The name generalized
metric was probably used for the first time by Hitchin in [43]. Generalized metric has several
equivalent formulations, which we all present here.

Definition 3.8.1. Let E be a vector bundle with a fiber-wise metric (-,-)g. Let 7 € End(E)
be an involution of E, that is 72 = 1. We say that 7 is a generalized metric, if the formula

G (e, €)= (e,7(¢') s (3.85)

for all e, e’ € T'(E), defines a positive definite fiber-wise metric G, on E. When talking about
generalized metric, we will not distinguish between 7 and G..

There are some remarks to be made about 7. It follows from the definition of a generalized
metric, that 7 must be symmetric with respect to (-, ) g, and consequently also orthogonal.

There is one nice property of involutive maps.
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Lemma 3.8.2. Let V be a finite-dimensional real vector space, and A € End(V) satisfies
A?2 = 1. Then A has eigenvalues £1 and it is diagonalizable, that is V. = V, ® V_, and
Alvy +v_) =vp —v_.

Proof. Let p(z) = 22 — 1. Then p(A) = 0, and a minimal polynomial m 4 of A thus must divide
p. For ma(z) = z£1, this would imply A = 41. In all other cases m(z) = (2+1)(z—1). This
shows that all roots of m 4 have multiplicity 1, which is equivalent to A being diagonalizable.
Moreover, its roots are precisely the eigenvalues of A. |

We can now use this result to reformulate the definition of generalized metric in case when
(-,-)g has a constant signature (the same at each fiber).

Proposition 3.8.3. Let E be a vector bundle with a fiber-wise metric (-, )g of constant sig-
nature (p,q). Definition 3.8.1 of generalized metric T is then equivalent to a definition of a
positive subbundle V. C E of maximal possible rank p.

Proof. First, let 7 € End(F) be a generalized metric. It induces an involution 7, in each
fiber E,,. By previous Lemma, there exist its 1 eigenspaces V,,4+ and V,,,_, such that E,, =
Vinge @ V. By definition of generalized metric 7, V,,+ and V,,_ are positive definite and
negative definite subspaces respectively. By our assumption, this implies dim V,,,4 = p, and
dim V,,,_ = q. Now define

Vi =ker(r F1). (3.86)

We have just proved that vector bundle morphisms 7 = 1 have both constant rank, and Vi
are thus well-defined subbundles of E. Moreover, rank V, = p, and V. is a positive definite
subbundle. Note that £ =V, & V_, and V_ = (V. )+, where the orthogonal complement L is
taken with respect to (-, ) g.

Conversely, let V. C FE be a positive-definite subbundle or rank p.

First, having a vector space W with positive definite subspace W, C W of dimension p with
respect to signature (p, ¢) metric (-, )y, define W_ := (W,)+. Clearly W = W, & W_. Is W_
a negative definite subspace? If there would be a non-zero strictly positive vector w € W_, we
could define W/ = W @ R{w}, which would be a positive definite subspace of W of dimension
p + 1. This cannot happen. If w € W_ would be a non-zero isotropic vector, we can take any
nonzero v € W, and define w’ = v+w. Then (w', w)w = (v,v)w >0, and W, = W, ®dR{w'}
would be a positive definite subspace of W of dimension p + 1, which is again impossible. We
conclude that necessarily (w,w)w < 0.

To a positive definite subbundle V, of rank p, we can define V. = (V,)t, where L is
taken with respect to (-, -)g. This is a well-defined rank ¢ subbundle, which is by the previous
discussion negative definite, and V =V, @V_. We can now define 7 € End(F) as 7(ey +e_) :=
er —e_, for ex € V. One checks easily that 7 satisfies all properties required by Definition
3.8.1. |

To get back to B =TM & T*M, we now bring an interpretation of the generalized metric
most useful for actual calculations.

Proposition 3.8.4. Let E be a vector bundle with a fiber-wise metric (-, ) g of signature (n,n),
and let E = L ® L*, where L and L* are isotropic subbundles with respect to (-,-)g. Note that
L* can be identified with the vector bundle dual to L.

Generalized metric T on E is then equivalent to a unique pair (g, B), where g € T(S2L*) is
a positive definite fiber-wise metric on L, and B € Q3(L) is a 2-form on L.
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Proof. Let T be a generalized metric. We meet the requirements of Proposition 3.8.3, and thus
E =V, @ V_, where rankVy = n, and V; and V_ form the positive and negative definite
subbundles with respect to (-, ). Now, because V, N L =V, NL* = {0}, we see that V} must
be a graph of some vector bundle morphism A € Hom(L, L*). A can uniquely be decomposed
as A = g+ B, where g € T'(S2L*), and B € Q?(L). Every section e € I'(V,) can be thus
written as e = X + (g + B)(X), where X € I'(L). We obtain

<6,€>E = <X + (g+ B)(X)vX + (g+B)(X)>E' = 2<g(X)ﬂX>E = 29(X7X) (387)

Note that the canonical pairing between L and L* is provided by (-,-)p. Because V is the
positive definite subbundle, we see that ¢g(X, X) > 0 for all nonzero X € I'(L), proving the
positivity of the metric g. See that A is always a vector bundle isomorphism. Also note that
V_ must be for the same reasons the graph of some vector bundle morphism A € Hom(L, L).

From (V,,V_)g = 0 it follows that A= —g+B=-AT.

Conversely, let (g, B) be a pair, where g € T'(S2L*) is a positive definite metric and B €
0%(L). We can define V, to be the graph of A = g + B. Repeating the calculation (3.87)
shows that V. is a positive definite subbundle of rank n. This by Proposition 3.8.3 defines a
generalized metric on the vector bundle F. |

In the rest of this section, we will assume £ =TM®T*M,and L = TM, L* = T*M. These
satisfy the requirements of the previous proposition. However, keep in mind that everything
works also for general L and L*.

We will now rewrite the map 7 and the corresponding fiber-wise metric G, in terms of g
and B. First, note that we can explicitly construct the projectors Py : E — V. Define two
isomorphisms W : TM — V. as

U, (X) = X + (+g + B)(X), (3.88)

for all X € X(M). Next, note that we can rewrite X + ¢ € I'(E) as

X 6= 5(X +(g+ B)X) + 5(X + (g + B)(X))

2
F2EO+ 9+ BN O) ~ 267 + (~a + B)g (©))
% 2 . (3.89)
- 5(9‘1B(X) +(9+ B)(¢g ' B(X))) + 5(9‘1B(X) + (=g + B)(g7'B(X)))
= %L(X +9 () —97'B(X)) + %‘I’f (X g7 ' (&) +97'B(X)).
We thus obtain )
Po(X 48 = 0L (X +g71€) Fg ' BXY), (3.90)
We have defined Vi as £1 eigenbundles of 7. Hence
X HO = ¥ 07O~ B ¥ (X g O+ B

=g (&) — g 'B(X)+ (g — By 'B)(X)+ Bg ' (¢).

This proves that 7 has a formal block form

—g B g ) . (3.92)



Fiber-wise metric G, in the block form is obtained from 7 by multiplying it by matrix gg,
which is the same as (3.1). Thus

-1 -1
GT_(g By~ B Bg_1>. (3.93)

Now recall Lemma 3.1.2. We see that the top-left and bottom-right blocks are invertible, and
thus both decompositions of G exist. We find

G, = (é lf) (g g(_)l> (—13 (1)) . (3.94)

This proves that G, = (e ?)TGre B, where G is the block diagonal metric

Gr = BDiag(g, g7 ). (3.95)

This observation gives us two interesting facts. First, note that the blocks in the decompo-
sition are unique, which re-proves the uniqueness assertions of the preceding proposition. Next,
this helps us to prove that not every positive definite fiber-wise metric on E is a generalized
metric. We see that det (G;) = 1. Define G := AG,, where A # 1 is a positive real constant.
G is clearly a positive definite fiber-wise metric on E, but det (G) = A" # 1. We can now
give the last equivalent definition of the generalized metric.

Proposition 3.8.5. Let E be a vector bundle, and (-,-)g be a fiber-wise metric on E. We say
that fiber-wise metric G is a generalized metric, if G is positive definite and G € Hom(E, E*)
defines an orthogonal map. We use the fact that the dual vector bundle E* is naturally equipped
with an induced fiber-wise metric (-, ) g« = ggl,

We claim that this definition coincides with Definition 3.8.1.

Proof. Denote by gg € Hom(E, E*) the vector bundle isomorphism induced by a fiber-wise
metric (-,-)g. Let 7 € End(FE) be a generalized metric according to Definition 3.8.1. The
properties of 7 can be now written as

gpT =T g, T gpT =g, T2 = 1. (3.96)

The metric G, and 7 are related simply as G, = gg7. We have to show that (e,e')g =
(Gr(e),G-(¢/))g+. This can be rewritten as the condition

G.95'G, = gg. (3.97)

Plugging in for G, translates into 77 g7 = gg. Conversely, let G be a generalized metric
according to the definition in 3.8.5. This implies that G satisfies (3.97). Define 7 := ggl o G.
We have

957 = 7" 95 = 9e(95G) — (Ggz')gr = G — G = 0.
This proves that 7 is symmetric with respect to (-,-)g. Then
m'9pT = (Ggg')9e(9p' G) = Gyp' G = gk,

where we have used (3.97) in the last step. This proves that 7 is orthogonal with respect to
(-,-g. The property 72 = 1 follows automatically (any map which is both symmetric and
orthogonal is an involution). |
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To conclude this section, note that there is no actual reason to choose the map A €
Hom(TM,T*M) in order to describe Vi in the proof of Proposition 3.8.4. One can as well
describe V. using the map A~ € Hom(T*M,TM), which decomposes as A=t = G~ +1I,
where G is positive definite metric on M, and II € X2(M). The two descriptions are related as

(g+B) =Gt +1I (3.98)
One can find G and II explicitly in terms of (g, B) as

G=g—-Bg'B, (3.99)
O=-¢g'B(g—Bg'B)~" (3.100)

To obtain this use the decomposition (3.21) for G in the form (3.93), and then note that G,

can be also decomposed as
1 0\ /G O 1 -II
o= (2(E L) . 100

A comparison of the blocks gives exactly the relations (3.99, 3.100).

3.9 Orthogonal transformations of the generalized metric

There is a natural action of the orthogonal group on the space of generalized metrics. We
will analyze this action mainly in terms of the corresponding fields (g, B). We consider E =
TM ®T*M. Let 7 be a generalized metric, and O € O(n,n). Define 7’ € End(E) as

= 0"1r0. (3.102)

Then G, = gg7’ = OTgpTO = OTG,0O. Clearly 72 = 1. This means that 7’ is also a
generalized metric. Corresponding eigenbundles are related as

vi =0"'v]. (3.103)

We have also proved that there is always a unique pair (g, B) corresponding to 7. Let (¢’, B)
be a pair corresponding to 7. How are (¢’, B’) and (g, B) related? Let A = g + B, and
A" = ¢’ + B'. By definition, V] = G4, and V] = G4/, where G4 and G 4 are the graphs of
the respective vector bundle morphisms. We will use the notation introduced in Section 3.1.
Let X € X(M). We have

O 1 (X + A(X)) = (Of + 07 A)(X) + (03 + O] A)(X).
Define Y = (O + OY A)(X). Then

O X + A(X)) =Y + (03 + 0T A)(Of + 03 A)~H(Y).
If the inverse of O + O A exists, we get the following formula for A’:

A = (0 +of A0 + 0T A~ (3.104)

Recall the isomorphisms W.. € Hom(T'M, Vz) defined by (3.88), and let W € Hom(T*M, V)
be similarly induced isomorphisms: Wy (§) = € + (£G~1 + ) (€), for all £ € QY (M). Define
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new vector bundle morphisms ®4, Y1 by the following commutative diagram (in fact there
are two independent diagrams, one for +, one for —):
Ty
"M —— T*M
Ci:;i |#7
N vi 2 vy N (3.105)
“l e
Lo

TM —— TM

All involved maps are vector bundle isomorphisms, and so have to be ®4, Y4. We can find
explicit formulas:

&, =07 +0%A ®_ =07 - 0F A", (3.106)
Y, =07 +ofa', v =0f -0ofa ™. (3.107)

This proves that the inverse in (3.104) exists. These maps in fact transform between the
involved Riemannian metrics.

Proposition 3.9.1. There hold the following conjugation relations:
g l=d.g'0 (3.108)
g —B'g'B'=Y1(9g—-Bg'B)YL. (3.109)

Proof. We will prove only one of the four equations, because the other ones follow in the same
way. First note that (¥7 (X), ®7(Y))g = 29(X,Y), and similarly for /. Hence

29(X,Y) = (¥7(X), ¥ (Y))p = (0T (®,(X)), OPT (8, (Y))) p = 29" (8, (X), 8, (Y)).
Thus g = ®1¢'®.,, which is precisely (3.108) with the + sign. |

Now, note that formula (3.104) can be rewritten as
A=Y A =@~ TAYT. (3.110)

The latter expression can be found as the analogue of (3.104) derived using the subbundle V_.
Together with the previous proposition, we can find transformation rules for B’.

B' = (Y =& ")g+ Y, B)® ' = (—(Y_ —&_T)g+ YT B)®_". (3.111)

Using the orthogonal group, we can describe the set of all generalized metrics in a more intrinsic
way. To do so, we first need to prove two following lemmas.

Lemma 3.9.2. The action of O(n,n) on the set of generalized metrics is transitive.

Proof. Let G and G’ be two generalized metrics on E. Then G = [e B]TGge 5, and G’ =
[eB'17GlLe B Because e B and e B are O(n,n) transformations, it suffices to show that
there exists O € O(n,n), such that G5, = OTGpO. For any two Riemannian metrics g and ¢’
on M, there is a vector bundle isomorphism N € Aut(TM), such that ¢’ = NTgN. Define
O = Oy, where Oy is a block diagonal map

N 0
On = (0 NT> . (3.112)
Obviously Oy € O(n,n) and Gy = O GrOy. This finishes the proof. |
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On the other hand, the action of O(n,n) is not free, as the next lemma shows.

Lemma 3.9.3. Let G be a generalized metric. Let O(n,n)a C O(n,n) be its stabilizer sub-

group. Then
O(n,n)e = 0O(n) x O(n). (3.113)

Proof. Any morphism O stabilizing G must preserve the subbundles V, and V_, it is thus
block diagonal with respect to decomposition E = V; @ V_. Moreover, (-, )g has the form

(ex +e_,e +e)p=(es, e )y —(e— e ), (3.114)

for all ex,e/, € Vi, and (-,-)1 are positive definite fiber-wise metrics on Vi. This proves

that O € O(n,n) iff both its diagonal blocks are in O(n). We conclude that O(n,n)g =

O(n) x O(n). [ |
These two observations are sufficient to describe the set of all generalized metrics on E.

Proposition 3.9.4. The set of all generalized metrics is the coset space O(n,n)/(0(n)xO(n)).

Proof. There always exists at least one generalized metric, for example Gg for some Riemannian
metric g. On every manifold M, there exists some g (it is constructed using the partition of
unity). The space of all generalized metrics is its orbit by Lemma 3.9.2. But every orbit is
isomorphic to O(n,n)/O(n,n)q, and thus by Lemma 3.9.3 to O(n,n)/(0O(n) x O(n)). |

Example 3.9.5. Let us conclude this section with a few examples of the O(n,n) actions on
the generalized metric G described by a pair of fields (g, B).

e Let Z € Q2(M) be a 2-form. Set O = e~%. In particular, we have
01=1,0,=0,03=-Z, 0y =1. (3.115)
Hence @4 =1, YL =1+ Z(+g+ B)~'. We get ¢’ = g, and
B =(F(Y+-1)g+YiB)=B+Z (3.116)

Of course, we could have seen this directly from G’ = (e=%)T[(e B)TGre Ple 4. In
particular, if B and B’ are related by a gauge transformation, B’ = B+da for a € Q' (M),
we can interpret the gauge transformation as the O(n, n) transformation of the generalized
metric (g, B) — (g, B + da).

e Let 6 € X2(M) be a 2-vector. Set O = €. In particular, we have
01=1,03,=0,03=0, Oy =1. (3.117)

This implies &1 = 1 4+ 6(+g + B), Y+ = 1. The resulting relations are more clear in
terms of dual fields (G, II) and (G',II') defined by (3.98). We get

G =G II'=I—9. (3.118)

One can thus write the relations as

11,
g+B g+ B

6. (3.119)
These are precisely the open-closed relations of Seiberg-Witten as they appeared in [85].

o7



Let N € Aut(E), and let O = Op. Then
O1=N,0;,=0,03=0, 04 =N"T, (3.120)

and consequently ®+ = N~ and Y, = NT. We get ¢/ = NTgN, and B’ = NTBN.
This proves that a change of frame in TM and its consequences for g and B can be
incorporated as a special case of O(n,n) transformation.

Consider M = R*! for d > 0, and coordinates (z*,2*), u € {1,...,d}. Define the vector
bundle morphism T' € Aut(E) as

T(0y) = 0y, T(da") = da*, T(0s) = dz®, T(dz®) = O,. (3.121)

It is easy to see that T' € O(n,n), where now n = d + 1. We can write the matrix of T
in block form as

1, 0 0 0
00 0 1

T=|o o 1, ol (3.122)
0 1 0 0

where 14 is a d x d identity matrix. We can write the matrix of metric g, and matrix of
B € Q*(M) in block forms as

_ g Je _ B B,
o= (g.T g) B- (_B.T ’ ) , (3.123)

where ¢ is a d x d matrix (§)u, = guv, and similarly with other components. We thus

have
O = (10d 8) 0y = (8 ?) 0y = (8 (1)) o (lod 8) . (3.124)
L O ) R P | C R B
These maps are invertible, because gee > 0. We get
ey = (lod iji) <ng.Tli BT (1)) B <igi,(¢1ng+B.T) i?) (3.126)

The simplest way to (¢, B') is now through (3.104), because we have already calculated
&' = (O] + 0FA)~!. We have

o +07A= (9};3 9°+13°). (3.127)

Plugging into (3.104) now gives

G+ B+ (g + Ba)(—9T + BI) L(ga+ B.)
A/ — ( 9’1’ r r Goo 1 (3128)
9070(_9. + B. ) Jee
Reading off the symmetric and skew-symmetric part, we obtain
1 1 1
g/ = g + (BOBT - g.g?), gi = 7B07 g/oo = ) (3129)
g.. g.. g..
R N 1 1
B =Bt —(guB] ~ Bugl). Bu= —gu (3.130)
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But these are exactly the well-known Buscher rules [20] emerging from string theory’s
T-duality. The generalized geometry thus allows to describe T-duality as an orthogonal
transformation of the generalized metric.

3.10 Killing sections and corresponding isometries

Let G be a given generalized metric on E. Up to now, we have discussed only the isometries
formed from O(n,n) maps, concluding that O(n) x O(n) is the subgroup preserving G. We
can generalize the notion of isometry as follows.

Definition 3.10.1. We define the group Elsom(G) of extended isometries as

Elsom(G) = {(F,¢) € EAut(E) | G(F(e), F(e')) o o = G(e,€')}. (3.131)

We have shown that EIsom(G) N O(n,n) = O(n) x O(n). We do not intend to find the
whole group Elsom(G). Instead, we will find an important class of examples - solutions to
the Killing equation. To find it, let us assume that (F;,¢;) C Elsom(G) is a one-parameter
subgroup and define F € I'(D(E)) as F = F_i. By differentiating (3.131) with respect
to t at t = 0, we obtain

il
dt 1t=0

a(F).G(e,€') = G(F(e),€') + G(e, F(€')), (3.132)

for all e,e’ € T'(E). This is still a way too complicated equation to solve, and we therefore
restrict to F in the form F(e’) = [e,e/]p for fixed e € I'(E), and all ¢’ € I'(E). Note that
F € Der(FE), and a(F) = p(e). Requiring F to satisfy (3.132) leads to the definition of Killing
equation.

Definition 3.10.2. Let G be a generalized metric. We say that e € T'(F) is a Killing section
of G, if it satisfies the Killing equation

p(e).G(ee") = Glle, ']y ") + G(, e, €"]p), (3.133)

for all ¢/,¢” € T'(E).
Now assume that G = (g, B). We will examine the condition (3.133) in terms of the fields
g and B. Recall that G = (e 8)TGre B, where Gr = BDiag(g,g~!). Moreover, we can

use the fact that e Ple,e’|p = [e"B(e),e B (e')]9P, following from (3.82). Finally, note that
p(e=B(e)) = p(e). These observations allow us to rewrite (3.133) as

p(eiB<e))'gE(fla f//) = gE([eiB(e)v f/]dDBv H) + gE(f/7 [eiB(e)a f”]dDB)v (3134)
for all f/, f € I'(E). This proves that e is a Killing section of G, iff f := e~(e) is a Killing

section of Gg. We will thus find all Killing sections of simpler generalized metric G, but using
dB-twisted Dorfman bracket instead. Write f = X’ + ¢’ for X' € X(M) and ¢ € QY(M).
Plugging into (3.134) for f, and writing f' =Y + 1, f” = Z + {, we obtain
X' {g(Y,Z) +97 (n,0)} = 9([X", Y], Z) + 9(Y,[X", Z])
+g (Lxm = ivde', Q) + g7 (n, LxoC — izd€’) (3.135)
- g_l(dB(X/7 K ')7 C) - 9_1(7% dB(X/a Za ))
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This gives three equations

( Z)=g([X" Y], Z2) + g(Y,[X', Z]), (3.136)
=g (Ex'n O 49 (n, Lx:C), (3.137)
0=yg "(ivde',¢) + g~ (dB(X",Y,"),() (3.138)

all valid for all Y, Z € X(M) and n,¢ € Q'(M). They are equivalent to
Lxig=0, df' = —ix.dB (3.139)
Now let X' +¢ =e B(X +¢) = X + ¢ — B(X). We arrive to the following proposition:

Proposition 3.10.3. Let G be a generalized metric corresponding to fields (g, B). A section
e =X +¢ is a Killing section of G, iff

Lxg=0,d=—-LxB. (3.140)

Since F = [X 4+ &,-] € Der(E), we can use the result of Proposition (3.5.2) to find the
corresponding automorphism of Dorfman bracket. By construction, we expect exp (tF) to be
an element of EIsom(G). Also note that F € Eo(n,n), and thus exp (tF) € EO(n,n). Note

that F = R(X)+ Fqe. Using the Killing equation, we evaluate the integral defining the 2-form
B(t):

0= [ 6 enan = [ (o Cxmyan=B- 5B
The corresponding 1-parameter subgroup of Autp(E) then has the form
exp (tF) = eB® o T(¢%)). (3.141)
Finally, we are able to prove the following statement:

Proposition 3.10.4. Let F = [e,:]p, where e € T'(E) is a Killing section of G. Then
exp (tF) € Autp(F) is an extended isometry of G, exp (tF) € Elsom(G).

Proof. This is a direct calculation. Note that for G = (e~ 2)TGge™B, we get
X % X %
G (exp (tF)(e), exp (tF)(€')) = G (e” P(T(¢%)(e)),e” P(T(¢%,)(€))-
Now note that e®* B o T(¢%X,) = T(¢%,) o eB. Condition (3.131) then becomes

Ge(T(6%)(F), T(@X)(f") = Ge(f, f) o o7 (3.142)

Rewriting this using the definition of Gg, we obtain the condition ¢X;g = g. Here we use
the second of the conditions (3.140) and the fact that Killing vector field X generates a flow
preserving the metric g. [ ]

3.11 Indefinite case

The concept of generalized metric has proved to be a useful tool to encode a Riemannian metric
g and a 2-form B into a single object G, or its equivalents 7 and V. For applications of this
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tool in physics, we should discuss also the case when g is an indefinite metric. We clearly have
to abandon the interpretation using the definite subbundles V... The obvious candidate for
indefinite generalized metric is G in the block form (3.93), since all expressions make sense.
For given metric g and 2-form B, we define generalized metric G to be a fiber-wise metric

(1 B\ (g O 1 0\ (g—Bg'B Bg!
G_(O 1> (0 91> (B 1>_( —97'B g7t )" (3.143)

A first question comes with the invertibility of the map g — Bg~'B. To answer it, we prove
the following lemma:

Lemma 3.11.1. Let V be a finite-dimensional vector space, g € S?*V* be a non-degenerate
bilinear form on'V, and B € A>V*. Let A € Hom(V,V*) be a linear map defined as A = g+ B.

Then the map A is invertible if and only if the bilinear form g — Bg~' B is non-degenerate.

Proof. First, assume that A is invertible. Then so is A” = g — B. Next, note that we can write
g—Bg !B = (g+ B)g (g — B). This proves that ¢ — Bg~!' B is non-degenerate. In fact, we
can take the determinant of this formula to get

[det (g + B)]? = det (g) det (g — Bg~'B). (3.144)

This proves the converse statement. |

For a positive definite g, the map g 4+ B is always invertible. However, for indefinite g, this
is no more true. Consider for example

g= <(1) _01>  B= (_01 é) . (3.145)

The map A = g + B is then certainly singular.

Then comes a question of the signature of G = g — Bg~'B. But this in fact follows from
the observation in the proof above, because G = ATg~1' A, and the signature of G thus must
be same as the one of g. If the signature of g is (p,q), we can take the square root of (3.144)
to obtain

det (g + B) = £[(—1)%det (9)]2[(—1)? det (g — Bg~'B)]>. (3.146)
Note the =+ sign in the formula. For g > 0, determinant on the left-hand side is always positive.
Indeed, define f(t) = det (¢ + ¢tB). This is a continuous nonzero function of ¢, and f(0) > 0.
This proves that f(1) > 0.

For indefinite g, the signs for det (¢) and det (g + B) can be different. Consider for example

g= (3 _01) . B= <_OA 3) . (3.147)

Then det (g + B) = —1 + A2, and det (g) = —1. We can thus choose A > 1 and the two signs
differ (the reason is of course the singularity at A = 1).

We can still consider an orthogonal transformation of generalized metric G. Consider
O € O(n,n) and simply define G’ := OTGO. Is there always metric ¢’ and 2-form B’ such

that ) )
1 B 0 1 0
o= (0 1) (% 9/1> (B/ 1) (3.148)

holds true? A partial answer is given by the following proposition. We use the notation of
sections 3.1 and 3.9.
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Proposition 3.11.2. Let G be a generalized metric in a sense of (3.143), and define G’ =
OTGO for O € O(n,n).

There exist metric g’ and 2-form B’ such that G’ has the form (3.143), if and only if the
map ®, = OF + O (g + B) is invertible.

Proof. First note that bottom-right corner of G’ defines a fiber-wise bilinear form h’ on T* M
given by formula

' =0Yg7'0,+0¥Bg™ 104, — 0T g7 BOy + Of (9 — Bg~'B)O,. (3.149)

Next see that A’ can be written as
==&, "'l (3.150)

This can be verified directly, using the orthogonality property OF O, +0% 04 = 0 for O. Taking
the determinant of this relation gives

det (') = [det (®)]?/ det (g). (3.151)

This proves that k' is invertible if and only if ®, is.

Now assume that G’ has the form (3.148) for metric ¢’ and B’ € Q*(M). In this case
h' = ¢'~!, and (3.151) proves that ® is invertible.

Conversely, let @ be an invertible map. Formula (3.151) proves that k' is invertible (and
thus a fiber-wise metric on T*M). Define ¢’ := h'~!. Now recall Proposition 3.8.5. Even in
indefinite case, G € Hom(FE, E*) is an orthogonal map, and so is G’ = OTGO. Moreover, this
map has invertible bottom-right corner h’. We can now use an analogue of Proposition 3.1.3
to show that G’ can be decomposed as (3.148), proving that B’ € Q*(M). [ ]

Note that in indefinite case, ®, is not always invertible, not even in the case when g + B
is. Consider O = e~© of Example 3.9.5 for n = 2. Define

9= <é _01> B= <_0b 8) o= <_0t é) . (3.152)

Then det (g + B) = b? — 1, and for b # +1, g + B is invertible. The map ®, =1 — O(g + B)
has the explicit form

{1+t ot
¢>+_<t 1+tb>. (3.153)

Now det (®4) = (1 + tb)? — t2. Equation det (®,) = 0 now has two roots: t = —1/(b +
1). For every b, we can thus find ® making ®, a singular matrix, and consequently G’ is
indecomposable in the sense of (3.148).

We see that everything in principle carries out to the indefinite case, but in every step
one has to make assumptions concerning the invertibility of involved maps. In order to avoid
unnecessary discussions here and there, we thus usually stick to the positive definite case.
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3.12 Generalized Bismut connection

Let G be a generalized metric on the Courant algebroid E = TM & T*M. We may look
for Courant algebroid connections compatible with G. Recall that by Definition 2.4.3, V is a
Courant algebroid connection if it preserves the Courant metric (-,-)g. There exists a simple
example of such connection. It first appeared in [33] and was studied from the perspective of
Courant algebroids in [40]. Before we introduce its definition, recall that G induces an operator
C : V4 — V¢ defined as

C(W4(X)) = U= (X), (3.154)

for all X € X(M). By direct calculation using the projectors (3.90), one arrives to an explicit
formula
C(X +€) = X — €+ 2B(X), (3.155)

for all X + ¢ € I'(E). Note that by definition C? = 1, and C is an anti-orthogonal map with
respect to (-,-)g. For any e € T'(F), denote ex = Py (e) to simplify the notation.

Definition 3.12.1. The generalized Bismut connection V is for e, ¢’ € T'(F) defined as
Vee' = (e, eL]p)— + ([e— 4 ]p)+ + ([Cler), €4 ]p)+ + ([C(e-), el ]p) - (3.156)

We have used a more abstract definition as it appeared in [40]. It is easy to see that
V€' = fVee'. This follows from the fact that (V4,V_)g =0, and (e4)_- = (e—)+ = 0 for all
e € I'(E). To prove the second property note that po C = p, and we get

Ve(fe') = fVee' + (ples)-f)el + (ple=)-f)ey + (ple+)-f)ely + (ple-).f)e”
= fVee' + (ple)-f)e"

We will prove the metric compatibility with (-, -) g later. It is easier to determine the action of
the connection on the sections of the special form. Let e = ¥, (X), and ¢/ = ¥_(Y). Only
one of the four terms contributes, namely the first one. Next note that ¥ = eZW¥Y, where
P9 (X) =X F g(X). Hence

[0 (X), & (¥)]p = B[00 (X), ¥ (v)]1.

Here H = dB. This simplifies the calculation, because P_(e®(Y + 1)) = 3®_(Y — g7 (n)).
Then
(W8 (X), ®L(W)IE = [X, Y]~ Lx(9(Y)) — ivd(9(X)) - H(X,Y,").

Combining all the observations gives
1 B . 1 _
Vee! = W [S{[X, V] + 97 (Lx(9(Y)) + ivd(g(X))} + 597 H(X,Y, ). (3.157)
The terms not containing B form a well known object. Indeed, we have
1 _ .
VEOY = SAIX Y]+ 97 (Ex(9(Y)) + iyd(9(X)))}, (3.158)

where VL€ is the Levi-Civita connection on M corresponding to the metric g. We can thus
write

1
Vee =0 _(VECY + 5g*lﬂ(x,y, ). (3.159)

Repeating the same procedure for all the possible combination of + signs, we would prove the
following lemma.
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Lemma 3.12.2. Let V be the generalized Bismut connection defined by (3.156), and H = dB.
Then
V., (x)(¥(Y)) = ¥ (VyY), (3.160)
Ve, x)(T-(Y)) =¥_(VyY), (3.161)

for all X,Y € X(M). V¥ is a couple of connections on M defined as
1
ViYy =vVviY ¥ ig*H(X, Y, ). (3.162)

Connections V* are metric compatible with g, and equations (3.160 - 3.162) can be considered
as an equivalent definition of the gemeralized Bismut connection.

This lemma has one immediate consequence. We can now prove that V is in fact induced
by an ordinary vector bundle connection. To show this, let e = 0+« for a € QY (M). It suffices
to show that V. = 0. But in this case e = ¥, (397 (o)) — ¥_(397'()), and the statement
follows from (3.160, 3.161).

Our aim now is to find an expression for the generalized Bismut connection acting on a
section in a general form e = Y + 7. To do so, introduce an auxiliary connection V., =
e*BVeB(e)eB. We have

PV ) = STV g7 )+ (Y g7 ().

In particular e (X) = $¥_ (X) + $¥_(X). This shows that

~ 1 _ 1 _
PV (Y +n) = §V\p+(x)‘1’+(y +9 ) + §V\I'+(X)‘I’7(Y —g ' (n)

— ST + g @) + (VR (Y g ()

= SPRUTEY 497 () + 5P (TR (Y — g7 ()

Hence

~

Vx(¥ ) = SOUVEY g7 0) + 52 (VR(Y g7 (). (3163

It is now simple to plug in from (3.162) for V*. This results in the formal block form of v:

V. _ Vg(c _%gilH(Xagil(*),')
Vx = <—§H(X, _ vLe . (3.164)

The x symbol indicates where the input enters. In other words, we have
~ 1 1
Vx(Y+m) = (VXY = g H(X, g7 (0),)) + (VXOn = 5 H(X, Y, ). (3.165)
Now it is easy to write the original G-compatible connection V. One obtains
_(1 0 Vi~ 39 ' H(X, g7 (x),)\ (1 0
vx= (5 1)y Vi B 1) (3.160)
This is the form of generalized Bismut connection as it appeared in [33].
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Proposition 3.12.3. Generalized Bismut connection V is compatible with the pairing (-, ) g,
and with the generalized metric G.

Proof. Directly from the definition of V, it is easy to see that V is compatible with (-,-) and
G, if and only if V is compatible with (-, -) g and Gg. The latter property can be easily checked
explicitly using the block form (3.164) of V. [ |

Now recall the definition of the torsion operator (2.67). We will use L suitable for Courant
algebroids, namely

L(B,e,¢) = (e, Y pgn (B). (3.167)
We will make advantage of the simpler connection V to calculate 7. Indeed, we have
T(eB(e),eP () = P (666/ —Vee— e, e + L), Ve, e, e)).
Thus T(eB(e),eB(e')) = eBT(e,e'), where T is the torsion of connection V with H-twisted

Dorfman bracket. Let us now calculate T explicitly. One gets

T(X+6Y +1) =— 2g  HX, g7 ), ) + g HY.g71(€). )

2 2
1 ) (3.168)

- EH(Xa Y, ) - QH(gil(f)agil(n)v )

This proves that V and consequently V is torsion-free if and only if H = 0. Torsion T can be
now calculated in a straightforward manner using e” and T.

According to the remark under (2.74), we may define the curvature operator of V using the
usual formula:
R(e,e')e” =V .Vee" —=VaVee" = Vi o€, (3.169)

for all e,e’,e” € T'(E). Using the relation of V to V, we get the expression
R(eB(e),eP(e))eP () = P (@eﬁe/e" — Ve Ve — ﬁ[e’e,}ge"). (3.170)

Hence R(eB(e),eB(e))eB(e") = eB(R(e,e')e”), where R is the curvature operator of V using
the H-twisted Dorfman bracket [, -] Tt is not difficult to calculate R explicitly. We get

Ri(X,Y)(Z+¢) = R*(X,Y)Z - %9‘1((V§0H)(Y, g€, ) = (V¥ H)(X, g7 1(¢), )
+ %g‘lH(X,g‘lH(Y, Z,),) — ig_lH(Y,g_lH(X, Z,),") (3.171)
Ra(X,¥)(Z+) = RY(XY)C— S(VECH)(Y, Z,) 4 S (VIO H)(X, Z,) (3172)
FLHX g H (Y071 (0), ), ) = HYV g X, g7(0),),)
We have used ﬁl and ]3@ to denote the T'M and T*M components of R respectively. One can
now calculate the corresponding Ricci tensor Ric, defined as Ric(e, e’) = (e}, R(ex, €')e). Note

that it has only two non-trivial components (with respect to the block decomposition). One
obtains

ﬁiC(X7 Y) = RiCLC(X7 Y) - EH(Y;gilH(aka Xa ')a gil(dyk))v (3173)

Ric(¢,Y) = =5 (VECH)(Y, g7 (€), 97" (dy*)). (3.174)

1
2
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Finally, we may use the generalized metric Gg to calculate the trace of Ric and obtain the
corresponding scalar curvature R. One gets

~ o~ 1 .
R = Ric(Gz'(e*),ex) = R(g) — i ik HIR (3.175)

To conclude this section, note that we can use this result to calculate the scalar curvature R
of the generalized Bismut connection.

Proposition 3.12.4. Let V be the generalized Bismut connection corresponding to the gener-
alized metric G. Let Ric be its Ricci tensor, and let R be the scalar function on M defined
as

R = Ric(G71(e), ey), (3.176)

where (ex)3™, is some local frame on E. Then R = R, that is
1 -
R =R(g) — iHiij”k. (3.177)

Proof. The result follows from the definition of the connection V, the relation (3.170), and the
fact that G = (e B)TGgeP. |

We see that the scalar curvature of the generalized Bismut connection does not depend on
B, but only on a cohomology class [H] of its exterior derivative H = dB.
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Chapter 4

Extended generalized geometry

The main aim of this chapter is to generalize the objects of the standard generalized geometry
in order to work also on the vector bundle £ = T'M & APT* M. The main issue is that the most
straightforward generalization of the orthogonal group O(n,n) suitable for E does not seem to
be useful for a description of the generalized metric. This lead us to the idea of embedding the
generalized geometry of E into the larger vector bundle E @& E*, already equipped with the
canonical O(d,d) structure.

4.1 Pairing, Orthogonal group
Let E =TM @& APT*M. We have I'(E) = X(M) @ QP(M). Define a non-degenerate C>°(M)-
bilinear symmetric form (-, -)g : T(E) — ['(E) — QP~Y(M) as

(X+&Y +mp =ixn+ivé, (4.1)

for all X +¢&,Y +n € T'(E). Although it is not an ordinary C'*°(M)-valued pairing, one can
still define its orthogonal group O(FE) as usual, that is

O(E) ={F € Awt(E) | (F(e),F(e'))g = (e,€') g, Ve, e € T(E)}. (4.2)
We will now examine its Lie algebra o(E), defined as
o(E) ={F € End(E) | (F(e),e)g + (e, F(e'))g = 0,Ve, e € T(E)}. (4.3)

In fact, the structure of this algebra greatly depends on p and the dimension n of the manifold
M. Write F in the formal block form as

A I
Plugging F into the condition (4.3) gives the following set of equations:
iy CT(X) 4+ ixCT(Y) =0, (4.5)
iyAl(f) + iA(y)f =0, (4.6)

One can now discuss the consequences of these equations. This is a straightforward but a little
bit technical linear algebra. We present only the results in the form of a proposition.
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Proposition 4.1.1. Let F € End(E) have a formal block form (4.4). Then, depending on p,
we have the following conditions for F € o(E).

1. p=0: All fields are arbitrary, that is
o(E) = End(TM) & X(M) & QY (M) & C>=(M). (4.8)

2. p=1: In this case o(E) = o(n,n), and thus A’ = —AT, 11 € X2(M), C € Q*(M), and

o(E) = End(TM) & X*(M) & Q*(M). (4.9)

3.1 <p<n-—1: In this case A =X -1, A/ = =\ -1, where A € C>*°(M), I =0, and
C € QPYL(M). Hence,

o(E) = XPTHM) @& C=(M). (4.10)

4.p=n—-1:A=X-1, A =-X-1, for \€ C®(M). Il € X*(M), and C € Q"(M). Thus,

o(E) = X"(M) & Q"(M) & C*(M). (4.11)

5. p=mn:Inthis case A=X-1, A" = —\-1, for any A € C*(M), C =11 = 0, and therefore

o(E) = C>(M). (4.12)

We see that possible choices for o(E) are very different for different values of p. In par-
ticular note that for 1 < p < n — 1, there is no (p + 1)-vector II defining a skew-symmetric
transformation, and thus no e!! defining an orthogonal transformation. This proves that for
general p, Nambu-Poisson manifolds cannot be realized as Dirac structures. This was proved
by Zambon in [91], and it has in fact lead to the theory of Nambu-Dirac manifolds examined
by Hagiwara in [41].

Example 4.1.2. For a general p, there are thus fewer generic examples of orthogonal trans-
formations, let us recall them here

o C-transform: Let C € QPT1(M). It defines a map C' € Hom(APTM,T*M), and we will
define e“ € Aut(E) by its formal block form

eC = (_éT (1)> . (4.13)

Note that for p = 1, we have C = —CT. Tt follows from Proposition 4.1.1 that e“ € O(E).

e Let A € C°°(M) be everywhere non-zero smooth function. Define the map O, as
1
O\(X +9) :/\X+X£, (4.14)

for all X + ¢ € I'(E). Obviously Oy € O(E).
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4.2 Higher Dorfman bracket and its symmetries

Let us now examine the Dorfman bracket from Example 2.1.3. Recall that it is defined as
(X +&Y +nlp = [X, Y]+ Lxn — iyde, (4.15)

for all X +¢&, Y +n € I'(F). To distinguish it from its p = 1 version, we sometimes refer to
it as the higher Dorfman bracket. We have shown that for p = prras, the triplet (E, p, [, ]g)
forms a Leibniz algebroid. Due to its structure similar to p = 1 Dorfman bracket, it also has
some properties similar to Courant algebroid axioms:

Lemma 4.2.1. Let [-,-]p be the Dorfman bracket (4.15), and {-,-)g be the pairing (4.1). Then

1
for all X + & € T(E), and the pairing (-,-) g is invariant with respect to [-,-|p in the sense that

forall XY, Z € X(M), and &,1,( € QP(M).
Proof. Direct calculation and definitions. |

We can directly generalize the derivations algebra and the automorphism group of the
Dorfman bracket. The derivation of the results is completely analogous to the p = 1 case
provided in Section 3.4 and Section 3.5. We thus omit proofs of following propositions.

Proposition 4.2.2. Define the Lie algebra Der E of derivations of the Dorfman bracket (4.15)
as in (8.40). Then as a vector space, it decomposes as

Der(E) = x(M) D leosed(M) D Q?l—gied(M)' (418)
Every F € Der(E) decomposes uniquely as F = R(X) + Fx + Fc, where R(X)(Y +1n) =
([X,Y],Lxn), for all XY € X(M) and n € QP(M). Vector bundle endomorphisms Fx and
Feo are defined as

0 O 0 0
where X\ € Q9 .(M) and C € nggied(M), Nontrivial commutation relations are
[R(X), R(Y)] = R([X,Y]), (4.20)
[R(X), Fc| = Frys, (4.21)
[Fx, FBl = Fac. (4.22)

On the Lie algebra level, we thus have

Der(E) = X(M) x (920

closed

(M) x QPFL (M), (4.23)

closed

where Q0 (M), Q%L (M) are viewed as Abelian Lie algebras, Q2 __ (M) acts on forms in

closed closed closed

QPFL (M) by multiplication, and X(M) acts on Q9. x Q5FL (M) by Lie derivatives.

closed closed
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Proposition 4.2.3. Let Autp(F) be the group of automorphisms (3.59) of the Dorfman bracket
(4.15). Then it has the following group structure:
Autp(E) = (5L 4(M) 3 G(Qpsea(M))) » Diff (M), (4.24)

closed

where QP (M) is viewed as an Abelian group with respect to addition, G(Q0,50a(M)) acts

closed

on QPF (M) by multiplication, and Diff(M) acts on QP! (M) x G(29,,,.4(M)) by inverse

closed closed

pullbacks. Every (F, ) € Autp(F) can uniquely be decomposed as
F=e%08\0T(yp), (4.25)

where ¢ = expFo, and Sx(X + &) = X + A\ for the unique C € Q’C)ltied(M) and \ €
G(Q%psea(M)). By G(Q9,...(M)) we mean the multiplicative group of everywhere non-zero

closed 0-forms (locally constant functions).

Similarly to the p = 1 Dorfman bracket, we expect something interesting to happen when
we twist it with a non-trivial C-transformation. Let C' € QPT1(M), and in general dC # 0.
Define a new bracket [-, -], as

le, el = e [e“(e), e ()], (4.26)
for all e,e’ € I'(E). It turns out, due calculations similar to Section 3.6, that [-,-]}, = [-,-]%,
where the H-twisted higher Dorfman bracket [-, -5 is for given H € QP2 (M) defined as

[X+&Y +n)p = [X +&Y +nlp = H(X,Y, "), (4.27)

for all X +&,Y +n € I'(E). There holds also a complete analogue of Proposition 3.6.1, where
all objects can straightforwardly be replaced by their p > 1 generalizations.

4.3 Induced metric

Before proceeding to an analogue of the generalized metric suitable for £ = TM @ APT* M, let
us examine in detail the following construction. Let g € I'(S?T*M) be an arbitrary metric on
M. Our intention is to define an induced fiber-wise metric g on APT M. First, let us define a
type (0,2p) tensor g on M as

Vi, Vo, W W) = > (=)l g(Viay, W) - X g(Vi), W), (4.28)
€Sy

for all Vi,...,V,, Wh,...,W, € X(M). First note that g is skew-symmetric in first and last p
inputs. Moreover, one can interchange (V1,...,V,) and (Wh,...,W):

GVi, . Vo Wh, o W) = G(Wh, .. Wy VA, ., V). (4.29)

This proves that g defines a fiber-wise symmetric bilinear form on APT* M. In local coordinates,

it has the form .
gil-'~ipj1~~~jp = 5i11.11'7lppgk1j1 tet gkpjp' (430)

1

To prove that g is a fiber-wise metric, define a type (2p,0) tensor g~! on M as

g_l(ala RN apaﬁl? IR aﬁp) = Z g_l(aa(l)761) X X g_l(ao'(p)7 6}7), (431)
ocS,
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for all ai,...,a,,B1,...,8, € QY(M). Now note that we can view g as a vector bundle
morphism ¢ from APTM to APT*M, and g~ as a vector bundle morphism from APT*M to
APTM. It is straightforward to check that g—! o g = 1. This proves that § is non-degenerate
and thus a fiber-wise metric on APT M.

There is now one interesting question to pose. What is the signature of g for given signature
(r,s) of g7 The answer is given by the following lemma

Lemma 4.3.1. Let g be a melric of signature (r,s), and let g be the fiber-wise metric on
APTM defined by (4.28). Then g has the signature ((Z) — N(r,s,p),N(r,s,p)), where the
number N(r,s,p) is given by a formula

N(r,s,p) = %/? (2/48— 1) (p - 2Tk + 1)' (4:32)

k=1
Proof. Choose an orthonormal frame (E;)"; = (e1,...,er, f1,..., fs) for g:
g(ei e5) = 8ij, 9(fi, f3) = =045, g(es, f5) = 0. (4.33)

We can calculate g in the basis £y = E;; A... A E;,. One gets g(Er, Ey) = +67, proving
that E; form an orthonormal basis for g. It thus remains to track the + sign. For given

odd j € {1,...,p} there is N;(r,s,p) := (;) (pij) different strictly ordered p-indices I, such
that exactly j indices in I correspond to negative norm orthonormal basis vectors. These are

precisely the p-indices I where g(Er, Er) = —1. Resulting N(r, s, p) is just a sum of N;(r,s,p)

over all odd j:
s r
N(’I’,S,p) = Z - R
jodd, 1<j<p M/ NPT

This is exactly the formula (4.32). [ |

We can now calculate some relevant examples. For a positive definite g, we have (r,s) =
(n,0), and thus N(n,0,p) = 0. This means that also g is positive definite. For Lorentzian
g, we have two possibilities: (r,s) = (1,d) or (r,s) = (d,1). Note that for p even, one gets
N(r,s,p) = N(s,r,p).

o (r,8) =(d,1): We get

[p/2]
1 d d
N(d, 1 = = . 4.34
(d.1,p) ;(216—1)(]9—2164—1) (p—l) (4:34)
e (r,8) = (1,d): For even p, we get N(d,1,p) = N(1,d,p). For odd p, we obtain
[p/2]
d 1 d
N(l,d,p) = = . 4.35
— Z(2k1>(p2k+1> <p> (4:39)

k=1

By construction of g, it is clear that geometrical properties of g will follow from those of g. As
an example, we can calculate its Lie derivative.
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Lemma 4.3.2. Let g be the fiber-wise metric (4.28). Then we have

for all P,Q € XP(M), where on the left-hand side g is viewed as a tensor g € 'TQ%(M) Moreover,
this Lie derivative can be calculated as
(Lxg)(vlv DR} Vpa le R} Wp) =

Z (-l ZQ(Vg(l),Wﬂ X oo X (Lxg) Vo), Wi) X -+ X (Vi (), Wp). (4.37)

oc€Sy k=1

In particular, Lxg = 0 implies Lxg = 0.

Proof. Equation (4.36) follows from the definition of Lie derivative and the fact that it com-
mutes with contractions. Equation (4.37) follows from the fact that

(G DV, Vs Wiy, W) = D (1)@ ) (Vo , W) - X (6779) (Vi) Wh).
o€Sy

(4.38)
Now differentiate this at ¢ = 0 to obtain (4.37). [ |

Remark 4.3.3. The converse statement is not true. Consider M = R2, and the Minkowski

metric
-1 0
g= ( 0 1> . (4.39)

Its algebra of Killing vectors is spanned by generators of two translations and a Lorentz boost.
For p = 2, the metric g is given by single component g(12y(12) = —1. If X = X101 + X20,, the
Killing equation for g gives

X' +X2,=0. (4.40)

To be in Killing algebra of g, X' and X2 have to have the form
X' =ca?+a, X2 =cat +0,

for a,b,c € R. Note that such X!, X2 indeed solve (4.40). On the other hand, (4.40) has many
more solutions, for example X' = f(z?), X2 = 0 for an arbitrary smooth function f. This
shows that the Killing algebra of g can be strictly larger than the one of g. Also, note that
Killing algebra for g does not have to be finite-dimensional.

Now, see that in chosen coordinates, one can view g;; as a square (Z) X (") matrix, and g;;
as a square n X n matrix. Are determinants of these matrices related?

Lemma 4.3.4. Let A be a square n x n matriz, denote its components as A';. Define an

(Z) X (2) matriz B labeled by strictly ordered p-indices I and J as

BIJ = (5,‘21”.,%14]61]'1 ...Akpj (441)

-
Then A is invertible if and only if B is invertible. Moreover, there holds a determinant formula:

det (B) = [det (4)](>-1). (4.42)
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Proof. Let A be invertible. Define B~ as

(BH!, = 515;1“.1@10(14_1)“ (AR (4.43)

Ji° Jp

It is straightforward to check that B! ;(B~!)/, = .. The opposite statement follows from
the formula (4.42). Its proof is more complicated and can be found in the Appendix A. |

To conclude this section, we shall examine how a covariant derivative acts on g. This will
be important for the generalized Bismut connection in one of the following sections.

Lemma 4.3.5. Let V be any connection on M. Let g be the metric (4.28) viewed as (0,2p)-
tensor. Then we can write its covariant derivative as

for all P,@Q € XP(M). Moreover, one has

(Vxg)(Vi,..., Vo, Wa, ..., Wp) =

Z (71)‘0‘ Zg(va(1)7W1) X oewe X(VXQ)(Vo(k)a Wk) X oo X g(va(p),Wp). (445)
k=1

oES)

In particular, if Vxg =0, then Vxg = 0.

Proof. Equation (4.44) follows from the definition of covariant derivative and the fact that it
commutes with tensor contractions. Next, let m € M, and 7 be the integral curve of X € X(M)
starting at m. Let 7, be the parallel transport from m = v(0) to v(¢) induced by connection
V. Then

p
DV, Vo, Wi W) = D (=D (72,9) (Vo) W) % -+ % (77,9) (Vi W)
k=1

o€Sy

Differentiation of this equation with respect to t at ¢ = 0 gives the assertion of the lemma. W

4.4 Generalized metric

We would like to define a positive definite fiber-wise metric G on E of similar properties as
the generalized metric on TM @& T*M defined in Section 3.8. There is no canonical fiber-wise
metric on E, except for the QP~1(M)-valued pairing (-,-)g. The definition suitable for the
generalization to F is the formal block form (3.93), in particular its form G = (e=¢)TGgeC.

For any metric g, define
_(9 0
gg = (0 5_1) ) (4.46)

where § is the induced metric on APTM defined by (4.28). Let C € QP (M), and let e~ be
the O(E) map defined by (4.13). Then set

(1 C\ (g O 1 0\ (g+Cgtct cg!
o= 9 ) e -0 F) e
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If g is positive definite, then so is G. For g of a general signature (r, s), one can determine the
signature of G using Lemma 4.3.1. The reason why we first consider only g induced by g and
C € QPTY(M) follows from the physics - the inverse of G naturally appears in the Hamiltonian
density of gauge-fixed Polyakov-like action for a p-brane. It appeared in exactly this form in the
paper of Duff and Lu [30]. See also related concepts in [52] suitable for various M-geometries.

There is still one characterization, which could possibly survive the generalization, because
the dual bundle E* can be equipped with a XP~!(M)-valued pairing (-, -) g+, defined similarly
to (4.1). We can then ask if G viewed as G € Hom(E, E*) defines an orthogonal map with
respect to (-,-)g and (-, ) g+. But this is not true for p > 1. This can be most easily seen from
the fact that Gg itself is not orthogonal for p > 1, and thus even in the C' = 0 case, G is not
orthogonal.

Note that in order to introduce the orthogonal transformations, we have to allow for more
general fields in generalized metric. In particular, for p > 1 we would not assume that g is
induced from g via (4.28). Moreover, the vector bundle morphism C' € Hom(APTM,T*M)
does not have to be induced by a (p + 1)-form C. Note that every positive definite fiber-wise
metric G on E can then be decomposed as (4.47). It will turn out that a generalized metric
G’ related to G by open-closed relations will not have G and G related by (4.28).

For positive definite g, the symmetric bilinear form ¢ + Cg~'C7 is invertible, and thus

defines a metric on M. Using the decomposition Lemma (3.1.2), we see that there exists a

unique decomposition
_ 1 0\ (Gy O 1 Iy
o= (g (% a6 ) (9

where the fields Gy, C~¥N and Il have the form

Gy =g+CgCT, (4.49)
Gy=g+CTg'C, (4.50)
Iy =—(g+Cg'C")'Cg ' =—g'C(g+CTg ') (4.51)

There is a historical reason behind the N subscript. Fields (G, G ~,IInx) correspond to the
Nambu sigma model dual to the membrane sigma model described by fields (g,g,C). Note
that in general, Gy is not induced from Gy via (4.28), and Iy € Hom(APT*M,TM) is not
induced by Iy € XPTH(M).

Example 4.4.1. Let us show an example proving the preceding assertion. Consider M = R3,
and let g be the Euclidean metric on R3. Consider p = 2. Let (0(12), 9(13), O(23)) be a local basis
of X2(M). The induced metric § has the unit matrix in this basis. Any C' € Hom(A2TM,T*M)
induced by a (p + 1)-form C has the matrix

0 0 ¢
C=10 —c 0},
c 0 O
where ¢ := C123. We have
1+ 0 0 _ 14 c? 0 0
G = 0 14 c? 0 , G = 0 142 0
0 0 1+c? 0 0 1+c2
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This shows that G is not of the form (4.28) because such G must be quadratic in the
elements of G, for example G(12)(12) = 614Gr1Gi2 = G35 = (14 ¢?)? # 1+ ¢*. The vector
bundle morphism IIy has the matrix

0 0 —(14+e*) e
Iy = 0 (1+cH)~te 0 ,
—(1+c*H)7te 0 0

which shows that Iy in this case is induced by a 3-vector Iy € X3(M).

Example 4.4.2. Finding a case when Iy is not induced by (p+ 1)-vector is also not difficult,
but one has to go to higher dimensions. Consider n = 5, p = 2, M = R® and g the Euclidean
metric. There are 10 strictly ordered 2-indices, let us order them lexicographically. Define a
3-form C as C = da' A dx? A dx® + dz3 A dx* A da®. We get Gy = 2g + dz® @ dx®, and thus

1 1
R
Gy = 29 633 ® 03.
Then ()" = —G%CM, because grj = 6‘17. We can now simply calculate IIy explicitly. One
obtains ) ) .
(HN)1(23) _ -5 (HN)2(13) _ 5 (HN)3(12) — -3 (4_52>

This proves that Il is not induced by a 3-vector.

To conclude this section, we can briefly discuss the p > 1 analogue of the open-closed
relations (3.119). Let II € Hom(APT*M,TM) be any vector bundle morphism. Define new
generalized metric G’ as

G’ = (T Ge. (4.53)

Recall that el € Aut(E) is defined as
el = ((1) 1}) . (4.54)

We immediately see that this has a solution by rewriting (4.48) as G~! = el'~G ! (e™™)T,
where Gy = BDiag(G,G~1). This proves that G'~! = eM~v=IDG 1 (e =TT We thus have

v =Gy, Gy =Gy, Iy =y — 1L (4.55)

We see that everything works as in the case of ordinary open-closed relations. We can also use
(4.55) to write down the explicit relations between (g, g, C') and new fields, usually denoted as

(G,G,®). We get
g+C5CT =G+ oG o7,
G+CTg'Cc=G+0"Tg "0,
Cgt=0G ! — (G+oG o7,
g lC=G"o—1(G + TG D).

4.56
4.57
4.58

(
(
(
(4.59

)
)
)
)
Similarly to the above examples, Gisin general not in the form (4.28), and ® is not necessarily

induced by a (p + 1)-form ® € QPT1(M).
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4.5 Doubled formalism

This section will provide a more rigid framework for the generalized metric G defined by (4.47).
The main clue leading to this approach was the fact that open-closed relations (4.56 - 4.59)
can be rewritten in the formal block matrix form

(—%T §>_1 - <_gT 2) B + (_%T 13) - (4.60)

Let W be a vector bundle W = TM & APT M. Define the following vector bundle morphisms:

(g9 O (0 C _(G 0\ -_(0 @& (0 1II
g‘(o §)’B_<—CT 0>’H_<o ag)==er 0)@=0r o)
(4.61)
We can now rewrite (4.60) in the form resembling the original open-closed relations (3.119):

G+B)t=H+E)+0. (4.62)

See that G and H are positive definite fiber-wise metrics on W, B, = € Q?(W), and © € X2(W).
This suggests that we should focus on the generalized geometry of W. In particular, to consider
the vector bundle V. = W @& W*. This vector bundle is equipped with a natural pairing
(-,)v, and thus also with a natural orthogonal group O(d,d), where d = n + (") This
configuration allows one to define a generalized metric on V using the formalism of Section 3.8.
By the generalized metric we mean all forms equivalent to Definition 3.8.1. Let us see how this
allows one to describe the generalized metric of Section 4.4. Note that we do not assume that
C € QP (M), and g is in general ont of the form (4.28).

Definition 4.5.1. Let Gy be a generalized metricon V. =W W?*, where W = TM @ APTM.
We can view Gy as an element of Hom(V, V*). Note that E and E* are subbundles of both V'
and V*.

We say that Gy is a relevant generalized metric, if Gy (F) C E*.

Let us now show that the restriction of a relevant generalized metric Gy to the subbundle
E is exactly the generalized metric G defined by (4.47). First, note that every Gy is uniquely
determined by a positive definite metric G on W, B € Q?(W), and has the formal block form

~BG™'B BG!
Gy = (g _g,ng gg,l ) . (4.63)

It is straightforward to show that Gy is a relevant generalized metric, if and only if G and B

have the form
(g O (0 C

where ¢ is a Riemannian metric on M, g is a positive definite fiber-wise metric on APT'M , and
C € Hom(APTM,T*M). We have shown that Gy is uniquely determined by a map A = G+ B.

This map now reads
c
A= <_gT g’) . (4.65)

To see how Gy and G fit together, note that V' can also be written as V = E@QE*. Moreover,
E and E* are complementary maximally isotropic subbundles of V', and (-, )y coincides with
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the canonical pairing of ' and E*. Because Gy is a relevant generalized metric, we see that
the involution 7y corresponding to Gy satisfies Ty (E) C E*. We can write Ty as a block
matrix with respect to the splitting V = F & E* as

Ty = <(0; §> . (4.66)

Now Ty has to be symmetric with respect to (-,-)y-, and 72 = 1. These two properties give
N =0, and H = G™'. An examination of G shows that it is exactly the generalized metric
(4.47). Moreover, the corresponding eigenbundles Vi have the form

Vi={exG(e) | e€ E}. (4.67)

In the isotropic splitting V' = E @ E*, a relevant generalized metric Gy is thus described by a
pair (G, 0), where G is a positive definite fiber-wise metric in E, and 0 € Q2(E). Again, let
us emphasize that this description does not single out G where g is an induced metric (4.28),
and C € QPHL(M).

We can consider O(d,d) transformations an their action on the generalized metric Gy,
similarly to Section 3.9. Clearly, not for any Oy € O(d, d), the new metric G, := OLGy Oy
is again a relevant one.

Example 4.5.2. Let us show some examples of O(d, d)-transformations. We will follow the
structure of Example 3.9.5. We only have to discuss the conditions under which the new
generalized metric Gf, becomes relevant. We assume that Gy is of the form (4.63), where G
and B are parametrized by (g,q,C) as in (4.64).

e Let Z € Q*(V), and choose Oy = e~ 2. The new generalized metric G}, = OL Gy Oy is
described by a pair (G', B'), and we get

G =G, B=8B+2Z. (4.68)

Clearly (G', B’) describes a relevant metric, if and only if B’ is again block off-diagonal.
This happens if and only if Z is block off-diagonal:

Z = (_%T g) : (4.69)

where Z € Hom(APTM,T*M). The fiber-wise metric G’ corresponding to G, is then
described by a triplet (g,g,C + Z).

e Let © € X2(V). Define Oy = €®. The new generalized metric G{, = OLGy Oy is
described by a pair (#H,Z), and we get the relation

G+B)1=H+2)+0. (4.70)

To see which © give a relevant Gf, is similar to the previous example - one just has to
switch to the dual fields describing Gy . In particular, if A =G+ B, let A= = g;,l +0OxN
for a positive definite fiber-wise metric Gy on V, and Oy € X?(V). One can show that
for a relevant Gy they have the form

_(Gyn O - 0 IIn
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where (G, Gn,Ily) are the fields (4.49 - 4.51). Similarly to the p = 1 case, we have
©’y = Oy — O. This proves that G, is a relevant generalized metric, if and only if © is

block off-diagonal:
0 1II
0= (—HT 0) , (4.72)

where IT € Hom(APT*M,TM). To conclude, if G’ corresponding to G, is described by

a triplet (G, G, @), we get exactly the equation (4.60). This is in turn equivalent to the
set of equations (4.56 - 4.59).

Let A/ € EndV, and choose Oy = Opr, where Oy is defined as in (3.120). The new
generalized metric Gf, = OL Gy Oy is described by a pair (G/, B), where

G =NTGN, B = NTBN. (4.73)

Criteria for N to give a relevant generalized metric G{, are in this case more intricate.
Indeed, let N have the block form

(N1 N
N-<N3 N4). (4.74)

Then G, defines a relevant generalized metric, if and only if

N{'gN + N3 gNy =0, (

NIGNy + NI GNs =0, (4.76
NS CONy — NFCTNy =0, (
NICN3 — NFCTN, =o. (

Let (¢’,9',C") be the fields corresponding to the fiber-wise metric G’. There are two
simple solutions to this set of equations. First consider Ny = N3 = 0. This gives

g = NI'gNy, § = N[ gNy, C' = N CN,. (4.79)
The second example is Ny = N4 = 0. In this case, one obtains
g = N{GNs, § = Ni gNy, ¢’ = —NiCTN. (4.80)

This example shows that criteria to give a relevant generalized metric are not universal -
they can depend on the original generalized metric Gy .

4.6 Leibniz algebroid for doubled formalism

We have just shown that the vector bundle V. = W @& W™ proves to be a natural way to
describe the generalized geometry on the vector bundle E. To complete this discussion, we
have to introduce a suitable bracket structure on V. In particular, we would like to define a
bracket [-, -]y, which will restrict to the higher Dorfman bracket on (4.15) on E. To do so, we
will use the following lemma:
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Lemma 4.6.1. Let (E,p,[,-]g) be a Leibniz algebroid. Then there is always a Leibniz algebroid
structure on' V.= E @ E*, restricting to [-,-]g on E. In particular, define

le4a,e + v = e, e]p + LEd, (4.81)

for all e,e’ € T(E), and a,a’ € T(E*). The anchor py € Hom(V,TM) is defined as py =
popri. Then (V,py,[.]v) is a Leibniz algebroid. By LF we mean the induced Lie derivative

(2.7).

Proof. The Leibniz rule for [-, -]y follows from (2.10). For the Leibniz identity, we have

[e+a,[e +a ¢+ " \v]v =le ¢, gle + LELEE, (4.82)
le +a,e +dv,e" +d"ly =le,er, €'+ E[b;e,]Ee”, (4.83)
[+ [e+a,e +a" v =€, le,eglp + LELEE. (4.84)

One now sees that the Leibniz identity for [, -]y follows from the one of [, -] g and its property
(2.11). The bracket [-, ]y clearly restricts to [, :]g on E. [ |

Now consider E = TM @& APT* M with the higher Dorfman bracket (4.15). We have already
calculated £ for this bracket, see (2.15). We will denote the sections of V as (X, P, a, &) for
X eX(M), PeXP(M),a€ Q' (M), and £ € QP(M). Then,

(X, P,a, €). (Y, Q, 8,y = ([X. Y], £LxQ, Lx 8 + (d€)(Q), Lxn — iy dE), (4.85)

for all (X, P,a,),(Y,Q,8,n) € T'(V). We claim that this is the bracket most suitable to
describe the generalized geometry on F C V. The bracket (4.85) was briefly mentioned by
Hagiwara in [41] to describe Nambu-Dirac structures.

Remark 4.6.2. Note that with respect to the splitting V' = W & W*, this bracket strongly
resembles the usual Dorfman bracket. Indeed, see that there is a Leibniz algebroid bracket on
W defined as

for all (X, P),(Y,Q) € T(W). Then E&J})(B,n) = (Lxp,Lxn), and we have

[(Xv P70‘7£)a (Ya Qﬁﬂ?)]v = ([(X’ P)’ (K Q)]W?‘CF)/(,P) (5777) - i(Y,Q)dW(avf))a (487)

where iy, ydw (a, §) is a formal operation defined as iy,q)dw (o, §) 1= (—(d§)(Q), iy d§). There
is no actual definition of the differential dyy .

We have introduced the bracket (4.85) in order to be able to define Dirac structures of the
vector bundle V. Since we have the fiber-wise metric (-, -}y, we can study involutive maximally
isotropic subbundles of V. One can roughly follow Section 3.7. We will make use of the
following simple technical Lemma

Lemma 4.6.3. Let T € TP(M) be a tensor field on M, completely skew-symmetric in all upper
indices, and in all lower indices (equivalently T € Hom(APTM,A1TM)), such that LxT =0
for all X € X(M). Then

1. Forp=q, T =X-1, where A € Q° (M).

closed

2. Forp#q,T=0.
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Proof. See Appendix A. [ ]

Example 4.6.4. Let us bring up some important examples of Dirac structures of V.

e By definition (Lemma 4.6.1), E and E* define Dirac structures of V.
e Subbundles W and W* define Dirac structures of V.

e Let B € Q2(W) be an arbitrary 2-form on W. We know that ¢ € O(d, d). This implies
that eB(1) is a maximally isotropic subbundle of V. Let B be of the block form

B= (_gT %) , (4.88)

where B € Q2(M), B € Q2(APTM), and C € Hom(APT M, T*M). The subbundle 2 (W)
is a graph of B € Hom(W, W*), that is

G = {(w,B(w)) |lwe W} CV. (4.89)
The involutivity condition [Gg, Ggly C Gp gives two conditions

Lx(B(Y)+C(Q) +d(—CT(X) + B(P))(Q) = B([X,Y]) + C(LxQ), (4.90)
Lx(~-CT(Y)+ B(Q)) — iyd(—CT(X) + B(P)) = -CT([X,Y]) + B(LxQ)).  (4.91)

These two equations have to hold for all X, Y € X(M) and for all P,Q € XP(M). First
note that there is only one term containing the pair (P, Q) in the first condition. This
implies d(B(P)) = 0 for all P € XP(M). Hence df A B(P) = 0 for all P € X?(M). For
p < n, this gives B =0. For p = n, there is no non-trivial E, because APT'M has rank 1.

The part of (4.90) containing the pair (X,Y) gives Lx(B(Y)) = B([X,Y]). This is
equivalent to LxB = 0. Using Lemma 4.6.3, we get B = 0. There remain only two
non-trivial equations. First, consider the part of (4.91) containing the pair (X,Y). One
obtains

Lx(CT(Y)) - ivd(CT(X)) = CT([X, Y]). (4.92)

This condition is C°°(M)-linear in Y, but in general not in X. This forces the following
condition to hold for every f € C*°(M):

df A ixCT(Y) + iy CT(X)] = 0. (4.93)

We see that necessarily ixCT(Y) + iy CT(X) = 0. This proves that C has to be induced
by C € QP (M), CT(X) = ixC. Using this in (4.92) gives iyixdC = 0, that is
C e Qg{g;e 4(M). There still remains one condition for the terms containing the pair

(X, Q) in (4.90). One can show that it already follows from dC = 0. We have just proved
that G is a Dirac structure of V, if and only if B is of the form

B= (gT (5) , Ce Qb (M). (4.94)

Now note that we have three more isotropic subbundles which we can produce using e5.
In particular e®(W*), eB(E), and eB(E*). None of these other choices give something
interesting.
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e Let © € X2(W). Then e®(W*) is a maximally isotropic subbundle of V. Let © have the

block form
us II
0= <—HT %> . (4.95)
The subbundle e® (W*) is in fact the graph of the map ©:
Go ={(O(p),p) | p e T(W")} CW W™ (4.96)

Let us examine the consequences of the involutivity condition [Gg,Gely C Gg. We get
the set of two equations

[(e) + (), 7(B) + I1(n)] = 7 (L) +116)B + (d) (=TT (B) + 7 (n))) (4.97)
+ I (La(a)+116) — In(p)+11(m) 48,

Loy (I (B) + 7)) = —I" (La(ay+m(e)B + (dE) (=TI (8) + 7 (n)))  (4.98)
+ T (La(a)+n(©)M = in(s)+110n dE)-

Since these two equations have to hold for all a, 3 € Q'(M) and &,m € QP(M), we can
find these equivalent to the set of more simpler equations:

[m(a), m(B)] = 7(Lr(e)B), (4.99)
[7(a), IL(n)] = T(Lr(ey M), (4.100)
[11(), 7(B)] = 7 (L11(e)B8 — (d§) (I (8))) — T(im(s)E), (4.101)
[11(&), 1(n)] = 7 ((d€)(7(n))) + T(Ln(eyn — in(ndé), (4.102)
Lor(oy(ITT(B)) = I (L) B), (4.103)
L) (7T(n) = T(Lr)n), (4.104)
L) (T(B)) = " (L) B — (d) (T (B))) + T (i () dE).- (4.105)

Let us focus on the very first equation. It can be rewritten as L (o)m = 0. It is not linear
in a, which forces m(a) A 7(8) = 0, for all o, 8 € Q'(M). This means that vector fields
m(a) and 7(8) are linearly dependent for all «, 5. This would mean that the map = has
rank at most 1 everywhere. But 7 is skew-symmetric, and thus 7 = 0. This radically
simplifies the rest of the equations. In particular, we are left with the two of them:

[11(€), T1(n)] = H(Lr1eyn — iy ds), (4.106)
Le)(MT(8)) = " (Lue)8 — (d) (117 (8))). (4.107)

First note that the first equation can be rewritten as
(Lrie) I (n) = — (i) d€), (4.108)

where II on the left-hand side is viewed as a type (0,p 4+ 1) tensor. We will show in the
next chapter that this condition forces II to be induced by a (p+1)-vector I € XPT(M),
which is moreover a Nambu-Poisson tensor. Compare with (5.13) of Lemma 5.1.4 and
use Lemma 5.1.6 to prove the skew-symmetry of II.

The second condition equation can then easily be seen to be the transpose to the first
one. Note that there is no condition on 7 whatsoever. We conclude that ¢®(W*) = Geo
is a Dirac structure, if and only if

CES (_gT S::) , © € XPTY(M), 7 € X2(APTM), (4.109)

and © is a Nambu-Poisson tensor. The bivector 7 on APT'M can be completely arbitrary.
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e Let L C E be an arbitrary subbundle of E. We can define a subbundle A of V as
A=L& L, (4.110)

where L+ C E* is the annihilator subbundle of L. By definition, A is a maximally
isotropic subbundle of V. Then A is a Dirac structure of V iff L is involutive under
higher Dorfman bracket (4.15).

To conclude this section, let us consider the twisting of the bracket [-,-]y. We follow the
idea of (4.26) and below. Let B € Q?(W) be of the same block form as in (4.88). We define a
new bracket [-, ]|, as

[v,0]}, = e BB (v), 5 (v))]v, (4.111)

for all v,v" € T(V). We expect to obtain the bracket in the form
[v,v']} = [v,v']y — dB(v,v"), (4.112)

where dB : T'(V) x T'(V) — T'(V) is to be determined now. The calculation shows that for
v=(X,P ), v =(Y,Q,5,n), we have priydB(v,v") = 0, and

pro-m(dB(v,v')) = =Lx(C(Q) + B(Y)) + d(CT(X) — B(P))(Q) (4.113)
+ BIX, Y]+ C(LxQ),
praerea (dB(v,v") = Lx (CT(Y) = B(Q)) — iyd(CT(X) — B(P)) (4.114)

— CT([X,Y]) + B(LxQ).

Now, note that dB(v,v’) is C*°(M)-linear in v’, but for a general B it is not C°*°(M)-linear in
v. Let us now require this property. This implies that for any f € C°°(M) there must hold

df NixB(Y) + (Y.f)B(X) =0, (4.115)
(df A B(P))(Q) = 0. (4.116)

The first condition can be rewritten as iy (df A B(X)) = 0. It then follows that these two
conditions imply B = B = 0. Next, from (4.114) we obtain the condition

df A (ixCT(Y) 4 iy CT(X)) = 0. (4.117)

This proves that C' has to be induced by C € QPT}(M). Let us see how dB looks now. We
obtain

dB(v,v") = (0,0, —(ixdC)(Q), iy ixdC). (4.118)
One can conclude that the twist by e defines a C°°(M)-bilinear map dB, if and only if

B=B=0,and C € Hom(APTM,T*M) is induced by a (p + 1)-form C € QP*+1(M).
4.7 Killing sections of generalized metric

One can naturally generalize Section 3.10 to the p > 1 setting. In particular, we can define
Killing sections as in (3.133). Also the derivation of the explicit form of Killing equations is very
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similar. Assume that g is of the form (4.28), and C' € QPT1(M). One can see that e € I'(E) is
a Killing section of G = (e=“)TGre~C, if and only if there holds

p(e”(e)-Gu(f', f") = Gp(le™(e). F15. ") + G (f' [ (), f"15); (4.119)

for all f/, f” € T'(E). Let f := e %(e). We can thus study the Killing equation for the section
f and the metric Gg, but now using the twisted bracket [, -]9. Let f = X'+ ¢’ for X' € X(M)
and & € QP(M), and write f' =Y +n, f” = Z + (. One gets
X' {9V, 2)+ 3 (0, O} = 9([X", Y], 2) + g(V,[X', Z])
+G N (Lxm — iyde —dO(X',Y,),C) (4.120)
+9 (0, Lx/¢ —igde —dO(X', Z,)).

This yields a set of four separate equations
X’.g(Y,Z):g([X/,Y],Z)—Fg(Y,[X/,Z]), (
X/'g_l(nag) :g_l(‘cX/"%C)+§_1(777£X’C)7 (
0=g '(—iyde —dC(X",Y,),Q), (4.123
025_1(777—izd§/—dC(XI>Za'))~ (
The first equation is an ordinary Killing equation for the vector field X', that is Lx,g = 0. The

second equation yields £Lx/g~! = 0. This in turn yields £x/g = 0. For g of the form (4.28),
Lemma 4.3.2 shows that this already follows from Lx/g = 0. Last two equations force

d¢' = —ix/dC. (4.125)
Now let e = X +&£. Then X' = X and &' = £ +ixC. Plugging into the above conditions gives:

Proposition 4.7.1. Let e = X +&. Then e satisfies a generalized Killing equation (3.133) for
G = (e NTGre™C, if and only if the following conditions hold:

EXg = 0, d€ = —EXC. (4.126)

Moreover, one can also restate Proposition 3.10.4 for the p > 1 case. It has the completely
same form and there is no reason to repeat it here explicitly.

4.8 Generalized Bismut connection II

We will now generalize the notion of generalized Bismut connection defined in Section 3.12.
Let G be a generalized metric (4.47) on E =TM @& APT*M. We assume that g is of the form
(4.28). Let H = dC. We are looking for an example of the vector bundle connection on E
compatible with G. The most straightforward way is to use the form (3.166) and replace g
with g where necessary to make it work. We define the connection V as

(L0 VEC R TMH(X, g )Y (L0
vX(—CT 1) <_§H(X,*7.) vLC cor 1) (4.127)

By V¢ we mean the Levi-Civita connection of g acting on vector fields and on p-forms. Using
Lemma 4.3.5 it is easy to check that Vx is metric compatible with G.
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We can now examine this connection from a more conceptual viewpoint, using the doubled
formalism on V = W @ W*. Let Gy be the generalized metric on V=W & W* corresponding
to G, and let ¥ : W — V4 be the two isomorphisms induced by Gy . Let G and B be the
fields corresponding to the generalized metric Gy . Let V* be the dual connection induced by
V on the vector bundle E*. Explicitly

vi=(o ) Capantngimn o) 6 1) wm

Define a new connection V¥ on V = E @ E* as a block diagonal combination of V and V*:
Vi(e+a)=Vxe+ Via, (4.129)

for all e € T'(E) and o € T'(E*). By construction, V" is compatible with the generalized
metric Gy. Moreover, it can be written in a way resembling the original generalized Bismut
connection. Define a bilinear map H : I'(W) x I'(W) — T'(W™*) using the twisting map dB3
defined by (4.118). Let w,w’ € T(W). We can view them as elements of I'(V'). Define

H(w,w') = pryy-dB(w,w"). (4.130)

With respect to the splitting V = W @ W*, the connection V" can be written in the block

form
1 0 VLC _l *17_[ )(7 —1 1 O
Vi = (B 1) (—;HE(X, %) 7 v(g(cg (*))) (B 1), (4.131)

where VI acts diagonally on W = TM @ APTM and on W* = T*M & APT*M. Note that
this connection is also compatible with the natural pairing (-, )y on V, that is

X.(v, 0"y = (V%v, ")y + (v, Vi), (4.132)
for all v,v’ € T'(V). By definition, we obtain V by restriction of V" onto the subbundle £ C V.

In accordance with Lemma 3.12.2, one can write V" using the isomorphisms ¥ and a pair of
connections V* on the vector bundle . One gets

Ve () (T () = T (Viur), (4.133)
Ve () (T () = T_(V,0), (4.134)

for all w,w’ € T(W), and V* is a pair of connections on W defined as

priw

Viw' =VEC W' F %Q’I’H(w,w'). (4.135)

Returning to the original connection V, we may calculate its torsion and curvature opera-
tors. Define a simpler connection V using the formula Vx = e“V xe~¢. This is a connection
compatible with Gg, having the form of the middle block as in (4.127). By definition, it will
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have the same scalar curvature as V. Let X, Y € X(M) and Z 4+ ( € T'(E). We get
Ri(X,Y)(Z+¢) =R (X,Y)Z (4.136)

+ 50 TR )Y, 57HO) - 59 (TR (X, 57H(0)

L0 H(X G Y, Z,) + T HY 5T (X Z,0),
Ro(X,Y)(Z +¢) = R*C(X, V)¢ (4.137)
SV, 2, + S(VICH)(X, Z,)
FLH( g HY, - HO) ) — (HOV g HX 7 (O), )
The Ricci tensor Ric has only two non-trivial components. Namely, we get

. 1
Ric(X,Y) = Ric"“(X,Y) + 1H(Y,g—l(dy’f), G H (0, X, ), (4.138)

Rie(6, V) = 3 (VECH)(Y,97 (@9),571(€)). (4139)

Finally, define a scalar curvature R = f{ic(ggl(e)‘), ex). One obtains

~ 1 ..

R ="R(g) — ZJafij,{]{”ff. (4.140)
The indices of H are raised by metric g, and R(g) is the scalar curvature of the Levi-Civita
connection of g. Let R be the scalar curvature of the original connection V defined using the
generalized metric G = (e=“)TGre~C, that is R = Ric(G~(e*),ey). By construction, the
two connections have the same scalar curvature, that is we get R = R.
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Chapter 5

Nambu-Poisson structures

In this chapter, we will discuss in detail the definitions and structures induced by a Nambu
bracket on a manifold. This (p+ 1)-ary bracket was for p = 2 introduced in 1972 by Y. Nambu
in [78] as an attempt to generalize the classical Hamiltonian mechanics. Nambu defines a
trinary bracket {f, g, h} for a triplet of functions of three variables (z,y, z) as

(f,g,h)

(o) = 520, (1)

He notes that such a bracket has some remarkable properties, in particular it is completely
skew-symmetric and it satisfies the Leibniz rule.

{£f' 9.0} = f{f 9. h} +{f, 9. h}f" (5-2)

Interestingly, he does not attempt to generalize the third usual property of Poisson bracket, the
Jacobi identity. An axiomatic definition of Nambu brackets was introduced more than twenty
years later in [87], where the term Nambu-Poisson manifold appears for the first time. The
author already suspects and emphasizes throughout his paper that Nambu-Poisson structures
are much more rigid objects than Poisson structures. This was finally proved by several different
people in 1996, for example in [3]. For the complete list of references and many more interesting
remarks, see the survey [88] of I. Vaisman.

5.1 Nambu-Poisson manifolds

Definition 5.1.1. Let p > 1 be a fixed integer, and let {-,...,} : C®°(M) x --- x C®°(M) —
C*°(M) be an R-(p+1)-linear map. We say that {-,...,-} is a Nambu bracket, if the following
properties hold:

1. The map {-,...,-} is completely skew-symmetric.

2. It satisfies the Leibniz rule:
{f17 .. '7fp+1 '9p+1} = {f1, .- ~7fp+1}gp+1 + fp+1{f17 cee 79p+1}~ (5'3)
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3. It satisfies the fundamental identity:

{fl""7fp7{gla""gp+l}} = {{fl’"'7fpvgl}a""gp+l}
+oH oS e e )

Both the Leibniz rule and the fundamental identity are assumed to hold for all involved smooth
functions.

(5.4)

We see that for p = 1, the definition reduces to the ordinary Poisson bracket on M. Next,
note that for any f € C°°(M), the bracket {g1,...,9,} = {f,01,...,9p} defines again a

Nambu-Poisson bracket. Both axioms can be read as follows. To any p-tuple (fi,..., fp) of
smooth functions, we may assign an operator
X(.f17~-'7fp) = {flv”-v.fpv'}- (5.5)
Leibniz rule proves that Xy, . ;) isa vector field on M, Xy, . s € X(M). The fundamental
identity then requires Xy, . r,) to be a derivation of the bracket {. oy}
It follows from the Leibniz rule (5.3) that {-,...,-} in fact depends only on differentials of
incoming functions. It thus makes sense to define a Nambu-Poisson tensor II by
H(dfy,...,dfpr1) = {f1, s fpr1}s (5.6)
for all f1,..., fp41 € C°°(M). The complete skew-symmetry of the bracket {-,...,-} is clearly

equivalent to II being a (p + 1)-vector, II € XP*1(M). The fundamental identity can be then
rewritten simply as

Lxi, il =0 (5.7)
Now, let us recall the fundamental theorem for the theory of Nambu-Poisson manifolds. The

proof can be found for example in [3,31,88], and we thus omit it here.

Theorem 5.1.2. Let p > 2, and I1 € XPT1(M). Then I is a Nambu-Poisson tensor, if and
only if for every x € M, such that II(z) # 0, there is a neighborhood U > x, and a set of local
coordinates (x',...,x™) on U, such that locally

0 )
—%/\.../\783:“_1.

The components of I1 in this coordinates are thus IItie+1 = ¢itivt1  qnd the corresponding
bracket {-,...,-} has the local form

11 (5.8)

_ O0(f1,- s fps1)
{fla-"vfp+1}*m (59)
We will call (x!,...,2") the Darbouz coordinates for II.

Note that the only if part of this theorem is not true for p = 1. The simple counter-example
is the canonical Poisson structure IT on R?", n > 1:

n 8 a
M=) A 1
;WA% (5.10)

In these coordinates, the component matrix IT¥ is invertible. On the other hand, the matrix in
coordinates (5.8) has always the rank 2, hence it cannot be invertible. This proves that IT defined
by (5.10) is not decomposable. For Poisson manifolds, there holds a more subtle statement,
called Darboux-Weinstein theorem [90]. We will now use Theorem 5.1.2 to reformulate the
fundamental identity in several ways more useful for our purposes.

88



Lemma 5.1.3. Let 11 € XPTY(M), and p > 1. Then II satisfies the fundamental identity (5.7),
if and only if there holds
Lyl = —(I1, d&)1T, (5.11)

for all & € QP(M).

Proof. If part is simple, for any p-tuple (fi,..., fp) choose ¢ = df1 A ... Adf,. Then II(¢) =
(=1)PX(4,.....1,), and since d§ = 0, we get Lx H =0.

Conversely, assume that II is a Nambu—Pmsson tensor. It suffices to prove (5.11) for £ in
the form £ = g-dfi A ... Adfp, where g, f1,..., fp € C°(M). At points x € M where II(z) =0
the statement holds trivially. We can thus assume that we can work locally with II in the form
(5.8). We have

ﬁn(g)H = (_1)p£gX(f1 ’’’’’ fp)H = (—1)p+1X(f1’m’fp) A idgH.

We have used the fundamental identity (5.7) to get rid of one term. We can write

p
. 199 D ) ) B
ng]:[:g (71)+16$T%AAmAw/\/\@7

and consequently, we obtain

p-‘rl P"Fl ¢ 6 T ag a
( ) X(fl 7fp)/\ng Zai /\X(fl ) Aor NN —

.....

dg
1P ZXfl, g = (CDTH (X (g9
= (-1 )P+1<H,df1 o Ndfy Adg)TT = —(T1, dé)TI.
This proves the assertion of the Lemma. |

Note that (5.11) does not hold for p = 1. To include this case, one must modify it as

1
EH({)H: —((I1, d§)IT — p+1ld§(H/\H)). (5.12)

For p > 1, the decomposability implies I ATl = 0, and the proof is then just an easy alteration.
For p = 1, this is not necessarily true, as illustrates the example (5.10). The proof of (5.12) is in
this case left for an interested reader. We will now derive a more conceptual reformulation of the
fundamental identity, which will give an immediate geometrical description of Nambu-Poisson
structures.

Lemma 5.1.4. Let p > 1, and 11 € XPTY(M). Then 11 is a Nambu-Poisson tensor iff

[Lrie)1](n) = —1L (i d§), (5.13)

for all £,m € QP(M).
Proof. For p =1, this follows from
1
(ﬁn(g)H)( ) + H(’Ln(n)df) ang[H H] (514)
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for all £,n € Q(M). This can be verified directly in coordinates, or using several explicit forms
of the Schouten-Nijenhuis bracket [-,]s. See for example [67].

We will focus on the p > 1 case here. Assume that IT is a Nambu-Poisson tensor. At
points where II(z) = 0, the equation (5.13) holds trivially. We can thus again assume that
IT is of the form (5.8). Note that (5.13) is C°°(M)-linear in 7. Moreover, IT and TI(§) only
have components with indices ranging only in {1,...,p + 1}. We thus have to check (5.13)
only for 7 in the form 1 = dz[" := dal A ... Adz" A ... AdaP*L, where r € {1,...,p+ 1} and
da” denotes the omitted term. Choose one such n. Both sides of (5.13) are vector fields. If
we examine the k-th component of the both sides for k # r, the left hand side vanishes. The
right-hand side gives (—1)"+'e#/(d¢),;. The only non-trivial contribution to the sum can come
from J = [k] := (1,...,k,...,p+ 1), but then (d€)rk) = 0 because r € [k]. Thus also the
right-hand side vanishes. For k = r, the left-hand side gives

p+1
(L))" = (Lug ) = (=1) (L)' = (=1)" ) Erge?? = (=1)"(d) 1.
qg=1

The right-hand side can be rewritten as

~ (i iy dE)) = (= 1) (d€) g = (=1)" (d)1...p-

A comparison of both sides gives the result. Conversely, if (5.13) holds, we can plug in £ =
dfi A ... Adf, to obtain the fundamental identity (5.7). |

We can immediately use this lemma to prove some important observations. First note that
the identity (5.13) has two parts, differential and algebraical. To see this, rewrite it in some
local coordinates (y',...,y") . We write £ = £;dy’, n = dy”, and take the k-th component of
the result. We get

P
[(ﬁn(g)ﬂ)(ﬁ)]k — (Ln(g)H)kJ — §I (HnIHk:J’n _ Hkl,anJ - Z H]q[ﬁnnk‘]lu‘n.“jp)

qg=1
P
_ EI n(Hk’IHnJ 4 Z quIijl...n...jp).
g=1
The right-hand side gives
(i) dé)* = =T (dE), L TT™ = —&p 070, VT
The terms proportional to &; give the differential part of the fundamental identity:
P
HnIHkJ ”— HkI anJ _ anql nijl..An.“jp = 0. (515)
g=1

The terms proportional to {;,, give the quadratic equation for II, the algebraical part of the
fundamental identity:

P
HkIHn.] 4 ZquIijl...n...jp — 5:LnILHkLHmJ. (516)
q=1

This one is trivially satisfied for p = 1. For p > 1 it is in fact this part which forces II to be
decomposable. We can use this to immediately prove the following:
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Lemma 5.1.5. Let p > 1. Let II be a Nambu-Poisson tensor, and f € C®°(M). Then
II' := fII is also a Nambu-Poisson tensor. In particular, every I1 € X"(M),n = dim M, is a
Nambu-Poisson tensor.

Proof. Multiplication of II by f does not change the algebraic part (5.16). Because II is
Nambu-Poisson, we can choose Darboux coordinates where II*/ = ¢*/. It suffices to prove the
differential identity, choose ¢ = dz!. We thus have to show that

L f1my(dz) (fI) = 0. (5.17)
We have
L 51y (aen) (fI) = ((fH)(dCUI)-f)H + fL(pmyayn 1T

= fI(dz"). )T+ f2 Ly — fII(dy") A igrID)
= f((I(dz"). /)T = I(dy") A igeID).

We have used the fundamental identity for IT in the last step. It thus suffices to show that
(TL(dx"). /)TT = T (dy”) A igsI1. (5.18)
This is equation which has a single non-trivial component, that is (1,...,p). We get
19, f =19, fe ey,
The only non-trivial contribution is possible for I = [r] for r € {1,...,p+ 1}. We then get
(=)o, f = (=1)" o, fe e, s = (—1)" 10, 1.

This finishes the proof of the first part. The second part follows easily. Every I € X™(M) can
be locally written as IT = f0; A ... A 3,. The n-vector = O A ...\, is (at least locally
well defined) Nambu-Poisson tensor, and we can use the preceding proof to show that II = f Il
satisfies the fundamental identity. |

There is one very interesting observation, noted in [37]. If one assumes that Leibniz rule
(5.3) holds in every input (instead of in just one as we did), and that fundamental identity
(5.4) holds, then the complete skew-symmetry of the bracket already follows. We reformulate
this in the language of the corresponding tensors and vector bundle morphisms:

Lemma 5.1.6. Let IT € Hom(APT*M, TM) be an arbitrary vector bundle morphism satisfying
(5.16), where now I := (dy*, 1I(dy”)). Then II is induced by a (p + 1)-vector on M, that is
I(§) = 1(-,€) for IT € XPT1(M).

Proof. We will show that the algebraical identity (5.16) implies that IT*/ = 0, whenever i € J,
in arbitrary coordinates. In particular, for any non-zero o € T M, we can choose the local
coordinates in M, such that dy'|, = a. This will prove that (o, II(a A dy® A ... A dy'r) = 0,
which implies the complete skew-symmetry of II. Let us thus prove this assertion, let i € J.
Choose k =n =4 and J = I in (5.16). We obtain

g=1
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By assumption, we have i = j,. for some r € {1,...,p}. Thus only the ¢ = r term on the left-
hand side contributes to the sum. Moreover, the right-hand side vanishes identically, because
§¢7, is completely skew-symmetric in top indices. We thus get

2(T)? = 0,

which proves the assertion. |

5.2 Leibniz algebroids picture

Recall now Example 2.2.2 and the Koszul bracket induced on cotangent bundle by a Poisson
tensor. Can one construct such a bracket also for a Nambu-Poisson structure?

Proposition 5.2.1. Let II € Hom(APT*M,TM) be a vector bundle morphism. Let L =
APT*M, and define the R-bilinear bracket |-, Jn : T (L) x T'(L) = T'(L) as
[€,nln == Lrieyn — () dé, (5.19)

for all &,m € QP(M). Then (L,1L,[-,-]n) is a Leibniz algebroid, if and only if II is a Nambu-
Poisson tensor.

Proof. The Leibniz rule (2.4) holds for any II. We will show that the Leibniz identity (2.5) for
[-, ] is equivalent to the fundamental identity (5.7) for II. In particular, we will use its version
(5.13). For &,n € QP (M), define the vector field V' (£, n) as

V(&m) = [I1(&), I(m)] — T(L1(eyn — ) dE). (5.20)
We claim that V' (£,n) = 0 if and only if IT is a Nambu-Poisson tensor. This follows from the
fact that £ commutes with contractions, and thus
[TH(E), ()] = L) (T(n)) = (LoD () + M(Lneyn)
= (Lrye)n — ) d8) + {(Luiey D) (n) + Wi ds) }-
We see that II satisfies (5.13) if and only if V(¢,7) = 0. Combining this with Lemma 5.1.6

proves that V(£,n) = 0 if and only if IT is a Nambu-Poisson tensor. Moreover, note that we
have

V(&) = [T(€), ()] — TI(E, ). (5.21)
Let us now examine the Leibniz identity for [-, ‘]p:
€, [, Cluln = Lnge) (Lra) € — ey dn) — (Lo, c—ingeydn) 465 (5.22)
[[€: nlm, K = Lri(erey —ingyde)C — ) A(Lreyn — e ds), (5.23)
[, (& (Il = ['H(U) (‘CH(E)C - iH(C)dS) - iH(ﬁn(g)C—in(g)dE)dn' (5.24)
Arranging this into the Leibniz identity for [-, -] and using the Cartan formulas to rewrite
several terms, one arrives to the condition
Ly em€ = (e, dn+ wodE = 0. (5.25)

We are now ready to finish the proof. First, when II is a Nambu-Poisson tensor, then
V(&,n) = 0, hence (5.25) holds. This proves that (L,II, [, ;1) is a Leibniz algebroid. Con-

versely, if (L,II, [, -]i1) is a Leibniz algebroid, we know that the anchor II is a bracket homo-
morphism (2.6). Glancing at (5.21), we see that this is equivalent to V(£,n) = 0. Hence II is
a Nambu-Poisson tensor. [ ]
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There is a natural way how to explain the origin of the bracket (5.19). Consider now
arbitrary II € Hom(APT*M,TM). We view its graph Gy as a subbunle of E:

G = {II(€) + £ | £ € APT* M} (5.26)

We can now study its involutivity. Note that Gy is not an isotropic subbundle with respect to
the pairing (4.1). Instead, it forms an example of an almost Nambu-Dirac structure, defined
and studied in detail in [41].

Proposition 5.2.2. The subbundle Gy is involutive under the higher Dorfman bracket (4.15),
if and only if II is a Nambu-Poisson tensor.

Proof. Let I1(£) + ¢ and II(n) 4+ n be sections of Gr. Then

[II(&) + &, 1(n) + nlp = [T1(E),(n)] + Lrieyn — iri(y)d§. (5.27)
The right-hand side is again a section of Gy iff
[T1(&), T1(n)] = TL(Lri(eyn — ) dE)- (5.28)
Using the properties of Lie derivative, this is equivalent to
(L)) (n) = —I(in () ds). (5.29)
This is exactly the fundamental identity for IT written in the form (5.13). |

We can use this to clarify the structure of the bracket (5.19). Indeed, define a vector bundle
isomorphism ¥ € Hom(APT* M, Gr) as W(§) = II(§) + €. Assume that II is a Nambu-Poisson
tensor. The relation is then

([, nln) = [ (), ¥(n)lp- (5.30)
The anchor for [, -]y is then in fact a composition p o U. Indeed, we have
(po®)(§) = I1(S). (5.31)

This gives an alternative proof of the ”if part” of Proposition 5.2.1.

To conclude this section, see that Proposition 5.2.2 allows one to easily define the twisted
version of Nambu-Poisson structure.

Definition 5.2.3. Let H € QP*2(M) be a closed (p + 2)-form, and let [-,-]% be a twisted
Dorfman bracket (4.27). Let II € Hom(APT*M,TM), and let G C E be its graph (5.26). We
say that II is an H-twisted Nambu-Poisson tensor if Gy defines a subbundle involutive
under [-,]H.

This definition by itself does not point at all to the statement of the following proposition,
which may seem somewhat surprising. It was first observed and proved in [18].

Proposition 5.2.4. For p = 1, Definition 5.2.3 gives a usual H-twisted Poisson manifold,
where T1 € X2(M) satisfies the condition

%[H’H]s(ﬁﬂ%é) = H(II(¢), (), TI(¢)), (5.32)

for all €,m,¢ € QY (M). Recall that |-, -]s is the Schouten-Nijenhuis bracket of multivector fields.
For p > 1, Definition 5.2.3 gives no new structure at all.
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Proof. For p =1, the statement follows from the fact that
1

UL H]s(&,7, ) = [I1(€), ()] — I(Lri(eyn — ira() dE)- (5.33)
The involutivity of Gy under [-, -] gives the condition
[IL(£), I(n)] = I(Lneyn — ineydé — HIL(E), 1L(n), -)) (5.34)

A combination of these two relations gives the assertion of the proposition. For p > 1, we can
rewrite the involutivity of Gy under [-,-]8 as

(Lrey 1) (n) = —1inyd€ + H(IL(E), (1), -))- (5.35)

Now recall that the algebraic part (5.16) of the fundamental identity comes from the failure of
(5.13) to be C°(M)-linear in £. But the addition of H does not change this part! Hence II
satisfies (5.16). It was shown in [3] that this in fact proves that there is a local frame (ex)%_,,
such that IT = e; A ... A epy1. Thus the only components of H contributing to (5.35) are
those corresponding to the first p + 1 vectors of the frame. But H is a (p 4 2)-form, and those
components vanish due to skew-symmetry. Hence H in no way contributes to (5.35) and II
satisfies the untwisted fundamental identity (5.13). |

5.3 Seiberg-Witten map

We will now show that given a p-form A, one can use a Nambu-Poisson tensor II to define
a diffeomorphism of M. It is a direct generalization of the Seiberg-Witten map [85]. In the
presented form, it was introduced for p = 1 in [63] as a dual analogue of Moser’s lemma in
symplectic geometry [77]. Its generalization to p > 1 were presented in [59] and [23]. Let us
first recall a few facts about time-dependent vector fields and their flows.

Definition 5.3.1. Let I C R be an open interval, and let Vy : I — X(M) be a map. A value
of this map at given ¢ € I is a vector field denoted as V;. We say that V, is a time-dependent
vector field, if in every local coordinate set (y!,...,4™) the components of V; depend smoothly
on t. General time-dependent tensor fields are defined analogously.

Remark 5.3.2. Equivalently, we may view V4 as a vector field on the extended manifold M x I
in the form

Veo(z,t) = Vi(z) + 0. (5.36)

This interpretation is however not useful for higher tensor fields.

For a time-dependent vector field, a notion of integral curve still makes sense, except that
one has to specify its starting time. For s € I, 75 : J — M is an integral curve starting at
m € M at the time s, if 7,(¢) = Vi(75(t)) for all ¢ € J, and 7,(s) = m. Here J C I is an open
interval. The vector field local flow theorem generalizes as follows:

Proposition 5.3.3. Let V, be a time-dependent vector field defined on an open interval I C R.
Then there exists an open subset € C I x I x M and a smooth map ¢ : € — M called a
time-dependent local flow of V,, such that

1. For each s € I and m € M, the set Es .y = {t € I'| (t,5,m) € E} is an open subinterval
of I containing s. The map Vs m = Y(-,s,m) : Esm — M is a mazimal integral curve of
Ve starting at m at the time s.
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2. For any t € E m, and q = s ;m(t), there holds & g = Es m, and Yy q = Vs p.

3. For any (t,s) € I x I, the set My s ={m € M | (t,s,m) € £} is an open subset of M.
The map ¥y s == Y(t,s,) : My s = Mgy is a diffeomorphism, and wt_sl =Yg 1.

4. Let m € M, 5, ant Yy s(m) € M,,. Then p € M, s and
¢U,t o '(/)t,s = wms- (537)

Proof. The proof is in fact a careful application of the ordinary local flow theorem for a vector
field Vo mentioned in Remark 5.3.2. For details see [71]. |

Having a local flow, there is a well defined generalization of Lie derivative. Let T, be a
time-dependent tensor field, and 9, 5 be a local flow of a time-dependent vector field V,. Define
a new time-dependent tensor field as

(L7, T0)s = gl vi s(T0). (5.38)
A direct calculation similar to the one for ordinary tensor fields shows that
(LY, Te)s = 0sTs + Ly, Ts. (5.39)

We have used the superscript 7 to distinguish the generalization from the ordinary Lie derivative
standing on the right-hand side (which is assumed to be given by usual algebraic formula). Lie
derivative is a tool useful to describe the invariance of tensor fields with respect to flows. Let
us show that for time-dependent tensor fields, £ plays the same role.

Lemma 5.3.4. Let V, be a time-dependent vector field. Let To be a time-dependent tensor
field satisfying L, Te = 0. Then for any (t,s) € I x I, one has ¥f ((T;) = Ts on My ;.

Proof. First let us show that the assumption in fact implies that %1/}{73 (Ty) =0, for all ¢t € I.
We will now use the composition rule (5.37). Indeed, one has

a

d . _
ad)t,s(Tt)_ da

* * d * * T
th+a,s(Tt+a) = ¢t,s % wt+a,t(Tt+a) = wt,s( Ve (T')t) =0. (540)
a=0 a=0

This proves that ¢y ((T;) = T¢ for some Ty and all t € I. Setting t = s shows that T, = 7,. W

We now have all ingredients prepared to introduce the Seiberg-Witten map. Let II €
XPFTY(M) be a Nambu-Poisson tensor, and let A € QP(M). Denote F = dA. We can use F to
define a new Nambu-Poisson tensor II" as follows. Let ef” € Aut(E) be the map (4.13) induced
by F. Let Grp C E be a graph of II which is by definition involutive under the Dorfman bracket.
We have shown in Proposition 4.2.3 that e is an automorphism of the Dorfman bracket. This
proves that the subbundle ef (Gn) is also involutive under the Dorfman bracket. If there is
I’ € Hom(APT* M, TM) such that G = ef'(Gr1), we know that II' is again a Nambu-Poisson
tensor. Let II(§) + ¢ € I'(Grr). We have

" (IL(E) + &) = T1(§) + (1 — FTI)(&). (5.41)

If I’ exists, there must hold II(¢) = II'(1 — FTTI)(§). Let us assume that 1 — F7II is an
invertible map. Hence
I =10(1 - FT)~t. (5.42)
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Now define a time-dependent tensor field I, as
I, = TI(1 — tFTI) L. (5.43)

Assume that it is well defined for I = (—¢,1 + €) for some ¢ > 0. Clearly IIy = II, II; = IT'.
Using the same argument as above, II; is a Nambu-Poisson tensor for every ¢ € I. In particular,
it satisfies the fundamental identity (5.13). Plug £ = A into this condition. It gives Ly, (4)Il; =
—II, FTTI;. Next, examine the time derivative of II;. One obtains

O, = (1 —tFTI) "' FTII(1 — FTIN) ! = I, FTTL,. (5.44)

If we define a time-dependent vector field A as A¥ = II,(A), we have just proved that
E;# I, = 0. Using Lemma 5.3.4 we see that ¢y II; = II;. In particular, define a diffeomorphism

pa = 119. The map ps € Diff (M) is called the Seiberg-Witten map. By construction,
p% (1) = II. Note that it is essential that II; is a Nambu-Poisson tensor for every ¢ € I.

To conclude this section, note that for p > 1, the form F € QPT1(M) used to define a
time-dependent tensor field II, does not have to be closed to define a set of Nambu-Poisson
tensors. This is true because in fact for any F' € QPF1(M) there holds

t
I = (1 — ——(I, F)) 'L 5.45
p= (1= (L)) (5.45)
This can be proved easily in Darboux coordinates (5.8) for II. This shows that IT; is just a
scalar multiple of II and the assertion follows from Lemma 5.1.5.
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Chapter 6

Conclusions and outlooks

We have introduced an extension of the generalized geometry suitable for a description of
membrane sigma models. Our intention was to follow the outline of the standard generalized
geometry, in particular in the case of generalized metric. This was not possible until we have in-
troduced a doubled formalism. To our delight, we were able to use it to significantly simplify the
calculations required in particular to relate commutative and semi-classically non-commutative
p-DBI actions. Moreover, it proved useful to discover the membrane analogue of background-
independent gauge and the double scaling limit. Of course, this formalism is mathematically
interesting in its own right. We should focus on the future prospects of the ideas presented in
this thesis. We will now point out the sections which require further investigation.

Let us start with the mathematical side of things. We have defined connections on local
Leibniz algebroids in Section 2.4. This direction is definitely worth of pursuing. For example,
one can study a class of Courant algebroid connections which are compatible with the general-
ized metric and their torsion operator (2.55) vanishes. A set of such connections is larger then
in the case of the ordinary Riemannian geometry. However, it turns out that they such connec-
tions have a quite nice form allowing for the calculation of their scalar curvature. Interestingly,
this scalar function is exactly the one multiplying the integral density in string effective actions.
One should relate this viewpoint to the generalized geometry treatment of string effective ac-
tions in [11,12]. Tt would be also necessary to generalize such Courant algebroid connections
to the Leibniz algebroid setting, in particular using the doubled formalism of Sections 4.5 and
4.6.

Killing sections of Section 3.10 have an interesting role in string theory, since one can
construct generalized charges using such sections. Those charges are conserved in time evolution
if and only if the respective sections satisfy the generalized Killing equations. Moreover, such
sections are closely related to T-duality, see [38]. There has to exist some link between these
observations. It would be also important to find a geometrical explanation to membrane duality
rotations od Duff and Lu in [30]. Understanding T-duality analogues for membranes could
possibly give an equivalent derivation od p-DBI actions.

There are several directions where to proceed with the physics presented in the attached
papers. A Nambu sigma model proposed using AKSZ construction in [18] is a little bit different
from the one defined in [59]. It would be interesting to analyze this disparity. In particular,
the latter version used also in our paper [61] is not invariant with respect to worldvolume
reparametrizations. Is there a way to define an invariant and possibly more general Nambu
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sigma model action?

An important feature of topological Poisson sigma models is the existence of the gauge trans-
formations, see for example [13]. It is in fact a direct consequence of the fact that topological
Poisson sigma models are a theory with constraints, and constraints themselves are integrals
of motion. Since the topological Nambu sigma model is also a theory with constraints, there
should be a similar process leading to its gauge symmetries. Nambu-Poisson structures can be
possibly an interesting object on its own. Usual Poisson structures and Poisson sigma models
turned out to be a crucial element in the integration of Lie algebroids. Is there a similar use
for Nambu-Poisson structures and Nambu sigma models?

By construction, standard generalized geometry (and its extended variant presented here)
is not suitable to describe supersymmetric theories due to its lack of Grassmanian variables.
There are its extensions used in supergravity [24,25] and M-theory [52]. It would be inter-
esting to modify generalized geometry to work in a world of graded geometry, in particular
supermanifolds in the sense of [21]. The proposed p-DBI action in [59] is obviously only the
bosonic part of a (yet unknown) full supersymmetric action. An understanding of generalized
(super)geometry could give us answers necessary to derive it.

The guiding principle of ”doubling” and related construction of generalized metric can be
easily generalized to more general vector bundles. There is an intriguing relation between
Leibniz algebroids and Lie algebra representations, see [7]. This reference provides a huge
class of interesting Leibniz algebroid examples, which can treated similarly as we did within
our extended generalized geometry. This can be useful to understand better the spherical
T-duality, [15].

The author hopes that this thesis and his research proved once more the importance of
understanding the geometry underlying the theoretical physics. Not only it brings new ways
how to understand and verify known things, but it could also provide the missing tools to
push the knowledge of our world further.
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Appendix A

Proofs of technical Lemmas

e Lemma 4.3.4

Proof. Let us prove the formula (4.42). Both sides can be viewed as smooth functions of
matrix elements A’;. We will restrict to the open subset GL(n,R) = R™" \ det™'({0}).
It is dense in R™™, and the general result will follow by the continuity of both functions.

Recall that there holds a formula

ddet (A)

DA = det (4)(A71),

27

Hence we get

o et 416D = (52 )eralG-Deay,

This proves that for F' = [det A](;:i), we have

In|F| = (Z:i) (A1)

0
0AY;
We will now show that the same equation holds for B, that is

0 _(n—1 “1yj

Let us calculate this explicitly. We get

dB!; )
_ det (B) = det (B)(B™1)” = — det (B)(B™ 1Y), ——6L k
8Alj e( ) e()( )IaAZj e( )( )IaAzj[kl kp J1
P
=det (B)(B™")’ Y 6f, 4 AN obralr Ak
r=1

(A1)

(A.2)

(A.3)

dn)



One can now insert a unit matrix to get

d _ £ e im
5 det (B) = det (B)(B DI ok g AR AR AR (AT,
J r=1

p
=det (B)(B™) ;Y B, g, 00 (A7), =
r=1

=det(B) Y (A7), = det (B) (” N 1) (A1)

Jieg p—1
This proves the equation (A.3). We thus have
det (B) = K[det (4)](-1). (A.4)

for some K which is locally constant on GL(n,R). To finish the proof, we have to prove
that K = 1 on both components of GL(n,R). For the group unit component, we can
choose A = 1. In this case B! ; = ¢4, and thus det (B) = 1. For the second component,
choose A to be Minkowskian metric of signature (n — 1,1). From the proof of Lemma
4.3.1, we see that B is diagonal metric with £1 on the diagonal, where the number of
negative ones is N(n —1,1,p) = (z:i) We have

det (A) = —1, det (B) = (~1)(71).

We see that again K = 1. This finishes the proof for A € GL(n,R), and the assertion of
the lemma follows by the continuity. |

Lemma 4.6.3

Proof. Let us work in fixed local coordinate system (y',...,y") on M. Let I = (i; <
-++ < ip) be a strictly ordered p-index, and J = (ji < --- < jg) a strictly ordered g-index.
By assumption, we have

q p ) .
0=(LxT)y=X"T],, +> X" T} s =Y X0 Ty, (A.5)
=1

r=1

for all X € X(M). In particular, it must hold also for fX, where f € C*°(M). This gives
a necessary condition

q p . ]
Z f,jTXmT]'Il...m...jq — ZXilf,mT}L”m'”w- (AG)
r=1 =1

First assume that I # J. In particular, this includes the case p # ¢. With no loss of
generality, we may assume that there is i, € I, such that i, # J. Choose X = 0;,, and
f = y's. This gives
q
ol _ I

Z 5;‘,‘Tj1...ia...jq =Tj. (A7)

r=1
But because i, # J, the Kronecker symbol in the left-hand side sum is always zero.
Hence T} = 0. We can now assume that p = q. Moreover, we have already proved that
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T7 = A7, where A\; € C°(M). We want to show that A\; = \; for all (I,J). First
consider (I,.J), such that both p-indices differ in exactly one index. There is thus i, € I,
and j, € J, such that I\ {i,} = J\ {jp}. Choose X = 9;, and f = y?* in (A.6). This
gives A\ = Aj.

Now let I and J be general p-indices. There is always a chain [Ky, ..., K,,] of p-indices,
where I = Ky, J = K,,,, and (K, K;11) differ in exactly one index. This proves \; = A;.
Hence T4 = X\ - 6% for A € C°°(M). As a map T thus has a form 7' = X - 1. By definition
of Lie derivative, we have

Lx(T(Q)) = (LxT)(Q) +T(LxQ), (A.8)

for all @ € X¥P(M). Using the assumption and the above form of T', we get
Lx(AQ) = A\xQ, (A.9)
for all Q € X(M). This is possible, if and only if A € Q% __.(M). [ ]
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1 Introduction

To relate ten-dimensional superstring theory to particle physics and cosmology in four-
dimensional spacetime, it is necessary to compactify the superfluous dimensions. Intro-
ducing fluxes in this context helps to overcome problems of more standard Calabi-Yau
compactifications, but at the same time the underlying geometric structures become more
general: the notion of a compactifying manifold needs to be relaxed, allowing patching not
only by diffeomorphisms but also by more general string symmetry transformations. The
resulting non-geometric flux compactifications can appear in the T-duals of geometric flux
compactifications [1, 2]. An example are toroidal compactifications with R-fluxes, where
non-associative structures arise [3], whose quantization is related to twisted Poisson sigma
models [4]. Poisson sigma models [5, 6] are also at the heart of Kontsevich’s approach to
deformation quantization [7]. For a recent review with a comprehensive list of references
in the more general context of AKSZ topological field theory, we refer to [8]. See also [9]
for an interesting conception of membrane symmetries.

From a mathematical point of view, it is known that Poisson sigma models are inti-
mately connected to a lot of interesting differential geometry. The fields of Poisson sigma
models can be interpreted as Lie algebroid morphisms [10] and can be further generalized
in terms of generalized (complex) geometry [11, 12]. It was observed by Alekseev and
Strobl in [13], that the current algebra of sigma models naturally involves the structures of
generalized geometry [14, 15], such as Dorfman bracket and Dirac structures. This was fur-
ther developed by Ekstrand and Zabzine in [16] and Bonelli and Zabzine in [17]. Recently,



D-branes have been identified with Dirac structures [18]. In [19], Halmagyi observed that
in the Hamiltonian of the Polyakov model, characterized by a 2-form B and a bivector II,
appears a more general form of world sheet currents and found their algebra to close under
a more general bracket, which he calls a Roytenberg bracket. Finally, in [20], Halmagyi
shows that the same bracket appears if one lifts the first order action to a three-manifold
using Stokes theorem.

The known string theories as well as supergravity are naturally embedded in eleven-
dimensional M-theory, whose building blocks are membranes and five-branes. This mo-
tivates the study of higher dimensional analogs of the structures that we have described
above. In this article, we would like to go beyond the Courant sigma-model, which is
already a higher version of the Poisson sigma-model on an open three-dimensional mem-
brane, but still features a bi-vector field. Generalizing this (twisted) Poisson bi-vector to a
(p+ 1)-vector field we face the question how to generalize the Jacobi identity that governs
the p = 1 case. One possibility is to impose the condition of a vanishing Schouten bracket,
but that will be non-trivial only for even p. Another possibility is to impose the so-called
fundamental identity of a Nambu-Poisson structure [21]. Evidence for the latter choice
comes from the study of actions for multiple membranes in M-theory [22], see [23] for a
recent review and many references. Local symmetries in M-theory and their relation to
generalized geometry were discussed in [24-26]. For p = 1, the consistency of the equations
of motion of the topological sigma model action implies the Jacobi identity. For p > 1, the
Nambu-Poisson fundamental identity has an algebraic as well as a differential part and it is
thus not clear how it could be related to a consistency condition for differential equations
of motion. In this article we solve this problem and study the relevant higher algebraic and
geometric structures. A suitable higher generalization of Poisson sigma models has recently
been proposed by two of us [27]: this Nambu-sigma model features a (p + 1)-dimensional
world volume and corresponding higher-order tensor fields on a target manifold. The topo-
logical version of the model can also be obtained by an AKSZ construction [28].

This paper is organized as follows: In section 2 we review the relevant models and
compute the Hamiltonian. In section 3 we use a (p+ 1)-vector II to twist a higher Dorfman
bracket and obtain a new Courant bracket like structure, which we call a higher Royten-
berg bracket. In section 4 we discuss the charge algebra of the model and its relation to
the higher Roytenberg bracket. In section 5 we verify the consistency of the topological
part of the p-brane action. We find that Il should satisfy the fundamental identity of a
Nambu-Poisson structure (differential as well as algebraic part). In section 6 we derive
the equations of motion of the topological model and find an explicit non-trivial solution.
In section 7 we lift the topological part of the action to a (p + 2)-dimensional world vol-
ume and derive generalized Wess-Zumino terms that involve the structure functions of
the higher Roytenberg bracket. In the appendices we summarize relevant facts about the
higher Roytenberg bracket and Nambu Poisson structures.

2 Nambu sigma model and p-brane action

In this section we review the Nambu sigma model following [27, 29], compute the corre-
sponding Hamiltonian and remark on the dual p-brane action.



Let us consider a (p 4+ 1)-dimensional world volume ¥ with a set of local coordinates
(09,...,0P). We assume that o# are Cartesian coordinates for a Lorentzian metric h with
signature (—,+,...,4) on X. Furthermore, we consider an n-dimensional target manifold
M, equipped with a (p + 1)-vector II and a (p + 1)-form B. We also choose some local
coordinates (y',...,y") on M. Lower case Latin characters will always correspond to these
coordinates. We will use upper case Latin characters to denote strictly ordered multi-
indices (mostly p-indices), that is I = (i1,...,4p), where iy < --- < i,. We will assume
that M is equipped with a metric tensor field G with local components Gj;, and a fiber-
wise metric G on the vector bundle APTM with components G rJ in a local section basis
or = 8;% /ARERVAN 65"11 . Metric matrices with upper indices denote as usual the corresponding
inverses. For the components of the smooth map X : ¥ — M we will use the following
notation: X = 3(X), dX! = dX"" A ... AdX'», and 5}1 = (dXI)lmp where the latter
denotes the 1...p component of the world volume form dX?.

The “Nambu-sigma model” action, as introduced in [27, 29], is
. 1, 1 1~ \j~ ~ 4
Sn,n, X] = /dpﬂff[— 5(G Y min; + 5(G Y0y +mido X'
~ o5 i~ iaw’
+ 010X — 1" nin; — BiyooX'0X |, (2.1)
where 7;,n; are auxiliary fields, which transform under change of local coordinates on M

according to their index structure.
The canonical momenta corresponding to the fields X? are

—J
Py =mn; — Bjj0X . (2.2)

Starting with the canonical Hamiltonian He,[X, P,7] = [ dPoP;0pX ¢ — L(X,P,7) and

substituting the Euler-Lagrange equation for 777, we obtain the Hamiltonian'

1 .. ~ o~ o~
H[X,P] = 2/dpa[(G_1)”Kin + G KK, (2.3)
where
—K
K; =1, =P+ BijgdX (2.4)
~ ~ —T
K= -GV, =0X -1I"K,,. (2.5)

Here and in the rest of the paper, the integration over dPo means the integration over the
space-like coordinates (o', ...,0P) of ¥. The Hamiltonian can be conveniently written in
matrix notation: the components of the (p + 1)-vector II*/ form an n x (Z) rectangular

matrix II with row index ¢ and column index J; similarly for B. Likewise, G and G are

'Note that 99X’ cannot be directly expressed in terms of P; but it still drops out of Hce, in the
computation, as it should. The construction is robust in the sense that first using the equations of motion
for 77 and 7 and then constructing the Hamiltonian yields the same result.



n X n and Z X (g) matrices corresponding to the metrics G' and é, respectively. Next,
we define (n + (Z))—row column vectors

K; P;
’C_<[}I> and V—(E)\X[).

Note that these vectors have the same index structure as coordinate expressions of sec-
tions of T*M @ APTM. The defining equations (2.4) and (2.5) can then be rewritten as

K = AV, where
1 0 1B 1 B
A= . = ) 2.
(—HT 1) (0 1) <—HT 1 —HTB> (2:6)

Note that A can always be inverted, i.e. we can uniquely express the fields P and 0X
using K and K. We can view A as the matrix of a linear endomorphism of T*M & APT M.
G 1o

Finally, we can define the matrix G = < 0 é) and view it as the matrix of the fiberwise

metric on T*M @& APTM. Then, we can rewrite the Hamiltonian (2.3) as
H[X,P] = / o VI (ATGA)Y]. (2.7)

Let us note that the matrix ATGA has a natural interpretation as a (twisted) higher
(p > 1) analog of the generalized metric of p = 1 generalized geometry.

If we start again with the action (2.1), and integrate out the fields 71; using their
equations of motion, we get the action

1 1 ~m~~ —
S[X,n) = / o [ — §nTG’1n - 5KTGK + 00X T (n— B@X)] : (2.8)

where n, 17, K, K , 0o X and 90X are column vectors defined in the obvious way. We next
use the Euler-Lagrange equations to eliminate 7 in (2.8) and get

S[X] = / o BE)OXTg DX — %5)2%’53? — XT(B + 0)5‘)?} 29
where
g=(G7t+ognt)t, (2.10)
7= (G '+1uten), (2.11)
and
C = —glIG = —GI1g. (2.12)

The action (2.9) is just the Polyakov-style Howe-Tucker membrane action introduced by
Deser-Zumino [30], Brink-Di Vecchia-Howe [31] and Howe-Tucker [32] with properly fixed
gauge (coordinates on X), see [27]. For p = 1 case, see [33].

The background fields G, G, II can also be expressed in terms of g, g, C:

G=g+Cytc?, (2.13)
G=g+0C"'C, (2.14)



and
Mn=-¢g'cG'=-c'tcg'. (2.15)

The relations between G, G, II and 9,9, C are higher p-brane version [27] of the well-known
open-closed string relations, cf. also [9]. We can write these relations in terms of the higher

generalized metric ATGA as

-1 1B
ATGA = a’ga, where g = g 9 and a = +C .
0 g 0 1

The Hamiltonian corresponding to the action (2.9) features the inverse of the matrix a’ ga.

Instead of the B-field, it is sometimes more convenient to introduce a (p + 1)-form
® and write A = ({?) - (_Lr 7). Redefining & = (1) and equating ATGA = a’ga
provides an alternative derivation of the general open-closed p-brane relations of [27]. This
new approach should also be useful in the context of effective actions for multiple branes

ending on branes.

3 Higher Roytenberg bracket

In this section we will recall some of the algebraic structures needed in the following.
The name “Roytenberg bracket” was introduced by Halmagyi [19], since the bracket was
originally introduced by Roytenberg in [34]. We present a higher analog of this bracket
here, which is essentially a higher Dorfman bracket twisted by a (p+ 1)-vector II as well as
by a (p + 1)-form H. For further reading on higher Dorfman bracket see e.g. [35] or [36].

Let E = TM @& APT*M. We define a non-degenerate and C°°(M)-bilinear pairing
(,):T(E) x T(E) = QP~Y(M) as

(V+&EW 4 n) =iv(n) + iw(8), (3.1)

for vector fields V,W € X(M) and p-forms &,n € QP(M). We define the anchor map
p: E — TM as the projection onto the first direct summand of F, and denote by the
same character also the induced map of sections p(V 4+ &) = V. The Dorfman bracket is
the R-bilinear bracket on sections [-,:]p : ['(E) x I'(E) — I'(E), defined as

[V +&W 4nlp = [V, W]+ Lv(n) — iw(dE), (3.2)

for all VW € X(M) and &, € QP(M). This bracket is a particular example of a Leibniz
algebroid bracket, see [35]. If we define D : QP~Y{(M) — I'(E) as D = j o d, where
Jj:QP(M) — I'(E) is the inclusion, we have the following properties of Dorfman bracket:

1. Derivation property:
le1, [e2, es]p]p = [[e1, e2]p, es]p + [e2, [e1, es]p]D (3.3)
for all eq, e2,e3 € T'(E).
le1, fealp = fle1,e2]p + (p(e1).fez, (3.4)

for all e1,e2 € I'(F) and f € C°(M).



2. (-,-) is E-invariant in the following sense:

Loer)((e2,€3)) = ([e1, e2]p, e3) + (€2, [e1, e3]p) (3.5)
for all e1,e9,e3 € F(E)

3. Dorfman bracket is skew-symmetric up to “coboundary”, that is
1
le,e]p = §D<€, e), (3.6)

for all e € T'(E).

This bracket can be easily modified in two ways:
Firstly, given a (p + 2)-form H € QP*2(M), we can define H-twisted higher Dorfman
bracket on E as

IV +&W +n = [V, W) + Ly (n) — iw (dE) + iwiv H. (3.7)

The form H has to be closed, in order to keep the property (3.3). All the other
properties of higher Dorfman bracket are also valid for the H-twisted case.

Secondly, assume that we have an arbitrary C°°(M)-linear map of sections II7 :
OP(M) — X(M), for example the map induced by a (p + 1)-vector II on M:

% (¢) = (—1)Piell = T 0, (3.8)
for all £ € QP(M). Define new anchor map p: E — TM as
p(V+8) =V —1I7(¢), (3.9)
and the “twisted” inclusion of QP(M) into I'(E) as
J(§) =€+ 17 (g). (3.10)

Denote as pry the projection onto the second summand of E. Using this notation, one can
define new non-degenerate pairing (-, ) g:

(e1,€2) R = lp(ey) (Pr2(e2)) + ip(ey) (Pr2(er)) (3.11)

for all e, ez € I'(F). Finally, we define the following bracket on I'(E):

[e1, e2]r = [p(e1), plea)] + 5 (Lpger) (Pra(ea)) = dp(ey) (d(pralen))) + ip(ey)ipen)H) »  (3.12)

for all 1, eq € T'(E). We refer to [-, -] g as higher Roytenberg bracket. This bracket together
with the anchor map (3.9) defines again a Leibniz algebroid, i.e., it satisfies (3.3) and (3.4).
More interestingly, it also satisfies (3.5) and (3.6) with respect to the pairing (3.11). All
of the properties are straightforward to check; see also [28]. In appendix A we present the
coordinate form of the higher Roytenberg bracket. For p = 1 we get exactly the structure
functions of [20].



4 Charge algebra

In this section we study the algebra of the currents that appear in the Hamiltonian as-
sociated to the Nambu-sigma model. We find that the corresponding charge algebra is
governed by the higher Roytenberg bracket that we have discussed in the previous section.

Let us return to the Hamiltonian (2.3). The canonical equal-time Poisson brackets are

{X'(0), Pi(0")} = &56(0 — o),

where 0,0’ are the space-like p-tuples of world volume coordinates. We consider the gen-
eralized charges

Qp(V +€) = / Pof(0)[ViK; + K], (4.1)

corresponding to the currents K* and K 7 that appear explicitly in the Hamiltonian. Here
V+¢eTl(F)and f € C®(X) is a test function. The appearance of Courant algebroid
structures in the current algebra was first observed by Alekseev and Strobl in [13] for the
Poisson-sigma model, i.e. the special case p = 1. More general observations from the super-
geometry point of view were done by Guttenberg in [37]. Here we will calculate the charge
algebra for p > 1, following the approach of Ekstrand and Zabzine, who integrated the
currents to generalized charges. In fact, we shall consider more general charges, involving
background fields II and B. This can be done in a straightforward manner; however it is
casier to use the results of [16]: With Q #(V 4+ &) defined as

Qv +9 = [@ar@)[Vip+&,ox], (4.2
the Poisson bracket is

{Qr(V +6),Q,(W +n)} =
~QpaIV+ EW 4 ) / Pog(o)(df A X ((V +EW +0)1_p, (4.3)

where [-,-]p is the higher Dorfman bracket (3.2) and (,-) is the pairing (3.1). We can use
this result to find the Poisson brackets for the charges @ as defined in (4.1). The key is
the following relation between charges Q and Q:

Qr(V+&) =Qp(V-1#() + ¢+ iy _1#(¢)(B)) - (4.4)

The resulting Poisson bracket of the charges is

(Q(V +6),Qy(W + 1)} =
QI+ EW ) / Pogo)(df A X (V +EW + ) r)ip. (45)

where [-, g is the higher Roytenberg bracket (3.12) and (-, ) is the pairing (3.11). The
calculation is straightforward but quite lengthy and we omit it here.



Let us note that choosing constant test functions f = g = 1, one finds that the charge
algebra (4.5) closes and it is described by the higher Roytenberg bracket. For the special
case p = 1, this was already observed by Halmagyi [19].

Using this result, we can determine conditions for the conservation of such charges. To
avoid the anomalous term in (4.5), we shall consider only the charges

QV+E =1 (V+9), (4.6)

for a constant test function f = 1. We are interested to obtain conditions on V +¢ € I'(E),
which would guarantee that

{Q(V+§)7H}:Oa (47)

where H is the Hamiltonian (2.3). The left hand side of this condition can be conveniently
rewritten using the Leibniz rule for Poisson bracket:

(QV +8), H) =
SHQUV +8), Qi (G7)70,)} + AV +€),Q6-1y0,(00)}

+ QU+, Qg Grady”)} +{QIV +6),Qg, o dy)} . (45)

Now we can use (4.5) to carry out the straightforward but tedious calculation that leads
to the following result. Let Ly be the Lie derivative with respect to the vector field W =
V — 17 (€). The following set of conditions ensure that the charge Q(V + €) is conserved:

Lw(G)ij = Gull™ (W™ dBpj1 — (d€);1) + (i ¢ 4) (4.9)
,Cw(é)jj = é[LHnL (WmdanJ — (df)nj) + (I S J) , (4.10)
Ly (I = (M1 — (G~HH (G HE) (W™d By — (d€)n) - (4.11)

(Here G is viewed as a 2p-times covariant tensor field on M .) Let us observe that there
exists a particular simplification of these conditions: choosing

d€ = iy (dB), (4.12)

all terms on the right-hand side vanish and we get a new set of conditions

Lw(G)=Lw(G)=Lw(I)=0. (4.13)
The special choice (4.12) can be rewritten as
L (B) = d(¢ — iw(B)). (4.14)

The particular solution (4.13) to the more general conditions (4.9)—(4.11) implies that the
image of V' + £ under the anchor map (3.9) preserves the background fields G, G, II and
preserves the (p + 1)-form field B up to an exact term.



The conditions (4.9)—(4.11) have an interesting geometrical meaning. Let (-,-) be the
fiberwise metric on TM & APT*M given by G~!, the inverse of matrix G appearing in the

Hamiltonian (2.7):
v (e o\ (w
O N T T

Let e = V 4+ ¢ € I'(TM ® APT*M). The conditions (4.9)—(4.11) are equivalent to
the equation

ple)-(er,e2) = ([e, e1]r, e2) + (1, [e, e2]R) , (4.16)

for all e1,e2 € I'(T'M & APT*M). In the other words, the charge Q(V + &) is conserved,
if e =V + ¢ is a “Killing section” of the fiberwise metric (-,-) (4.15) with respect to the
higher Roytenberg bracket.

5 Topological model, consistency of constraints

In this section we examine the topological sigma model, which is obtain from (2.1) by
setting G~! = G~ = 0. We will show that algebra of constraints closes on shell and that
the constraints are compatible with time evolution. The consistency of the constraints is
ensured by the vanishing of certain structure functions of the higher Roytenberg bracket,
which in turn is related to the fundamental identity of a Nambu-Poisson structure.

The action has the form

Sl 1, X] = /d”“a[m@oXi + 70X — iy — BiydoX0X]. (5.1)
The canonical Hamiltonian of this model can be written as
HIX, 7, P] = —/dpa [ (X" — ¥ (P, + Byy0X )] | (5.2)
with canonical momenta Py as given in (2.2). Using the notation of (2.4) and (2.5), we have
H[X,7j,P| = — / oK. (5.3)
Looking at Lagrange-Euler equation for 77, we obtain
K=o, (5.4)

which should be viewed as a set of constraints, with 77 being the corresponding Lagrange
multipliers. K’ as well as H can be expressed in terms of the charges (4.1) for special
choices of test functions:

K'(0) = Qs (dy"),
H = —Qgz (dy").



The constraint algebra and time evolution of constraints can therefore be expressed in
terms of the Roytenberg bracket by equation (4.5). In terms of the structure functions of
the Roytenberg bracket (cf. appendix) we obtain the following current algebra

{K'(0), K7 (o))} = =6(0 — o")(R"* Ky + SFK™) (')
— (d(8(o =) AX*(dy",dy")R)), (o). (5.7)

It is hence natural to ask for R to vanish. This leads precisely to the condition (B.6) for
€ =dy’, n=dy’ and H = —dB. Imposing the condition R = 0 is thus equivalent to the
assumption that II fulfills the differential part of the fundamental identity for a (—dB)-
twisted Nambu-Poisson tensor? and we shall henceforth assume that this is the case. Even
then, there still seems to be a problem with the anomalous last term in (5.7), since in
general the expression (dy”’,dy’)r doesn’t vanish. To see it let us note that vanishing of
(dy”, dy") g is equivalent to

it (a7 (dY") + i gy (dy”) = 0. (5.8)

The anomalous terms can be dealt with using secondary constraints and consistency of
these constraints turns out to be ensured by the algebraic part of the fundamental identity
for a Nambu-Poisson tensor. Indeed, geometrically (5.8) implies that the graph of II,
G = {E+ 117 (€)] € € QP(M)}, is isotropic with respect to the canonical pairing (-, -) (3.1)
on I'(TM @& APT*M). However, as was noticed by Zambon in [36], such (nontrivial) IT
exists only for p =1 and p = dimM — 1. For 1 < p < dimM — 1, we are forced to add the
following set of constraints to the system:

XY = (X*(dy", dy”VR)1..4.0 = 0. (5.9)

The new constraints (5.9) do not contain any P,,’s and thus they Poisson commute with
each other, i.e.

Xy (o), xF (o)} =0. (5.10)

The Poisson brackets between the new constraints XCIIJ and the constraints K (') are

(XM (o), KM (o)} = (SMT X7 4+ SMT i ox 1Y (0)8(0 — o)
+ Z sgn(r, q) (X (i gynr) (dy”, dy">R>))1,,,%_,,@,_@(0)(%(;:')(0) ;
r=1
r#q

where sgn(r, ¢) is just a sign, irrelevant for the discussion. The first term clearly vanishes
for Xé‘] = 0. The second term, in fact, also weakly vanishes (i.e. it vanishes when the
constraints equations are used; this is denoted by “~”). To see this, it is sufficient to
show that

(X*(iﬂ#(dyM)MyI’ dyJ>R))1...f..‘(j...p ~ 0, (5.11)

2Note that for p > 1 the twisting of Nambu-Poisson structures is redundant since it just leads again to
an ordinary Nambu-Poisson structure.
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Evaluating the left hand side expression at a p € ¥ with II(X(p)) = 0, clearly gives zero.
If II(X (p)) # 0, the validity of (5.11) can be shown to be a consequence of the following
observation made in [38§]

(dy", dy”YrlAv-1pGr) =0, (5.12)

where p denotes the projection onto the first summand of the graph Gp. The reasoning
itself is not very illuminating and we skip the details here.?

Since the Hamiltonian is of the form (5.3), the constraints K’ and Xéj are consistent
with the dynamics, i.e., they weakly Poisson commute with the Hamiltonian. This follows
immediately from the above discussion of the constraints algebra.

To conclude this section, we shall investigate the conservation of charges (4.6) with
respect to the dynamics governed by the Hamiltonian (5.3). This is again simple using (5.6)
and (4.5). For the charge Q(V + &) to be conserved, one gets the condition

Lz (V) = H#(’in#(mivdB% (5.13)

where we have introduced the section 77 := nsdy”’ of the pullback bundle X*(AP T*M).
Note that the charge Q(0 + &) is conserved for arbitrary £ € QP (M).

Given the results of this section, we will shall henceforth assume that II is a Nambu-
Poisson tensor (which may be twisted in the case p = 1).

6 Equations of motion, solution

In this section we will derive the equations of motion of the topological action (5.1) using
the Hamiltonian formalism and previous results. Using the natural coordinates associated
with every Nambu-Poisson structure (for p > 1), we will find an explicit solution of these
equations. The calculations involve the higher Roytenberg bracket via the charge algebra.
They are again quite long, but straightforward and we will mostly just state the results.

Straight from the definition, one can calculate the equations of motion for the X™
fields. Indeed, the calculation of

XM (o) ={X"(0), H}

is just an easy application of the Leibniz rule for the Poisson bracket. Of course, among
the equations of motion we will find also the constrains K’ = 0. The most difficult part
comes with the calculation of

Bi(o) = {Pi(0), H} .

® Alternatively, one can introduce new constraints x;q'” = (X" (irs (gyae) (dy”, dy”)r)) = 0.

1..FeGo.p
é‘]’s. Hence, we just have

These will obviously Poisson commute with each other and with all x
to check their Poisson brackets with the K7’s. Doing this, new anomalous terms proportional to
X*(z’n#<dyzv)in#(dyM)(dyl,dy")R) will appear. We can treat these again as new constraints and repeat
the procedure until we arrive at anomalous terms containing (p — 1)-contractions with dip# gy By (5.12)
this is identically equal to zero. Note that all these auxiliary constraints follow already from the first ones,

i.e., from XéJ = 0 by the above discussion.
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This can be done again using (4.5). First, note that
P, = K; — By ('K, + K*). (6.1)
Hence
Py(0) = Qs(o—.) (0; — TI" (ip,B) — iy, B) .
Now, using (5.6) and (4.5), one gets the following result: The fields X™ (o), P,,(0) and

77(0) of the sigma model defined by action (5.1) evolve in accordance with the following
set of equations:

—T —K
0X =1"1(P, + BnxdX ), (6.2)
X = gy,

Pm — *HkJ,mPk - (dﬁmN A dXN)l...p + HkJBkmL(d?’J A dXL)l...p

p
_ — 1
—1J (HkJBmL,k + 1% By + > T | By ki, — HkJ(dB)kmL> oxX .

n=1

In particular, for B = 0, we get the equations of motion for the untwisted sigma model:

—T

oX =10mp,, (6.5)
X =1y, (6.6)
Py = =i 10" 1 Py = (dijy N dXN)1 . (6.7)

Now we will show that there always exists a non-trivial solution of the field equations (6.2)—
(6.3). We will use the natural local coordinates that are associated with every Nambu-

Poisson tensor, namely (x!,...,2"), such that
0 0

which exist around every point = € M, where II(x) # 0 (see e.g. [39]). In these coordinates
the components of II can be expressed in terms of the Levi-Civita symbol:

Hil...ip+1 _ Eil---ip+1‘ (69)

This choice of local coordinates simplifies the equations of motion considerably. We define
a p-index [r] = (1,...,7,...p+1) and (p—1)-index [p,q] = (1,...,p,...,q,...,p+1). (The
hats denote omitted indices.)

The constraints (5.9) are in these coordinates equivalent to

oxm
ook

form >p+1and k € {1,...,p}. This is not straightforward to see, one has to use the

consequences of (5.12). Furthermore, the equations (6.3) impose
XM =0,

for m > p+ 1 and we thus get X™ = C™ for m > p+ 1, where C™ € R are arbitrary real
constants. One can then easily deduce the following solution of (6.2)—(6.4):
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(i) Form <p+1,
Xm:fm

where f™ € C°°(X) are arbitrary smooth functions on ;

(i) form >p+1,
X"=Ccm,

where C™ € R are arbitrary real constants;

(iii) for r <p+1,
My = (1) H1X7,
and if I # [r],
nr = Er,

where Ej are arbitrary constants in space-like variables on X.

(iv) for r <p+1,

Pr= (~1)*1 (1 = By_pe1)0X s

(v) form >p+1,

p+1
]
P, = / da"[ > [(dBrmj) — Bpyp) XF0X ]
k=1
p+1 p+1 .
+ 3 Brnpg(dXt ndxtdy,
r,q=1 k=1
r#q

Although straightforward, it is actually a lengthy computation to verify that this solution
to equations (6.2) and (6.3) indeed also solves the equation (6.4).

There is a nice geometrical interpretation of the solutions for X: II defines a (p + 1)-
dimensional foliation in M, and (x',...,2") are coordinates adapted to this foliation.
Hence the fields X are constant in the directions transversal to this foliation.

7 Generalized Wess-Zumino terms

In this section, we encounter yet another way how the higher Roytenberg bracket appears
in the context of the Nambu sigma model: Lifting the topological terms of the model to
(p+2) dimensions, the structure functions appear as coefficients in the resulting generalized
Wess-Zumino terms. This resembles the p = 1 case, where the generalized Wess-Zumino
terms are topological if and only if the associated Roytenberg relations are satisfied.

We shall use the Lagrangian formalism this time and follow essentially the classic
approach of Wess, Zumino, and Witten [40, 41], adapted to the twisted Poisson sigma
model by Halmagyi in [20].
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Define the p-forms A; and 1-forms A J as

A; = mido AL A do?,
AVJ:ﬁJdJO.

Choosing the orientation on ¥ as o(c’,o!,...,0P) = +1 and introducing an auxiliary

Minkowski world volume metric, the action (2.1) can be rewritten as
T L1y [N T
SIX,A Al = _i(G )jAZ-/\*Aj—g(G )AL AxAy
b
+dX' AN A+ AgNdXT T A A A — XH(B), (7.1)

Topological part of this action has the form

Stop[X, A, A] = / AX'ANA; + Ay NdXT — TV Ay A A
b))

1~ ~
—|—§A1/\AJ/\MU—X*(B), (7.2)
where we have added a new term %A I A A 7 A M which is zero on ¥* and where

T/ :
MY = & X (i ayn) (dy”) = i gy (dy')

1< ) A _ , (7.3)
=5 S (=0T (dX AL A AX AL N AXP) — (14 ).

r=1

(The hat denotes a factor that is omitted.)
Let us suppose that ¥ = ON, where N is a smooth (p+2)-dimensional manifold. Using
Stoke’s theorem, we can lift the action to N:

StoplX, A, A] = / d(L)top - (7.4)
N
d(Liop) = —(dX" =TIV Ay) AdA; +dAj A (dXT =TTV 4; — MK Ag)
—HiJ7kka A AVJ NA; + %Av[ A A.VJ AdMT

|
—ﬁdmu AdXF A dXE A dX

We define new fields 9" and zZJ as

Wi =dX -1 Ay, (7.5)
O = dx? — T A — MTE A A

4This term is zero on ¥ = JN; however, we assume an arbitrary extension of A on N, hence it is in

general non-zero on N.
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We observe that

1< : :
dMT = 3 > T dX e kedr — (T )
r=1
(7.7)
1 P . ~. . .. . . . ~
=2 anrl’k (Wl...k...gr + szl...k...]pAi 4 Mkedn KA AK) — (I J).
r=1

Putting the above expression for dM!” and redefinition of the fields into d(Liop), one finds
that

A ~ ~ ‘ ~ 1
d(Liop) = = AdA; +dAy ApT + QTEpF A Ay A A; + §F,;l VEPAA A (T7.8)
1 ~ Iy
—5Hias PP APt AT 4 Dl Apr Ap? AP
1 ~ ~ ~ 1 - -
—§S’LMJAL A Ay AT — §R’LJZAL ANAjAA;

1 . 1 L .
— <2H,;1L¢’f A+ Dy T A A+ 5S’” LA A AJ> ANAny A MNE
where Q', F', H', D', S’, R’ are structure functions of skew-symmetric version of the higher
Roytenberg bracket (see appendix A) corresponding to a re-scaled 3-form flux

1
Hjix = ( (dB)jik -

p+1)(p+2)
8 Conclusion

In this article, we have studied higher dimensional analogs of generalized Poisson sigma
models and the corresponding dual string and p-brane models. In this context, we have
found that higher algebraic structures related to a generalization of the Roytenberg bracket
play an important role and that Nambu-Poisson structures are the appropriate p > 1
generalization of the Poisson structures that are relevant for the p = 1 case.

Let us summarize the main results: By a Legendre transformation, we have obtained
the Hamiltonian corresponding to the Nambu sigma model that had been introduced in [27]
and identified as a dual to the gauge-fixed Polyakov-style Howe-Tucker p-brane action. The
resulting quadratic form can be viewed as higher-dimensional analog of a generalized metric
(see e.g. [42]). Starting with the definition of a twisted higher Dorfman bracket (see [35])
and using a (p + 1)-vector II, we have further twisted this structure and have obtained
a new Courant bracket like structure, which we call a higher Roytenberg bracket. Its
p = 1 version was originally introduced by Roytenberg in [34]. We define a higher analog
in coordinate-free intrinsic form, such that its properties, which resemble that of higher
Dorfman brackets, can be easily verified. The algebraic structures related to this new
bracket play a fundamental role throughout this article. Next, we have defined generalized
charges for the model, with a complicated structure that is parameterized by sections of the
vector bundle TM @& APT* M. We have found that we can use previous results of Ekstrand
and Zabzine [16] to calculate the world sheet algebra of the charges. It turns out that
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the Poisson bracket of the charges closes under the higher Roytenberg bracket up to an
anomaly. This anomaly vanishes if one restricts to some isotropic subbundle T'M & APT™* M
with respect to a twisted pairing (-, -)g. One can further find the parameterizing sections
of the charges, such that they are conserved under time evolution. We have been let to a
set of partial differential equations that generalize the ones found by Halmagyi in [19]. The
equations have an interesting geometrical interpretation: they constitute Killing equations
with respect to a certain fiber-wise metric. The topological part of the p-brane action turns
out to be a system with constraints, as expected. We have analyzed the consistency of these
constraints under time evolution and with the constraint algebra itself. The constraints
can be written in the terms of the generalized charges that we have introduced in this
article and the calculation of their Poisson bracket can be carried out using the higher
Roytenberg bracket. Consistency under time evolution forces certain structure functions
of the higher Roytenberg bracket to vanish, which is equivalent to the differential part of
the fundamental identity satisfied by a Nambu-Poisson tensor. However, an anomalous
term remains in the Poisson bracket, which can be dealt with using secondary constraints
for the model. We have shown that these secondary constraints are compatible with time
evolution, provided that the algebraic part of the fundamental identity of a Nambu-Poisson
structure also holds. It is thus natural to consider the background (p + 1)-vector field II
to be a Nambu-Poisson structure. We have derive explicit expressions for the equations of
motion of the topological model, using once more results for the charge algebra. This has
been possible, since the canonical momenta P, can be rewritten in the terms of generalized
charges. Using special coordinates, whose existence is guaranteed locally for any Nambu-
Poisson structure, we have been able to simplify the equations of motion and find an explicit
non-trivial solution. This is similar to the use of Darboux-Weinstein coordinates in the
case of Poisson sigma models. Finally, we have present the analog of the calculation of
Halmagyi in [20]: we have lifted the topological part of the action to a (p + 2)-dimensional
world volume N, such that > = 9N, using Stoke’s theorem. After some redefinitions of
the fields, the resulting Lagrangian density (generalized Wess-Zumino terms) incorporates
the fields coupled to new background fields, which are the structure functions of the skew-
symmetric version of the higher Roytenberg bracket that we have introduce in this paper.
The generalized Wess-Zumino terms are topological if and only if the higher Roytenberg
relations are satisfied (see appendix A).

Studying the consistency of the topological model, one is let to a set of constraints
that are usually understood as constraints on the embedding fields X and eventually imply
conditions on the multi-vector II, but that can also be interpreted as constraints on the
auxiliary fields 7 and 7. This was already observed by Halmagyi in the case p =1 in [19].
Halmagyi does not further comment on the implication of this observation, but we can
in fact now understand this in the present context: the constraints on the auxiliary fields
effectively reduce the available dimensionality of target space for the other fields of the
model. The multi-vector II is of maximal rank in this subspace. It therefore factorizes and
is thus forced to be of Nambu-Poisson type. This is true for p > 1 and confirms the results
that we have obtained in this article using more sophisticated methods. The observation
and the conclusion is, however, also valid in the well-studied p = 1 case: a factorized
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bi-vector (i.e. IT = Vi A V, with suitable vector fields V; and V3) will indeed ensure the
consistency of the equations of motion, but this is just a special example of a more general
Poisson bi-vector satisfying the Jacobi identity, which also ensures consistency.
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A Higher Roytenberg bracket, structure functions

Here we summarize the local form of the higher Roytenberg bracket (3.12) twisted by a

(p + 2)-form flux
1

H=— —  HudXFrdX'ndX7,
(p+1)(p+2)
where dX7/ = dX7t A... ANdX% and J = (j1,...,Jp) denotes an ordered multi-index with
n<...< jp.
Let (y',...,y™) be a set of local coordinates on M. Denote 0 = 8%,6 and dy* =

dy*' A ... AdyFr. Then, one has

(0, )R = Fit™0m + Hyrdy" (A.1)
0k, dy”’|r = Qp"’ 0 + DY 1 dy" (A.2)
[dy’, dy”|r = R0, + S Ldy™ . (A.3)

The structure functions have the following form (Roytenberg relations):

Fy™ = Hyyam7 (A.4)
ZLJ = —Hm{k + HlkLHlJHmL R (AS)
D}, = Hy, 11", (A.6)

1J 1 J J 1
RIJm — i1pm ’n_Hn m "

p
r=1
p .
Sty =— Z ! oyt TV iy (A.8)
r=1

We denote by a prime the structure functions of the skew-symmetrized version of the higher
Roytenberg bracket. For example S/} = % (S’”L — S‘HL).

— 17 —



B Nambu-Poisson structures

Here we recall some fundamental properties of Nambu-Poisson structures [21] as needed in
this paper. For details see, e.g., [38] or [35].

For any (p + 1)-vector field A on M we define the induced map A% : QP(M) — X(M)
as A#(f) = (—1)p’i5A = SKAZK@

Let II be a (p + 1)-vector field on M. We call IT a Nambu-Poisson structure, if

Ly# apn...ndf,) D) = 0, (B.1)
for all fi,..., f, € C°(M).

Lemma 1. For arbitrary p > 1 the condition (B.1) can be stated in the following equivalent
ways:

1. The graph Gy = {07 (&) + € | € € QP(M)} is closed under the higher Dorfman
bracket (3.2);

2. for any €,1 € QP(M) it holds that
(L ey ()7 (1) = —II" iy () (d€)) 5 (B.2)
3. let [-,-]x : (M) x QP(M) — QP(M) be defined as
(€, n)x = Lz ey(n) — iz (dE) (B.3)
for all &,n € QP(M). Then it holds that
[T (), I ()] = % ([¢, 7)) (B.4)
for all €,n € QP(M);

4. for any & € QP(M) it holds that

oo 10 = = (1T = (AT ) (8.5)

There seems to be a natural way to define a twisted Nambu-Poisson structure: Let II
be a (p + 1)-vector on M. Let H € QP*2(M), such that dH = 0. We call II an H-twisted
Nambu-Poisson structure, if the graph Gy of II is closed under H-twisted higher Dorfman
bracket (3.7). Equivalently, a H-twisted Nambu-Poisson structure can be defined using
the condition

(Lrp e () # () = =TI (igse () (d€ — iy 0y H)) (B.6)

for all £,n € QP(M). This definition is correct, however, for p > 1 there occurs an interest-
ing thing: The fundamental identity (B.1) splits into two parts — one part is a differential
identity similar to the Jacobi identity for the Poisson bivector, the other part of the identity
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is purely algebraic. Interestingly for p > 1, the fundamental identity ensures the existence

of coordinates (x!,...,2") around every point z where II(x) # 0, such that
0 0

For details, see e.g. [39]. Conversely, every decomposable (p+ 1)-vector whose support is an
integrable distribution is Nambu-Poisson. The algebraic part of (B.1) comes from the fact
that (B.2) is not C°°(M)-linear in £. If we now consider (B.6), we see that if we add a part
that is C°° (M )-linear in &, the algebraic part of identity will stay untouched. This means
that a II satisfying (B.6) is in fact still an ordinary Nambu-Poisson tensor, satisfying (B.2).
The concept of an H-twisted Nambu-Poisson tensor is therefore redundant for p > 1, as
has already been noticed in [28].
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1 Introduction

Generalized geometry [1, 2| recently appeared to be a powerful mathematical tool for
the description of various aspects of string and field theories. Here we mention only few
instances of its relevance that are more or less directly related to the present paper. Topo-
logical and non-topological Poisson sigma models are known to be intimately related to a
lot of interesting differential, in particular generalized, geometry. For instance, the topo-
logical Poisson sigma models are of interest for the integration of Poisson manifolds (and
Lie algebroids) [3] and are at the heart of deformation quantization [4]. Field equations
of (topological) Poisson sigma models can be interpreted as Lie algebroid morphisms [5]
and as such can further be generalized in terms of generalized (complex) geometry [6, 7.
Poisson sigma models can be twisted by a 3-form H-field [8] and also generalized to Dirac
sigma models [7], where the graph defined by the corresponding (possibly twisted) Poisson
structure is replaced by a more general Dirac structure. In turn, at least in some instances,
D-branes can be related to Dirac structures [9, 10], or coisotropic submanifolds [11]. In [12],
it has been observed that the current algebra of sigma models naturally involves structures
of generalized geometry, such as the Dorfman bracket and Dirac structures. This was
further developed in [13] and [14]. In [15], it was observed that in the first order (non-
topological) Poisson sigma model characterized by a 2-form B and a bivector €, a more
general form of world-sheet currents appears. Their algebra has been shown to close under
a more general bracket, the so called Roytenberg bracket [16]. In [17], it has been shown
that the structure constants of the Roytenberg bracket appear if one lifts the topological



part of first order Poisson sigma characterized by a 2-form B and a bivector 6 to a three-
dimensional WZW term. It this respect, generalized geometry is relevant for discussions
of non-geometric backgrounds.

Noncommutativity of open strings, more precisely of their endpoints, in the presence
of a B-field was recognized in [18, 19] and [20]. A thorough discussion of noncommutativity
in string theory followed in the famous article of Seiberg and Witten [21], where, among
other things, also the equivalence of commutative and noncommutative gauge theories
was discussed via a field redefinition known under the name Seiberg-Witten map. In
particular, it was argued that the higher derivative terms in the noncommutative version
of the Dirac-Born-Infeld (DBI) action can be viewed as corrections to the usual DBI action,
the effective D-brane action. For reviews on noncommutativity in string theory we refer,
e.g., to [22, 23]. Let us also note that the (semiclassical) noncommutativity of D-branes
can be seen as the (semiclassical) noncommutativity of the string endpoints in the open
topological Poisson sigma model [3], which fits naturally to their role in both the integration
as well as deformation quantization of Poisson structures.

The purpose of the present paper is to unravel the generalized geometry origin of
noncommutative gauge theory. We will mainly focus on the equivalence between the com-
mutative and semiclassically noncommutative DBI actions (and closely related issues) and
argue that the necessity of such an equivalence can be seen and naturally interpreted within
generalized geometry. In the discussion, non-topological Poisson sigma models play a role.
Roughly speaking, we intend to convince the reader that the equivalence of commuta-
tive and semiclassically noncommutative DBI actions is encoded in two different ways of
expressing a generalized metric on a D-brane.

Before going into a more detailed description of the individual sections, let us note that
almost everything in this paper is presented in a form suitable for a direct generalization
to Nambu-Poisson structures and M-theory membranes, cf. [24, 25]. We will discuss this
in detail in a forthcoming paper.

The paper is organized as follows.

In the second section, we review basic definitions of generalized geometry. We empha-
size the behavior of a generalized metric under orthogonal transformations of TM & T*M.
This allows us to recover the formulas relating, via a bivector 8, the closed background
fields g, B and the open string backgrounds G and ®. It comes as a relation between two
generalized metrics, which are connected by the action of a certain orthogonal transforma-
tion induced by the bivector 6. Finally, we recall the definition of the Dorfman bracket,
Dirac structures and their relation to D-branes. In the latter we follow the proposal of [10],
where D-branes correspond to leaves of foliations defined by Dirac structures.

In the third section, we observe that adding the gauge field F' on D-brane volume cor-
responds to an action of an orthogonal transformation on the natural generalized metric
on the D-brane, the pullback of the generalized space-time metric defined by the closed
backgrounds g and B. The natural question is whether the so obtained generalized metric
can again be rewritten in the open string variables (with some gauge field F’ and a possibly
modified bivector 6’). The positive answer is given by two different factorizations of an
orthogonal transformations defined by a bivector and a 2-form, in our case # and F. As



a consequence, we find a generalization of open-closed relations of Seiberg and Witten,
which includes the field strengths F' and F”, the latter one closely related to the nocom-
mutative gauge field strength. This equality, crucial for our discussion of DBI actions, also
hints towards the appearance of the semiclassical Seiberg-Witten map, once one recalls its
interpretation as the local coordinate change between the two (Poisson) bivectors 6 and €'

In the fourth section, we use the above mentioned relation between open and closed
variables (including gauge fields) to show that non-topological Poisson-sigma model,
its Hamiltonian and the corresponding Polyakov action are manifestly invariant un-
der the open-closed field redefinitions as they geometrically correspond to the same
generalized metric.

In the fifth section, we briefly recall the interpretation of the semiclassical Seiberg-
Witten map as a local diffeomorphism on the D-brane world volume relating the non-
commutativity parameters (Poisson bivectors) 6 and #’. This interpretation is the most
relevant one for our discussion in the final section. When considering D-branes which are
symplectic leaves of 6, the Seiberg-Witten map is naturally interpreted in terms of the
corresponding Dirac structure.

In the final section, we discuss the equivalence of commutative and semiclassically
noncommutative DBI action of a D-brane. We show that this equivalence is a direct
consequence of the (gauge field dependent) open-closed relations combined with a Seiberg-
Witten map. The discussion here is not completely new. However, what we believe is new
and interesting is the clear generalized geometry origin of its main ingredients as developed
in previous sections. Everything works very naturally for a D-brane which is a symplectic
leaf of the Poisson structure, describing the noncommutativity.

We believe that analogous results hold also for more general D-branes, i.e. those which
are related to more general Dirac structures than the ones defined by graphs of Pois-
son tensors. For such D-branes, Dirac sigma models of [7] should replace the Poisson
sigma models.

2 Generalized geometry

2.1 Fiberwise metric, generalized metric

In this section we recall some basic facts regarding generalized geometry, see, e.g., [2, 26].
Although most of the involved objects can be defined in a more general framework, we
focus on a particular choice of vector bundle. Namely, let M be a smooth manifold and
E=TM&T*M. A fiberwise metric (-,-) on E is a C°°(M)-bilinear map (-,-) : ['(E) x
I'(E) — C*(M), such that for each p € M, (-,-), : E, x E, = R is a symmetric non-
degenerate bilinear form. There exists a canonical fiberwise metric (-,-) on E, defined as

(V+&EW ) =iv(n) +av(E), (2.1)

for every (V + &), (W +n) € I'(F). This fiberwise metric has signature (n,n), where n is
a dimension of M. Hence, we denote by O(n,n) the set of vector bundle automorphisms
preserving this fiberwise metric. That is

O(n,n) ={0 € I'(Aut(E)) | (Vei,e2 € I'(E)) ((Oe1, Oez) = (e1,€2))}. (2.2)



There are three important examples of O(n,n) transformations, which we will use in the
sequel. Let B € Q2(M) be a 2-form on M. In this paper we will always denote the induced
vector bundle morphism from TM to T% M by the same letter, i.e., we define

for all V € X(M). Correspondingly, the map e is given as

BV 4+ =V+e+BV). (2.4)

*(6)-G) ()

for all (V+¢) € T'(E). Similarly, let # € A2X(M) be a bivector. The induced vector bundle
morphism is again denoted by the same letter, that is

In the block matrix form

0() == —icf = 0(-,9), (2.6)

for all £ € Q'(M). Correspondingly, we have e’

AV +=V+e40(0). (2.7)

(9)-(2)(2)

for all (V+¢) € I'(E). Finally, let N : TM — T'M be any invertible smooth vector bundle
morphism over identity. We define the map Oy as

In the block matrix form

ON(V +&) == N(V) + N7 (¢), (2.9)

where N=7 : T*M — T*M denotes the map transpose to N~1. In the block matrix form

b))

Any O(n,n) transformation with the invertible upper-left block can be uniquely decom-
posed as a product of the form
e Boye ™. (2.11)

More explicitly, for (ﬁ; ﬁ;g) in O(n,n), ie., AL Ay + AT Ay =0, AT, Ao + AL, A1p =0
and AL A1+ AT  Agg = 1, we find N = Ay, 0 = —A[] Ajg and B = —Ay A
Let now 7 : ['(E) — I'(E) be a C°°(M)-linear map of sections, such that 72 = 1. For
e1,es € I'(E), we put
(e1,€2)r := (1(e1),€2). (2.12)



If such (.,.); defines a positive definite fiberwise metric, we refer to it as a generalized
metric on E. From now on, we will always assume that this is the case. Since (-,-), is
symmetric, 7 is a symmetric map, that is,

(T(€e1), e2) = (e1,7(e2)), (2.13)

for all e1, es € T'(E). Also, because 72 = 1, it is orthogonal and thus 7 € O(n,n). Moreover,
from 72 = 1, we get two eigenbundles V,, and V_, corresponding to +1 and —1 eigenvalues
of 7, respectively. Using the fact that (-,-), is positive definite, we get that (-, -) is positive
definite on I'(V;) and negative definite on T'(V_). Finally, we can observe that Vi~ = V_
with respect to (-,-) and vice versa, and using the knowledge of the signature of (-,-), we

get the direct sum decomposition
E=V,oV_. (2.14)

Conversely, for any subbundle V of E of rank n, on which (-,-) is positive definite, set
Tly :=+1 and 7|y, = —1 to get a generalized metric on E.

From positive definiteness on V., we have V. NTM =0 and V; NT*M = 0, and the
same for V_. This means that V. and V_ can be viewed as graphs of invertible smooth
vector bundle morphisms:

Ve ={V4+AWV) | VeTM}={A &) +¢|ecT* M}, (2.15)
Vo={V4+AWV)|VeTM})={AY ) +¢| €T M}, (2.16)
where A, A’ : TM — T*M, respectively. We can view A as covariant 2-tensor field on M,
and write uniquely A = g + B, where g is a symmetric part of A and B a skew-symmetric
part of A. From the positive definiteness of V. we get that g is a Riemannian metric on
M, whereas B can be an arbitrary 2-form on M. Using the orthogonality of V; and V_,

we see that A’ = —g + B. From this equivalent formulation, i.e. using g and B, we can
uniquely reconstruct 7. This will give

T(V+&=(9—Bg 'B)(V)—g 'B(V)+Bg (&) + g7 (&), (2.17)

for all (V +¢) € I'(E). In the block matrix form,

Vi o —¢'B ¢! %
O-Lna)) e

The corresponding fiberwise metric (-, ), can then be written in the block matrix form

T . —1
(VA+EW+7), = (Z) (g 59133 ng_1 ) (‘j;) (2.19)

The important observation is that the block matrix in formula (2.19) can be written
as a product of simpler matrices. Namely,

g—Bg'BBg'\ (1B g 0 10
()06 () e



Note the important fact that the 2-form B does not have to be closed, and this will
remain true throughout the whole paper. Nevertheless, we assume that B is globally
defined, i.e. H = dB globally.! We thus consider only the models with trivial H-flux. The
case of the non-trivial H-flux will be discussed elsewhere.

There exists a natural action of the group O(n,n) on the space of generalized metrics.
For each O € O(n,n) and given 7 define 7/ = O~'70. Clearly 7> = 1 and

(t'(€1), e2) = (7(O(e1)), O(e2)) = (O(e1), O(e2))r-
Hence (-,-); is again a generalized metric. We may use the notation (-, ) = O(-, ).

2.2 Factorizations of generalized metric, open-closed relations

Let us start with a (different) generalized metric H, described by a Riemannian metric G

1o\ (G 0 10
HZ(O 1)(0 G—1><—<I>0>' (221)

Let 0 be a 2-vector field on M. The action of the O(n,n) map e~? on the generalized
metric H gives us a new generalized metric G, which has the form

()G EA)6Y) e

By the previous discussion, there exists a unique Riemannian metric g and a 2-form B,

such that
1B g 0 10
= . 2.2

Comparing the two expressions (2.22) and (2.23) of G, we get the matrix equations

and a 2-form ®. Hence

g—Bg 'B=G- 3G o, (2.24)

Bg ' =oG! — (G - G 'D), (2.25)

which can be uniquely solved for G and ®. Since e~

is invertible, we can proceed the other
way around as well. We also know how the corresponding endomorphism 71 is changed by
e~?. Namely, we have

g = ’re . (2.26)
From that, we can easily find the relation between +1 eigenbundles:
VE =V (2.27)

Since
VE={¢+(g+B) 1€ | €T M},

More precisely, we assume that the corresponding integral cohomology class [H] is trivial.



and
VE = {4+ (G+2)71(¢) | ¢ e T M},

we get using the above formula that
(g+B) =0+ (G+ o). (2.28)

Formulae (2.24) and (2.25) are the symmetric and antisymmetric parts of (2.28). If 6 is
Poisson, (2.28) is the Seiberg-Witten formula? relating closed and open string backgrounds
in the presence of a noncommutative structure represented by 6. In particular, for given g,
B and @, we can find a unique G and ®, and conversely, for given GG, ® and 6, there exists
a unique pair g and B.

For & = 0 the open-closed relations can be given a slightly more geometric interpreta-
tion [10]. Consider the inverse G~! of the generalized metric G. If we exchange the tangent
and cotangent bundles TM and T*M, respectively, G~ has the same properties as G.
Obviously, G™! and G have identical graphs as well as +1-eigenbundles. The open-closed
relations, for ® = 0, is a simple consequence of that.

2.3 Dorfman bracket, Dirac structures, D-branes

Here we briefly recall some relevant facts concerning the Dorfman bracket and Dirac struc-
tures, see, e.g., [2, 26, 28]. Our vector bundle E = TM & T*M can be equipped with
a structure of a Courant algebroid. The corresponding Courant bracket is the antisym-
metrization of the Dorfman bracket:

[V +&Wnp =[V,W]+ Ly (n) — iw(dE), (2.29)

for all (V +¢) € I'(E). The corresponding pairing is the canonical fiberwise metric (2.1).

A Dirac structure is a (smooth) subbundle L of E, which is maximally isotropic with
respect to (-,-) and involutive under the Dorfman bracket (2.29).

Let 0 be a rank-2 contravariant tensor field on M. As before, define a vector bundle
morphism 6 : T*M — TM by 0(§) = 6(-,€). Define a subbundle Gy of E as its graph,
that is

Gy = {€+0(6) | € € T*M}. (2:30)

It is known that Gy is a Dirac structure with respect to the Dorfman bracket, if and only if
0 is a Poisson bivector. Similarly, let B be any rank-2 covariant tensor field on M. Define
B(V) = B(V,-) and its graph G as

Gp={V+B(V)|VeTM} (2.31)

Again, one can show that G'p is a Dirac structure, if and only if B is a closed 2-form on M.
Furthermore, for any closed B € Q?(M), one has

PV +EW +alp = [e5(V +€).e" (W + )b, (2.32)

2For an earlier appearance of this type of formulae in the context of duality rotations see [27].



and
(B(V+6),eP(W+n) =V +EW+1), (2.33)

for all (V +¢),(W +n) € T'(E). In the other words, e” is an automorphism of the
corresponding Courant algebroid. Note that (2.32) is no longer true for e, where 6 €
A2X(M), but (2.33) holds.

Generally, a Dirac structure L provides a singular foliation of M by presympletic leaves,
which is generated by its image p(L) of the Dirac structure under the anchor map. We
refer to [10] for arguments in favor of the identification “D-branes ~ leaves of foliations
defined by Dirac structures”. In the case we will consider later, L will be given as a graph
of a Poisson tensor ¢ and the corresponding foliation of M will be the foliation generated
by Hamiltonian vector fields, i.e., by symplectic leaves of §. Hence, in this case we will
identify the symplectic leaves and D-branes.

3 Gauge field as an orthogonal transformation of the generalized metric

Let us start with a given Riemannian metric g and 2-form B. Further, let F' be a 2-form (at
this point an arbitrary one®). The gauge transformation defines new 2-form B’ = B + F.
To the pair (g, B) corresponds the generalized metric G, see (2.23). The generalized metric
G’ corresponding to the pair (g, B 4+ F) has the following block matrix form:

e T T e

that is, G’ is related to G by the O(n,n) transform e~F. As shown before, we can always

get G by action of O(n,n) transformation e~?

described by fields G and @, see (2.21).

One may ask, if there is a bivector 6 on M, such that we get G’ by the action of

e~ on the generalized metric H’, which is described by the same G as H, but by gauged

on the generalized metric H, where H is

2-form ®' = ® + F’ for some gauge field F’. This can be achieved under some assumptions,
however, only up to a certain additional O(n,n) action. In particular, there exists a vector
bundle morphism N : TM — T'M, such that

, 10 NT 0 (N 0 1 -0
G_<0’1><0 N1>H<0NT)<O 1)’ (3:2)
(19 (G o 10
H:(o 1)(0(}1)(—@/1)'

Indeed, examine the block matrix decomposition:

()66 () (4 () ()

3Later, when discussing DBI action, F will be closed and defined only on a submanifold of M supporting

where

a D-brane. In which case, all expression involving F' will make sense only when considered on the D-brane.



It suffices to consider the three rightmost matrices in the above expression. Since we want

to modify ® to ® + F', we may proceed by inserting 1 = e~ e

G ) Catm ) (A () (50)

Now it is enough to note that the product of the last three matrices, can be uniquely
decomposed into a product of a diagonal and an upper triangular block matrix — of
course, only if we assume that (1 + 0F) is invertible. For this, use the decomposition of
e~%e~F € O(n,n) according to (2.11) as

e e =eFOoye™?, (3.3)

with F' € Q*(M),0" € A2X(M) and N € T'(Aut(T'M)). What we find are the following
expression for ¢, F' and N:

0 =(1+0F)0=001+F9) (3.4)
F'=FQ1+4+60F)'=(1+F6)'F,
N =1+0F.

Comparing (3.1) and (3.2), we get the equalities
g—(B+F)g Y (B+F)=NT(G—(®+F)GY(®+ F))N (3.7)
and
(B+F)g ' =NT(®+ F)G'NT - NT(G - (®+ F')G (& + F'))N¥'. (3.8)
Taking the determinant of (3.7), we find that
det(g — (B+ F)g (B + F)) = det(N)? - det(G — (® + F')G (@ + F)). (3.9)

This equality will play the central role when later discussing the DBI action.
Furthermore, following the same type of arguments leading to (2.28) we see that the
equations (3.7) and (3.8) can equivalently be written as

(g+B+F) ' =0+ (N(G+d+F)N)™L. (3.10)

Finally, let us examine the objects F’ and 6’ using the tools described in subsection 2.3.
We will concentrate on the case important for the discussion of the DBI action and non-
commutative gauge theory. Therefore, in the rest of this section, we assume that 6 is
Poisson and F is closed. ¢’ is a bivector on M. For the graphs of 6 and ¢ we have

eFGg = Gy . (3.11)

F

Since e is an automorphism of Dorfman bracket, Gy has to be again a Dirac structure of

E. Hence, ¢’ is a Poisson bivector. Similarly, one can see that

'Gr = Gpr. (3.12)



This is no more an automorphism of Dorfman bracket but it preserves the (maximal)
isotropy property of Gr. Hence G is an isotropic subbundle of E and F’ is therefore a
2-form on M. Let us also note, that F’ doesn’t need to be closed. The last remark: In
case that (1 + 6F) is not invertible, ef’Gy still makes perfect sense as a Dirac structure.
Similarly, e’ Gy will still define an almost Dirac structure.

4 Non-topological Poisson-sigma model and Polyakov action

In this section we review the non-topological Poisson-sigma model from the generalized
geometry point of view developed in the previous sections.

Let us consider a 2-dimensional world-sheet . with a set of local coordinates (o, o!).
We assume that o are Cartesian coordinates for a Lorentzian metric h with signature
(—,+) on X. Furthermore, we consider an n-dimensional target manifold M, equipped
with a metric G, 2-vector # and a 2-form ®. We can assume X with a non-empty boundary
0. On M assume an abelian gauge field A coupling to the boundary (and extending to
¥, the field strength being F' = dA). We also choose some local coordinates (y!,...,y")
on M. Lower case Latin characters will always correspond to these coordinates. For
the components of the smooth map X : ¥ — M we will use the following notation:
Xt = ¢(X). In this section it will be convenient to introduce the following notation:
We put G := NTGN, ® := NTO®N and F' := NTF'N and introduce auxiliary fields »;
and 7;, which transform under change of local coordinates on M according to their index
structure. We combine them in a 2n-dimensional column vector W7 := (n,7). We also
introduce another 2n-dimensional column vector V7 := (9pX, 0, X). Finally, we define a

_ N |
= -G —-P-—F 0 ¢
G=|_. _ _ . 4.1
<<I>—|—F’ G ) +<—9’ 0) (4.1)

Our (non-topological) Poisson-sigma model action is

2n x 2n matrix?

S, 7, X] = /dQJ;\I/TG\I/ + oty (4.2)
Using relations (3.7), (3.8), the action (4.2) can equivalently be written as
S, 7, X] = /d%;\pTé\p +wly, (4.3)
where .
G= (B;QF _Bg_ F) (4.4)

with g, B and F being related to G, ® and F’ by (3.7), (3.8) and (3.5). Integrating out
the auxiliary fields n and 7 we obtain the Polyakov action expressed equivalently either in
open or closed variables

1 _ 1 .
S[X] := —2/d20VTG1V = —2/d2ovTG1V. (4.5)

“Here, we neither need to assume that 6 is Poisson nor that F is closed.

— 10 —



Actually, all this can be seen rather straightforwardly. For this, note that rela-
tions (3.7), (3.8) can alternatively be expressed as the equality of matrices G = G. The
relations in the form (3.10) and their transposes are obtained from the nonzero off-diagonal
blocks after the similarity transformation with the block matrix (% _11) is applied to the
equality G = G.

The generalized metric G’ can explicitly be seen either in the Hamiltonian correspond-
ing to the Polyakov action (4.5) or in the Hamiltonian corresponding to the action (4.2)
after the equations of motions for one half of the auxiliary fields, the 7js, are used. As can
straightforwardly be checked, these Hamiltonians are identical. To write down the result
we introduce a new 2n-dimensional column vector Y7 := (9;X,7). The auxiliary fields 7;
become the canonical momenta and the Hamiltonian is

1
HIX,n) = 3 / do'YTG'T, (4.6)

where G’ the matrix given by the two equivalent decompositions (3.1) and (3.2). Hence, we
have the same Hamiltonian using either the closed or the open variables. Let us note that,
for F' = 0, the relation between the action (4.2) and the action (4.5) with G’ expressed as
in (3.1) can be found in [29]. The Hamiltonian (4.6) with G’ given by (3.2) can be found,
again for F' = 0, in [17]. Polyakov actions like the first one in (4.5) appeared (with F' = 0)
in [30] in the context of Poisson-Lie T-duality.

5 Seiberg-Witten map

For an approach to the non-abelian case, using cohomological methods akin to the ones of
Zumino’s famous decent equations [31], see [32, 33]. Here we follow the approach of [34—
36], where it was shown that the Seiberg-Witten field redefinition from the commutative
to the non-commutative setting has its origin in a change of coordinates given by a map
p: M — M, such that p*(¢') = 0.> This map can be derived using a generalization of
Moser’s lemma: Consider the family of Poisson bivectors

0, =0(1+tFo)~! (5.1)

parameterized by t € [0, 1]. Of course, we have to presume that the formula is well-defined.
To see that these ; are indeed Poisson for all ¢, simply observe that Gy, = e'¥"Gy holds
for the respective graphs.® Partial differentiation of (5.1) with respect to t leads to the
differential equation

00y = —0,F0,.

For F' = dA, this can be rewritten as

0, = —Lg, ()0

® As said before, here we assume only topologically trivial [H]-flux. The interested reader may find some
relevant discussion concerning nontrivial H and the related non-commutative gerbe in [37].
SLet us note again that e"”’Gy is a bona-fide Dirac structure even for non-invertible (1 + ¢tF¥).
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with a vector field 6;(A) := 04(-, A), with initial condition §y = 6. This differential equation
can be integrated to a flow ¢y, such that ¢;(6;) = 0. Thus p = ¢;. Obviously, p explicitly
depends on the choice of gauge potential A, hence we shall use the notation p4. To avoid
possible confusion, we will for a moment notationally distinguish between the tensor itself
and its components in coordinates. Therefore we introduce the matrix ()7 := . Also,
denote J¥, = %. We have

p*A(H/kl) _ JkiJljeij'

We thus get that
det p% (8’) = J* det 6. (5.2)

Let us assume for a moment that 6 is invertible. From (3.4) we see that so is p%0’. We
immediately have that
J7% =det (0(p50") 7). (5.3)

For degenerate 6 and hence also ¢’ the formula (5.3) still makes sense and we can argue
as follows: Since the map p4 is infinitesimally generated by the vector field 6;(A), and the
kernels of all 0;’s are the same, we see that p4 only changes coordinates on the symplectic
leaves (of #). We can thus restrict ourselves to the non-degenerate case in order to carry
out the computation of the Jacobian.

In the next section, we will discuss the case when the Poisson structure 6 (i.e., the
corresponding Dirac structure) will be used, following the suggestion of [10], to define the
D-branes as its symplectic leaves. The above argument shows that we can safely restrict
our discussion without the loss of generality to any of the respective D-branes. In such a
case, the (Seiberg-Witten) map p4 is a diffeomorphism of the D-brane world-volume D.
The Poisson structures 6; have in fact the same symplectic foliations for all ¢. Actually, all
Poisson structures 6, including in particular 6 and ', are Morita equivalent [38].

Finally, on the level of Dirac structures, the Seiberg Witten map is the map of graphs
p* : Gy — Gy. More explicitly,

{0'(n) +n,m €T M} {6(n) +n,n € T*M} = {NO'N~"(n) + N (n),n € T*M}.

Hence, the Seiberg-Witten map can be seen as the map induced by the O(n,n) transfor-
mation Oy entering the decomposition (2.11), if one considers D-branes which are sym-
plectic leaves.

6 Noncommutative gauge theory and DBI action

In the previous sections we have described all ingredients needed for our discussion of
noncommutativity of D-branes as a consequence of their generalized geometry. Namely,
we have seen that the relations (2.24), (2.25), (3.7) and the (semiclassical) Seiberg-Witten
have their root in generalized geometry. Actually, it is know for quite some time [36] that
the equivalence of the commutative and (semiclassically) noncommutative DBI actions fol-
lows once one has established (2.24), (2.25), (3.7) and has understood the (semiclassical)
Seiberg-Witten map as a (local) D-brane diffeomorphism. Nevertheless, according to our
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best knowledge, the direct relation to generalized geometry is new. Moreover, the discus-
sion generalizes to the case of M-theory branes [24, 25] and will be elaborated in detail in
a forthcoming paper. Here we will include the derivation of the equivalence of the commu-
tative and (semiclassically) noncommutative DBI actions for the sake of completeness and
the reader’s convenience. For related work based on dualities, see [39].

Assume that we have a D-brane D of dimension d, i.e, a submanifold of target space-
time M equipped with a line bundle with a connection A and corresponding field strength
F. Also, consider the restrictions (pullbacks) of the background fields (open and closed
ones) to D. While describing the Seiberg-Witten map in the previous section, we have
seen that it is quite natural to assume that there is a relation between the D-brane and
the Poisson tensor #.” Namely, assume that our D-brane is of a particular kind, i.e., one
which comes as symplectic leaf of the Poisson structure #.8 As argued before, under this
assumption, the Seiberg-Witten map is a D-brane diffeomorphism.

Before we turn to the discussion of the DBI action and its commutative and noncom-
mutative description, we discuss the relation between the effective closed and open string
coupling constants g5 and Gj, respectively [21]. These are related as

G — o (det(C £ ®) 1/2
s = s det(g + B) ’

We can use the formula for the determinant of a sum of a symmetric matrix S and an
antisymmetric matrix A, |S+ A| = |S|'/2|S — AS~1A|'/2, and the relation (2.24) to rewrite

this as 14
det G
Gy _gs(detg> . (6.1)

A most intriguing relation is obtained from (6.1) and the relation (3.7), again using the
above mentioned formula for the determinant of a sum of a symmetric and an antisym-
metric matrix:

1 1
—det'?(g+ B+ F) = o det'/2(1 + 0F) det'/?(G 4+ @ + F'). (6.2)

9s s
Integrating over the D-brane world-volume
1 1
/d% det'?(g+ B+ F) = /dde det'/2(1 + 0F) det'/?(G + & + F'), (6.3)
s s

recalling (5.3), and performing the change of coordinates according to the Seiberg-Witten
map, we finally obtain a relation between the commutative and semiclassically noncommu-
tative DBI actions

1 1 0 "
SHpr = /ddxg det'?(g+ B+ F) = /ddacA det!/? <9> det'/?(G + & + ') =: SB%;.
S S
(6.4)

"Recall, in accordance with our above discussion of the open-closed relations, here we start from a given
closed background (g, B), pick a 6 and determine uniquely the open variables (G, ®).

81t is straight-forward to modify everything to the case where the D-brane is a submanifold, such that
the restriction of € to it defines a regular Poisson structure, i.e. a Poisson structure having constant rank.
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The hat “7 has the following meaning: On matrix elements of 6 it is defined as
i .= p*(09), and similarly for the other objects. As a result of this definition, F s
the semiclassically noncommutative field strength, which under the gauge transformation
0A = d\ transforms semiclassically noncommutatively, i.e.,
N — Z (0:(A) 4 0)"(A)
(n+1)!

|t=0-

Here, the curly bracket is the Poisson bracket corresponding to the Poisson tensor 6 and A
is the (semiclassical) noncommutative gauge parameter.

Let us note: The commutative DBI action Sfyp; on the Lh.s. in (6.4) is the effective
D-brane action obtained from the Polyakov action (4.5). Expressed directly in terms of
the matrix G, the action Stpr is the integral of

det'/*G (6.5)

up to the inverse of the closed coupling constant g;. Hence, an alternative — but completely
equivalent — way of obtaining the relation between the commutative and semiclassically
noncommutative DBI actions (6.4) is to start from the matrix equality G = G. This makes
the relation to the Polyakov action more transparent. We leave the details to the reader.

Finally, the Hamiltonian (4.6) can equivalently be expressed using either the “commu-
tative” (3.1) or “noncommutative” (3.2) decompositions of the generalized metric G’. This
is maybe the most direct hint from generalized geometry about the necessity of a relation
like (6.4).
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1 Introduction

Among the most intriguing features of fundamental theories of extended objects are novel
types of symmetries and concomitant generalized notions of geometry. Particularly interest-
ing examples of these symmetries are T-duality in closed string theory and the equivalence
of commutative/noncommutative descriptions in open string theory. These symmetries
have their natural settings in generalized geometry and noncommutative geometry. Low
energy effective theories link the fundamental theories to potentially observable phenomena
in (target) spacetime. Interestingly, the spacetime remnants of the stringy symmetries can



fix these effective theories essentially uniquely without the need of actual string computa-
tions: “string theory with no strings attached.”

The main objective of this paper is to study this interplay of symmetry and geometry
in the case of higher dimensional extended objects (branes). More precisely, we intended
to extend, clarify and further develop the construction outlined in [1] that tackles the quest
to find an all-order effective action for a system of multiple p-branes ending on a p’-brane.
The result for the case of open strings ending on a single D-brane is well known: the
Dirac-Born-Infeld action provides an effective description to all orders in o/ [2-4]. The way
that this effective action has originally been derived from first principles in string theory is
rather indirect: the effective action is determined by requiring that its equations of motion
double as consistency conditions for an anomaly free world sheet quantization of the funda-
mental string. A more direct target space approach can be based on T-duality arguments.
Moreover, there is are equivalent commutative and non-commutative descriptions [5], where
the equivalency condition fixes the action essentially uniquely [6, 7]. This “commutative-
noncommutative duality” has been used also to study the non-abelian DBI action [6, §].
In the context of the M2/M5 brane system a generalization has been proposed in [9].

In this paper, we focus only on the bosonic part of the action. The main idea of [1],
inspired by [9], was to introduce open-closed membrane relations, and a Nambu-Poisson
map which can be used to relate ordinary higher gauge theory to a new Nambu gauge
theory [10-13]. See also the work of P.-M. Ho et al. [14-17] and K. Furuuchi et al. [18, 19]
on relation of M2/M5 to Nambu-Poisson structures. It turns out that the requirement of
“commutative-noncommutative duality” determines the bosonic part of the effective action
essentially uniquely. Interesting open problems are to determine, in the case of a M5-brane,
the form of the full supersymmetric action and to check consistency with k-symmetry and
(nonlinear) selfduality.

Nambu-Poisson structures were first considered by Y. Nambu already in 1973 [20], and
generalized and axiomatized more then 20 years later by L. Takhtajan [21]. The axioms
of Nambu-Poisson structures, although they seem to be a direct generalization of Poisson
structures, are in fact very restrictive. This was already conjectured in the pioneering
paper [21] and proved three years later in [22, 23]. For a modern treatment of Nambu-
Poisson structures see [24-26].

Matrix-model like actions using Nambu-Poisson structures are a current focus of re-
search (see e.g. [27-30]) motivated by the works of [31-35] and others. See also [36, 37] for
further reference. Among the early approaches, the one closest to ours is the one of [38, 39],
which uses k-symmetry as a guiding principle and features a non-linear self-duality con-
dition. It avoids the use of an auxiliary chiral scalar [40] with its covariance problems
following a suggestion of [41]. For these and alternative formulations, e.g., those of [42],
based on superspace embedding and k-symmetry, we refer to the reviews [43, 44].

Generalized geometry was introduced by N. Hitchin in [45-47]. It was further elab-
orated in [48]. Although Hitchin certainly recognized the possible importance for string
backgrounds, and commented on it in [45], this direction is not pursued there. Recently, a
focus of applications of generalized geometry, is superstring theory and supergravity. Here
we mention closely related work [49, 50]. The role of generalized geometries in M-theory



was previously examined by C.M. Hull in [51]. A further focus is the construction of the
field theories based on objects of generalized geometry. This is mainly pursued in [52, 53]
and in [54], see also [55]. Generalized geometry (mostly Courant algebroid brackets) was
also used in relation to worldsheet algebras and non-geometric backgrounds. See, for ex-
ample, [56-58] and [59, 60]. One should also mention the use of generalized geometry in
the description of T-duality, see [61], or the lecture notes [62]. An outline of the relation
of T-duality with generalized geometry can be found in [63]. Finally, there is an interest-
ing interpretation of D-branes in string theory as Dirac structures of generalized geometry
in [64, 65]. Finally, in [66], we have used generalized geometry to describe the relation
between string theory and non-commutative geometry.

This paper is organized as follows: in section 3, we review basic facts concerning
classical membrane actions. In particular, we recall how gauge fixing can be used to find
a convenient form of the action. We show that the corresponding Hamiltonian density is
a fiberwise metric on a certain vector bundle. We present background field redefinitions,
generalizing the well-known open-closed relations of Seiberg and Witten.

In section 4, we describe the sigma model dual to the membrane action. It is a
straightforward generalization of the non-topological Poisson sigma model of the p = 1 case.

Section 5 sets up the geometrical framework for the field redefinitions of the previ-
ous sections. An extension of generalized geometry is used to describe open-closed re-
lations as an orthogonal transformation of the generalized metric on the vector bundle
TM ® APTM ® T*M & APT*M. Compared to the p = 1 string case, we find the need
for a second “doubling” of the geometry. The split in TM and APTM has its origin in
gauge fixing of the auxiliary metric on the p + 1-dimensional brane world volume and the
two parts are related to the temporal and spatial worldvolume directions. To the best of
our knowledge, this particular structure W & W* with W = TM & APTM has not been
considered in the context of M-theory before.

In section 6, we introduce the (p+1)-form gauge field F' as a fluctuation of the original
membrane background. We show that this can be viewed as an orthogonal transformation
of the generalized metric describing the membrane backgrounds. On the other hand, the
original background can equivalently be described in terms of open variables and this
description can be extended to include fluctuations. Algebraic manipulations are used to
identify the pertinent background fields. The construction requires the introduction of a
target manifold diffeomorphism, which generalizes the (semi-classical) Seiberg-Witten map
from the string to the p > 1 brane case.

This map is explicitly constructed in section 7 using a generalization of Moser’s lemma.
The key ingredient is the fact that II, which appears in the open-closed relations, can
be chosen to be a Nambu-Poisson tensor. Attention is paid to a correct mathematical
formulation of the analogue of a symplectic volume form for Nambu-Poisson structures.

Based on the results of the previous sections, we prove in section 8 the equivalence of
a commutative and semiclassically noncommutative DBI action. We present various forms
of the same action using determinant identities of block matrices. Finally, we compare our
action to existing proposals for the M5-brane action.



In section 9, we show that the Nambu-Poisson structure II can be chosen to be the
pseudoinverse of the (p + 1)-form background field C'. In analogy with the p = 1 case, we
call this choice “background independent gauge”. However, for p > 1 we have to consider
both algebraic and geometric properties of C' in order to obtain a well defined Nambu-
Poisson tensor 1I. The generalized geometry formalism developed in section 5 is used to
derive the results in a way that looks formally identical to the much easier p = 1 case.
(This is a nice example of the power of generalized geometry.)

In section 10, we introduce a convenient splitting of the tangent bundle and rewrite
all membrane backgrounds in coordinates adapted to this splitting using a block matrix
formalism. We introduce an appropriate generalization of the double scaling limit of [5] to
cut off the series expansion of the effective action.

In the final section 11 of the paper, we use background independent gauge, double
scaling limit, and coordinates adapted to the non-commutative directions to expand the
DBI action up to first order in the scaling parameter. It turns out that this double scaling
limit cuts off the infinite series in a physically meaningful way. We identify a possible
candidate for the generalization of a matrix model. For a discussion of the underlying
Nambu-Poisson gauge theory we refer to [11].

2 Conventions

Thorough the paper, p > 0 is a fixed positive integer. Furthermore, we assume that we
are given a (p + 1)-dimensional compact orientable worldvolume ¥ with local coordinates
(0,...,0P). We may interpret 0¥ as a time parameter. Integration over all coordinates is
indicated by [ dPt1o, whereas the integration over space coordinates (o!, ..., oP) is indicted
as [dPo. Indices corresponding to the worldvolume coordinates are denoted by Greek
characters a, 3, ..., etc. As usual, 0, = %. We assume that the n-dimensional target
manifold M is equipped with a set of local coordinates (y!,...,4"). We denote the corre-
sponding indices by lower case Latin characters i, j, k, ..., etc. Upper case Latin characters
I,J,K,..., etc. will denote strictly ordered p-tuples of indices corresponding to (y) coor-
dinates, e.g., I = (i1,...,4p) with 1 <i; < --- <4, < n. We use the shorthand notation
oy = 85]'1 A A 88@ and dy”’ = dy?* A...Ady'». The degree g-parts of the exterior algebras
of vector fields X (M) and forms Q(M) are denoted by X9(M) and Q9(M), respectively.
Where-ever a metric g on M is introduced, we assume that it is positive definite, i.e.,

(M, g) is a Riemannian manifold. With this choice we will find a natural interpretation
of membrane backgrounds in terms of generalized geometry. For any metric tensor g;;, we
denote, as usually, by ¢g” the components of the inverse contravariant tensor.

We use the following convention to handle (p + 1)-tensors on M. Let B € QP (M) be
a (p+1)-form on M. We define the corresponding vector bundle map B, : APT'M — T*M
as B,(Q) = B;;Q’dy’, where Q = Q70;. We do not distinguish between vector bundle
morphisms and the induced C'*°(M)-linear maps of smooth sections. We will usually use
the letter B also for the (Z) x n matrix of B, in the local basis d; of XP(M) and dy’
of QY(M), that is (B);y = (0;, B,(0,)). Similarly, let II € XP*1(M); the induced map
% : APT*M — TM is defined as II*(&) = T €;0; for € = €;dy”. We use the letter IT also



for the (g) x n matrix of TTf, that is (IT)»/ = (dy’, TT*(dy”)). Clearly, with these conventions
(B);,y = B;y and (II)»/ =11,

Let X : ¥ — M be a smooth map. We use the notation X’ = 4’ o X, and corre-
spondingly dX' = d(X?) = X*(dy’). Similarly, dX” = X*(dy’). We reserve the symbol
5)?] for spatial components of the p-form dX”, that is, /83?] = (dXJ)l,,,p. We define the
generalized Kronecker delta Sfjf: to be +1 whenever the top p-index constitutes an even

permutation of the bottom one, —1 if for the odd permutation, and 0 otherwise. In other
]ljp 1...p = 6i1...’ip
P

— 1. sk Jp] : L itedip —
iy = D! O ... 0; - We use the convention €, ;, = €' = 4,7, 1p

[i1 P

—T . .
Thus, in this notation we have 0X = J;, X" -- ~8ZPX’P611“'ZP.

words, ¢

3 Membrane actions

The most straightforward generalization of the relativistic string action to higher dimen-
sional world volumes is the Nambu-Goto p-brane action, simply measuring the volume of
the p-brane:

SnalX] = Tp/dpﬂa\/det (8aXi6nggZ-j), (3.1)

where g;; are components of the positive definite target space metric g, and X : ¥ — M
is the n-tuple of scalar fields describing the p-brane. In a similar manner as for the string
action, one can introduce an auxiliary Riemannian metric A on ¥ and find the classically
equivalent Polyakov action of the p-brane:

/

T o
SplX.h] = = / & ovh (haﬁaaXZaﬁ)(Jgij —(p— 1))\>, (3.2)

where A > 0 can be chosen arbitrarily (but fixed), and T}, = )\pT_lTp. Using the equations
of motion for h®%’s:

1
Qhaﬁ(m‘;gw —(p—1)A) = gas; (3.3)

where gog = [X*(9)]ap = 0aX'05X7g;;, in Sp, one gets back to (3.1). In the rest of
the paper, we will choose 7;, = 1. Using reparametrization invariance, one can always
(at least locally) choose coordinates (0¥, ...,0P) such that hog = AP~!det hyp, hoa = 0,
where hg, denotes the space-like components of the metric. In this gauge, the first term in
action (3.2) splits into two parts, one of them containing only the spatial derivatives of X*
and the spatial components of the metric h. Using now the equations of motion for hg,
one gets the gauge fixed Polyakov action!

1

SH1X] =3

/dp+10'{80Xiaongij + det (aaXiﬁijgij)}. (34)

!The gauge constraints on hqo, hos and hoo imply an energy-momentum tensor with vanishing compo-
nents To0 = Toe, and Too. These constraints must be considered along with the equations of motion of the
action (3.4), to ensure equivalence with the actions (3.1) and (3.2). As discussed in [67], the subgroup of
the diffeomorphism symmetries that remains after gauge fixing is a symmetry of the gauge-fixed p-brane
action (3.4) and also transforms the pertinent components of the energy-momentum tensor into one
another (even if they are not set equal to zero). The constraints can thus be consistently imposed at the
level of states.



The second term can be rewritten in a more convenient form once we define

. ky..k
grj = Z SGN(T)Gi1yjs -+ Ginpydo = 01 Ghrjs -+ Thepiip- (3.5)
TELp

Using this notation, one can write
9f 1 p+1 i J axlax’=
SpXl=5 [d {00 X 00X’ gij +0X 0X s} (3.6)

From now on, assume that ¢ is a positive definite metric on M. Note that from the
symmetry of g it follows that g;r; = gy7. We can view g as a fibrewise bilinear form on the
vector bundle APT'M. Moreover, at any m € M, one can define the basis (Ey) of APT,, M
as Bt = e, A...Ae;,, where (e1,...,e,) is the orthonormal basis for the quadratic form
g(m) at m € M. In this basis one has g(m)(Er, Ey) = 01,7, which shows that g is a positive
definite fibrewise metric on APT M.

For any C' € QPTY(M), we can add the following coupling term to the action:

]
SolX] = —i / X*(C) = —i / oy XX Cry. (3.7)
)
The resulting gauge fixed Polyakov action Si*[X] = Sf}f [X] + Sc[X] has the form
tot 1 +1 i j o iax!~ ; inx’
SWX] = 3 "o {00X 00X gij + 0X 0X grj — 2i00X'0X Cyy}. (3.8)

This can be written in the compact matrix form by defining an (n + ( ))—row vector

»
10 X
N e
0X

The action then has the block matrix form

S X] = ;/dp“a {\Iﬁ (_gT ng) \1:} . (3.9)

From now on, unless explicitly mentioned, we may assume that g is not necessarily
of the form (3.5), i.e., g can be any positive definite fibrewise metric on APTM. Any
further discussions will, of course, be valid also for the special case (3.5). Since g is non-
degenerate, we can pass from the Lagrangian to the Hamiltonian formalism and vice versa.
The corresponding Hamiltonian has the form

T
1 iP g ! —g~'C iP
tot = —— P P P
HY'[X, P 5 /d o (m,’) ( cTglg+CcTg i) \ox )" (3.10)

The expression g+ C7¢g~'C in the Hamiltonian and a similar expression g +Cg~'C7 play
the role of “open membrane metrics” and first appeared in the work of Duff and Lu [68§]
already in 1990. Hamilton densities for membranes have also been discussed around that



time, see e.g. [67].2 The block matrix in the Hamiltonian can be viewed as positive definite
fibrewise metric G on T*M @ APT M defined on sections as

T —1 o —1C
Ga+Q,8+R) = (g) <—Cng_1 §+ng_1C> (é) : (3.11)

for all o, 3 € Q'(M) and Q,R € XP(M). For p = 1 and § = g, one gets exactly the
inverse of the generalized metric corresponding to a Riemannian metric g and a 2-form C.
Note that, analogously to the p = 1 case, G can be written as a product of block lower
triangular, diagonal and upper triangular matrices:

(1 0\ (gto0)[1-C
(E)Y6) e

Before we proceed with our discussion of the corresponding Nambu sigma models, let
us introduce another parametrization of the background fields ¢ and C. In analogy with
the p =1 case, we shall refer to g and C' as to the closed background fields. Let A denote
the matrix in the action (3.9), that is,

A= (_?;T g) . (3.13)

This matrix is always invertible, explicitly:

A_1:< (9+Cg'CT)! —<g+0§10T>1C§1>_

3.14
IO+ OGN (G4 T ) S

Further, let us assume an arbitrary but fixed (p + 1)-vector IT € XP*1(M) and consider a
matrix B of the form

-1
G @ 0 II
B= (-@T é) * <—HT 0)
(3.15)

B (G + oG 1T ! —(G+oGoT) oG + 11
“\GeT(G + oG eT) -7 (G+ TG 1)1

such that the equality A~! = B, i.e.,

-1 -1
(295 ()

holds. This generalization was introduced and used in [1]. Again, in analogy with the case
p =1, we will refer to G and ® as to the open backgrounds. More explicitly, we have the

2We believe that the Hamiltonian (3.10) has been known, in this or a similar form, to experts for a long
time but we were not able to trace it in even older literature, cf. [69] for the string case. More recently,
the Hamiltonian as well as the open membrane metrics appeared, e.g., in [70]. We thank D. Berman for
bringing this paper to our attention.



following set of open-closed relations:

g+C T =G+ oG o7, (3.17)
Gg+CTglc=G+ TG0, (3.18)
g lC =G -G+ TG D), (3.19)
PG =Ci 4+ (g+ CyiCTIL (3.20)

For fixed II, given (g, g, C) there exist unique (G, G, ®) such that the above relations are
fulfilled, and vice versa. The explicit expressions are most directly seen from the equality
A = B!, again using the formula for the inverse of the block matrix B. In particular,

g t=0a-on")T¢ (1 -oen’) + mGn’, (3.21)

and the explicit expression for C' can be found straightforwardly. Obviously, the inverse
relations are obtained simply by interchanging g <> G, g <> é, C < @, and Il <» —II. Using
these relations, we can write the action (3.9) equivalently in terms of the open backgrounds
G, ® and the (so far auxiliary) (p + 1)-vector II.

In terms of the corresponding Hamiltonian (3.10), the above open-closed relations give
just another factorization of the matrix G. This time we have

(GEEE) o

In the sequel it will be convenient to distinguish the respective expressions of above in-
troduced matrices A and G in the closed and open variables. For the former we we shall use
A and G and for the latter we introduce A, and G,, respectively. Hence the open-closed
relations can be expressed either way: A = A, = A, = B~! or G, = G,. Note, that the
latter form is just equivalent to the statement about the decomposability of a 2x2 block ma-
trix with the invertible upper left block as a product of lower triangular, diagonal, and upper
triangular block matrices, the triangular ones having unit matrices on the diagonal. Note
that for p = 1 and g = g, the open-closed relations (see [5]) are usually written simply as

1
g+C G+
To conclude this section, note that taking the determinant of the matrix A., we may prove

+IL (3.24)

the useful identity:

det g ~1 T
det Cqg "C"). 3.25
det g °° (9+Cy ) (3.25)

To show this, just note that A. can be decomposed in two different ways, either

A 1 0\ /g 0 1g7'C
o \=CTgt1)J\0o@G+CTg')) \0o 1 )’
1Cg Y\ ((g+CgtcTyo 1 0
A, = - P
0 1 0 g —gC" 1

Taking the determinant of both expressions and comparing them yields (3.25).

det (7+CTg71C) =

or as



4 Nambu sigma model

In analogy with the p = 1 case, we may ask whether there is a Nambu sigma model
classically equivalent to the action (3.9). To see this, introduce new auxiliary fields n; and
1.7, which transform according to their index structure under a change of coordinates on M.

Define an (n + ())-row vector T = (ljh

Z ) The corresponding (non-topological) Nambu
nJ

sigma model then has the form:

Swvsnt[ X, 7] = —/dpﬂa{;TTAlT + TT\P}, (4.1)

where A can be either of A, and A, supposing that the open-closed relations Ay = A¢
hold. Using the equations of motion for T, one gets back the Polyakov action (3.9). For
the detailed treatment of Nambu sigma models see [71].

Yet another parametrization of A~! — using new background fields GN,éN,HN,
which we refer to as Nambu background fields® — can be introduced

Al = (GNl gN) . (4.2)

~1§, Gy

We will denote as Ay the matrix A expressed with help of Nambu background fields
Gn,Gn, . Using (3.14), one gets the correspondence between closed and Nambu sigma
background fields:

Gy =g+ CytcT, (4.3)
éN =g+ CTgflC,
Iy =—(g+Cg 'c")y'cg 't =—g'CG+CTg'O)".

Clearly, Gy is a Riemannian metric on M and G ~ is a fibrewise positive definite metric
on APTM. It is important to note that in general, for p > 1, Iy : APT*M — T M is not
necessarily induced by a (p + 1)-vector on M. This also means that it is not in general a
Nambu-Poisson tensor. However; for p = 1, it is easy to show that IIy is a bivector.

Also note that even if g is a skew-symmetrized tensor product of ¢’s (3.5), Gy is not
in general the skew-symmetrized tensor product of Gn's.

The converse relations are:

g = (G + NGy, (4.6)
§= (G + 15 aNTIy) Y, (4.7)
C = —(Gy + MyGNIL) NGy = —GNTlN (G + T GNTIy) 7L (4.8)

Again, it is instructive to pass to the corresponding Hamiltonians. First, find the
canonical Hamiltonian to (4.1), that is

H](ifSM[X7P77ﬂ = /dePiaOXi - E[X,P,m

3Here, instead of fixing IT and finding open variables in terms of closed ones, we fix ® to be zero and
find, again using the open-closed relations, unique G n, Gy, IIx as functions of g,g and C, or vice versa.



Second, use the equations of motion to get rid of 77. In analogy with the p = 1 case, one
expects that resulting Hamiltonian Hygps coincides with (3.10), that is

Hysy|X, Pl = HS'[X, P].

Indeed, we get

T ~ ~
1 iP G+ TINGNTE TING N iP
H X. Pl=—= [ d’c | — N N L — . 4.9
woulx.P)= =3 [ “<ax> ( G ) (5% (4.9

If one plugs (4.3)-(4.4) to (4.9), one obtains exactly the Hamiltonian (3.10). The matrix

G can be thus written as
1Ty (G 0 10
G = N 4.10
(0 1)(0 GN><H51> (4.10)

when using the Nambu background fields, in which case we shall introduce the notation
G for it. This shows that to any ¢, g, C' one can uniquely find Gy, G ~, I x and vice versa,
since they both come from the respective unique decompositions of the matrix G.

Note that for p =1 and g = g, relations (4.3)—(4.5) are usually written simply as

1 1
— = = + 1N 4.11
g+C Gy N ( )
We will refer to the Poisson sigma model, when expressed — using II — in open

variables (G, G, ®) as to augmented Poisson sigma model.

5 Geometry of the open-closed brane relations

For p = 1, the open-closed relations (3.24) can naturally be explained using the language
of generalized geometry. We have developed this point of view in [66]. One expects that
similar observations apply also for p > 1 case. In the previous section we have already men-
tioned the possibility to define the generalized metric on the vector bundle T'M & APT* M
by the inverse of the matrix (3.12). Here we discuss an another approach to a generalization
of the generalized geometry starting from equation (3.16). Denote W = TM @& APTM.

The main goal of this section is to show that we can without any additional labor
adapt the whole formalism of [66] to the vector bundle W & W*.

Define the maps G, B: W — W™ using block matrices as

O-C0) 096 -

for all V 4+ P € I'(W). Next, define the map © : W* — W as
o 0 II\ [«
o _ 5.2

— 10 —



for all @ + % € D(W*). Then define H,Z : W — W* as in (5.1) using the fields G, G, ®
instead of g, g, C. The open-closed relations (3.16) can be then written as simply as

11
G+B H+E

+0. (5.3)

We see that they have exactly the same form as (3.24) for p = 1. The purpose of this
section is to obtain these relations from the geometry of the vector bundle W & W*.

We define an inner product (-,-) : (W & W*) x I'(W @ W*) — C*°(M) on W & W*
to be the natural pairing between W and W*, that is:

(V+P+a+EXW+Q++T)=51V)+aW)+¥P)+ X2(Q),

for all VW € X(M), o, B € QY (M), P,Q € XP(M), and X,V € QP(M). Note that this
pairing has the signature (n + (Z),n + (;L))

Now, let 7 : W@ W* — W & W* be a vector bundle endomorphism squaring to
identity, that is, 72 = 1. We say that 7 is a generalized metric on W @ W*, if the fibrewise
bilinear form

(E1, E2)1 = (E1, T (B2)),

defined for all Fy, Fy € T(W @ W*), is a positive definite fibrewise metric on W & W*.
It follows from definition that 7T is orthogonal and symmetric with respect to the inner
product (-,-). Moreover, it defines two eigenbundles Vo C W @ W*, corresponding to
eigenvalues +1 of 7. It follows immediately from the properties of 7, that they are both
of rank n + (Z), orthogonal to each other, and thus

WeW* =V, aV..

Moreover, V; and V_ form the positive definite and negative definite subbundles of (-, ),
respectively. From the positive definiteness of V. it follows that V, has zero intersection
both with W and W*, and is thus a graph of a unique vector bundle isomorphism A :
W — W*. The map A can be written as a sum of a symmetric and a skew-symmetric part
with respect to (-,-): A =G + B. From the positive definiteness of V, it follows that G is
a positive definite fibrewise metric on W. From the orthogonality of V and V_ we finally
obtain that:
Vei={(V+P)+(£G+B)(V+P)|V+PecW}

The map 7, or equivalently the fibrewise metric (+,-)7 can be reconstructed using the data
G and B to get

T
_(V+P G-BG'BBG '\ (W+Q
(V+P+a+EJV+Q+B+®T—<a+E> (_ng gl><5+w>'

Note that the above block matrix can be decomposed as a product
G-BG'BBG'\ (1B\ (G 0O 10
-¢'B ¢g*t) \o1)\ogt)\-B1)"

— 11 —



The maps G, B can be parametrized as

(o) (57) (o)
*(o) = (25 (o)

where ¢ is a symmetric covariant 2-tensor on M, C, D : APT M — T*M are vector bundle
morphisms, B € Q%(M), and g and B are symmetric and skew-symmetric fibrewise bilinear
forms on APT M, respectively. The fields ¢, g, D are not arbitrary, since G has to be a
positive definite fibrewise metric on W. One immediately gets that g, g have to be positive
definite. The conditions imposed on D can be seen from the equalities

g D\ 1 0)\(g 0 1g7'D

DT 5] \DT¢g'1)\og-D"¢'D) \0 1
_(1Dg '\ (g—Dg'DT 0 1 0
~\o 1 0 g)\g'pT1)"

We see that there are two equivalent conditions on D: the fibrewise bilinear form g —
DTg71D, or 2-tensor g — Dg—' DT have to be positive definite. Inspecting the action (3.9),
we see that only the case when B = B = D =0 is relevant for our purpose.

Now, let us turn our attention to the explanation of the open-closed relations. For
this, consider the vector bundle automorphism O : W & W* — W & W*, orthogonal with
respect to the inner product (-,-), that is,

(O(E1), O(Ey)) = (En, En),

for all By, Ey € T'(W @ W*). Given a generalized metric 7, we can define a new map
T' = O7'TO. It can be easily checked that 7’ is again a generalized metric. Obviously,
the respective eigenbundles V. are related using O, namely:

v =o0"v]). (5.4)

We have also proved that every generalized metric 7 corresponds to two unique fields G
and B. This means that to given G and B, and an orthogonal vector bundle isomorphism
O, there exists a unique pair H, Z corresponding to 7/ = O~'TO. We will show that
open-closed relations are a special case of this correspondence. Also, note that (-,-)7 and
(+,-)7 are related as

()7 = (00), 00))T- (5:5)
Now, consider an arbitrary skew-symmetric morphism © : W* — W that is

for all a, 8 € QY(M), and ¥, ¥ € QP(M). It can easily be seen that the vector bundle
isomorphism e® : W @ W* — W @ W*, defined as

e V+Q\ (1) (V+Q
a+2 /] \01 a+X )’
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foral V4+Q+a+X e I'(W @ W), is orthogonal with respect to the inner product (-, ).
Its inverse is simply e~©. Let 7 be the generalized metric corresponding to G + B. Note
that VI can be expressed as

VI ={(G+B) (a+2)+(a+3) | (a+X) € W}
Using the relation (5.4), we obtain that
VIi=e®VvI ={(G+B) 1 -0)(a+%)+ (a+%) | (a+32) e W}
We see that the vector bundle morphism H + = corresponding to 7" satisfies
H+E)'=G+B) -0

But this is precisely the relation (5.3). We also know how to handle this relation on the
level of the positive definite fibrewise metrics (-,-); and (-,-),~. From (5.5) we get the

H-EH'EBH\ (1 0\ [(G-BG'BBG '\ (16
~H'= w1t ) \-e1 -¢'B gt )lo1)"

Using the decomposition of the matrices, we can write this also as

pT) () (=)= (oD 67 (65) (53) 62)

Comparing both expressions, we get the explicit form of open-closed relations:

relation

H-EH '=E=G-BG'B, (5.6)
EH ' = (G- BG'B)O + BG !,
H'=(1+06B)G '(1-BO)-6Ge.

We have proved that for given G, B and any O, H and = can be found uniquely. Inverse
relations can be obtained by interchanging G <+ H, B < = and © < —0. Note that,
actually, the last equation follows from the first two. Now let us turn our attention to the
case of G + B in the form (5.1). One has

R <g+C’§—1CT 0 )

0 g+CTg~lC

-1 _ 0 Cg_l -1 _ g_l 0
v _<—ch-1 0 ) o)

Parametrize © as
7 1II
0= |,
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where m € X2(M), I1 : APT*M — TM, and 7 is skew-symmetric fibrewise bilinear form on
APT* M. Right-hand side of (5.7) is then

g+ CgtoT 0 m II . 0 Ccg! B
0 g+CTg~1C -’z —CT¢g=t 0 N

_ (9+Cg'Ch)m (9+Cg'chn+ Cg!
\—@+CTgtomT - cTgt (g+CTg O '

We see that to obtain a generalized metric where H is block diagonal, and = is block
off-diagonal, we have to choose m = m = 0. This means that we choose © to be of the

form (5.2). Defining
GO0 0 ¢

it is now straightforward to see that the set of equations (5.6)—(5.8) gives exactly the open-

[1]

closed relations (3.17)—(3.20). The relations between the open membrane variables and
Nambu fields G N,é ~,1Ix can be explained in a similar fashion. Indeed, note that the
map G + B is invertible, and its inverse, the vector bundle morphism from W* to W, can
be split into symmetric and skew-symmetric part:

(G+B)"' =M1y + 6, (5.9)

where H y is a fibrewise positive definite metric on W, and O y is a skew-symmetric fibrewise
bilinear form on W*. Parametrizing them as

GN 0 0 1_[N
Hy = ~ ) On = )
and expanding (5.9), we obtain exactly the set of equations (4.3)—(4.5).

6 Gauge field F' as transformation of the fibrewise metric

In this section, we would like to develop the equalities required in the discussion of DBI
actions. In the previous sections we have shown how the closed and open membrane actions
are related using the generalized geometry point of view. One expects that it is also true
for their versions taking into account the fluctuations. The following paragraphs show that
it is true “up to an isomorphism”, fluctuated backgrounds cannot be related simply by
open-closed relations in the form (3.17)—(3.20).

We also show that corresponding open backgrounds are essentially uniquely fixed, there
is no ambiguity at all. For p = 1, we have already used this observation in [66].

The idea is the following: suppose that we would like to add a fluctuation F' to the
(p+1)-form C. At this point we consider F' to be defined globally on the entire manifold M,
although everything works also in the case when F' is defined only on a some submanifold
of M4

4Later, this submanifold will correspond to a p’-brane, p’ > p, where p-branes can end.
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Going from C to C + F corresponds to replacing G. in the Hamiltonian (3.10) with
G’ defined as

([ 10 1-F\ _ 1 0\ (g7t 0\ [1—(C+F)
Gf‘(-FT1>GC<o 1>:<—(C’+F)T1><O g)(o 1 > (6.1)

1-F
The matrix (0 ) > corresponds to an endomorphism of T* M & APT M, which we denote

as e . Note that unlike in the p = 1 case, e~ is not orthogonal with respect to the

canonical pairing (valued in XP~1(M)) on T*M @® APT M, defined as:

for all a, 3 € QY(M) and Q,R € XP(M). It can be shown that any orthogonal F has

to be identically 0. On the other hand, its transpose map, (e~ )T = e_p, which is an

endomorphism of TM & APT* M, is orthogonal with respect to the canonical pairing (valued
in QP~1(M)) on TM @ APT*M iff F is a (p + 1)-form in M. This pairing is defined as

<V+E,W+E> = yX + Wz,

for all V.W € X(M) and 3,E € QP(M). In this notation, the transformation (6.1) can be
written as
Gl =e_pGee ' = (TGt (6.2)

We know that G can be rewritten as G, in the open variables (G, é, ®), corresponding to
augmented Nambu sigma model. If we define the automorphism el of T*M @ APTM as

nfa)y (10 o
“ o) \mm1)\q)
—1 o
G, =eq (_;T (1)> (GO g) ((1) f) el (6.3)

II

we can express G, as

where erp = (e")”. Dually to the previous discussion, €'l is an orthogonal transformation
of T*M & APTM; although ey, for non-zero II, is never orthogonal on T'M & APT* M.
Now, it is natural to ask whether to the gauged closed variables (g,g,C + F) there
correspond some open variables and hence an augmented Nambu sigma model, described
by some II' and (G, G, &+ F’ ), where F” describes a fluctuation of the background ®. More

precisely, we ask whether one can write Gf in the form

7 1 0\ (GO0 [1—-(2+F)\ w
Go = em <—(¢+F’)T 1) < 0 é) (0 1 >6H' (64)

Translated into the language of the corresponding automorphisms of T*M & APT M, this
boils down to the question
eMe=F 2 e el (6.5)
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for some II" and F’. In general, this is not possible. Explicitly the equation (6.5) reads

1 _F 2 (1-FTI —F'
nr’1-uarr|) o’ 1/

This implies II” F = 0, which, of course, in general is not satisfied. The decomposition
on the right-hand side therefore has to contain a block-diagonal term. Note that e=F" is
upper triangular, whereas el is lower triangular. For a matrix to have a decomposition
into a product of a block upper triangular, diagonal and lower triangular matrix, it has to
have an invertible bottom right block, that is 1 — II” F'. Hence, we assume that 1 — IITF
is an invertible (;) X (Z) matrix. We are now looking for a solution of the equation

(M 0O ’
II_—F F II
e e 6.6
e e < 0 7‘7) ) ( )

where M : T*M — T*M and N : APTM — APTM are (necessarily) invertible vector

bundle morphisms.

II,—-F

We can decompose e e " as

1-F-1'p)~t\ (1+Fra -0 tot 0 1 0 67
0 1 0 1-fr )\ -1nrr)~tnt 1)° (67)

From this we see that I/ = F(1 —TITF)~1 II' = TI(1 — FTI)"' and N =1 -T1TF. To
find an alternative description of F’, II' and M, examine the inverse of the equation (6.6):

-1
efle = <M0 N0_1> el (6.8)

The left hand side of this equation is

1—-rnt r
efle7 = T ,
—1I 1

which shows that 1 — IITF is invertible iff 1 — FIIT is invertible. The decomposition of

ef'e=1 reads

( 1 0) (1 — FI? 0 ) (1 (1— FHT)1F> ©9)
~T7(1 - Fuh)—1 1 0 1+0fa-rahH)-tr)\o 1 B

We thus get that I/ = (1 — FII')"'F, ' = (1 = TIFT)"'T and M = (1 — FOI7)~1.
We can conclude that the fields F’, II', and vector bundle morphisms M, N in the
decomposition (6.6) have one of the following equivalent forms:
F=FQ1-1T"F)"'=(1-rF0")"'F, (6.10)
I =T1(1 - FTI)~' = (1 — OFT)~'11, (6.11)
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M=1+F1-1"F)" =1+ Fu? = - Fu?h), (6.12)
N=1-1TF=(1+0"(1-Fu")'F)" =1 +17TF)" (6.13)

Thus, we have found a factorization of GZ in the form

MT 0 GO\ gy (M OY
G526H1< 0 NT> €(¢+F/)< 0 é>e (O+F) (O N) €H. (614)

Comparing this to G, in particular comparing the respective bottom right blocks, we get
the important identity

G+ (C+F)gHC+ F)= NG+ (®+ F)'GHd + F'))N. (6.15)
Similarly, comparing the top left blocks of the inverses, one gets
g+ C+P)gHC+F)T =M G+ @+ F)G ' (@+F) M. (6.16)

Equivalently, one can gauge the matrix A, i.e., set

To express this matrix in open variables we introduce the following notation: G~! :=

MTG='M, G = NTGN, ® := M~'®N and F' := M~'F'N. If we now put

= = — -1
G ®+ F I
Al = (—(<I>+F’)T ( +§ )> + (—E’T 0) : (6.18)

the (gauged) open-closed relations are equivalent to AL = A" As in the previous sections,
using the matrices AL, A GI and G’ one can write down the corresponding Polyakov
or (augmented) Nambu sigma models, i.e.,

1
2

SE o (X ] = — /dp+1a{rTAf‘1T+wa}=— /dp“a{TTAf iy, (6.20)
1 ) P ’ . P
ot, F' 2 7
Hg""[X, P] = Hysu[X, P] = —2/dp0 (5}2) G¢ (ﬁ)

B T .
_ _% /dpg (%) GF (%) , (6.21)

7 Seiberg-Witten map

1
S}tDot,F[X] /dp+10{\1,TAf\p} = 2/d7’+10—{\I'TA§\I'}, (6.19)

In the previous section, we have developed the correspondence between closed and open
fields, including their respective fluctuations. However, they are not related simply by
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open-closed relations. Instead, the discussion brings new vector bundle isomorphisms M
and N, defined by (6.12), (6.13), respectively, into the picture. The determinant of the
left-hand side of (6.16) seems to be a likely candidate to appear in the “commutative”
membrane DBI action, whereas the determinant on the right-hand side of (6.16) seems to
contain as a factor a likely candidate to appear in its “noncommutative” counterpart.

This observation suggests that we should look for a change of coordinates on the
manifold M, the Jacobian of which could cancel the det?(N) factor coming under the
determinant from the right-hand side of (6.16). The resulting diffeomorphism will be called
a Seiberg-Witten map in analogy to the string p = 1 case. We use a direct generalization of
the semi-classical construction used first in [7]. The most intriguing part will be to define
carefully a substitute for a determinant of a Nambu-Poisson (p + 1)-vector.

In the following, let II be a Nambu-Poisson (p+ 1)-vector (see appendix A) on M. We
can examine the F-gauged tensor I’ = (1 — IIFT)~'I1.> We will now show that for p > 1
this tensor is always a Nambu-Poisson (p + 1)-vector, whereas for p = 1 it is a Poisson
bivector if F' is closed.

First, for p > 1, one can see that

= <1 _ pilm, F>) o (7.1)

where (I, F) = 11"’ F;; = Tr(IIFT). For this, one has to prove that

T 1 -
M= (1-1IF )(1 — p+1<H,F>) IT. (7.2)
This can easily be checked in coordinates (x!,...,2") in which (A.7) holds, and hence, for
IT with components 1T/ = ¢*/. Now, using (7.1) and lemma A.2, we see that Il is again a
Nambu-Poisson tensor.

To include the p = 1 case: for p > 1, and F closed, we can use the fact that
G = e_pGr, where Gy and Gy are graphs of the maps ITf and II") respectively
(see lemma A.1). This is easily verified using (6.11). It can be seen that the Dorfman
bracket (A.1) satisfies [e_p(V 4+ &), e—_p(W +n)|p = e—_p[V + &, W + n|p, whenever F is
closed. But this implies that Gy is closed under the Dorfman bracket, which is according
to A.1 equivalent to the Nambu-Poisson fundamental identity. On the other hand, note
that for p > 1, F” is not necessarily a (p + 1)-form.

Next, see that the scalar function in front of IT in (7.1) is related to the determinant
of the vector bundle isomorphism 1 —IIFT. For p > 1, any Nambu-Poisson tensor and any
(p+ 1)-form F, its holds

p+1
det (1 —TIFT) = < ~ pilm,m) : (7.3)

To prove this identity, note that both sides are scalar functions. We may therefore use any
local coordinates on M. Again, use those in which (A.7) holds. The rest of the proof is
straightforward.

5We assume that 1 — IIFT is invertible. In a more formal approach we also could treat I’ as a formal
power series in II.
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Further on, assume that F' is closed, that is at least locally F' = dA for a p-form A.
Define a l-parametric family of tensors IT, := (1 — tIIFT)~!I, cf. Footnote 5. This is
obviously chosen so that IT, = IT and IT} = II". Differentiation of IT; with respect to t gives:

o1, = T, FTT1,. (7.4)
This equation can be rewritten as
DI, = —L 1T, (7.5)

where the time-dependent vector field Ag is defined as Ag =1Ir 5 (A). To see this, note
that II} is, using similar arguments as above, a Nambu-Poisson tensor. Then recall the
property (A.3), and choose ¢ = A and n = dy’. Contracting the resulting vector field
equality with dy’ gives exactly £ AQH;& = —IILFTTI,. Equation (7.5) states precisely that

the flow ¢; corresponding to Ag, together with condition II}, = II, maps II; to II, that is,
¢y (IT) =1L (7.6)

We have thus found the map pa = ¢1, which gives p% (II') = II. This is the p > 1 analogue
of the well known semiclassical Seiberg-Witten map. Obviously, it preserves the singular
foliation defined by II. We emphasize the dependence of this map on the p-form A by an
explicit addition of the subscript A.

Denote Jij, = ‘gTX,:, with X' := p* (z) being covariant coordinates. We have

ply (I dvety = Jlv gl e (7.7)

Ip+1

Further, denote by |.J| the determinant of J; in some (arbitrarily) chosen local coordi-
nates (z!,...,2") on M. One can choose, for instance, the special coordinates (Z°,...7")
on M in which (A.7) holds. We will use the notation |.J| for the determinant of the matrix
j,é = %. From now, for any function ¢ (e.g., a matrix component, determinant,
etc.), the symbol ¢ will always denote the function defined as @(x) = p% () (x) = p(pa(z)).

Recall now the definition (A.8) of the density |II(x)|.® By definition of |J|, we then have
(7.8)

The Jacobian |J| can easily be calculated using (7.1) and (7.7). Indeed, the equation (7.7)
can be, in (T) coordinates, rewritten as

-1
Lo L F)) e = e L i
p+177 i i -

To justify this, note that Seiberg-Witten map acts nontrivially only in the directions of the
first (p+1)-coordinates. The Jacobi matrix J of p4 in (Z) coordinates is thus a block upper

SFor p = 1, one can (around every regular point of the characteristic distribution) define |TI(z)| to be the
Jacobian of the transformation to the Darboux-Weinstein coordinates. This gives a good definition even if
IT is degenerate.
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triangular with identity matrix in the bottom right block. Moreover, the determinant of
J is then equal to the determinant of the top left block. We can divide both sides with
eJJr+1 We thus remain with the equation

1 ~ -\t = . -
(1 — <H,F>) =J} Pt = |,
p+1 v

Putting this back into (7.8), we obtain the useful relation

—(p+1) |3
vl _ (11 &5 [1I(z))|
or using (7.3)7
-1 [T(2)]

| J[PH! = det (1 — TIFT) (7.10)

()|

Note that this expression does not depend on the choice of the Darboux coordinates in
which the densities |II(x)| are calculated. We discuss this subtlety in the appendix A un-
der (A.9). We see that |II(x)] itself transforms as in (A.10). Fortunately, the determinant of
the block M in (A.9) does not depend on the coordinates (7!,...7P*1). Since these are the
only coordinates changed by the Seiberg-Witten map, we get (det M )(z) = (det M)(pa(z)).
In other words, these determinants cancel out in the fraction |ﬁ(x)|/ III(z)], as expected.

The following observation is in order: the Nambu-Poisson tensor II; does not depend
on the choice of the gauge p-potential A. As already mentioned, the Nambu-Poisson map
pa does: an infinitesimal gauge transformation 64 = d\ — with a (p — 1)-form gauge
transformation parameter A — induces a change in the flow, which is generated by the
vector field Xy 4 = 1% dA ;0;, where

(L 4 +0)FOV
A= > EE e (7.11)

is the semiclassically noncommutative (p — 1)-form gauge parameter. This is the p-brane
analog of the exact Seiberg-Witten map for the gauge transformation parameter. It is
straightforwardly obtained by application of the BCH formula to p7 d}\(pj‘)_l. Finally, in
analogy with the p = 1 case, we define the (components of the) semiclassically noncommu-
tative field strength to be

~

F}y iy = PAF, iy (7.12)

i.e., the components of F’ evaluated in the covariant coordinates. Infinitesimally, compo-
nents of F' transform as

SF' =11 dA ;O F, (7.13)

which justifies the adjectives “semiclassically noncommutative”.

"For p = 1, one can derive this relation by calculating |j | in Darboux-Weinstein coordinates directly
from (7.7) and the definition of II'; and then use (7.8).
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8 Nambu gauge theory; equivalence of commutative and semiclassically
noncommutative DBI action

Here we consider a system of multiple open M2 branes ending on an M5 brane. We
would like to describe this system by an effective action that is exact, for slowly varying
fields, to all orders in the coupling constant. Since we focus only on the bosonic part
of this action, we do not need to restrict ourselves to the values p = 2 and p’ = 5 and
our construction is valid for arbitrary values of p and p’ such that p < p’. Our goal
is thus the construction of an effective action for a p/-brane with open p-branes ending
on it while being submerged in a Cpyi-background. The construction is based on two
guiding principles: firstly, this effective action should have dual descriptions similar to the
commutative and non-commutative ones of the D-brane and open strings® and secondly, it
should feature expressions that also appear in the p-brane action (6.19).

Denote the p’-brane submanifold as N. We shall now clarify the geometry underly-
ing the following discussion. Originally, g, g, C' were assumed to be the closed membrane
backgrounds in the ambient background manifold M. Hereafter, we denote by the same
characters their pullbacks to the p’-brane N. This makes sense since all of them are co-
variant tensor fields on M. Little subtlety comes with the Nambu-Poisson tensor II. We
have basically two options. First, we would like to restrict some Nambu-Poisson tensor in
M to the p’-brane. This in fact requires NV to be a Nambu-Poisson submanifold of M. The
latter option is to choose the Nambu-Poisson tensor II on N after we restrict the other
backgrounds to N. The open membrane variables G, CNJ, ®, calculated using the membrane
open-closed relations (3.17)—(3.20), are assumed to be calculated entirely on N, using the
pullbacks of closed variables. Finally, the field F' is assumed to be a (p + 1)-form defined
and having components only in N. All the discussion related to Seiberg-Witten map in
the previous section is assumed to take place on the submanifold V.

The open-closed membrane relations (6.16) immediately imply
det[g + (C + F)§ H(C + F)1] = det?[1 — FII'] - det[G + (® + F')G~ (@ + F')T], (8.1)

where F’ = (I — FII")"'F. Obviously, in order get a sensible action we have to form
an integral density, which can be integrated over the world volume of the larger p/-brane.
And, in order to obtain a noncommutative action from the right hand side of (8.1), we
have to apply the Seiberg-Witten map p% to it. It would be tempting to take the square
root of the identity (8.1) to construct the action. But, recall (7.10) and notice the factor
det —(P+1) [1— FII'] appearing in it upon the application of the Seiberg-Witten map. Hence,
not the square root but the 2(p + 1)-th root of (8.1) is the most natural choice to enter
the effective action that we look for. As we already said, the Lagrangian density must be
an integral density, and therefore we need to multiply that piece of the action by a proper
power of the determinant of the pullback of the target space metric. These considerations

8 Actually, our exposition so far closely followed our previous work [71], where the role of generalized
geometry was emphasized.

— 21 —



fix the action essentially uniquely and we postulate
1, oy 1 T
Sp-DBI = /dp + det oD (9) -det 20 [g+ (C + F)g " (C+ F)'], (8.2)

where g,, is a “closed membrane” coupling constant. The integration is over the p’-brane
and the fields g, g, and C in this expression are the pull-backs of the corresponding back-
ground target space fields to this p’-brane. Asking for

1 _p 1 1 T
— det 2@¥0 g - det 207D [g + (C' + F)g~ ' (C + F)7]
9Im

1 _p - T N A—1 NT
=& det 20+D (G) det @+D [1 — IIF'] - det e G+ (®2+ F)G @+ F)'], (83)
it follows from (8.1) that the closed and open coupling constants g,, and G,, must be
related as
D
G = gm (det G/ det g) 2+ | (8.4)

As desired, the action (8.2) is exactly equal to its “noncommutative” dual

o~

/ 1 /ﬁerl ~ = =
Sp-NCDBI = —/dp g @7 [l det 2<P+1)G det 2<P+1) [G—l—( F,)G_l((I)—I-F,)T] , (8.5)
m ‘H|P+1

where as before ~ denotes objects evaluated at covariant coordinates” and F’ is the Nambu
(NC) field strength (7.12). This follows from integrating of (8.3) followed by the change of
integration variables on its right hand side according to the Seiberg-Witten map.

The factor involving the quotient of \/H\| and |II| vanishes for constant [II|, but it is
essential for the gauge invariance of (8.5) in all other cases.

Let us give two alternative, but equivalent, expressions for the action (8.2), which
might turn out to be useful when looking for supersymmetric generalizations. The first
one is obvious:

/ 1 1
SppBI = — / dP Ty 0 det 7 (g) - det T D 1+g ' (C+F)g(C+P)]. (8.6)
A very similar expression can be found using (3.25)

/ 1
SppBI = — / dP Tl 0 det 2(g) - det D) [1+g C+F) gt (C+P). (8.7)

’

For the second one, let us note that det g = det(l’p—l) g, in the case of factorizable g.
Hence, in this case:

/

1 6h) 1 g (C + F)
S, ppr = — [ d¥ Tlz— det 2+D g - det 2D . 8.8
pDBI / xgm (§) p g € P <—(C+F)T g ( )

9Let us emphasize that this is not a coordinate transformation of a tensor. We just evaluate the
component functions in different coordinates.
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Let us note that in the case of a D-brane, i.e., p = 1, we get indeed the DBI D-brane
action. In the other extreme case, p = p/, we get!®

1 1 (C+F)
= — [ dPTlz— det 2D g : .
S / Cgm <—(C +0)" g ) &

Now we can compare our action, e.g, to the DBI part of the Mb5-brane action in
equation (2.9) of [38, 39]. Their action is, up to conventions,

1 1 1
S = _/d% \/@\/1 + gtk — trk? + o (trk)?, (8.10)

where k:; = (dA+C)*(dA+O)j is the modified field strength. (See also [72], for an early
proposal with a similar index structure.) The form of the polynomial in & in the action

has been determined by lengthy computation based on k-symmetry and the requirement of
non-linear self-duality, the self-duality relations being consistently decoupled from the back-
ground. More precisely, in [38, 39], it is shown that consistency of the non-linear self-duality
is restrictive enough that demanding k-symmetry gives its explicit form, which can be ob-
tained without a priori specifying the form of the polynomial in the action. At the same time
the projector specifying the x-symmetry and the form of the polynomial are determined.
To our surprise, we found that this action S’ can be interpreted as a low-energy (second
order in k) approximation of our p-DBI action (8.2). Indeed,for p = 2 and p’ = 5 we have

p'+1,.. _ 16 1 _ 1
dP e = d°x, 2(p+1)—6and

1 1 1 1
dets (1 +k)=1/1+ —trk — —trk2 4+ —(tr k)2 +....
ets(1+ k) \/—1—3r 6r +18(r)+

The fact that two very different approaches (one based on non-linear self-duality and s-
symmetry, the other on commutative/non-commutative duality) give rise to the same action
in the low energy limit is very encouraging and seems to indicate that our proposal can
indeed be extended to a full supersymmetric action.

Finally, let us mention that noncommutative structures in the context of the M5 brane
have previously been discussed, for example, in [73] and [74]. However, the type of non-
commutativity discussed in these earlier papers is the well-known deformation of the com-
mutative point-wise multiplication along a (constant) Poisson tensor that already appeared
in the p = 1 string theory case. This is very different from the notion of noncommutativity
that we argue to be pertinent for p > 1 and in particular for the p = 2 case relevant for the
M5 brane: for p > 1, we do not deform the commutative product — our “noncommutativ-
ity” has rather to be understood in the Nambu-Poisson sense as explained in detail above,
cf. the remark at the end of the previous section.

9 Background independent gauge

For p = 1, assuming that the pullback of the background 2-form C' to the p’-brane N
is non-degenerate and closed (that is symplectic), one can choose the bivector II to be

0T he notation Sys will be justified later.
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the inverse of C' (that is a Poisson bivector corresponding to the symplectic structure C).
Solving the open-closed relations then gives

G=-Cg'C, &=-C. (9.1)

This is known as the background independent gauge [5]. Our aim is to generalize this
construction for p > 1, even giving milder assumptions on C for p = 1.

Let us start on the level of linear algebra first. Assume that V is a finite-dimensional
vector space. Let ¢ be an inner product on V, and C € A?V* a 2-form. Let P: V — V
denote a projector orthogonal with respect to g, such that

ker(C') = ker(P),

where C is viewed as a map C : V — V*. Then there exists a unique bivector IT € A%V,
satisfying

¢ = P, PII =11 (9.2)
The reader can find the proof of this statement in proposition B.1 of appendix B.

Recall that open-closed relations for p = 1 have the form

11 N
g+C G+ @

L. (9.3)

This equality can be rewritten as
G+o=(1-(g+C)) ' (g+C). (9.4)

Using (9.2), one gets
G+d=PT¢P —Cqg'C-C,

where P’ = 1— P. From this we can read of the symmetric and skew-symmetric part to get
G=PTgP —Cqg'C, ®=—-C. (9.5)

We can view this as a generalization of (9.1), not assuming a non-degenerate C. See that
(G is again a positive definite metric, and G + @ is thus invertible. Note that we are now
on the level of a single vector space V', not discussing any global properties of II yet.

We would like to generalize this procedure to p > 1 case. Our goal is to find a suitable
choice for II, such that ® = —C. Assume that C' : APV — V* is a linear map, ¢ is an
inner product on V, and ¢ is an inner product on APV. The key is to keep in mind the
open-closed relations (5.3). We see that by defining

(g0 B 0o C
) (29

we get an inner product G on W = V@APV, and a bilinear skew-symmetric form B € A2W*.
The situation is thus analogous to the previous one, if we replace V' by W, the metric
g by G, and the 2-form C' by B. If we define P to be an orthogonal projector with respect

— 24 —



to G with ker(P) = ker(B), we may again apply proposition B.1 to see that there exists a
unique © € A2W, such that
eOB=P,Pb=0. (9.6)

Now we can solve the open-closed relations (5.3) for this choice of ©, using the same
calculation as we did in order to obtain (9.5). One gets

H=PTGP -BG'B, == -8, (9.7)

where P/ = 1 — P. Exploring what B and Z are, leads to ® = —C, as intended. However,
we do not know whether H and © obtained by this procedure are of the suitable form,
that is whether H is block-diagonal and © block-off-diagonal. This can be easily proved
by examining the projector P. Clearly, one has

ker B=ker CT @ kerC CV @ APV.

Therefore we have that Im(P) = ker B+ = (ker C7)*9) @ (ker C)(9. This proves that in

a block form, we have
PO
P = ~1,

where P : V — V is an orthogonal projector with respect to g, and P: APV — APV is an
orthogonal projector with respect to g. This and the relation (9.7) imply that H is block-
diagonal. The second equality in (9.6) then proves that © is block-off-diagonal, that is

0 I

where IT : APV* — V. We can now simply extract all the relations from (9.6). The equality

OB =P gives
o m\( o ¢\ _ (PO
-nTo)\-cto) \opPr)’

nc’ =-p, nc =-p. (9.8)

which translates into

Rewriting the equation BP = B, we get

(&5) (73)- (&)

cp=c,c’p=c". (9.9)

which translates into

Also see that ker(P) = ker(C), and ker(P) = ker(CT). The equality PO = O gives
po\[( o m\ (o m
oprP)\-0" o) \-O"0)’
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and thus
P =11, put =1, (9.10)

Finally, we may examine (9.7) to find
G=PTgP +Cc5'C", G=P"gP +CTg"'C, ®=—C. (9.11)

We have thus shown that, corresponding to the orthogonal projectors P and P and the
linear map C': APV — V*| there exists a unique linear map II : APV* — V, such that (9.8)
and (9.10) hold. Plugging this II into open-closed relations (5.3) gives (9.11).

To use this for our purposes, we have to impose conditions on C' to ensure that II is a
Nambu-Poisson tensor.

For p > 1, first observe that the linear map II : APV* — V induced (at a chosen point
on M) by a Nambu-Poisson tensor has rank either 0 or p+ 1. Since IT always has the same
rank as C, we get the first assumption on the linear map C.

There will always arise problems with the smoothness of II at points x € N, where
C(x) = 0. If this set has measure zero, we can change the area of integration in DBI
action from N to an open submanifold N’, where C(x) # 0. If not, we cannot go to the
background-independent gauge. Let us hereafter assume that C'(x) # 0 for all x € N, and
therefore that rank(C) = p+ 1.

Now assume that the linear map C' is induced by a (p + 1)-form C € APHV*. Note
that in this case, we always have the estimate rank(C) > p + 1.

Let D C V denote the non-degenerate subspace of C7 orthogonal (with respect to
g) to its kernel, that is D = ker(CT)+. Assumption on the rank of C' thus means that
dim(D) = p + 1. From the skew-symmetry of C, we have that C € APT'!D*. It is thus a
top-level form on D. Choose now an orthonormal basis (e, ..., ep+1) of D. We see that

C=Xe' A nePth (9.12)

where A # 0. Now, choosing an arbitrary complementary basis (f1, ..., fy—p) of ker(CT) =
D+, one can find counterexamples to the assumption that, for a general g, the map II is a
(p+1)-vector (although it has a correct rank). We thus have to add the second assumption:
g has to be of the special skew-symmetrized tensor product form (3.5).

In this case we find that APD is spanned by orthonormal basis of the form e; A ... A

ér N\ ... Nepy1. This allows us to write II explicitly as

1
H:—X-el/\.../\em_l. (913)

It is easy to show that such a II indeed satisfies (9.8) and (9.10), and since such a IT is
unique, this is the one. We can thus conclude that for rank(C) = p + 1, and g in the
form (3.5), IT is a (p + 1)-vector, more precisely II € APFLD.

We now turn our attention to global properties. If we assume that C(x) # 0 on the
p/-brane, we can define the subspace D at every point, defining a smooth subbundle (it is
an orthogonal complement to the kernel of constant rank vector bundle morphism C7).
Around any point, we can choose a local orthonormal frame (eq, ..., ep41), forming a local
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basis for the sections of D. The expression (9.13) proves that II is a smooth (p + 1)-vector
on the p/-brane, since % is a smooth function.

Finally, we have to decide under which conditions II forms a Nambu-Poisson tensor.
In the view of lemma A.3, we see that the sufficient and necessary condition is that the
subbundle D defines an integrable distribution in N. This distribution has to be regular,
and thus, this condition is equivalent to the involutivity of D under vector field commutator:
[D,D] C D.

One can find a simple equivalent criterion for C' to define an integrable distribution
D. In order to do so, assume now that (e1,...,epq1, f1,... fy—p) is a positively oriented
orthonormal local frame for IV, such that (eq,...,e,+1) is a local orthonormal frame for D.
The metric volume form €2, is then by definition

Qp=e" A ANPTEAFEA LA PP
Having a volume form, one can form the Hodge dual of C. Using (9.12) we get
«C =X f'N A fPP

We see that D = ker(+xC)T, (xC)T : TN — AP’ ~P=1T*N. But forms with integrable kernel
distribution have their own name, they are called integrable forms, see appendix B for the
definition and basic properties. We can conclude that IT is a Nambu-Poisson (p + 1)-vector
if and only if xC' is an integrable everywhere non-vanishing (p’ — p)-form on N. Note that
the Hodge star is defined with respect to the induced metric on N.

There exists a nice sufficient integrability condition: if C' is a (p + 1)-form of rank
p+ 1, such that §C = 0, then *C' is integrable. By § we denote the codifferential defined
using the Hodge duality. Note that 6C' = 0 are the non-homogeneous charge free Maxwell
equations for the field strength C. Also, note that in the whole discussion, we do not need
the integrability of the distribution D+. Since C' is already a non-vanishing (p -+ 1)-form of
rank p + 1, the sufficient condition for integrability of D+ is dC' = 0. Interestingly, both D
and D™ are integrable regular distributions if C' is a (p + 1)-form of rank p + 1, satisfying
the Maxwell equations dC' = 0, §C = 0.

For p = 1, the discussion is very similar, except that the rank of C' can be any nonzero
even integer not exceeding n. This adds another condition on dC. In particular, the
necessary and sufficient condition on C' to define a Poisson tensor II is the integrability of
the regular smooth distribution D, and a condition dC|ppy = 0.

10 Non-commutative directions, double scaling limit
By the construction of the preceding section, we have the decompositions
TM =D& D*, A'TM = D & D™,

where D = APD. We say that tangent vectors contained in D point in “non-commutative”
directions. Because D is integrable, around each point there are coordinates such that D
is spanned by coordinate tangent vectors corresponding to first p 4+ 1 of these coordinates.
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These local coordinates are accordingly called “non-commutative” coordinates. This ter-
minology comes from the fact that for p = 1, we have {z% 27} = II¥. The right-hand
side is non-vanishing when both 2z’ and 27 correspond to D. This gives non-vanishing
quantum-mechanical commutator of these coordinates.

We can thus write all involved quantities in the block matrix form corresponding to
this decomposition. From the orthogonality of respective subspaces, the matrices of g and

_ (94 0 ~ (9.0
g_<0 go>7g_<0 §o>7

where g, is a positive definite fibrewise metric on D, g, is a positive definite fibrewise metric

g will be block diagonal:

on D+ and g, and g, are positive definite fibrewise metrics on D and 5J-, respectively. In
the same fashion we obtain

- Ce 0 = IT, O - Iy Iy ‘
00 00 I Fy

Examine how the F-gauged tensor I’ looks like in this block form. We have

T
o f;'H’O :
~Flm, 1

Hence

=111 — FI)~! = (H‘(l - ) 0) .
0 0

Denote IT, = I1,(1 — FITl,)~!. We also have II, = (1 — II,F))~'II,. Also, note that in
this formalism P and P are simply given as

o-(19)#-(2)

Hence, the defining equations of II can be written as
mn.cl=-1, nfc, = -1. (10.1)

Having this in hand, recall that for p = 1, the background independent gauge could
be obtained in a completely different way. It was obtained by Seiberg and Witten in [5] as
a following limit of the relation (4.11). Reintroducing the Regge slope o/ into description,
the relation between closed variables g, C and Nambu fields Gy, Il is explicitly

1
2ra!

1

Gy =g— (2ra))?Cg~tCT, Iy = —(2770/)9_10(9 — (27‘(‘0/)209_10)_ .

Now one would like to do the zero slope limit o/ — 0 in a way such that Gy and Iy
remain finite. This clearly requires the simultaneous scaling of the metric g. Scaling the g
as a whole will not work, since the resulting G5 will not be a metric. The correct answer
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is given by scaling the non-commutative part go and commutative part g, of the metric g
differently. The resulting maps G and Il also split accordingly as

GN. = Jo — (271'0/)20.9:10’.T7 GNO = Go,

1 o n,—1 _ N2 —1 v =1
5oy Ve = —(2ma7)g. " Co(ge — (2m07) Cagy " Ca) ™

Now, scaling ge x €, go < 1, o’ €2 as e 0 gives in this limit

GN.:_ .g:1CT7 GN02907
Ine = C._l

Replacing II; by IT and G by G is exactly the background independent gauge. This double
scaling limit was then used to determine which terms should be kept in the expansion of the
DBI action. We would like to find an analogue of this in our p > 1 case.!’ We immediately
see that first naive answer would be wrong. One of the relations is

GNe = go + Cogs tCT.

Note that g, is again a skew-symmetrized p-fold tensor product of g,. This suggests that
if g o< €, then g ox €. This would imply that C, o €3 in order to keep G, finite (we
have included € into C'). But the second relation is

Grne =Go +ClgtC.

This shows that Gy — 0 as € — 0. This is clearly not very plausible. However, this can
still be fixed by using the remaining gauge fixing freedom of the Polyakov action (3.2) by
scaling also the ratio between g and g. The biggest issue comes with the fact that g is
not a tensor product of g,’s only. In fact, every component (g,)r; contains as many ge’s
as the number of “commutative” indices in I (or J) is. This means that every component
of g, should scale differently. We must thus abandon the idea of scaling just g, we have to
scale ¢ independently! The correct answer is given by the geometry of the vector bundle
W =TM & APTM again. We immediately see that scaling Go o< €, Go o 1 and B e%
gives in limit € — 0 the background independent gauge. This corresponds to

Jo X €, (o X €, go X 1, go x 1, C’.oce%. (10.2)

Let us note that in the case of an M5 brane a scaling treating directions differently was
described in [75] and [76]. It would be interesting to compare the scaling in these papers
with the one introduced here.

11 Matrix model

Now we will apply the previous generalization of the background independent gauge. We
will use the double scaling limit to cut off the power series expansion of the DBI action. It

HSee [9] for a previous discussion of the double scaling limit in the context of the M2/M5 system that
came to different conclusions regarding the appropriate powers of e.
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turns out that we find an action describing a natural p > 1 (semi-classical) analogue of a
matrix model with higher brackets and an interacting with the gauge field F'. It will be of
order 2(p 4 1) in the matrix variables X, and at most quadratic in F. The term of order
2(p+1) in X®s and constant in F gives a possible p > 1 analogue of the semiclassical pure
matrix model.

Assume that C' satisfies all the conditions required for II to be a Nambu-Poisson tensor
on N. From (8.6), we have that Lagrangian of the commutative p-DBI action has the form

Ly b = ——— det 2 (g) - det T [1 + g~} (C + F)j~\(C + F)7).

m

Note that the second determinant is the determinant of the vector bundle endomorphism
X :TM — TM, where X = 14+¢ 1 (C+F)g ' (C+F)”. In the block form X : D& D+ —
D @ D+, we have

s [0 (Cot FOGe (Cot Fo) 497 Figs ' Fy 951 (Co + Fo)ga ' Fiy + 957 Figs ' o
9o "Fi1ge ((Co + FO)T + g5 ' Fog 'Y 1+ g5 Fingy "By + g5 ' Fogs T EY

Here we have used the following notations for the blocks of F

o fe )
I F,

This can be decomposed as a product

. <g,—1(c. +F) 0) v (5:1(0. +F)T o)
0o 1 0 1)

where the vector bundle endomorphism Y : D& D+ — D& Dt is
(1T (ge + Frg 'R Ge  ga M (Ffy — gl Fi'gs ' FY)
95 (P — Fogo "F{T,ge) 1+ g5 ' Fuagy " Fiy + 95 ' Fogo 'FY )
Writing Y in block form as
v (YN ’
}/II Yo

note that Y, is an invertible matrix. This is true because it is a top left block of the
matrix Y coming from positive definite matrix g + (C' + F)g~*(C + F) by multiplying it
by invertible block-diagonal matrices. Hence, we can write

det (V') = det (Y,) det (Y, — 1Y, Y1), (11.1)

The second matrix has the form

Yo - V1Yo Wi =1+ g, 'Fu(1 — Y, g "By + 95 ' Fogy B + g0 FuY, 'L Fyg, ' FY
+ 95 Fogs RN G Yy g R — g0t Fogs PR T, g Y I gt EY
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At this point, we will employ the double scaling limit introduced above. Namely, in the
1

det2+D (Y'), we wish to keep only the terms scaling at most as €. Note that (Vs —1) o €.

Also, Y, =1 — (Ye — 1) + o(¢?). Using this, we can write

Yo-Y1Yy Y=1+g;" (FHH’.Tg.H’.FITI+(FHH’.TFI+FO)§;1(FHH’.TF1+FO)T) +o(e?).

The whole term in parentheses after g, Lis of order €'. Therefore, we have

1
2(p+1)

tr (g; YFully B+ Fo) gt (FIIHLTF,+FO)T)) +o(e?).

1
det 7@ (Yo —YrYy ' Yir) =1+ tr(gs " Fully g T, Fiy)

_|_

2(p+1)

For the first factor in (11.1), we have

1 1 — ~

det 707D (Vo) = 1+ 5oy (115 (9o + Figs ' F{ )TIygs) + o(€2).

Putting all together, we obtain
1 1
det 20+ (Y)=1+ tr (I (9o + Figy ' FY TG0 ) + o tr(gs  Frrlly g T Fyy
M=t 5 (T3 (9o + F1g5 ' FY )11, 30) a1 Moo Fulll gl Fy)
1 ~
t 2(p+1) tr(gc:l(FIIHI.TFI—FFo)ng(FIIH/.TFI+FO)T> +o(e?).  (11.2)
p

Now, comparing the definitions of scalar densities corresponding to IT and IT', it is clear that
det(Cy + Fu) = £det(1 — IIFT) - |TI(z)|~ @+,

Here we assume that one chooses the basis of APD induced by the basis of D. The sign +
depends on the ordering of that basis. Next, see that det(g,) = det (pfl)(g.) = detP(ge).
This shows that

1 det 71 (1 — ILFT)

Sp-DBI = F / a1y — — - det %(g) det 2(p1+1) (Y).
Jm |T()| 77 det 2 (ga )

Changing the coordinates according to Seiberg-Witten map, we get the noncommutative
DBI action in the form:

1
/ 1 det 2(g
Sp-NCDBI = ?/dp Hp— et2(9)

: — det 70 (V).
Im |T1(z)[ 7+ det 2 (Ga)

In the last part of the discussion assume that the distribution D' is also integrable,

so we can use the set of local coordinates (z!,...,2Pt! 2?2 ... zP't1) on N, such that
(%, e ax%?“) span D, and (a$‘2+2,...,ax3+1) span D*. All quantities with indices in

D+ are now assumed to be in this coordinate basis. Under this assumptions, the integral
density in the action can be written as

det é(g) = det %(g.) - det %(go)-
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Finally, to distinguish the noncommutative and commutative coordinates, we reserve
the letters (a, b, ¢) for labeling the coordinates (z',...,2P*!), (i, 4, k) for labeling the coor-
dinates (zP2,... 27" t1), (A, B, ) for p-indices containing only noncommutative indices
(thus p-indices labeling l~)) and (I, J, K) for p-indices containing at least one commutative
index (thus p-indices labeling EL) Also, note that from the definition of p4, we have

mf = {Xo, X", ... Xt}

where {-,...,-} is the Nambu-Poisson bracket corresponding to II, Xa = pi(z%), and B =
(b1,...,bp). To simplify the expressions, we shall also use the shorthand notation {-, X A4 =
{ X a ,)? % 1. Finally, we also introduce usual index raising/lowering conventions, for
example, Fky = Zﬁ/ill §k”ﬁnA = fq\klf’l A, or FpA = 5 BﬁkB for multiindices. Note that
since both ¢ and ¢ are block diagonal, no confusion concerning range of summation appears.
Implementing this notation, we can write
1 det2(g,)

S -NCDBI — q:/dpl+le ( +
! Im |1(z) |71 2(p+1)
1

P P 1
+— (X XMNEIE X, X+ ———

1 il % v - = = > = -~ ~
+ 2(]9—{—1)(FkA{Xa7XA}FaJ+FkJ)(FkB{Xb,XB}FbJ+ij)> +een

{)?av )?A}{)?w )?A}

(X% XN FaFPp{X,, X5}

Note that the first non-cosmological term {X®, XA}{X,, X4} can be rewritten as
P 1 N . . . .
{Xav XA}{Xm XA} = 2ﬁgaﬂn s gap+1bp+1{Xala s 7Xap+1}{Xblv s 7Xbp+l}7 (113)

where summation now goes over all (not strictly ordered) (p+1)-indices (a1, ..., ap41) and
(b1,...,bp11). Here, we have used the fact that ge is a skew-symmetrized p-fold tensor
product of g,. We can even drop the restriction of the summations to noncommutative
directions, since the Nambu-Poisson bracket takes care of this automatically. This term
corresponds to a p > 1 generalization of the matrix model. Note that using the double
scaling limit for the expansion of (11.2) leads to a series in positive integer powers of e,
automatically truncating higher-order powers in F'. This gives an independent justification
of the independent scaling of g and g, in (10.2).

12 Conclusions and discussion

In this paper we have extended, clarified and further developed the construction outlined
in [1]. We discussed in detail the bosonic part of an all-order effective action for a system
of multiple p-branes ending on a p’-brane. The leading principle was to have an action
allowing, similarly to the DBI action, for two mutually equivalent descriptions: a com-
mutative and a “noncommutative” one. As explained in the main body of the paper, the
noncommutativity means a semicalssical one, in which the Poisson tensor is replaced by a
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Nambu-Poisson one.'? It turned out that this requirement determines the bosonic part of
the effective action essentially uniquely.

In our derivation of the action, generalized geometry played an essential role. All key
ingredients, have their origin in the generalized geometry. It already has been appreciated
in the literature that the presence of a (p+1)-form leads to a generalized tangent space
TM @ APT*M. Although, this observation perfectly applies also in our situation, we found
it very useful to double it, i.e., to consider the the extended/doubled generalized tangent
space W @ W* with W =TM & APTM.

Let us comment on this more: in the string case, p=1, the sum of the background
fields g+ B plays a prominent role. It enters naturally the Polyakov action, the DBI action,
Buscher’s rules, etc. In generalized geometry, one way define a generalized metric, is to give
a subbundle of the generalized tangent bundle T'M & T* M of maximal rank, on which the
natural (4) pairing on generalized tangent bundle is positive definite. Such a subbundle can
be characterized as a graph of the map from T'M — T*M defined by the sum g+ B. There-
fore, it is quite natural to look for a formalism which would allow for a natural “sum” of a
metric and a higher rank (p+1)-form. What this sum should be is indicated by the Polyakov
type membrane action in its matrix form (3.9). From here it is just a small step to recognize
the doubled generalized tangent bundle as a right framework for a meaningful interpreta-
tion of the “sum” of the metric and a higher rank (p + 1)-form. This observation is further
supported by the form of the open closed relations in the doubled form (3.16) and the ma-
trix form of the Nambu sigma model (4.1). Finally, the corresponding Hamiltonian (3.10),
cf. also (4.9), tells us what the relation to the generalized metric on T'M & APT*M is.
Hence, at the end, we do not really use the full doubled generalized tangent bundle, we
use it only for a nice embedding of the generalized tangent bundle TM & APT*M .13

Nevertheless, we found the doubled generalized geometry quite intriguing. Extending
on the above comments: since on the doubled generalized tangent bundle there is a natural
function-valued non-degenerated pairing (.,.), we can mimic the standard constructions
with T'M & T* M. For instance, one can speak of the orthogonal group, define the gener-
alized metric using an involutive endomorphism 7 on W & W*, such that (7,.) defines a
fibre-wise metric on the doubled generalized tangent bundle, etc.

However, we are still facing a problem; we lack a canonical Courant algebroid structure.
The reason lies basically in very limited choices for the anchor map p: W & W* — T'M,
which leave us only with a projection onto the tangent bundle T'M. The map p is therefore
“too simple” to control the symmetric part of any bracket. However, we can still consider
Leibniz algebroid structures on W & W*. There are several possibilities to do this. To
choose the one suitable for p-brane backgrounds, one can consider the action of the map e :
WeW* — W aoW*, where B is a general section of AW, viewed as a map from W to W*,
and extended to End(W @W*) by zeros. The map €? is thus an analogue of the usual B-field

12Let us notice, that in our approach to noncommutativity of fivebrane, the ordinary point-wise product
remains undeformed.

13The doubled generalized geometry formalism can also be introduced for the p=1 string case and allows
an elegant formulation of the theory. For any p, the appearance of TM and APT'M (and similarly of 7" M
and APT* M) is related to the split into one temporal and p spatial world-sheet directions.
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transform of generalized geometry T'M&T™* M. It turns our that there is a Leibniz algebroid,
such that the condition for €® to be an isomorphism of the bracket forces B to take the block
off-diagonal form (5.1), with C' € nggsled (M). This bracket coincides with the one defined
by Hagiwara in [24] to study Nambu-Dirac manifolds. Moreover, Nambu-Poisson manifolds
appear naturally as its Nambu-Dirac structures. Interestingly, its full group of orthogonal
automorphisms can be calculated, giving (for p > 1) a semi-direct product Diff (M) x
(szgsle q % G), where G is the group of locally constant non-zero functions on M. Notably,
this coincides with the group of all automorphisms of higher Dorfman bracket, see e.g. [25].

Relating our approach, based on the generalized geometry on the vector bundle W &
W*, with the usual generalized geometries in M-theory and supergravity [49-51, 70], we
notice the following. A choice of a generalized geometry is subject to the field content one
wants to describe. In principle, one can double each of of them and use the advantages of
having a natural function-valued pairing as we did for our case of interest in this paper.
However, the field content coming with such a doubled generalized geometry is much bigger
then we started with and we have to reduce it accordingly.

Finally, let us again notice the striking similarity with the result of [38, 39] — based on
a very different approach — and discussed after equation (8.10). We find worth to pursue
a deeper understanding of this similarity in the future.
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A Nambu-Poisson structures

Here we recall some fundamental properties of Nambu-Poisson structures [21] as needed in
this paper. For details see, e.g., [24] or [25].

For any (p + 1)-vector field A on M we define the induced map A* : QP(M) — X(M)
as A¥(€) = (—1)PicA = g A,

Also, for an alternative formulation of the fundamental identity, we need to recall the
Dorfman bracket, i.e., the R-bilinear bracket on the sections of T'M @ APT*M, defined as

[V +&EW +nlp = [V, W]+ Lyn — iwds, (A1)

for all VW € X(M) and &,n € QP(M).
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Let II be a (p + 1)-vector field on M. We call IT a Nambu-Poisson structure if
Ltz (af, p...nap,) (1) = 0, (A.2)
for all fi,..., f, € C®°(M).

Lemma A.1. For an arbitrary p > 1, the condition (A.2) can be stated in the following
equivalent ways:

1. The graph G = {IT*(&)+-£ | € € QP(M)} is closed under the Dorfman bracket (A.1);

2. for any &,m € QP(M) it holds that

(Lrie(ey (M) () = —T1¥(igge ) (d8)) ; (A.3)
3. let [+, ] : QP(M) x QP(M) — QP(M) be defined as
(€, nlx += Lz () (1) — s () () (A.4)
for all &, € QP(M). Then it holds that
[IF(€), TF ()] = T (€, mlx) » (A.5)

forall &,n e QP(M);
4. for any & € QP(M) it holds that

anie 1) = = (1 I = (A TD)). (A6)

For p > 1, around any point z € M, where II(x) # 0, there exist local coordinates
(x',...,2"), such that
9 A a9
ot Oxptl’
In this coordinates IT"/ = 521".7_.p+1 =,
For p > 1, a Nambu-Poisson tensor can be multiplied by any smooth function, and

(A7)

one gets again a Nambu-Poisson tensor:

Lemma A.2. Let IT be a Nambu-Poisson tensor, and p > 1. Let f € C*°(M) be a smooth
function on M. Then fII is again a Nambu-Poisson tensor. For p =1 this is not true in
general.

This lemma has a simple useful consequence
Lemma A.3. Letn =p+ 1. Then any II € T(APY'TM) is a Nambu-Poisson tensor.

There is an interesting little technical detail. One of the equivalent reformulations
of fundamental identity was the closedness of the graph G under the Dorfman bracket.
But see that the both, the definition of Gy and the involutivity condition have a good
meaning also for any vector bundle morphism II* : APT*M — TM. We may ask whether
there exists TI*, which is not induced by (p 4 1)-vector on M. The answer is given by the
following lemma:;:
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Lemma A.4. Let II* : APT*M — TM be a vector bundle morphism, such that its graph

Gr = {II}(&) + £ | £ € QP (M)},

is closed under higher Dorfman bracket (A.1). Let I be a contravariant (p + 1)-tensor
defined by

(a, &) = (o, TI*(8)),

foralla € QY (M) and & € QP(M). Then Tl is a (p+1)-vector, and hence a Nambu-Poisson
tensor.

Proof. The closedness of G1p under the Dorfman bracket can immediately be rewritten
as (A.3), where II is now not necessarily a (p + 1)-vector. This relation is tensorial in 7, so
choose n = dy”, and look at the i-th component of the identity. The left-hand side is

p
(EHﬁ(g)H)iJ _ EK (HmKHiJ,m o HiK,mHmJ o Z erK7mHij1...m...jp>
r=1

p
r=1

The right-hand side of (A.3) is
—IT (iggs gy d€)* = TPV (d€)ias = — &g (TMTIY 673,

The terms proportional to {x form the differential part of the identity, whereas the terms
proportional to {g ., form the algebraic part:

s ™7 i [P K Tpi-medp — Hz‘MHlJ(S%K'
r=1
We will use this algebraic identity to show that I = 0, whenever k € M. This will
prove that II is a (p 4+ 1)-vector. To do this, choose m =i = k, and K = J = M in the
above identity. Assume that mq = k, where M = (m;y...m,;). Then, the only non-trivial
term in the sum is the one for » = ¢. Right-hand side vanishes due to skew-symmetry of

the symbol §. Hence, we obtain
2(TIFM)2 — .

This proves that TT¥™ = 0, and I is thus a (p + 1)-vector. O

A.1 Scalar density

Interestingly, the coordinates (x!,...2"), in which IT has the form (A.7), allow us to define
a well-behaved scalar density |II(z)| of weight —(p+1). Let (y',...,y") be arbitrary local
coordinates. Define the function |II(x)| as

[TI()] = det <gz;>p+l, (A.8)
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that is, the Jacobian of the coordinate transformation 3 = y*(2*). This is indeed a scalar
density (with respect to a change y — ¥y) of weight —(p + 1), as can easily be seen using
the chain rule.

For p = 1, let II¥ be the matrix of II in (y) coordinates. We can ask, whether
[TI(z)| = detII¥ whenever II is decomposable. The answer is clearly negative for n > 2,
where det IT¥ = 0. The case p = 1, n = 2 is a special case contained in the next question.
Let p > 1 and n = p+1. Let II*/ be the matrix of the vector bundle map II¢. For n = p+1,
this is a square n x n matrix. We can thus ask whether |II(x)| = det IT"/. It is of course
modulo the sign, depending on the ordering of the basis of QP(M). Now, see that

0 0 10 0
This means that |H(ac)|% = II'"(z). The determinant of IT*/ is up to sign the n-th power
of TI'"™, and thus det IT"/ = +|TI(x)|.

Further, we have to be careful with the dependence of |II(z)| on the choice of the

special local coordinates (z!,...,2"). Let (2'',...,2™) is another set of such coordinates,
that is 5 5 9 5

Denote by J the Jacobi matrix of the transformation 7 = Z*(x*). We can split it as

J. K

where the top-left block J is a (p+ 1) x (p+ 1) submatrix corresponding to the first p 4 1
of both sets of coordinates. The condition in (A.9) forces det (J¢) =1 and L = 0. We thus
get the important observation that

det J = det M,

and moreover det M = det M (x7>PT1). This implies that |TI(z)| transforms, with respect

to the change the special coordinates (), as
[IL()| = det (M)"*[I(x)], (A.10)

where [II(z)|" is calculated with respect to (z’) coordinates on M.

B Background independent gauge

B.1 Pseudoinverse of a 2-form

Proposition B.1. Let V' be a finite-dimensional vector space. Let g be an inner product
onV, and C € A’°V* a 2-form on V. Let P : V — V an orthogonal projector, such that
ker(P) = ker(C). Then there exists a unique 2-vector 11, such that

[IC = P, PII =11
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Proof. Let C, g and P be the matrices of C, g, P, respectively, in an arbitrary fixed basis
of V. First construct the map C' = ¢g~'C : V — V. This map is skew-symmetric with
respect to g. Indeed, we have

g l(g'C)g=—g'C.

Denote C = g !C. Let A be the matrix diagonalizing g, that is ATgA = 1. Finally,
define the matrix C' = A~'CA. This matrix is skew-symmetric (in the ordinary sense).
Standard linear algebra says that there exists a standard block-diagonal form of the ma-

trix C’. In more detail, one can find an orthogonal matrix O and a matrix 3, such that
C’ = 0307, where ¥ has the form

. 0 M\ 0 Mg
X=d 0,...,0].
lag<<_A1 0)’ 7<_>\k 0)7 9y ) >

where k = %rank(é’), and Aq,...,A; > 0. Note that the matrix O is not unique, and the
matrix 3 is unique up to the reordering of the 2 x 2 blocks.

This shows that we can write C = gAOXOTA! Define Aq. =
diag(1,...,1,0,...,0), where the number of 1’s is 2k. The (unique) matrix P can
be now written as P = AOA5.OTA~L. Let IT be the matrix of a bivector we are looking
for. The equation IIC' = P translates into

IIgAOX0OTA ! = A0A,,OTA L.
We thus get that (OT A~'TIgAO)X = Ayy. This means that
II=A0XTOTA g™

where X7 = Ay,. Now it is easy to see that II is a bivector, if and only if X7 is, and that
PII = II holds if and only if A9 3T = XT. This fixes £ and thus IT uniquely. It coincides
with the Moore-Penrose pseudoinverse of the matrix X, and it is given, in the block form, as

s+ S0 10
0 0/’
where g is the invertible top left 2k x 2k block of X. Ol

B.2 Integrable forms

Let M be a smooth manifold, and let C' be a (p+ 1)-form on M. The form C is called an
integrable form if it holds

C(P)NC =0, (B.1)

C(P)ANdC =0, (B.2)

for all P € XP(M ), where on the left-hand side C'(P) denotes the value of the induced vector
bundle morphism C : APT'M — T*M when evaluated on (P). The condition (B.1) is in

fact a very restrictive one. Also, it is very similar to the algebraic part of Nambu-Poisson
fundamental identity:
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Lemma B.2. Let C be a (p + 1)-form. Then C satisfies (B.1) if and only if it is decom-
posable around every point x € M, such that C(z) # 0. That means that there exists a
(p+ 1)-tuple (ax, ..., apq1) of linearly independent 1-forms , such that locally

C:al/\.../\ap+1.

Proof. Let us proceed by induction on p. The p = 0 case is a trivial statement, any 1 form
is decomposable. Now choose p > 0. Assume that statement holds for all p-forms, and let
C be a (p+ 1)-form satisfying (B.1). We have to show that it is decomposable.

Let € M, such that C(z) # 0. First, see that for any V' € X(M), such that
(iv(C))(z) # 0, the p-form iy (C) satisfies (B.1), and thus, by induction hypothesis, is
decomposable. Let us take any Q € XP~1(M). We have to show that

(v C)(Q) A (i C) = 0.
But this can be rewritten as
iv(C(VAQ)AC) =0,
which follows from the assumptions on C, taking P = V' A Q. Second, take the original
condition (B.1) and apply 4y to both sides with an arbitrary V € X(M). One gets
iv(C(P))-C—-C(P)ANiy(C)=0.

But iy (C(P)) is a scalar function, and since C' is a nonzero (p + 1)-form at z, there have
to exist V € X(M) and P € XP(M), such that A\ = iy (C(P)) # 0, at least at some
neighborhood of x. Thus, locally we can write

C— %C(P) iy (O).

Since A(z) # 0, also (i (C))(z) # 0. We can now apply the induction hypothesis to this
p-form to get p linearly independent 1-forms (o, ..., qp), such that

z'VC:al/\.../\ap.
This finishes the proof, because taking apy1 = (7){);0(3’ (P) leads to the desired decomposi-
tion. O

Let us now clarify where integrable forms got their name from:

Definition B.3. Let C'is a (p+1)-form. Denote by M’ the open submanifold of M, where
C # 0. The kernel distribution K of C is a distribution on M’, defined at every x € M’ as

K,={v eT,M | iy (C(x)) =0}.
Note that this distribution is not necessarily a smooth one.

We can now relate integrability of distributions to the integrability od forms.
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Lemma B.4. Let C be a (p+1)-form. Then C integrable if and only if K is an integrable
(n — (p+ 1))-dimensional regular smooth distribution on M'.

Proof. First assume that C' is an integrable (p 4+ 1)-form. Then by the previous lemma,
around every point of x € M’, there exists a (p + 1)-tuple of linearly independent 1-forms,
such that locally

C:al/\.../\apﬂ. (B.3)

The subspace K, can be determined easily as
K, ={VeT,M|iv(a;(x))=0,Vie{l,...,p+1}}.

This is a set of k linearly independent linear equations for the components of V. The
dimension of K, is thus n — (p+ 1). To see that this is a smooth regular distribution, note
that K is the kernel of a smooth vector bundle morphism of a constant rank, and hence a
subbundle of TM’. Hence, a smooth distribution in M’.

To see that it is also integrable, plug the expression (B.3) into the second defining
equation (B.2). It turns out that it is equivalent to

dOZj NagN...Naprr = 0, (B4)

for all j € {1,...,p+ 1}. Now take any V € I'(K), and plug it into (B.4). It gives
iv(daj) = 0 for all j € {1,...,p+ 1}. But this is, using the Cartan formula for da;,
equivalent to involutivity of the subbundle K under the commutator of vector fields, which
is in turn, using the Frobenius integrability theorem, equivalent to the integrability of K.
Conversely, assume that K is integrable ((n — (p+ 1))-dimensional regular smooth dis-
tribution. At every z € M’, there is a neighborhood U, > z, and a set of local coordinates
(xt,.. ., x("*(p“)),yl, ..., yP*1), such that sections of the subbundle K are on U, spanned
by (%, e W). Then C has to be annihilated by all vectors of K, so it has to

have the local form
C=Xdy' A...AndyPT (B.5)

We see that this C clearly satisfies (B.1). Since we are on M’, we have A # 0. We
set aq = Mdy', and a; = dy’ for i = 2,...,p+ 1. The second condition for integrable
(p + 1)-forms translates as (B.4). Obviously, this holds for the above defined «;’s.

At © € M\ M’ the integrability conditions (B.1), (B.2) hold trivially and we can
conclude that C' is an integrable (p + 1)-form. O

Remark B.5. One can extend the distribution K to the whole manifold M. For each x € M\
M’ define K, = {0}. By this extension one gets a smooth singular distribution on M. How-
ever, even for integrable (p + 1)-forms, K is not integrable in general. For details see [77].

Let us conclude this section by relating the concepts of integrable (p + 1)-forms to
Nambu-Poisson structures. This is given by the following lemma.

Lemma B.6. Let M be an orientable smooth manifold. Let £ be the corresponding volume
form. Let C be a (p+ 1)-form on M. Define a (p+ 1)-vector I1 by equation

in$? = C.

Then 11 is a Nambu-Poisson (n—(p+1))-vector if and only if C is an integrable (p+1)-form.
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Proof. Clearly, II(x) = 0 if and only if C(z) = 0. Let II be a Nambu-Poisson tensor. By
previous comment, at singular points of II, C' vanishes. The conditions on integrability
are, at these points, satisfied trivially. Assume that II(z) # 0. Then there exist local
coordinates (z!,...,2") around x, such that

0 0

In these coordinates, the volume form §2 is
Q=w-de' A... Ada™,
where w # 0. We thus see that C' has the explicit form
C=w-dg" PO+ A A da”,

It is easy to check that it satisfies both integrability conditions (B.1), (B.2).

The converse statement follows basically from the proof of the previous lemma. There,
we have shown that C can be, for an integrable (p + 1)-form, written (around any point
where C(x) # 0) in the local form (B.5). Writing the volume form in these local coordinates
as

Q=g -dz'A... dz(=(P+1) A dyt A dyPt,

one finds the local expression for II as

A0 0

Note that this is a top-level multivector field on the submanifold N’. In the view of
lemma A.3, one would expect that this is enough. Inspection of the fundamental identity
shows that all partial derivatives are contracted with the components of II, so in the
fundamental identity there are no partial derivatives in transversal directions. We can now
apply (the proof of) lemma A.3 to conclude that IT is a Nambu-Poisson tensor on M. []
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1. Introduction

In this letter, we introduce a higher analogue of noncommuta-
tive (abelian) pure gauge theory. What we consider here is a de-
formation, in the presence of a background (p + 1)-rank Nambu-
Poisson tensor, of an abelian gauge theory with a p-form gauge
potential, i.e., a (p — 1)-gerbe connection. Our approach, for p > 1,
is similar to that of [1] which deals with the more familiar case of
p = 1. A Nambu-Poisson gauge theory was pioneered by P.-M. Ho
et al. in [2] as the effective theory of M5-brane for a large longitu-
dinal C-field background in M-theory. Related work can be found
in their papers [3-5].

We formulate the theory independently of string/M-theory.
Nevertheless, the motivation comes from M-theory branes; more
explicitly from an effective DBI-type theory proposed for the de-
scription of multiple M2-branes ending on an M5-brane, where the
Nambu-Poisson 3-tensor enters as a pseudoinverse of the 3-form
field C [6,7]. We develop the theory at a semiclassical level, briefly
commenting on the issue of quantization at the end.

The paper is organized as follows: After discussing conven-
tions in Section 2, we introduce in Section 3 covariant coordinates,
which transform nontrivially with respect to gauge transformations
parametrized by a (p — 1)-form, the gauge transformation being
described in terms of a (p + 1)-bracket arising from a background

* Corresponding author.
E-mail addresses: jurco@karlin.mff.cuni.cz (B. Jurco),
p.schupp@jacobs-university.de (P. Schupp), vysokjan@fjfi.cvut.cz (J. Vysoky).

http://dx.doi.org/10.1016/j.physletb.2014.04.043

Nambu-Poisson (p + 1)-tensor. Based on these covariant coordi-
nates, we introduce Nambu-Poisson gauge fields in Section 4. In
Section 5, we construct Nambu-Poisson gauge fields explicitly, us-
ing a suitable generalization [6-8] of the Seiberg-Witten map [9],
starting from an ordinary (p —1)-form gauge potential. We give ex-
plicit expressions for all components of the Nambu-Poisson field
strength. In Section 6, we give the corresponding (semiclassi-
cally) “noncommutative” action and its first order expansion in the
Nambu-Poisson tensor. Up to this order the result is unambiguous,
because quantum corrections from any type of quantization of the
Nambu-Poisson structure will only affect higher orders. We con-
clude the letter by relating the action to (the semiclassical version
of) a Nambu-Poisson matrix model.

We only briefly comment on deformation quantization of
Nambu-Poisson structures in this letter. A satisfactory descrip-
tion of Nambu-Poisson noncommutative gauge theory beyond the
semiclassical level will require a suitable analogue of Kontsevich’s
formality, solving in particular the deformation quantization prob-
lem for an arbitrary Nambu-Poisson structure.

2. Conventions
We assume that n-dimensional space-time M is equipped with

a rank p + 1 Nambu-Poisson structure I7, with 1 < p <n.! The
corresponding Nambu-Poisson bracket is denoted by {,...,-}. In

1 The discussion could be extended to include also the well known case p =1,
but for clarity and brevity we concentrate here on p > 1 and refer to [7] for p =1.

0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by

SCOAP3.
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order to keep notation close to the familiar p =1 case, we write
{f, A} := [ df,d)) = %nifw-fva,«f(dx)jw for a (p — 1)-form A
and a function f. In the special case, where di factorizes as
a product dx =diq A---AdArp, we have {f, A} ={f,A1,..., Ap}. We
consider a set of local coordinates (x!,...,x") on M and denote
the corresponding indices by lower case Latin characters i, j, k,
etc. Upper case Latin characters I, J, K, etc. denote strictly ordered
p-tuples of indices, i.e. ] = (j1,...,Jp) With1<ji <--- <jp<n.
With this notation, I7(df,d)) = Hifaif(dk)]. Often, we will omit
indices altogether, implicitly implying matrix multiplication of the
underlying rectangular matrices as in (ITF"); = [T Fy;. We use
Roman characters a, B, etc. for indices and multi-indices taking
values only in the “noncommutative” directions 1,...,p + 1.

3. Covariant coordinates

Before we introduce in the next section the Nambu-Poisson
gauge potential® A and field strength F, let us define “covari-
ant coordinates” as functions X(x), i=1,...,n of the space-time
coordinates {xi};?=1, which transform under gauge transformations

parametrized by a (p — 1)-form A as

s4% =&, A}, (1)

where the bracket is a p + 1 Nambu-Poisson bracket (cf. Section 2
for notation). We assume our fixed (but arbitrarily chosen) coor-
dinates x' to be invariant under gauge transformations. We also
assume that they can be expanded around any point x € M, at
least in the sense of formal power series, as ¥ = x' +- - -. Hence, at
least formally, we can always solve for x' as functions of covariant
coordinates &, i.e. X =& +.... We denote by p the (formal) dif-
feomorphism on M corresponding to this change of local variables
on M and write X' = p*(x) for the respective local coordinate
functions. The change of coordinates defined by p* is also called
“covariantizing map”. The diffeomorphism p can be used to define
a new Nambu-Poisson structure 7’ with bracket {-,...,-}:

,o*({xi1 L X }’) = {,o*xi1 s p*xiP+1}

= (&, &), 2)
4. Nambu-Poisson gauge fields

Here and in the subsequent sections, we follow closely the
semiclassical parts of [10,11], where the p =1 case is described.
Using covariant coordinates %, we define the Nambu-Poisson
(“noncommutative”) gauge potential with components labeled by
upper indices i=1,...,n as*

Ai:&i—xi:p*(xi)—xi. (3)
Its gauge transformation follows from (1)
SAAT={AT A} +{x', A}. (4)

Next, we introduce the contravariant tensor F/ with components
F’t1-p+1 35 the difference of the Nambu-Poisson structures I7’,
see Eq. (2), and IT:

F/itdptt = pp/itdpst _ ppitedpst (5)

2 This is the higher analog of the p = 1 noncommutative gauge potential.

3 Covariant with respect to the gauge transformation (4). For p =1 they cor-
respond to background independent operators of [9]; they are actually dynamical
fields.

4 See [12-14] for an alternative approach related to area-preserving diffeomor-
phisms.

Covariantizing the individual components of this tensor using the
diffeomorphism p, we obtain the Nambu-Poisson (“noncommuta-
tive”) field strength F’ with components

,O*(F/il'”ipﬂ). (6)
Using (5) and a hat to denote the application of p*,

I’}/l'14..l'p+1 =

B/ itedprt — fytiteipen _ fyitedpr

:p*(n/h“.ipﬂ) _p*(nip‘ipﬂ). (7)
Rewriting this with the help of (2) as
Fritedpet — {&iu”_’&ipﬂ} _ {Xn’m’xil,ﬂ}(;{)! (8)
the gauge transformation of F/ can be easily determined:
(SAI:-/h..ij — {I:'/i,A}. (9)

From now on we will assume without loss of generality that
the local coordinates x' are adapted to the Nambu-Poisson struc-
ture 17, i.e., {xi} are local coordinates around some point M, where
IT is non-zero, such that®

17231/\~~-/\3p+1. (10)

With this choice of coordinates, we find

Privedpet = (&1, Rivst ) fxh xi), (1n

where the second bracket is in fact either zero or equal to the p+1
epsilon symbol in the noncommutative directions 1,..., p + 1. Ro-
man indices ay, ...,ap41 shall henceforth denote these directions.
Furthermore, we will focus on the case where for the covariantiz-
ing map p* acts trivially (i.e. ' = x') on coordinates x' with indices
in the commutative directions p +2, ..., n. It follows from (1) that
only the covariant coordinates in the noncommutative directions
transform non-trivially under gauge transformations and that the
gauge fields Al are trivial for i = p+2,...,n. Also, all the field
strengths, except those indexed solely by noncommutative indices
i=1,...,p+ 1, will automatically be zero. With these conven-
tions, we can use the p+1 epsilon tensor to lower the index on A“
and introduce another kind of gauge potential uniquely determined
by complete antisymmetrization of its non-zero components AB
labeled by strictly ordered p-tuples of indices, with individual in-
dices taking values in the labels of the noncommutative directions

AB = GQBAG. (12)

The components Ag transform in a more familiar looking manner
(but recall that we are still dealing with a p +1 Nambu-Poisson
bracket and a (p — 1)-form gauge parameter A):

5aAg = (dA)p +{Ag, A}. (13)

SimilarJy, we define the corresponding field strength with compo-
nents F/, by

ﬁéB:faC(ﬁ/bC—nbc)Gb& (14)
The components ﬁ[] p transform as expected
SaFup = {Fep, A} (15)

A straightforward check reveals that ﬁt’IB can be consistently ex-
tended to be antisymmetric in all of its indices. Finally, I:'l’lB can be

> Here we ignore, for simplicity, points where IT could possibly be zero and focus
on globally non-degenerate Nambu-Poisson structures.
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expressed in terms of the gauge potential _AB. For this, we need
a (p +1—q)-ary Nambu bracket defined as®

(..., }iria .= {xil,...,xi‘l, ek
Now, using (3), (11), (12) and (14) we obtain

p—1
A A p+1
Flpn =@M pn+Y Y (~DHem@®D

r=0 oeS(r,n—r)

x g0 ALo r41)]s - - - » Ao (pr1) 7 P D, (16)

where o € S(r,n —r) is an (r,n —r) shuffle, and [a] is the multi-
index 1---(a—1)(@+1)---(p+1). This formula is a generalization
to p > 1 of the well-known p =1 formula for the (noncommuta-
tive) field strength that involves the 2-bracket (“commutator”) of
gauge fields.

In the next section we will use a higher analog of the Seiberg-
Witten map in order to construct explicit expressions for the co-
variant coordinates and noncommutative gauge fields. This will
allow us to also supplement the remaining components of the
Nambu-Poisson gauge field strength (14), i.e., the ones with at
least one index in a commutative direction.

5. Nambu-Poisson gauge fields via Seiberg-Witten map

We start with a brief summary of the relevant facts concerning
the Seiberg-Witten map as it applies in the present context. We
refer the reader to a detailed exposition in [7]. All order solution
to the Seiberg-Witten map related to Nambu-Poisson M5-brane
theory can be found in [8].

Let us consider a p-form gauge potential a on M with cor-
responding field strength F = da. Infinitesimally, under a gauge
transformation given by a (p — 1)-form A,

Sa=dx, 8§ F=0. (17)

Using the (p + 1)-form F we construct from a given Nambu-
Poisson tensor [T the F-gauged tensor which we denote for now
by ¢/

Mp=(1-nF" 'm=m(1-Fm)". (18)

These expressions are to be interpreted as matrix equations for
the corresponding maps sending p-forms to 1-forms, cf. Section 2.
The superscript T stands for the transposed map. For p > 1, the
(p + 1)-tensor ITf is always a Nambu-Poisson one,® furthermore,
we also have due to factorizability of IT,

Mg=|1 1 Il F _117 19
F—( —m( ) )) , (19)

where ([T, F) = [T F;j = Tr(ITFT).

Now we define a 1-parametric family of Nambu-Poisson ten-
sors IT; := (1 — tITFT)~'11, cf. Footnote 7, interpolating between
IT and [ITf. Differentiation of IT; with respect to t gives:

oI, = IT,FT IT;. (20)

This equation can be rewritten as

0ulTy = —L s Ty, (21)

6 With some abuse of notation we allow also for the case p =g, i.e., the “1-ary”
bracket, which will become useful later.

7 We assume that 1—ITFT is invertible. In a more formal approach we also could
treat [T as a formal power series in /7.

8 Even for a non-closed F.

where the time-dependent vector field Af is defined as Af =
Hf(a) = nt’fa,a,» and EAn is the corresponding Lie derivative.
t

Eq. (21) implies that the flow ¢; corresponding to Af, together
with the initial condition ITy = IT, maps I1; to I1, that is,

¢ (1) =11. (22)

We have thus found the map pq := ¢4, such that p}(IT') = II.
This is the higher form gauge field (p > 1) analogue of the well
known semiclassical Seiberg-Witten map. We emphasize the de-
pendence of this map on the p-form a by an explicit addition
of the subscript a. The following observation is important: The
Nambu-Poisson tensor [T is gauge invariant (because it depends
on the p-potential a only via the gauge invariant p + 1 form field
strength f =da), but the Nambu-Poisson map p, is not: The in-
finitesimal gauge transformation §,a = dx, with a (p — 1)-form
gauge transformation parameter A, induces a change in the flow,
which is generated by the vector field Xp o = Hi]dAJE)i, where
the (p — 1)-form A, explicitly given by

X (L + 30 (1)

A=
(k+ 1)!

, (23)
t=0

k=0

is the semiclassically noncommutative (p — 1)-form gauge param-
eter. This leads to the following rule for the gauge transformation
of coordinates X} := p}(x'), cf. (1):

55 = (&, A). (24)

Hence, the generalized Seiberg-Witten map provides us with an
explicit construction, based on ordinary higher gauge fields, of
the covariant coordinates X that we introduced in Section 3. As
a consequence, we can identify X = 5(}1 and I1’ = ITf. Moreover,
% =3 =, for the “commutative” directions i = p +2,...,n. All
discussion of the previous Sections 3 and 4 applies directly.

Having the ordinary p-form gauge field a at our disposal we
can now define the full Nambu-Poisson field strength F’ with all
components (in noncommutative as well as in commutative direc-
tions), such that its components in the noncommutative directions
x', ..., xP*1 coincide with those of ﬁ;B (14).

For this let

F=F(1-m"F) '=(1-Fa")"'F (25)
and define
Fi,] = pZFi’J, (26)

i.e., the components of F’ evaluated in the covariant coordinates.
It is a rather straightforward check to see that for all indices
i1,...,ip4+1 taking values only in the set {1,...,p + 1} we get ex-
actly the ﬁl’lB of (14).

Now we turn our attention to the remaining components of Fr
(including commutative directions). Starting from (25) and (26),
we can with the help of Footnote 7 and the explicit expression
for IT in coordinates (10) use a construction very similar to the
one leading to (16). We find that the resulting expressions in-
volve a covariant scalar function that depends on A (and hence via
the generalized Seiberg-Witten map also on the ordinary p-form
gauge potential a):

p
flA=14Y Y (nZErme®-

r=0 oeS(r,n—r)

x SgN(O) Ao i) - - Ao (pray)° P00,
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Firstly, let us consider IA?[IK with the index a taking on values in

{1,...,p+ 1}, and K containing at least one index in one of the
commutative directions p + 2, ...,n. We find
Az/u( = f[A]IA:aK, (27)

where ﬁa,( = p*Fguk is the component Fqx of the ordinary (com-
mutative) field strength evaluated at the covariant coordinates &'.
Secondly, for the components of F’ with index k taking value in
{p+2,...,n}, and A containing only the indices lying in the set
{1,....,p+1},

Fly = f1A)Fga. (28)

Finally, for the components ﬁ,’d_, where k takes value in the set

{p+2,...,n} and L contains at least one index of the same set,
we have

p+1
Fop = Fie + FIALY (=1 Fyga Far. (29)
a=1

Under (ordinary) infinitesimal gauge transformations §;, all com-
ponents of F’ transform as

5 ={F. Al (30)

justifying calling it “Nambu-Poisson” or “(semiclassically) noncom-
mutative” field strength.

Note that unlike for the noncommutative components, the full
tensor / cannot be extended to be a totally antisymmetric one.

6. Action

For simplicity, we assume Euclidean space-time signature.” The
action

1 n A
—/d"xF,f]F”f (31
g

M

is by construction invariant under ordinary commutative as well
as under Nambu-Poisson (semiclassically noncommutative) gauge
transformations. This can easily be verified using partial integra-
tion. The coupling constant g is dimensionless in n = 2(p + 1)
spacetime dimensions, i.e. for example for p =1, n =4 (NC
Maxwell) and for p =2, n=6 (M2-M5 system). In the following
we will set g=1.
We expand Fina power series in I7

Fl;=Fij+ ALT* Fij g+ Fil T Fij + o (17%). (32)

The corresponding expansion of the action (31) is

PO . 1
fd"xF{]F"f =[d"x{FUF'J -
p+1
M M

+2Fi]FiLHkLFk]} +o(I1?%). (33)

FiFY Fi 1

A quantization of the underlying Nambu-Poisson structure will not
add quantum corrections to the action at the given order of expan-
sion.

9 Another simple possibility would be consider the Minkowskian space-time,
with IT extending in the spatial directions only. In case of a general metric g we
would have to use the inverse metric matrix elements evaluated in the covariant
coordinates to rise the indices of F/ and the density defined by the metric also
evaluates in the covariant coordinates.

Shifting the components IA’;___IH_] of the Nambu-Poisson field
strength by the constants €. ,41, will not affect the gauge in-
variance of the action (31). Using (11) and (14) we see that the
action (31) with shifted F’ takes the form of a semiclassical ver-
sion of a Nambu-Poisson matrix model:

SM=/d"x{5<“,>?A}{>?a,$<A}

1. N N A
:/dnxﬁ{x‘“,...,x“ﬁ‘}{xal,..,,xapﬂ}, (34)

where the summation in the second expression runs over all (not
strictly ordered) (p + 1)-indices (ay,...,apy1) and (by,...,bpy1),
with all of them in the noncommutative direction. We could actu-
ally drop the a priori restriction of the summation to noncommu-
tative directions, since the Nambu-Poisson bracket automatically
takes care of this. For a more detailed discussion of the (semiclas-
sical) matrix model we refer to [7].

Given an appropriate quantization [-,...,-] of the Nambu-
Poisson bracket and trace of the quantized Nambu-Poisson struc-
ture, the Nambu-Poisson matrix model takes the form

- 1 N N A N
SM:ETr[x‘”,.4.,x"l’+1][xa1,..A,XHPH]. (35)

There have been several attempts to find a consistent quantization
of Nambu-Poisson structures. One of these [15] is in fact suitable
for our purposes (at least in the case p = 2): It is an approach
based on nonassociative star product algebras on phase space,
whose Jacobiator defines a quantized Nambu-Poisson bracket on
configuration space. Let us mention without going into details that
this approach can be adapted to provide a consistent quantization
of the Nambu-Poisson gauge theory described in this letter, includ-
ing a quantization of the generalized Seiberg-Witten maps. Details
of this construction are beyond the scope of the present letter and
will be reported elsewhere.
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