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konceeptu efektivni akce, jednosmyckového efektivniho potencialu a uziti spektralni Zeta fukce pii
vypoctu funkcionalnich determinantti. Vegkeré poznatky jsou demonstrovany na ¢* teorii, z ¢ehoz
je Cerpano v pozdéjsich kapitolach. Tyto se vénuji Weylové konformni teorii gravitace a jejimu
kvantovani. Jsou predkladany argumenty, pro¢ pravé tato teorie by méla byt vhodnou nahradou
Einsteinovy teorie v oblastech vysokych energii a Velkého Ttesku. V této ¢asti je na§im hlavn{m
voditkem ¢lanek P. Jizby, H. Kleinerta a F. Scardigliho [1], jehoz vysledky pro jednosmyckovy
efektivni potencial se nam podafi potvrdit pouzitim jiné (pro gravitaci neekvivalentni metody)
metody vypoctu pomoci Zeta funce regularizace. Déle jsou nalezeny parametry teorie takové, Ze
Weylova gravitace piejde po dynamickém naruSeni konformni symetrie v gravitaci Starobinského.
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effective action and the one-loop effective potential and also the Zeta function regularization of
functional determinants. The theoretical discussion is accompanied by illustrative calculations
on the ¢* theory, from which we benefit in later chapters. In these we discuss Weyl conformal
theory of gravity and its quantum extensions. We put forward arguments showing this theory
is phenomenologically suitable for the description of early universe cosmology. Our leading
principle is the article by P. Jizba, H. Kleinert and S. Scardigli [1] and our goal is to recover same
results, mainly for the one-loop effective potential. We find the one-loop effective potential to
coincide with the form presented in Ref. [1| even when a different (and in gravity non-equivalent)
regularization — namely zeta-function regularization — is employed. Further we find parameters
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Chapter 1

Mathematical Preliminaries and
Motivation

1.1 Why Quantum Gravity?

This work focuses on quantum gravity and it is therefore appropriate to start with a little
bit of history and a discussion of the problems associated with the quantization of gravity.
The gravitational interaction was probably the first interaction noticed by man. Nevertheless its
subtleties eluded us until the beginning of the 20th century. The first description of gravitational
pull that explained the movements of celestial objects and stated a precise mathematical law,
however, was made by sir I. Newton (published in 1687). The law itself introduced a gravitational
charge, that is numerically equal (by definition of the gravitational constant G) to the inertia
of a body. This equality (or direct proportionality) was experimentally checked and rechecked
over time, reaching precision of 107!? as of today. Even though the Newton’s gravitational law
was and a great success, it has a very disturbing property — the instantaneous effect over any
distance.

Until the electromagnetism was fully described by a set of four equations by J. C. Maxwell
in 1861/62 there was no better foundations of physical principles than Galileo principle of rela-
tivity and Newton’s second law of motion. However, with Maxwell’s equations it became clear,
that Newtonian theory based on Galilean invariance contradicts the consequences of electromag-
netism, for the Maxwell’s equations inevitably postulate an existence of a fundamental constant
of the speed of light. It was clear then, that the Galileo transformation laws cannot be correct
in general (assuming electromagnetism was more fundamental). This problem was resolved by
A. Einstein in 1905 with his ground-breaking Principle of Special Relativity (or the Theory of
Special Relativity (STR), however, it is more of a fundamental principle that should be obeyed
by all other theories, than a theory by its own right). A. Einstein proposed to use a new trans-
formation law, namely the Lorentz transformation, to make two inertial observers agree on a
result of any experiment. This transformation has one parameter, the speed of light, that does
not change and stays the same in all inertial reference frames, hence it respects the Maxwell’s
equations.

There was also the similarity between the Coulomb law of electric force and the Newton’s
law of gravitation. These are, however, different in one very important and fundamental fact —
the Coulomb law is applied only in a static limit, whereas the Newton’s law had no restrictions.
By comparison with the Coulomb law, it was inferred then, that it should also apply just in a
case of two masses with constant distance.



To extrapolate the fundamental principle of special relativity from inertial reference frames
to any frames (thus incorporating accelerating frames) A. Einstein strained himself from 1905 to
1915 until he formulated the Theory of General Relativity (GR) in 1915. This theory is based
on three fundamental postulates

1. The Principle of Equivalence

Any accelerated frame is locally equivalent to that under the influence of a gravitational field
and the inertia of the moving body is by definition equal to the gravitational charge/mass.

2. The Principle of General Relativity

At every point in spacetime it is possible to operate in a Local (Cartesian) Inertial System
(LIS) in which all laws of physics are equivalent to those governed by the Special Theory
of Relativity.

3. The Principle of General Covariance

The formulation of physical laws is independent of the choice of coordinates i.e. all coor-
dinate frames are equal.

The theory of general relativity is together with quantum electrodynamic the most tested, exper-
imentally verified and also most precise theory humankind has ever created. It predicted many
new effects and answered some old questions, such as — the advance of the perihelion of Mercury,
the gravitational red shift, the gravitational time dilatation, gravitational lensing, gravitational
waves, frame dragging, black holes and much more. Its beauty lies in its geometrical interpre-
tation of dynamical four dimensional background described by the metric tensor and shaped
(curved and stretched) by the presence of matter, that serves as the arena for all physical reality
around us. It has deepened our understanding and use of topology, differential geometry and of
tensor calculus. It also introduced a new fundamental type of invariance of physical laws that
now serves as a cornerstone for any general relativistic theory (including quantum theories of
gravity) — the diffeomorphism invariance — which follows from the principle of general covariance.

The theory of general relativity was one of the biggest successes of science, however, after the
birth of Quantum Mechanics it became clear, that these two theories cannot coexist in peace.
The Quantum Mechanics was the solution to several seemingly unsolvable problems of the 20th
century — the black body radiation (M. Planck), the photoeffect (A. Einstein) and the structure
of the atom (A. Compton,E. Rutherford and others). It introduced the idea of a wave-particle
duality of matter and a probabilistic character of the nature, forever discarding any chance of a
fully deterministic theory of (not only) elementary particles. The main imperfection of the theory
was, however, its purely non-relativistic regime. Meaningful relativistic extensions encountered
surprising difficulties with one particle kinematics pointing to only one solution — the use of field
theory with infinite degrees of freedom. And so the Quantum Field Theory was born thanks to
P. Dirac, W. Pauli, V. Weisskopf and P. Jordan.

Quantum Field Theory is by construction a special relativistic theory that serves as a frame-
work for the physics of elementary constituents of nature and their governing laws. The first
“child” of the quantum field theory was Quantum Electrodynamics (QED) created by R. Feyn-
man, F. Dyson, J. Schwinger, S. Tomonaga and many others. It fully covers the theory of
electron and positron interaction intermediated by photons. The description of the nucleus and
other elementary particles took a little longer than expected, because experimental physicists
kept discovering dozens of new particles and it seemed there is no sense in that “zoo of particles”.
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The result is what we call today the Standard Model with the underlying theory — the Quantum
Chromodynamics (QCD).

It seems that we can do almost miracles with only a few fundamental principles taken as
a starting point of any physical theory. The principle of special relativity and the quantum
theoretical postulates set the basic framework for all physics — hermitian operators on an Hilbert
space, where we represent known physical invariances of nature. Quantum Mechanics was by
itself successful only up to a certain degree of precision. The precision and applicability of
the quantum theory deepened by imposing the invariance under the Lorentz transformation i.e.
incorporating the principle of special relativity. It would seem obvious, that the next step in
our understanding is merging the quantum theory with the principle/theory of general relativity,
thus yielding so much wanted theory of everything (or at least theory of quantum gravity). After
many decades of work, however, it seems that general relativity is absolutely incompatible with
the quantum point of view.

Some problems are obvious — the theory of general relativity is formulated in a framework of
four dimensional spacetime with space and time coordinates that are treated on equal footing.
Einstein’s equations put an equal sign between the curvature of the spacetime and the presence
of energy/momentum in that very same spacetime. The theory is, by the principle of general
covariance, background independent and can be vied as a description of the physical arena
of nature. This arena is dynamical and the equations are non-linear in the sense, that the
gravitational field itself carries a gravitational charge (i.e. energy), thus the field influences its
own dynamics. This also means, that any form of energy gravitates, hence decreases its energy
by creating a potential well of gravitational field around itself.

The quantum theory, on the other hand, proposes indeterministic behaviour and unpre-
dictability of any value of dynamical degrees of freedom, giving birth to virtual pairs of particles
and vacuum energy. The quantum field theories have space and time on the same footing (as
a requirement of STR), nevertheless they distinguish time as the parameter of time evolution
driven by the Hamiltonian. This by itself poses a great difficulty, for the Hamiltonian of general
relativity (as of a fully constrained theory) is always zero (on-shell) and so there is nothing, that
would generate “time evolution” in the usual sense. It would be preferable to view the metric
tensor of general relativity as just another field, however the problem is the coordinate “space”,
in which this field should exist. An insurmountable problem represents the non-linearity of the
gravitational field from the point of view of the quantum fluctuations. This is also related to the
problem of the vacuum fluctuations — in general, quantum field theories add compensating terms
to Lagrangians set the zero energy level to a convenient point, which physically corresponds to
setting the energy of a vacuum to zero. The vacuum, however, is not “empty”, but full of virtual
particles and with interesting structure. The energy of the vacuum is not so much important
in QFT, but since it would generate a non-trivial gravitational field, the real structure of the
vacuum is a very important topic for quantum gravity.

We might question the need for the complete quantum theory based upon the principle of
general relativity. For most of the purposes the theories we have are sufficient and it seems that
quantum gravity would not bring anything profoundly new or important. However there are still
problems, for which we have no definite answer. At the time of the birth of general relativity,
there was only a little data concerning cosmology and/or data coming from the time near the
beginning of the universe. Observations of clusters of galaxies and of stars in galaxies are pointing
to the fact, that there must be additional matter contained in the universe, since the angular
velocities of stars around the centres of galaxies (or galaxies around the centres of clusters of
galaxies) do not agree with the theoretical predictions based on Keppler’s laws. Because we
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cannot see this additional gravitating source, it does not interact electromagnetically or strongly.
We call it the Dark Matter and the estimates based on the observations of the cosmic microwave
background show, that it makes up about 25% of the known energy contents of the universe.
We have also no reasonable explanation for the observed accelerated expansion of the universe
which is apparently going on for 7 billion years already. It is either driven by an unknown form
of energy responsible for negative pressure — the Dark Energy — which makes up about 70% of
the energy content of the universe and is somehow related to the fabric of spacetime itself, since
its density does not decrease with the expansion, or the theory of gravity we have now simply is
not applicable at these scales.

Then there are problems involving high energies and Planck scale physics, where gravitational
effects would play almost equally important role as quantum mechanics. That is because at the
Planck scale, the Schwarzschild radius is comparable to the Compton’s wavelength. Further we
have no reliable and precise framework for the description of the beginning of the universe. The
theory of horizons (cosmic or event) needs severe improvements, since the solutions given by the
general relativity are classical and it is unthinkable to suppose there are no quantum effects like
ripples propagating on the event horizon or the evaporization of a black hole caused by the event
horizon separating tiny black holes as the consequence of the unpredictable high energy ripples.
The Hawking radiation was the first effect that merges quantum mechanics with relativity, at
least to some extent, leading however to the infamous information paradox. All these problems
are pointing to the fact, that the theories we have are fundamentally incomplete and we should
be seeking for unification of these fundamental physical theories and the principles they are based
on.

In this thesis we will focus on a specific type of gravitational theory — Weyl conformal gravity
— an alternative candidate, whose quantization shows great promise in its applicability to the
description of the early universe. The goal of this thesis is to improve and clarify results obtained
by P. Jizba, H. Kleinert and F. Scardigli in their article [1]. To that end we will first provide
a discussion of needed tools namely the effective action and the Zeta function regularization.
These will be then employed to the case of a quantum version of the Weyl gravity and we will
present the key calculations leading to the confirmation of the results and their discussion.

1.2 Mathematical Background and Notation

In this section we recall some well known results based on calculations with Gaussian integrals,
as they will be relevant for us in further physical applications. It seems appropriate not to include
these into an appendix, since the below shown formulas will be seen later in the same form with
a lot of physical meaning behind it thus the general properties might not be clear. We will also
introduce notation which we will use throughout the text.

1.2.1 Gaussian Integrals and Their Generalizations

First we examine an integral of the Gaussian distribution

Z = /ddx exp ( — %x@lx) , (1.1)

where A € R% is a symmetric matrix and the spectrum o(A4) = {a;}%, is positive (i.e. all

a; > 0). Under these assumptions the matrix is diagonalizable by an orthogonal matrix O,

such that 2’Az = 2TOTOAOTOxz = "Dy, where y is a new vector and D is a diagonal matrix
12



having a; as its elements. Since the matrix O is orthogonal, the Jacobian of the transformation
is identity and we can decompose the Z into d independent 1-dimensional Gaussian integrals

7 = H d aiy’ H,/27T m) /2 1.2
e 3y — .
/ y a; det ( )

Before we go further, we remark on the possibility of zero eigenvalue a; of A. In that case,
the integration over y; cannot be performed and we are left with a divergent term coming from
the integral of a constant over real numbers. In the context of quantum field theory, however,
the integrand may contain further terms (for example a potential) and the integration may be
performed and yield finite result. These zero eigenvalues correspond to the so-called zero-modes
and play an important role for example in finding soliton solutions.

We will now generalize this result to

Z(b) — /ddx e—%avTAac-i-bac7 (1.3)

where b € R? and bz is a standard scalar product. It is clear, that for a special choice of b = 0 we
have Z(0) = Z. To calculate Z(b), we find the minima of the exponent by solving —A;jz;+b; = 0
to obtain new suitable variables for substitution (we are shifting to the point of the minima)
xTi Ai_jlbj + y; in order to rearrange the exponent and obtain

Z(b) = /ddy e~ 3YTAYHEVTAT D _ e%bTA‘lb/ddy e 2% W = 7(0)e2t™ b (1.4)

Regarding the integrands as a distribution determined by the matrix A, we might be interested
in computing expected (or mean) values of variables z; denoted by

1
(@i...x5) = Z00) /dd:r:ci - e_%xTAﬁ, (1.5)

where the factor 1/Z(0) is there to normalize the expectation value (i.e. (1) = 1). These are
called by different names in different contexts. They are known as higher moments in statistics,
correlation functions in statistical physics and green functions in quantum mechanics and field
theory. Since these might become difficult to calculate, we use the so-called Feynman trick with
a derivative in the form

8§kz(b) /dda: 82k efszAerbx _ /dd(L' Tpe 2 zTAz+bx _ (1.6)

Therefore we can easily write

1 0 0

Z(0)ob;  0b; |,

_v v 1pTA—1p
()_(%i...abjboez , (1.7)

since setting b equal to zero at the end of the calculation will replace Z(b) with Z(0) = Z, which
defines the Gaussian distribution. It is easy to see, that this trick extends to any function with
a polynomial expansion series, thus we can write

o=rl]

2™, (1.8)
b=0

(F@) = 557 5]




We shall also mention one form of the Wick expansion (in this context known as the cumulant
expansion), which states, that the expectation value for odd number number of variables is zero
and for even number we obtain

<.Z‘Z'1 . .%'15> = Z <.’I}i101 [Eim> e <.’L’Z’p571.’1}ip§> ; (19)

all possible pairings
pof {iy...is}

This identity can, of course, be proven by induction, however, it can also be seen from the
fact that Z(b) is quadratic in b and that the exponential survives the derivative. Thus, only after
we differentiate a term twice, there is a non-vanishing result (remember, that we set b = 0 at the
end), yielding all possible pairs of z; and x;.

This expansion enables us to introduce a “connected” term in the Wick expansion. Imagine,
we are to evaluate the following integral

I(\) = / iy e 2o eV (@) (1.10)

where V(x) is a polynomial in . We might use (1.7) and the expansion of exp to obtain a
relation

I\ = Z(0) <e*W<x>> =203 (_]:!)k <V(x)k> . (1.11)

k

Here, we stumble upon terms <V(aj)k>, for which the Wick expansion provides a new perspective —
either the variables from each V(x) are coupled only within themselves and form clusters, or they
also couple with variables from another V' (z) in the product. Thus, for example, the connected
clusters at the second order form a factorization of the form (V(x)*) = (V(x)?), + (V(x))e.
There exists a formula how the correlation functions (1.9) can be decomposed into a product of
the cumulants. To make our work easier, we define a function, that includes only the connected
terms

_\W\k
W(/\)ElnI(A)zan(O)+Z( ]j!) <V(:1:)k>c. (1.12)
k=1

It is crucial to remark, that all these calculations can be generalized to an infinite number of
dimensions (d — 00), which formally makes the index i continuous. The formulas then transform
according to the following scheme (summation over repeating indices is always implied):

4 9

a-b=a;b — /dxi a(x;)b(x;) (1.13)

a"Ab — /dxdya(m)A(fB,y)b(y)
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Especially let us consider an inverse G of a finite-dimensional matrix A. In the continuous limit A
becomes a differential operator — in particular, we are interested in cases, where A is a differential
operator in one variable only, thus it is multiplied by a delta function

Aikaj = 5@' — /d.%'k A(:ri,xk)G(xk,xj) = (5(%, — :Bj)
(1.14)
/dxk A(i)0(wi — 2p)Gan, vj) = A2i)G (i, x5) = 6(xi — 5)

thus in this special case the inverse matrix is the Green function.

With this in mind, we will use the compact notation with indices “P”, j”, etc., always keeping
in mind, they might stand for a continuous “index” x; and summation is replaced by integration.
We will also sometimes use notation f, instead of f(z),to make it more clear, that the index is
continuous.

1.2.2 Legendre Transform

In the following chapters will also make use of the Legendre transform and its properties,
however, it seems that most textbooks of physics use this tool somewhat vaguely. We will try to
be more careful with the terms and also remind us of the correct mathematical definition.

For a convex function f : R — R we define a new function g : R — R, such that

9(y) = sup{zy — f(z)} = max F(z,y), (1.15)
zER Tz€R
This transformation is know as Legendre-Fanchel transform and it becomes the usual Legendre
transform in the case of f being a differentiable function. Under these conditions F(z,y) is
differentiable as well and we may search for the maximum by solving an equation % = 0.
Let x¢ be the solution, then

_OF(oy) _ - Of(wo) _ 0f()

0 ox Ox ox

=y. (1.16)

o

It is clear, that this solution is parameterized by y so we should write zo(y). The Legendre
transform of f is then a function

9(y) = zoy — f(z0) = 20(v)y — f(20(¥)) (1.17)

of only one variable y. With this, we obtain the familiar relations

15) 15) d 0 0
gyw:m (gg:y J;S;O):o and J;S):ay(xoyg(y)):o. (1.18)

On the other hand, acting with a total differential operator on (1.17) instead of the partial one,
one obtains

d d af a2 f af d a2
-t ) e ) o -
(1.19)
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hence it is clear we must not forget to make distinction between the partial and the total deriva-
tives and the fact that while doing a partial derivative, the implicitly defined relation zo(y) is
being set as a constant.

We shall show one more identity, namely that the second derivatives of the functions f and
g are inverse to each other. Taking a derivative of the defining relation for y in (1.16) w.r.t. xo
and multiplying it it with the derivative of 2y from (1.18) w.r.t. y, we obtain

dy _ d®f(zo) damo _ d’g(y) dy dwy _, _ d*f(wo) P*g(y)

dg ~ A dy A2 T dwgdy o da? dy?
Now, that we have demonstrated the intricacies on the simple example, we will relax the notation
of ¢ and use only x keeping in mind, that for total derivatives there is actually an implicit relation
defined by (1.16).

Now we generalize the Legendre transform to higher dimensions —let € R? and f : R? — R a
convex and differentiable function (the convexity of the function may be ensured by the positivity
of the Hessian matrix). We define a Legendre transform of f to be a function g : R — R such
that the following properties hold:

(1.20)

Of(x)

8:1,‘1' '
Here we can again show (using the same tricks as in the one dimensional case), that the following
relations hold

f(x) +9(y) = ziy; where y; = (1.21)

99(y) _  Of(@) _,_99y) | . doly) _ 9°f(z) df(z) _ 9%g(y)

y; b i oz; da; ﬁxiakak’ dyi  OyiOyk "

(1.22)

The analogue of (1.20) now states that the Hessian matrices of functions f and g are inverse to
each other i.e.

8*f(x) 9g(y)
8%,‘83% E)ykc’)yj

= bij . (1.23)

As in the previous section, we can formally extend all these formulas to infinite dimension,
with the same substitutions as in (1.13), however, we are no longer able to make distinction
between the partial and the total derivatives, as the functional derivatives are directional by
definition (they are the analogue of the partial derivatives). For this reason, we will use the
symbols -2 1o, and ‘Z_ also in the case of the continuous index in places, where there would be a
possibility of confusion. We will, of course, use the full notation of the functional calculus, when
appropriate.

Because we will be often working with objects several times differentiated w.r.t. to many
variables, we will use a compact notation for these objects as

" F(x) S"F[f(x)]
8331‘1 N 8.C6in (5f(37“) .. (5f(3:zn) ’
where the first definition states, that if we do not explicitly specify the argument, none

special was substituted after the differentiation and the former argument is still in place. In this
notation, the last formula considering the Legendre transformation (1.23) would read

FO = pm (g

i1...0n i1...0n

(1.24)

i gk] = 0ij. (1.25)
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We also choose to work with a metric tensor respecting the Landau-Lifschitz convention
n = diag(+, —, —, —) and in units where ¢ = 1 = h. We will, however, sometimes recover the
Planck’s constant for discussion of its physical meaning.
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Chapter 2

Effective Action in Quantum Field
Theories

This chapter will be devoted to a description of a path integral approach to quantum field
theories, particularly to one of its useful tools — the Effective Action. We will try to show its
relations to other physical quantities present in field theories and give some intuitive idea, what
the effective action represents. We will see, that the name is not at all arbitrary — the effective
action is in the semi-classical limit identical to the classical action and on the quantum level
provides a systematic (at least in principle) way of calculating quantum corrections in the form
of loop expansion. All theoretical framework will be accompanied by demonstrations on the ¢*
theory, and the goal of this chapter will by to introduce and work out an example of use of all
tools needed for the calculation of the effective potential done in the Chapter 4. This chapter
will be a summary based on textbooks [2, 3, 4, 5.

We would also like to remark on the fact, that there are several sign conventions and they
are usually chosen to give nice formulas in specific textbooks. Thus, every textbook has its
own specialities, which are then very hard to combine. The ambiguities in sing conventions
include: overall sign of the Minkowskian action, sign of the propagator, sign of the source J,
sign (or overall factor) of W/[J] etc. The inconsistencies of the results are sometimes very hard
to overcome and we will stumble upon numerous discussions trying to make sense of it all.

2.1 Functional Integral Formulation of QFT

We will not go into any detail about the basic notions of path integrals in quantum mechan-
ics or its generalizations to field theories. We are also acquainted with the problems of rigorous
mathematical formulation of path integrals. Some of the problems might be addressed by per-
forming all calculations in the so-called Fuclidean regime, where the integral is well behaved.
Here we rely on the paper by K. Osterwalder and R. Schrader [6], who proved the equivalence
between the Minkowskian and the Euclidean regime in flat spacetimes.

We shall also relax strict distinction between the terms “path integral” and “functional in-
tegral” even though these should be differentiated, since in the field theory, we sum over field
configurations and not paths in the sense of a trajectory of a particle. We also choose to work
in a fixed dimension of four.

Let us first start by a formal definition of the Wick rotation, which replaces the Minkowskian
functional integral with the Euclidean one. It is defined as a transformation of the coordinates
" — 7* so that 20 = iz¥ and #* = 2?, which means we have rotated the time evolution from
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the real axis to the imaginary one. This transformation changes the sign in front of the kinetic
term in the Lagrangian, effectively transforming the signature of the metric, which is the reason
why we speak of a Fuclidean regime. To see the change explicitly, let us first write a free field
equations of motion for a (uncharged) scalar theory, which is given by the Klein—Gordon equation

(0} = A+m?)p(z) = (O+m?)p(x) =0. (2.1)

A Lagrangian, which yields these equations of motion must be of the form (up to a sign, of
course)

1 1
£y [En0,00% et = [@o@+m?)o, 22

where we have performed an integration by parts and used the fact, that the total divergence
part does not change the equations of motion. Upon creating action from this Lagrangian and
performing the Wick rotation, we obtain

St = - [t ge(0+mA)e > iselel =i [ale Jo(- 0,0 +md)o,  (23)

where 0,,0" = 92, + A and we now work with a positively definite metric. This transformation
makes the weight factor in the path integral negative

eiSlel o~ Seld] (2.4)

thus the path integral becomes well behaved. This chapter will be based on the Euclidean regime,
drawing parallels with the general formalism introduced in the Chapter 1 and we shall return to
the Minkowskian regime in Chapter 4 where we won’t be able to make use of the Osterwalder—
Schrader theorem. The relation between the Euclidean and the Minkowskian regimes will be
presented as a summary in section 2.4.9

2.2 Generating Functional of the Full Green Functions

2.2.1 Zy[J] for a Free Theory, Wick Expansion, Basic Relations

To formulate one of the central objects of the path integral formulation of quantum physics,
we define a Green function of the free field operator [ + m?, which we denote A and call the
(free field) propagator. Because we want to use the Wick rotation, we must ensure, that the
poles of the propagator are not in the 1st or 3rd quadrant of the complex plane, since that is
where the rotation to imaginary time takes place. For that reason we shift the poles in such
a way, that they lay in the 2nd and the 4th quadrant, which defines the Feynman propagator.
Now, denoting the free field operator in the “x-representation” (0 + m?)é(z — y) = K(z,y), we
can finally use the results we have prepared in the previous mathematical section and define

Zol] = / Do Jda(= 36 O+m s+ I@ol) _ / D exp {i(-%%i{my% 4 L(;ﬁm)}, (2.5)

which very much resembles (1.3) except for the i in the exponent. The subscript 0 signifies we
deal with the free theory and M that this is the Minkowskian regime. After performing the Wick
rotation, we redefine the source J(x) to J(Z) so, that the new exponent is equal to
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ZolJ] = / Dep e~ Somlel+[d'2T(@)0(2) = / ngexp{—%gbequbg—i—quSj} = / Depe %0071 (2.6)

where we have defined new Euclidean action Sy[¢, J] = Sor[¢] — Jz¢z and we have dropped the
subscript E to ease the notation. This redefinition of the source is comfortable, for now we need
no compensating signs when searching for the expectation values. As we have already pointed
out, the Wick rotation to imaginary time makes the integral bounded and well behaved. As a
consequence we can now regard it as a Gaussian distribution defined by the infinite matrix Kz
assigned to the Euclidean free field operator —élﬁu +m?. We will further ease the notation and
leave out the bars above the Euclidean coordinates. To simplify the integral, we use formulas
from chapter 1, namely (1.4) to obtain

—1/2

1 1
Zo[J] = Zo[0] exp (ﬁJzAnyy) = N(det K) % exp (inAnyy) : (2.7)

where A is now Euclidean free field Feynman propagator. This result can by nicely analytically
continued in Zy back to real times which is what we expect and need for further calculations.
The constant N contains for the factor (27r)d/ 2 is seemingly infinite, but we can include it
in the normalization of Zp[0]!. We usually call the functional Zy[J] the partition function in
statistical mechanics, but in this context, we use the term generating functional of full n-point
green functions.

Le us not present some properties of the generating functional and give it a physical meaning.
Firstly, from the general mathematical discussion in Chapter 1 we see it is possible to calculate
expectation values of fields ¢ in terms of Z[J] as

(o). o(y))o = &Jix) o 5Jiy)

exp (%JxAnyy) . (2.8)

J=0
These are called the full n-point Green functions or full n-point correlation functions. From the
physical point of view, they correspond to the vacuum expectation values <O\T(¢>(z) . qﬁ(y)) 10),
— this can be seen for example from the generalization of the path integral formulation of quantum
mechanics. We can generalize this expectation value to

) 5
oJ(x) oI (y)

which is a vacuum to vacuum matrix element of the operator T'(¢(zx) ... ¢(y)). The superscript
J points to the fact, that the source is active and it influences the system, changing the Hilbert
spaces assigned to the system. Thus the ground states changes as well and they are no longer
identical to each other, hence the notation |0i,) and |Ooyt). In this sense the generating functional
Zy[J] itself corresponds to (00ut|01n>‘] — a probability amplitude for the vacuum to evolve back
into a vacuum under the influence of the sources. We call (()Om\()in)”] the persistence of the
vacuum. From this we conclude, that Zy[0] corresponds to (0|0) (no sources are present) which
we would like to normalize to 1, hence it can be dropped from the formulas, making (2.7) go to

Oout| T (6(2) . .. (1)) |0} exp (%JxAnyy) , (2.9)

1
Zy[J] = exp (inAway) . (2.10)

!This is a usual trick, which will be drawn upon several times later in the text. The reasoning behind the
legality of it is discussed below 2.19
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Secondly, we shall point out that Zy[J] implicitly codes the dynamics of a free field theory,
since it contains the propagator, which can be extracted as a second variation w.r.t. the sources
and using the definition (2.8) we can also write it as

N
5.7, 8,

ZO[J] = Awy = <¢x¢y>0 , (2.11)
J=0

hence we see that by definition the propagator is equal to a two-point Green function (¢, ¢y),. It
also means that the propagator is symmetrical in its indices. This new relation makes it possible
for us to rephrase the Wick expansion for a free field theory in the language of the propagators
as

(Gir - bido= D Digipy - Dip i (2.12)

all possible pairings
pof {i1...i5}

for s even, and 0 for s odd. At this point, we can introduce a diagrammatic representation of
the objects we are dealing with. The representation in Feynman Diagrams makes it easier to
manipulate with the formulas and equations (they will be soon enriched by nasty integrals) and
more intuitive to grasp the quantum world. The propagator A;; is usually represented as a line
connecting two dots, as we see in Figure 2.1.

Aij «—> ie——0j

Figure 2.1: Diagrammatic representation of the free field propagator.

To give an example, what the free field Wick expansion looks like, we find (¢;¢;¢r¢1),

(it Prd1)g = (i) (DrPi)g + (Pidk)g (Bid1)o + (Pidi)g (Bidk),

(2.13)
= N Ak + A + AgAjy

and show its diagrammatic representation in Figure 2.2

1 ] 1 j 1 J
o —0
+ +
o——————
k 1 k 1 k 1

Figure 2.2: Diagrammatic representation of the 4-point Green function for the free field theory.

2.2.2 Interacting Theory, Wick Expansion, Z[J] as a Generating Functional

To show another important property of the generating functional, we extend its definition to
the interacting theory. Let us assume the Fuclidean action is of the form

1
(61 = [ ata (oK @a)ot) + Vi) ) = Siol + [ateite). 1)
with Vi(¢) being the interacting potential and Sp[¢] the free field action. In order to be able
to use our compact notation, we assume the interaction potential has a series expansion with
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coefficients Y;, ;, which stand for n-legged vertices (see fig. 2.3), i.e. we expand the interaction
part of the action as

Silg] = / CaVi(9) = 30 L Vi b b (2.15)
n=3

It is clear, that there can be no term of power two, which would only rescale the mass of the
field and also no linear term, since these are not physically interesting. For our example of the
¢* theory, we have

Si[¢] = %Yijkld)i(bj(bkd)l = j!/d4$i P(x;), (2.16)

from where we conclude, that Yji = g 0;;0:104-
With this notation, the generating functional for the interacting theory is now defined as

Z[J] = /D¢e—(§¢sz~y¢y+SI[¢]—J¢) — /ng o Jd'2Vi(¢) o —Sole,T] (2.17)
Now we use the Feynman trick with the derivatives and obtain

Z[J] = e_fd%vl(%) ZolJ] = e_fd%%(%) caleBavly (2.18)

We shall now define expectation values of functions in this full, interacting theory by setting

1 J J
where we put the normalization factor 1/Z[J] in order to cancel out the the vacuum divergences
(we will expand on this topic later). It is also worth noting that any multiplicative numerical
factor in front of Z[.J] is irrelevant to the expectation values (i.e. the physically relevant quanti-
ties) for if we chose NZ[J] instead of Z[J], the factor N would cancel itself out as can be seen
from the definition.

The definition works also for functionals F'[¢], such as in (2.18)

Z[J], (2.19)
J=0

Sl T = Sol, J] + / 'z Vi(4),
(2.20)

We have already pointed out, that the for the free propagator the following property is very
important

Ay = (@) = Z2010]. (2.21)

This notion of a propagator also holds in the interacting theory. Therefore now call (¢(x)p(y))
the full propagator and we expect it to carry all information about a particle (field configuration)
evolving from one configuration into another

1 6 4 4 s
(L0 9 - ratei(3y)
J:OZ[J] <§?£J] 61, 5Jye v ZO[J])

1 6 ¢

(p(x)d(y)) = -5

15757, (2.22)

J=0



Let us hint, how to find Z[J] and the propagator for the ¢* theory up to the second order of
a coupling constant. We take Vi(¢) = %(Z)‘l(:c) and expand exp in a Taylor series, assuming the
coupling constant g is small, thus obtaining

Z[J] = [1 N % /d4x <5fzx>>4 * ;(1)2/&% &y <5Jix)>4<5Jiy))1 ARt (229)

After computing the variations and setting J = 0, one finds the generating functional of the full
theory in the first order to be

Z[0] = Zo[0] (1 + %Am d%) , (2.24)

which is clearly divergent due to both the integral over the spacetime and A, = A(0). This
divergence accounts for the so-called vacuum bubbles, which are a manifestation of the fact, that
there may be infinitely many interactions and interaction loops in an empty space (vacuum) that
will be never detected in an external device and we must define the zero level of the energy. This
is also the reason, why we put the normalization factor 1/Z[J] into the expectation value, since
upon setting J = 0 that term effectively eliminates all contributions of the vacuum bubbles.

The calculations are straightforward but lengthy and can be found in most textbooks on QFT.
We will therefore not perform them here, but show an easy and systematic way, how to find a
diagrammatic representation of the same thing in several different ways. The first possibility is
to diagrammatically represent the equation (2.23). To that end we assign diagrams to J;, Yj;.
and the operator % as seen in figure 2.3

Ji €<—> i—x

Yijk.. Im€—> J m

0/8), «—> i—

1

Figure 2.3: Diagrammatic representation of the source J; and the operator % (left) and the interaction
vertex Y k. im (right).

Figure 2.4 illustrates the expansion of Z[J] and in the second line it shows all diagrams
relevant for the full propagator (¢(z)¢d(y)) to the second order of the coupling constant. This
expansion is also called the Wick expansion. To obtain the full result we think of the sources J
and the operators % as complementary and we join them together. This accounts for the action
of the operator on the source. The operators % are attached to the interaction vertices as is
prescribed by (2.23). For the full propagator we would then have to act on the resulting diagram
twice more by % and then set J = 0, therefore we leave two waiting legs with sources J; on
every end of the diagram — these will be acted on by the operators and the resulting diagrams
will constitute the only non-zero contributions after setting J = 0.

To arrive at the correct result, we must include some combinatorial factors to compensate
for the factorials from the expansion. The first non-trivial term is easy — we have two ways of
orienting J;A;;J; so we multiply the term by 2, which yields the first result. The second term is
a bit more complicated — we proceed systematically from the interaction vertex. Let us pick one
leg of the vertex — there are 4 options to do that. To this chosen leg we can attach one of three
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<1+1/2A 122 AA +1/2°3! AAA

Z[J]=<1+H+1/2 >

Figure 2.4: The diagramatic version of the Wick expansion of the generator Z[.J] and the specific choice
of its solution for the full 2-point Green function.

JiAijJ; in two ways (orientation) i.e. we get 4 -3 -2 from the first step. Lets pick another leg
(3 left) which can be joined with one of 2 remaining J;A;;J;, times 2 for the orientation — this
step provides another 3 - 2 - 2. Now we have last two legs on the vertex and one J;A;;J; which
will close a loop. That can happen only 2 different ways Altogether, we have 4-3-2-3-2-2-2
options which exactly compensate for the factor 4 I 3, 23 to give the correct result 1

We have still not made clear, why Z[J] is a generating functional of the full n-point Green
functions. However, we have already said that the full n-point Green function is given by the
expectation value (¢, ... ;. ), which is defined through the variation of Z[.J]. Hence after ex-
panding the functional around J =0

I
Zl =3 Ezfl_?.in 0)J;, ... Ji (2.25)
n=0

where Zz(ln)ln [0] = T ...ﬁ _Z[J] = Z[0] (¢s, . .. i,), we find, that these objects are pro-

portional to the n-point Green functions. This proportionality can be simplified by changing the
normalization to Z[0] = 1. Since this can be always done, we will drop the normalization factor

from now on.

In Figure 2.6 we show, how the generating functional can be represented as s Feynman
diagram, for which we use also a diagrammatic representation of the n-point Green function
illustrated in Figure 2.5

Figure 2.5: Diagrammatic representation of the full n-point Green function.

If we were to represent 6?—}‘” we would have similar expansion series as in Figure 2.6, but the
right hand side would shift bgf one blob to the left (the coefficient would stay) and each blob
would have one external leg with a dot at the end instead of a source. After removing the sources
(setting J = 0), the only surviving term would be a blob having one pointing leg having a dot
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Figure 2.6: Diagrammatic representation of the generating functional of full Green functions Z[J].

at its end, thus clearly respecting the definition in Figure 2.5. We also point out, that the full
propagator is represented as a blob with two external legs and dots at the ends.

2.2.3 The Dyson—Schwinger Equation

We have one more thing to show considering the functional Z[.J] before we move on to other
objects. We shall find an equation that would give full dynamics of the quantum system. Let
us now consider transformations of the field ¢ such that the integral measure D¢ in invariant.
Then, since the generating functional is independent of the field, we must have

6z[J] 6S[0. ] g4
5o =0= /D¢5¢Z_ e . (2.26)

This has a profound interpretation once we use (2.20) to rewrite it as

<(SS<£Z;{”>J =0, (2.27)

which is nothing else than a statement, that the classical least action principle holds as a vacuum
expectation value. Note here, that the expectation value is calculated with the source present,
which is also respected by the equations of motion where the source is included. We may further
rewrite it using the fact, that S[¢, J] = S[¢] — J,¢» and the definition of the expectation value

(2] - #)zn=o 229

obtaining a very important equation, which will accompany us throughout this chapter. This
equation is called the Dyson-Schwinger (DS) equation and it provides full dynamics of the
quantum system.

The Dyson-Swchinger equation has a nice diagrammatic representation (see 2.7), which we
will now try to explain. The systematic approach to creating Feynman diagrams according to
the Dyson—Swchinger equation [5] for a certain theory is as follows — a particle going into a blob
will either survive and (freely propagate to another external leg) or interact once in all possible
ways the theory allows. This algorithm is then iterated to obtain any order of precision. Every
interaction vertex brings one power of the coupling constant, thus for small coupling constant,
we can effectively discard high order corrections since they are negligible. Also, to compensate

1

for the symmetry of the vertices, we add a factor =y to all vertices with n legs.
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Figure 2.7: Dyson-Schwinger equation in terms of the Feynman diagrams.

Using this we can find the two point function of the ¢* theory in the language of diagrams
very eagsily — the “calculation” is presented in Figure 2.8. We clearly see, it confirms once already
obtained result from the Wick expansion seen in Figure 2.4.

O Ty T By
oS T

Figure 2.8: Dyson-Schwinger equation for the ¢* theory.

We note there remains an unattached blob at each term, corresponding to the vacuum bub-
bles. These get removed simply by normalizing the expectation value — dividing by Z[J] or
setting Z[0] = 1. Note also that the propagator is ill behaved for the presence of the loop caused
by A(0).

Identical result can be written in the mathematical language as seen in the equation (2.29)

1
(igj) = Aij + *AikYklmnAzmAnj = A(z; — x5)+

+ ; /d4xkd4a:ld4a:md ndiz A(zi—ay) S (=) 6 (-2 (2~ )6 (2~ ) A (X120 ) A (20— )
= A(z; j)—i—;A(O)/d4xA(mi—x)A(x—xj).
(2.29)

The result coincides with the one found using the Wick expansion, but we see here, that there
indeed is a good reason to use a compact notation and the Feynman diagrams for its simplicity.

2.3 Generating Functional of the Connected Green Functions

In this section we introduce a new object, that was already mentioned in the first chapter. The
whole point of this successive introduction of different generators is to simplify the classification
of Feynman diagrams. That is why we now reduce the problem form the full Green functions to
the connected ones. Later, we will also introduce basic building blocks of the connected ones.
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2.3.1 Connectedness

We will now define a generator of connected Green functions. We remark here, that the
sign convention for the definition is not unified. What is important, however, is the consequent
definition of the effective action. This allows us to define it here with a plus sign, so that the
formulas are not burdened by extra sign. Using the general formula from the first chapter, we
can simply define it as (normalization Z[0] = 1 assumed)

W[J] = Z[J] = Zngﬁ)‘in 01, ... J;, <= Z[J]= eV, (2.30)
n=1""
where Wz(ln)zn [0] = 5}11 ﬁ J—oWJ] is the connected n-point Green function. If Z[J] was a

partition function of statistical physics, W[J] would correspond (up to a sign) to the free energy
of the system. That this object generates the connected Green functions can be illustrated
the following way: we calculate the first few derivatives of Z[J] and show it decomposes into
a sum of one connected and several disconnected Green functions (Figure 2.9 illustrates this
decomposition)

i i

Figure 2.9: First three full n-point Green functions expressed in terms of the connected n-point Green
functions.
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(2.31)

There is yet another reasoning behind the definition of the functional W[J] and it has roots
in the language of diagrams. For every full one-point Green function we would like to separate
the connected part attached to the external leg from the disconnected rest (which must again be
the full generator Z[J]) — this is idea is illustrated in Figure 2.10. The mathematical equation

Figure 2.10: Alternative defining equation for the generator of the connected Green functions.

describing this relation reads

oz _ oW
6J,  6J,

and is solved by the Z[.J] = eIV}, thus the definition (2.30) can be seen in this more intuitive
way.

Since we are not very much interested in disconnected diagrams (they correspond to unrelated
processes and can be build from the connected ones) we define an expectation values using this

Z[J], (2.32)

new functional

(g 0y)] =W where  (g...0,) )" = (¢u...By), (2.33)

and use it to search for all interesting physical quantities. In this sense, we can also define a
connected propagator of the full theory to be the connected two-point Green function (¢.¢py)..

2.3.2 Dyson—Schwinger in Terms of Connected Green Functions

More interesting is the possibility to rewrite the Dyson—Schwinger equation in terms of the
connected Green functions, which is clearly something we would like very much. To do so we
first show a useful identity

W]
Y

Sf1J) W] 6

ZINfU)+ 21175 = 21 <5J + M)f[J] , (2.34)

thus after choosing the test function f = 1, we obtain

5 SWIJ] 6 ) (2.35)

E(Z[J]‘) :Z[J]<5J+5J
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where the dot indicates it is an operator waiting for a function to act on. Let us now perform some
gymnastics with the Dyson—Schwinger equation. We assume the function 65‘%)] has a polynomial
expansion so that we can write

(ii Lsﬂ ZlJ =3 an (é)nz[ﬂ- (2.36)

n=0

Next we insert an identity operator in an appropriate form between the operators (% into each

term in the expansion to get

O W= O - O wi]
— A .. A 2.
57 ° e 57 © 57 ¢ , (2.37)
where we now use the identity (2.35) step by step from the right to get the factor Z[J] on the
6

left hand side of each operator 5T where it cancels with its counterpart. Thus we obtain an
expansion in terms of W[J]

gs E]] Z10) = Z[J])_ an (‘”ﬁ‘” + 5‘?])” = Z|J] gj [5@‘” + 5‘;] : (2.38)

n=0

Plugging this result back into the Dyson-Schwinger equation (2.28) and using the fact that the
source J; commutes with Z[J], we can now divide the equation by Z[J] to obtain

§S [6W[J] 5 ] —J (2.39)

A Y
where we must not forget, it is still an operator acting on identity which we do not write explicitly.

Now we provide an example of the use of the Dyson—Schwinger equation in terms of the
connected Green functions for the ¢* theory. Since the Euclidean action is of the form S[¢] =
%@'Afjl%’ + %}ijl@(bjgbk(bl and we assume the interaction vertex is symmetrical in its indices,
the DS equation yields

L(SWI S\ 1. (W] 8\ (W[ & \/[sW[]] &
= A7! — |+ =Y — — —
Si= 2y ( 57, +5Jj> T3 J“( 57, e )\ sa Tean )\ o Tsa

Al L Wy WD) My17(2) (3)
Ji= AW+ 3!Yz‘jkl[”j Wi "W+ 3W, Wy ijl]
1 1 D (Wper(1) 1 Der(2) 1L 3
W/j( ) — Aji |:Jz — 73|}/7,]kl M/j( )M/]g )Wfl( ) o 5}/;,],M|)|/j( )”/vlil) _ 30 ikl M/j(kl):| ,

(2.40)

where the minus signs arise because of the Euclidean regime where the action has a positive sign
in front of the kinetic term (and due to the conventional choices we made in the text, as discussed
in the first paragraph of this chapter, namely if we chose differently the sign of the propagator
and of the source, we would have an exact result as in [5]). We did some straightforward

reordering in the equation to obtain a formula for Wj(l) in the third line, which (after setting
J = 0) corresponds to a one-point connected Green function. The right hand side provides a
description of quantum dynamics based on the interaction potential. We see, that it can be
iterated and further differentiated w.r.t. J to obtain higher order corrections. We also see from
these diagrams, that setting the rules for creating Feynman diagrams is equivalent to writing a
specific form of the action (the type of the interaction). We show diagrammatic representation
of the equation (2.40) in Figure 2.11.
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Figure 2.11: Dyson-Schwinger equation in terms of the connected Green functions for the ¢* theory.

2.4 The Effective Action

Here we finally get to the main point of this chapter. We introduce an effective action, show
some of its important properties as well as its connections to W[J] and explain, why is it called
the “effective action”. Since there are two equivalent approaches to its introduction, we shall try
to expand on each of them in a special subsection and then discuss the general properties.

2.4.1 Effective Action as a Generator of 1PI Green Functions

The first definition is based on the diagrammatic representation of field theory (see [5]).
First we must define a one-particle irreducible (1P1) or one-line irreducible diagram — it is such
a diagram, that cannot become disconnected by cutting one internal line. All other diagrams
are one-particle reducible. Loops are examples and building blocks of 1PI of a diagrams (Green
functions). It is clear that every Feynman diagram can be separated into 1PI parts joined by one
internal line. Thus we would like to create a generating functional, which would systematically
generate the 1PI Green functions. We propose the algorithm as follows:

1. Pick one external leg of a connected n-point function W)

2. Follow it and pull out of the connected blob the 1PI part, that is connected to the rest of
the diagram (represented by one or more W) by one leg(s)

Figure 2.12: Diagrammatic definition of the generator of 1PI Green functions.

Figure 2.12 illustrates all possible outcomes of such a process and sums it all in an object that we
denote by I'. We have represented the n-point 1Pl Green functions by cross-hatched blobs with
n dots on its circumference. Upon rewriting the diagrammatic equation 2.12 into the language
of mathematics, we get

7

1
W = Ay |y + 05+ W+ S W ], (2.41)
and with substitution % = ; and application of the inverse of the propagator we obtain
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_ 1
0=J;+T;+ (ij — Ajkl)épk + §ijlg0kgol +.... (2.42)

If we now collect all the 1PI Green functions into a generating functional
| = ! Uiy i ; 243
[90] - Z E 1.0, Pix -+ - Pin s ( : )
n=1

where we have denoted I';; = IL;;, — Aj_kl for reasons explained later, we can rewrite equation
(2.42) as

o]
0p; '

From this equation and from definition of ¢; it is clear that W[J] and I'[¢] are related through
the Legendre transformation. This will be our starting point for the next section.

0=J;+

(2.44)

2.4.2 Effective Action as a Legendre Transformation of WW[J]

In this section we define the effective action by the Legendre transformation of W{[J], but
we will use a different sign convention. We have already touched upon the problem of sings in
the beginning of Section 2.3, where we defined W[J] with a plus sign to obtain formulas without
any extra signs. In Section 2.4.1 we introduced I' using a specific notation to make it easier to
compare it with the textbook [5]. Here, however, we must chose the sign so, that I" reflects the
properties we want it to have. Thus, as is done in [4], both W and I' are defined with opposite
signs. That is the reason, why we change the sign from I' introduced in the previous section, as
can be seen in the definition (2.46).

We have already mentioned, that W[J] has the meaning of the free energy. Its Legendre
transform I is usually known as the thermodynamic potential, however, in the context of QFT
we call it the effective action. To perform the Legendre transform we need a new variable — that
we have already defined in the previous section and the definition holds

ow
2y (2.45)

Here we have recovered the notation of partial and total derivatives to emphasise the difference.
Its graphical representation is shown on the left hand side of equation in Figure 2.12. The
Legendre transformation and its general consequences now read (see (1.22) in Chapter 1)

r r
W+ Te] = Jivi 38[90] =J; with g/[f]] —0= 66([;0] 7
AW [J] - ﬁpm ’ (2.46)

From the definition of the new field (2.45) we can immediately conclude its meaning. Upon
setting J = 0 we get ¢; = (¢;), — the expectation value of field ¢ when no sources are present.
We can easily show that this quantity must be a constant

(01)c = (di) = (0l¢(:)[0) = (0]e™*6(0) '*|0) = ¢(0) , (2.47)
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where we have used the generator of the spacetime translations P and the fact, that Poincaré
invariance of the theory implies that the ground state is invariant under translations. Thus,
when sources vanish, we have ¢ = ¢(0) = const. We can use similar argument and show using
a generator of Zy parity P¢(x)PT = —¢(z), that the expectation value is equal to minus itself
(and hence to zero) in the case of a theory (action), that contains only even powers of fields.
From this we conclude, that the expectation value is zero in both the free theory or and the ¢*
theory.

Further, the second relation in (2.46) states, that ¢ = ¢(0) extremizes the effective action.
This can be seen from the classical equations of motion

6S or
[¢] =J;, =
Opi 0
from where we conclude, that when ¢ is a solution of classical equations of motion without the

presence of the source, then (¢) is the solution of quantum equations of motion (which is the
Dyson—Schwinger equation).

[($)] =0, (2.48)

2.4.3 Effective Action of the Free Theory

Let us now concentrate on the free field theory — to distinguish the objects from those from
the full theory, we add a subscript or superscript 0. Let us define 90? as in the case of the
interacting theory

OWolJ] 1 0ZlJ] 1 9
0 _ — - o3 dkBrdl — A
YT T80 T Zold] 0di ZolJ] 0, hk (2.49)

A = Kyl = Jj,

where we recall that K is the Euclidean operator appearing in the kinetic term of the action, i.e.
K(z,y) = (— 9, 0" + m?)§(z — y). We can use the second relation to substitute for sources in
the Legendre transformation to find the free field effective action I'g by definition

1 1

To["] = =WolJ] + @) Ji = —5TeBrd+ ol i = —isf’?KijﬂKlm@?n + 0} Kirep), 2.50)
2.50

1

= §¢?K¢k<ﬂ2 = Sople”] .

Now we see explicitly that there is indeed a good reason to call I" the effective action since it seems

to very similar to the classical action. Probably the strongest argument for the name effective

action is, however, the Dyson—Schwinger equation in the language of 1PI Green functions, which

will be our next task.

2.4.4 Dyson—Schwinger in Terms of the 1PI Green Functions

The last formulation of the DS equation we have obtained in (2.39) contained WM[.J] and
the operator d%. We can easily substitute the former, but to substitute the latter, we shall
replace the (total) derivative w.r.t. J by a (total) derivative w.r.t. the new field variable ¢. To
do so we use the generalized chain rule for variations and the definition of the field ¢

d dp; 4 d

M4 @) p_d
— - ) — =W\ J—.
dJ; — dJ; dg, dJi( il Dd(ﬁj i | }d%‘
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Figure 2.13: Diagrammatic representation of the relation (2.51).

This substitution has a nice diagrammatic counterpart shown in Figure 2.13, where the
operators % and % are being depicted as a leg attached to a half-blob, which symbolises the
fact that the operators pull a leg out of the generating functional.

Replacing both terms in the Dyson—Schwinger equation, we obtain its new form

) (2) d
i . — | = J;. 2.52

Further using the defining relation from the Legendre transformation (2.46) for the source and
recovering? h we finally obtain a new form of the Dyson-Schwinger equation

05 @54 L[]

We immediately see that in the semi-classical limit as A — 0, the left hand side reduces to
the classical equation of motion. Hence the dynamics described by the effective action is fully
equivalent to the classical action in the semi-classical limit. This generalizes the result we have
found in Section 2.4.2, which pointed to the fact, that they are equivalent for the free theory. We
can also conclude that the effective action is identical as to the algebraical form (up to an additive
constant). This conclusion will be discussed further in more detail and different circumstances.
Because in the semi-classical limit the term with A vanishes and the field ¢ solves the classical
equations of motion we sometimes call the field ¢ the classical field.

We must also conclude that the term containing A must be responsible for all the quantum
corrections, since this equation gives the full quantum dynamics of the theory. The quantum
corrections (involving virtual particles) are generated by % which creates loops in the expansion.
These could, of course, be seen already in previous result involving the DS equation and the

graphical representations of the results, where the loops were generated by the operator %.

Before we go further in the discussion of the general properties, we will show the DS equation
in the terms of I" for the ¢* theory. The particular calculation is again straightforward, only one
must not forget, that % #0# %. With the use of relations from (2.46) the equation reads

dl'[e]
dy;

_ 1 2 1 2 2 2 3
= A+ SYiua W U+ YauWS WS IWI TG . (259
To find a suitable graphical representation, we set J = 0 to obtain only the first expansion term
and we multiply the equation by Ag;. Thus one obtains a diagrammatical representation of the
equation.

2The factor /& would be present in the action S[¢,.J] in front of the source .J in the denominator, thus, the
operator % would have to be defined with with a compensating factor / in the numerator
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Figure 2.14: Diagrammatic representation of the Dyson—Schwinger equation in terms of the 1PT Green
functions for the ¢* theory.

2.4.5 Semi-Classical Limit — Tree Expansion

Let us return once more to the discussion of the semi-classical limit A — 0 of the Dyson—
Schwinger equation. Specifically we examine if we truly recover classical dynamics. The DS
equation must be then equivalent to the classical equation of motion

0S¢l dS1[¢]

=J; A-lp; =J; 2.
5g, T Ay et === (2.55)
and after separating the classical solution ¢ we have
351[] ) 051[g]
pi = DijJj — Aij 5, At = Aij% Ajli — A S, 1 (2.56)

This iteratively solved series is called the tree expansion or Born expansion and from its dia-
grammatic representation (for the ¢* theory only) presented in Figure 2.15 can be concluded,
that it contains no loops. That is, however, exactly what we expect from a classical propagation.

Figure 2.15: Diagrammatic representation of tree expansion for the ¢* theory, demonstrating the semi-
classical limit. The subscript ¢ indicates we work with the solution of the classical equations of motion.

We should also point out a relation between the tree expansion and the definition of the
generator of 1PI Green functions of the ¢* theory seen in figure 2.12. If we replaced there the
1PI Green functions by a simple interaction vertex (where possible i.e. allowed by the theory), we
would obtain the tree expansion, as depicted in figure 2.15. This corresponds to the fact, that in
the semi-classical limit the 1PI green function shrinks to only one dot — the classical interaction
vertex. This gives the effective action one more physical meaning — it generates the same form
of a diagrammatic representation of the field dynamics as the classical action, but instead of
bare interaction vertices, it contains the 1PI green functions. These are composed of the basic
1PI building blocks — loops. Therefore we can think of the effective action as of a functional
which leads to the classical equation of motion, when we regard the 1PI Green functions (proper
vertices) as of the effective vertices of the theory, which hide all quantum corrections in them.
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2.4.6 The Amputated Green Functions

So far we have given no reason as to why the 1PI Green function is represented as a blob
with dots on its circumference as opposed to any other blob we have seen so far. The first
reason is the fact, that in the expansion (2.43) we see, it is connected to the fields ¢;, which
already posses an external leg with a dot. However, there is one more reason related to the so-
called amputated green functions. To illustrate it, we will need to introduce a new field variable
&(x) = p(x) — (¢(x)) which by definition vanishes, when the sources vanish. We also remark
that from the discussion under the definition of ¢ it follows that £(x) = ¢(x) in case of both the
free theory and the ¢* theory. Next we take the formal expansion of W[J] and differentiate it
w.r.t. the source to get

SWJ]

1 (nt1)

from which after subtracting the first term of the series corresponding to (y;) we obtain

&= 05— (65) = W20 + WD 1055+ (2.58)
Further we define inverse of the propagator of the full theory? as Sing) [0] = 6;; which we will
use to separate J from the relation above as

(2.59)

n*

1)
Ti = Ski&j — Z SiWH [0y, ... 0,
This equation still reflects the fact, that settlng J = 0 makes also £ = 0 and the whole series
vanishes. Next we define the so-called amputated n-point Green function as
W iv..in (01 = W35 1000050 - Si - (2.60)
We call it amputated, since the inverses of the propagators cancel the usual external legs of
the n-point functions. This amputated Green function is depicted as a blob with dots on its
circumference, to which a propagator can be attached.
The equation (2.59) can be solved iteratively, yielding the first terms in the following form
(in this particular formula, we will drop the argument [0] to make it shorter)

1
Jp = Skjgj - *Sk:jW( ) J]lJJQ SkjW( ) JJl‘]JQJ]:a =

Jjijz2 JJ1j233

3 3
= Sk]fj Sk]W](jl)]Q ]17115”1 ]2ﬂ2§n2 + 92 SkJWj(jl)]2Sj1n1€n1Sj2m1W7(r?1)m2m3J Jm3_

- 7Sk] W](jl)]g S Jimi WT(nz,))l)QOg J J S J201 WCS?gQOS JOQ J03 -
_ EskjW]<Jl)J2j3leJ]2Jj3 +-

3 3
—%@—fgwwg@m—m@mWﬁlmﬁmM@m%m@%m@—

4
B gskj Wj(jl)jzjs SjliEiszlél Sjgmgm +
(2.61)

®Note here, that by the general definition of the Legendre transform, S;; = I‘,E? [0].
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To get it related to the effective action, let us recall, that it also has a formal expansion series,
but now we choose to expand it around the expectation value (¢) (which is equal to zero for the
¢* theory). After taking the variation of the expansion w.r.t. to ¢ one gets

5T .
2L 3 r) ()6 i (269

OQk = n!

but since Ji = 5 by definition, we can compare the two expansions as polynomials in £ to find

'™ to be equal in the lowest orders to

rOg)] =0, TPl =8, = (W)

FZ(?’)cK@] - _Wéfgp 1% 0] (2.64)
ToLl(e)) = ~ Wi a0l + W W Dows) .

These relations deserve an explanation. Here, we refer to what was already reasoned out —
the algebraic form of the effective action is identical to the classical one. The terms I'™ then
correspond to the coefficients in front of the n-th power of a field in the action. Thus we see, that
there is no linear term in the action, the quadratic term is generated by the inverse of the full
(effective) propagator (recall that the classical action is of the form %qﬁmA;quﬁy + ... hence the
full propagator composes of the free one and some terms from the interaction) and the first non-
trivial term comes from the (possible) ¢ theory. The term coming from the ¢* theory, however,
has more contributions — we see, that the relative sign of the two terms tells us, that from all
connected (amputated) Green functions with 4 external channels we must subtract those, that
are reducible, constructed with the use of the ¢? interaction vertices. The results are shown also
diagrammaticaly in Figure 2.16.

2.4.7 The Full Propagator as a Series of 1PI Green Functions

There is one more interesting property of the effective action to show, before we move on to
its applications. It gives us a systematic way of generating two-point functions of the full theory
(i.e. the full propagator) in terms of a series of diagrams composed of 1PI parts. To that end
recall, that T" is very similar to the classical action as to the algebraical form (it is identical for
the free field theory, see (2.50)) We assume then that we can write the effective action in the
following form

I'=piKijpj + 11, (2.65)

where K is the inverse of the free field propagator and I'r describes the interaction. The second
variation gives
r® =g+ =K+3. (2.66)
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Figure 2.16: Diagrammatic representation of results from (2.64), relating the 1PI Green functions to
the amputated ones.

Here X stands for all quantum corrections to K = A~! coming from the interaction. We recall,
that in equation (2.42) on page 32 we defined T';; as II;; — A;;. Here we see the reason, why did
so (meanwhile we also changed the sign of the action so there is some inconsistency here). Now
we use a property of the Legendre transform

WAL =1 =w®(K + %), (2.67)

from where we obtain

1 1
= ~ K ' (1- AL+ AXAY + ...
K+Y K(1+AY) ( ) (2.68)

W2 = A—AYA + AXASA — ... .

w® —

Identical result may be obtained another way — we multiply equation (2.67) by a propagator,
separate W2 on one side and then solve iteratively

WO =A-WITA=A—(A-WITA)DA = ... (2.69)

This equation enables us to calculate the full propagator approximatively in terms of the 1PI
Green functions. We can also represent it diagrammatically, as shows figure 2.17.

Figure 2.17: Diagrammatic representation of the series in (2.67)

This relation has a profound meaning. It tells us, that the full propagator is in the first
approximation identical to the free propagator and that every higher order of approximation
introduces at least one loop, since those are the basic building blocks of the 1PI Green functions.
This result is confirmed by what we found for the ¢* theory in Figures 2.8 and 2.4. We will show
in the next section, that an expansion into a number of loops is best done in the formalism of
the effective action.
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2.4.8 Loop Expansion, One-Loop Effective Action, Effective Potential

We have discussed above the semi-classical limit of the DS equation which yielded the tree
expansion. What we have not discussed about this solution is its relation to the path integral
point of view. So far, we have not used path integrals in our calculations at all. As is written
in [5], path integral is not as much of an integral in the sense of a continuous summation, but
more of a tool, which transforms differentiation to multiplication, just the same way the Fourier
transform does

0ZJ] _ / D ¢ e 511 (2.70)
0J;

Until now we have worked mostly in the world of differentiation but now we shall start using
the path integrals. Let us try to evaluate the path integral using the saddle point approximation
up to the first order. The integral is in this order of approximation dominated by one term,
corresponding to the minima of the exponent, i.e. by the solution of classical equations of
motion. Therefore we obtain

C
Z[J) = el where 9516 =J. (2.71)
0
We already know, what this solution generates — that is exactly the Born expansion as seen in
Section 2.4.5 and ¢® = . Here, however, we have given it a new physical meaning — that of a
first approximation to the evaluation of the path integral.

We have also shown (see (2.53) and (2.50)) that on this level of approximation, the effective
action is identical to the classical one, i.e. I'[¢°] = S[¢°], which will be useful later on. Let us
now expand on the first quantum corrections coming from the saddle point approximation. In
that case we take into account one more term

1] — gus = SI6°] — 60 + 501 — 6916161 — ) (272

which we put into the definition of Z[.J] and since the third term is quadratic in the fields and
the integral measure D¢ is invariant under translation, we obtain with the help of the general
results from Chapter 1 the generating functional in the following form

Z[J] = N =Sl Het [det (S}? [qu])} o (2.73)

The normalization factor N can be forgotten, for as was already argued, it has no influence
on the results of physically relevant quantities. We would like to be able to interpret the role of
the determinant and possibly give it also a diagrammatical representation. To achieve that, we
use a well known formula

det A = Hai = (i) = Xilnai — eTrind (2.74)

with a; being the eigenvalues of the matrix (operator) A. Using this identity, denoting Si(?) [¢¢] =
AN+ 7[00 = A7 (015 + A rs[0°]) and the fact that det AB = det Adet B we obtain

210) = exp [ = S[6F] = L TrIn(1 + M) + 65| Vet &, (2.75)
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and since vdet A is coming from Zy[J] for the free field theory without sources, we can simply
set it equal to 1 as a part of the normalization. From the definition of the effective action (2.46)
on page 32 and the definition of W[J] follows that

e TWlH+oii — 71 7] = / Dgpe 51071 (2.76)

so we find, that the effective action is in this order of approximation equal to

I[o] = S[¢*] + %Tr In(1 + Av[9°]) = S[¢] + I [g*]. (2.77)

Let us now examine the first quantum correction to the effective action I''[¢°] in more detail.
We expand the logarithm into a Taylor series and shift the sign to the propagator, which would
correspond to defining the propagator with an opposite sing

T[] = 5 Tr((~ Aig) gl + 3 Tr((—Aak)us 6]~ Ay um 6 + -

'] = %(—Aik)%i[cﬁc] + i(_Aik)'ij[gbc](_Ajl)'Yli[¢C] +...

(2.78)

Before we show a diagram, we explain some of the terms here. First v;;[¢°] = Sl(f]) [¢°] contains
all interaction vertices, that have two empty legs ¢ and j waiting to be attached to something
and the rest of the legs are attached to the classical Green function ¢., represented as in the tree
expansion in Figure 2.15. Hence we illustrate it as in Figure 2.18.

Figure 2.18: Diagrammatic representation of the interaction terms 7;;[¢°] coming from the ¢* and ¢*
interaction

Joining these together by propagators in the power series as determined by equation (2.78)
we obtain (for all possible interactions) a diagram shown in Figure 2.19.

IMoc] = 12

Figure 2.19: Diagrammatic representation of the one-loop expansion (2.78).
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Here we can use the tree expansion of the classical field ¢¢ from Figure 2.15 and its general-
ization to other interacting potentials to find the loop expansion in another form, from which we
conclude that the effective action satisfies the classical equations of motion of the tree structure,
but it has effective vertices (loops) instead of the simple interaction vertices as in the classical
theory. Figure 2.20 reflects this conclusion in full generality of interaction

I'oc] =12 éﬂ/zé/ +1/3 T ;\K )

+ +1/4
+

+1/2 Tﬂ/zg/k%Y i . 2 ?% +1/4 [j\i;Jr +

Figure 2.20: Diagrammatic representation of the one-loop expansion (2.78) including the tree expansion.

+

The last thing we mention about the effective action is the effective potential. We have
already used the similarity with the classical action as to the form. Thus we expect, that the
(Euclidean) effective action will be separable into kinetic and a potential part

T[p] = /d4x %A(gp(m)) Oup(x) M o(z) + Ve (0(@)) + ..., (2.79)

with higher derivative terms neglected. Then when we need to explore static field configurations
©(z) = p, the kinetic term vanishes and all we are left with is

Ily] = / a4 Vi () = Vit (9) (2.80)

with 4 being the four-volume of the Euclidean spacetime. Investigating these field configurations
corresponds to searching for the stable configurations in the presence of the effective potential
(which contains the quantum corrections). It is possible, that the effective potential has a
different minimal value (e.g. different vacuum) than the classical potential. This has the effect,
that the theory might (for example) break its symmetry as is the case of the Coleman—Weinberg
mechanism or, as we will see in Chapter 3, the case of the Weyl conformal gravity. Since this
symmetry breakdown occurs naturally only as a consequence of quantum corrections it is called
the dynamical breakdown of symmetry.

The effective potential is useful also for finding “dressed” coupling constant and mass, also
called effective, as (here for the case of the ¢* theory)

2
Meff = d V(f) , and  geg =

d4V (M)
de )

dp?

(2.81)

2.4.9 FEuclidean and Minkowskian Regime

Here we present the overview of how to go from the Euclidean to the Minkowskian regime
and definition of all the object discussed in the previous sections in the Minkowskian regime. We
also recover h to see introduced quantities in full context.
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First we recall our notation — the Wick rotation is performed by a change of coordinates
x — T so that 2° = iz¥ and z° = 2. The classical action is of the following form

1
S[¢] = =5 0aKaydy — Sil0],  with Ky =0f = V* +m?. (2.82)
Adding the source we have

Slo, J] = 5[] — Jaga - (2.83)

The Euclidean action can be found as

Sel¢(x), J(2)] = ~1S[6(2), J(@)]| o _izo == S[cb(ﬂ?),J(w)]ZiSE[cb(ﬂf),J(ﬂf)Hmo:ix(o, y
2.8
which yields

1 .
With this, we have by definition

/D¢> oL Slo(@) /D¢e LSpl0(2).(®)] (2.86)

We must also change the form of the Feynman trick with 5% h 55J and h<S- 57 in the

Minkowskian and Fuclidean regime, respectively. Further, by deﬁnltion of W[J} we have

o EW] — ZJ] = eﬁWE[J} (2.87)

from where we conclude, that

WelJ(2)] = W[ (@)]| om0 == WIJI(2)] = =iW[J(@)]| jo_iz0 - (2.88)
and since W[J] + I[p] = ¢;J; with ¢; = 5W[J] we have also
Telp(@)] = —illp@)]]o-_iz0 == Tle(@)] = Tele(@)]] o0 - (2.89)

We see the transformation rule coincides with the one for the classical action, as is of the effective
action required. These relations conclude this chapter.
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Chapter 3

Zeta Function Regularization

We have already stumbled upon an interesting object in the previous chapters — the determi-
nant of a differential operator. We know what a determinant is for a finite-dimensional matrix,
but taking a formal limit in the dimension to infinity, the matrix becomes a (differential) oper-
ator and the usual definition of the determinant through the sum of all permutations of matrix
elements somewhat fails. We can use an equivalent definition such as that through a product of
the eigenvalues, but we would be extremely lucky, if it converged. To find a finite and meaningful
result (i.e. to regularize the determinant) we use a few tricks. We will expand on some of them
in the following paragraph.

3.1 Brief Overview of Regularization Methods

Here we discuss some well known methods for calculating determinants of differential opera-
tors to obtain meaningful physical results.

e First thing we can do is to retreat back to the finite-dimensional case and discretize the
operator. That means that to an operator O we assign finite-dimensional matrix O,, such,
that in the limit as n — oo we get O, — O. This can be done by substituting derivatives
with finite differences from which we construct a matrix acting on a discretized vector
¢(zy). We calculate the determinant of such a matrix, which will depend on the dimension
n through which we go back by taking the limit n — oco.

e It is sometimes possible in the discretized case to find a recurrence relation for the determi-
nant by applying the determinant expansion by minors. After taking the limit n — oo, the
determinant may be found as a solution of a differential equation specific to each operator.

e Another option is the so-called dimensional regularization. For that we apply the for-
mula (2.74) relating the determinant with trace

det O = "0 (3.1)

where we calculate the trace in a conveniently chosen space, for example

trinO = /d4xln0(:1:,x). (3.2)
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These integrals are, however, usually divergent, which is bypassed by analytically continu-
ing the dimension of the integral measure to real numbers

trinO = lim 7% / d*%2InO(z,z). (3.3)
€—>

Here we must introduce a new constant 1, which carries non-trivial dimension identical to
that of the integral measure dz to compensate for the change of the integral measure.

This regularization was chosen to calculate the effective potential in [1], however the ap-
plicability of this method is in this particular case questionable. The problem arises form
the fact, that in their article, they also use a global topological invariant (a consequence
of Gauss—Bonnet theorem), which holds only in a fixed dimension of four. The aim of this
diploma thesis will be to confirm their result using the so-called zeta function regularization,
which will be the topic of the following section.

Since it will be related to our case in Chapter 3, we also remark upon the so-called dimen-
stonal transmutation. This occures, when the regulating scale 1 does not vanish completely
after all calculations of the integral are done and the limit € — 0 applied. [t was first de-
scribed by Coleman and Weinberg [7], after whom the mechanism was also named. We
will see that similar effect happens also in the case of the quantum Weyl gravity.

There exist many other methods, however, we will mention only one more — the use of the
spectral zeta function.

3.2 The Spectral Zeta Function

It is probably appropriate to begin with the definition of the Riemmann zeta function, which
enables us to make such funny statements as “sum of all natural numbers is —%” or at least give

it a better sense. The zeta function is originally defined as

C(S)EZ%, Res > 1, (3.4)
n=1
nevertheless the function is meromorphic on C and holomorphic on C \ {1} thus it can be
analytically continued to the whole complex plane and the continuation is unique. Due to this
property, we can search for other equivalent formulations of the same function and if we prove
it equals to the zeta function on some subdomain in C, we know from the uniqueness of the
continuation that it indeed is the zeta function. Thus, we have other representations, such as

00 :L‘sfl
¢(s) = 1_‘<18) /0 dz . (3.5)

e’ —1

The most important property is the so-called functional equation, which enables us to reflect
the domain of the ¢ function to the second half of the complex plane

C(s) = 2°7°Lsin (%S)F(l —s5)((1—s). (3.6)

The effect of the domain extension from Res > 1 to Res < —1 is to make sense of otherwise
non-sensical formulas such as
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> 1 - 1 &1 1
;nNg(—1):—12, ;:llwg“(()):—Q, nE:l\/ﬁN (§>:—1.46035..., (3.7)

and some of these even find its use in physics (e.g. the black body radiation) or the string theory.
There are many generalizations of the zeta function (see for example [8]) but we will be
interested only in the so-called spectral zeta function. This is assigned to every operator A with
eigenvalues a, as
|
Cas) =Tr(A77) = —. (3.8)

s
a
n n

Using this spectral zeta function, we are able to regularize (or even define) the determinant
of an operator A. To show that, we first observe that

o0

d d S
Ca(s) _ Z e—shan _ Z e snan Ina,, (3.9)

ds  ds

n

from where after setting s = 0 and employing the property of logarithm we obtain

—C4(0) = Zlnan = lnHan =Indet A. (3.10)

Hence we can define a determinant of an operator through the spectral zeta function as

det A= ¢ €40 (3.11)

which is the key equality to the zeta function regularization.

It seem all nice and clear, but apparently, we still have to solve the eigenproblem to find
the spectral zeta function which is no improvement at all. To bypass the problem of finding the
spectrum we use the so-called heat kernel which we describe in the following section.

3.3 The Heat Kernel for the Spectral zeta Function

Here we aim at finding an alternative formula for the spectral zeta function to the one using
eigenvalues, since they are usually impossible to find. To that end let us define exponent of the
operator A by

K(r)=e ™ =) " e |g) (¢n], 7>0. (3.12)

By definition clearly K (0) =1 and we can discard the one-dimensional projections |¢y,) (1| by
taking trace. The result is then a function of 7

TrK(r)=) e ™. (3.13)

It is unclear how the operator K or its trace might help us at the moment. But let us now
devise an analogue of the integral representation of the Riemann zeta function from (3.5) also
for the spectral one. We start with the integral representation of the gamma function
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['(s) = / e Tl dr = )T = kT‘ = k’s/ e Freldr (3.14)
0 0

where k is a real number. From here, we isolate k™% as

1 1 * kros—1
— = TS Hdr . 1
B T0) /0 e "Tr T (3.15)

Now since the number k is arbitrary, we can choose it from the spectra of A. Moreover, if we
sum over all such choices to get

1 1 o 1 [ - .
Il anT s—1 4 — AnT V571 dr . 1
2 r<s>§/o T dr r<s>/o (Z ) T (316)

We have now obtained a very important formula

Q@):FéLAdeﬂﬂﬁ”dT. (3.17)

This is a new way to calculate the spectral zeta function, without any use of the spectrum of
A. The problem therefore transforms to that of finding Tr K (7). This can be done the following
way — by definition, we know

0K (1)
=—-AK §l
5y (1), (3.18)
and since the trace can be easily calculated as
ﬁMﬂ-/@K@@ﬂ, (3.19)

we are interested in solving an equation for K(z,’,7) in the following form

;_K(x,x/,T) = —/daz" <x‘A}x”> K(z",2',7), where K(z,2/,7)= <x’K(7’)‘az'> . (3.20)
We must also supply the initial conditions for this differential equation which is K(x,2’,0) =
d(z — 2'). We call the operator K(7) the heat kernel since the differential equation (3.18) or
(3.20) has a form of the heat equation — this becomes more apparent, when A is a differential
operator in one variable only, thus (z|A|z”) = D(z)d(x — ") and the integral on the right hand
side simplifies, hence we obtain an equation of the form

%K@fﬂ:—mwmm%ﬂ. (3.21)

The algorithm to find the determinant is now as follows:

1. Find a solution of the heat equation (3.20) for the heat kernel K (z, 2, 7) and compute its
trace

2. Compute the integral (4(s) = ﬁ ST K(r)rtdr

3. Find the determinant as det A = e=$4(0)

We will now demonstrate the process on the ¢* theory.
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3.4 One-Loop Effective Potential for the ¢* Theory

To find the one-loop effective action, we go back a bit to Section 2.4.8 and recall, that the
first non-trivial quantum contribution to the effective action comes from the determinant of the
second variation of the classical action. The Euclidean action reads

1 < - -
Sle] = /d4m iqb(x)( — 812 + m2)¢(x) -+ %(f‘(x) . (3.22)
Hence, we are to calculate the determinant of the operator (see (2.73))

SOg] = -3," +m? + J8%(), (3.23)
where ¢ now denotes the classical solution, which is in the order O(h) identical with ¢ used in
the context of the effective action.

Let us follow the steps outlined in the previous section. First we solve the equation

- 0K (Z,y
( — 3, +m?+ %d)Q(i‘))K(:ﬁ,gﬁ) = —(;’y’T) ., with K(z,7,0) = 0%z - 7). (3.24)
T
The problem can be simplified by separating the partial differential operator into two and first
solve

- 0Ko(Z,y
GIQKO('fv Y, 7—) = O(ax’y”r) ) with KO(jv Y, 0) = 5(4) (j - g) . (325>
T
To solve this equation we perform the Fourier transform from Z — k so that we now have an
equation
0 ~ - _ o~
aiKO(k%yaT) =—k KO(k7y7T) ) (326)
-

for which it is easy to write the solution

Ko(k,3,7) = C(y) e ™ . (3.27)

This must be now Fourier-transformed back (we also include the initial condition setting C'(y) = 1
and adding y into the exponent in the integrand to yield the integral representation of the delta
function in the case of 7 = 0)

d*k T2 T (mp_ o 1 T (z—7)> 1 (z—9)*
Ko(Z,5,7) = Tk g miku (@) = — e A =-——>—e & . (328
0(7,9,7) /(27r)4e ¢ 2m)*\V 7 ¢ 167r27'2‘3 ) ( )

The solution to the equation (3.24) can now be obtained from Ky and K, satisfying

<m2 + g¢2(§:))Kp(£,g,r) = —;Kp(iﬂﬁ) ) (3.29)

as K(z,y,7) = Ko(z,y,7)Kp(Z,y, ) since in our special case of calculating the effective poten-
tial, we set ¢(Z) = ¢ = const in the equation (3.29) as we have discussed in the previous chapter.
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As a consequence of this choice, K,(7) is not a function of any coordinate and we can use
y 2 2, 9 2 - _
— 0y +m~+ 5(;5 Ko(z,y,7)Ky(1) =

= —K,(1)0," Ko(,5,7) + Ko(z,7,7) (m? + g¢2)Kp(at~, y,7) = (3.30)
)
or

0 0

= _KP(T)EKO('C@Q?T) - Ko(ivgv T)EKP(T) = (Kg(j7g,T)Kp(T)) .

Fortunately, calculating K,(7) is easy and we find, that the full heat kernel can be written as

_ 1 _@E-9? _ 2,942
K(#,5,7) = {e55¢ ¢ T(m*+3¢%) (3.31)

At this point it is necessary to make some adjustments. Since the exponent should be dimen-
sionless, we rescale it by 7 — 7/u?, where we have introduced a dimensionfull parameter pu,
(1] = kg = m~! to compensate for the dimension of the m? + %¢2 . Rewriting the result in the
dimensionless form and tracing this function we get

4
Tr K(Z,9,7) = /d4:i’K(:i’,:E,7') = 16#2 SO G /d%‘: , (3.32)
T

and with the use of notation introduced in the previous chapter we will write the integral over
the Euclidean spacetieme as €04. We also note, that the trace of the heat kernel is independent
of coordinates, hence its form will not change upon Wick rotation. This fact will be used later
in the calculations of determinants in Section 4.6

We move on to the second step — calculating of the integral

o] 4 4 00
0 0

We can now make a substitution 7u~2(m? + %(152) — t to obtain a nice form of the Gamma
function

p TR T [ s T I G
Q 8 = QuT(s — 2). 3.34
1672 [mQ + g¢2} 4/0 ¢ 1672 [m2 + gqb?] s =2) (331

Substituting this result back to the formula for the spectral zeta function one obtains

1 o0 N I'(s—2) p p? 52
—— | TrK(r)r* 'dr = Q
I(s) /0 PR AT = e 16 m? + 442 4+

where we use the fact, that the Gamma function is a generalization of the factorial I'(s—2)/T'(s) =
1/(s —1)(s — 2). Hence we write

1 1 4 2 s
Cals) = (5_2 - 1) s [m2ig¢2] o (3.36)

Ca(s) = (3.35)

This thus concludes step two.
The last step is to find det (—55,;2 +m?+ %gf)?) = (’(0) which is a simple calculus
48



4 2 g, .2\ 2 2
/ M me+ 5 3.1 H

Here again we stress the fact that there is no explicit coordinate in the form of ¢’(0). This is to
our great benefit, for the result would be identical if we calculated it in the Minkowskian regime.
Thus, we will be able to use this exact result in Chapter 4, where all calculations are done in
Minkowskian regime.

Let us now find the Euclidean effective potential (see (2.80)) as

Pl = Verrlplu = (Viel + V'], (3.39)

where V is the classical potential and V! is the one-loop contribution. Further by definition
(see (2.77))

—1/2
e Tlel+Jidi _ e—S[¢]—F1[¢]+Ji¢i — o Sl+eidi [det (Si(g?) [¢])} , (3.39)

we obtain a relation for the one-loop effective potential to be

—-1/2 1
e 0 — V9% — [ et (5[] | = V[ / d'z = 3 Indet (S5 [¢])
1 (3.40)
VI = =5 20
and from here we see, that the volume integral {24 will cancel on both sides of the equation.
The complete potential (the classical 4 the one-loop correction) reads (see c.f. [3])

1 g 1 g N2[ 3 m? + 42
V(9) = 2m2¢? + L gt (m2+2¢%) | =S+ (25 )| 3.41
(¢) = 5m7¢" + 0"+ oo s (m™ + 5S¢ 5 tin e (3.41)
Having derived the form of the effective potential, we are now able to calculate the effective mass
of the field and also its effective coupling constants, as proposed in Section 2.4.8.

PVE@OD  ,  m m?
M = g =m’ 4 1287r2[—5+21n (P)} (3.42)
We see, that the mass of the field changes, but also that we have and arbitrary parameter p of
the theory still in present. It is, however, possible to expressed it with respect to the coupling
constant, which makes the potential a parameter of m and g and their scaling relation.
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Chapter 4

Weyl Conformal Theory of Gravity and
Its Quantization

This chapter will be devoted to the study of Weyl conformal theory of gravity and its quantum
extensions. It is an example of a fourth-order theory with an action quadratic in curvature,
containing all possible terms from R, R,,R*" and R,,,,R""P? in such a specific combination
that the resulting action is conformally invariant. As a part of a general study of Riemann
curvature tensor we stumble upon Ricci decomposition, where we find a traceless Weyl tensor
which is conformally invariant. The action must be therefore composed of the contraction of
this Weyl tensor. We will first present arguments, why conformal theory should be the right
extension of GR and a good basis for a theory of quantum gravity. We will then show, how the
general action can be simplified and perform its expansion into a linearized theory. Our next
focus will be on the discussion of quantum conformal gravity with its implications found by P.
Jizba, H. Kleinert and F. Scardigli in [1].

We note, that from this chapter on, we are working in the Minkowskian regime again. The
reason for that is, that in curved spacetime, the Osterwalder—Schrader theorem does not hold
and the Euclidean and the Minkowskian regimes are, in general, not equivalent. The question
then arises — which of these regimes is the correct one to use? There are physicists (among them
was for example S. Hawking), who postulate the correct form of the gravity to be Euclidean,
nevertheless we will avoid this discussion and work in the Minkowskian regime assuming it is
closer to physics.

4.1 Physical Motivation

First we pose a question as to why should the conformal symmetry be important? Generally,
we use symimetries in physics to simplify problems — nowadays we use the symmetry of the
Lorentz group as a starting point of our theories, requiring that the laws of physics are invariant
under the action of the Lorentz (Poincaré) group. Assuming the system is invariant under
space and time translations enables us to make physical predictions about far away places and
both future and past times. Rotational invariance, on the other hand, guarantees isotropy and
independence of direction and invariance under boosts tells us the laws of nature are independent
of the speed of any observer. However, we have huge problems making predictions about different
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(energy) scales'. All perturbation approaches always assume the perturbation to be small i.e.
the energy of the system must not change too dramatically. The Standard Model can predict
to about a range of 1 TeV and our largest experimental apparatuses probe the energy scales of
around 14 TeV, but we are still blind at greater energy scales, such as those needed by the Grand
Unification Theories (GUT) 10'3 TeV or the early stages of the universe 1030 TeV.

This would be elegantly resolved by the conformal invariance, whose physical interpretation is
that the system must behave identically on all scales. This would be the missing symmetry, which
would enable us to easily predict the behaviour of the system on any energy scale. However,
except for some rare examples, the nature is not scale invariant. We must therefore assume the
symmetry breaks during the evolution of our universe, giving birth to scale ~ mass. We will
show results confirming precisely this hypothesis.

One of the examples of systems that are scale invariant (are of fractal character) are systems
undergoing a phase transformation. It is known, that some information about the system gets
lost during a phase transformation (thus the process virtually violates unitarity). The conformal
theory of gravity can therefore be a good candidate for the description of the first moments
of existence of our universe. Whether it was the hot/cold Big Bang or the aftermath of Big
Crunch, either way the process can be thought of as a phase transformation and conformal
theory is appropriate for its description.

This early universe argument is strongly reinforced by cosmological observations, finding the
most probable inflationary scenario to be curvature-driven thus best described by the Starobinsky
gravity. It is assumed that our universe underwent an era of extreme expansion — the inflationary
era — which lasted about 1073%s and during which the size of the universe grew approximately
e?0+50_times. From the quantum mechanical veiwpoint, it is important to assume, that all fields
that were present during the wild early moments of our universe must have fluctuated wildly.
The inflation, however, caused an (almost perfect) smoothing out of all these fluctuations as we
infer from the Cosmic Microwave Background (CMB) data. This is the basis for our present
Standard Model of Cosmology.

From our phenomenological observations we are able to make some guesses about what the
structure of the universe must have been in order for our universe to be as it is now. Right now, we
are desperately waiting for gravitational waves coming from the inflationary era to be detected.
What we have at our disposal at the moment are observations made by Planck and BICEP of
the CMB, from which we are able to infer for example the Q)-parameters for energy content of the
universe and the ratio of energy contained in tensorial or scalar modes of fluctuations present in
the early universe matter. The tensor-to-scalar ratio of tensorial modes (the metric tensor) and
of scalar modes (the assumed inflaton field, temperature etc.) is today at value r < 0.11 |9, 10].
In figure 4.1a and 4.1b, we see, that this ratio is theoretically best reached by the Starobinsky
model, which takes for a source of the inflaton field (the field assumingly responsible for the
inflation) higher orders of the curvature tensor — R?. This is extremely important for conformal
gravity because Starobinsky model arises in the conformal gravity as a low energy limit after the
breakdown of conformal symmetry [1].

!Scale in this context is either length, mass or time, since these are the three units, that can be all set as
[] = [t] = [m]~! = L by the choice of the speed of light ¢ and the Planck constant £.
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Figure 4.1: Joint data results from experiments Planck, Wilkinson Microwave Anisotropy Probe (WP)
and Baryon Acoustic Oscillation (BAO). Two shades of each colour represent 68% and 95% confidence
level within the chosen experimental data. The data show the tensor-to-scalar ratio and its relation with
the scalar spectral index ng, which says how much the scalar fluctuations changes with scale. Since the
observation shows that the fluctuations were not uniform on all scales, we must choose a pivotal scale
k. = 0.002MPc ™! to obtain the data. Theoretical predictions of inflationary models are plotted as color
segments. N, denotes the e-folding number, which is a parameter of the inflationary models. It is clear
that the data favour the R? inflation model i.e. the Starobinsky model.

(a) Data from the 2013 data analysis, taken from [9]
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4.2 Mathematical Background

Let us define a Weyl transformation as

gm/(x) — Qz(x)g,uu<x) . (4~1)

The Weyl transformation (or scaling transformation) is one of conformal subgroups, generated
by a conformal group. In 4 dimensions, the conformal group has 15 infinitesimal generators —
6 Lorentz generators, 4 translations, 4 conformal boosts and 1 scaling. All except the Weyl
transformation are already included in general diffeomorphism invariance of general relativity
since these transformation act only as a change of coordinates. Thus, working with a generally
relativistic theory it is sufficient to add only the Weyl transformation to obtain a conformally
invariant theory.

All conformal transformations leave angles invariant, which can be easily seen from the defi-
nition of the cosine of an angle 6 between vectors X*# and Y¥

cos(0) = g XY . (4.2)
V9w XXV gogY oY P

Next we put forward some useful mathematical result that will be needed in the following
sections. Let us begin by writing the action for the theory

8 (0%
S = —ag/d‘lx\/?gcaﬁws(? o (4.3)

where a. is a small dimensionless coupling constant and C,gs is the so-called Weyl tensor
defined as

1 1
Caﬁ'yé = Ra[o"y& - §(ga[fyR5],B - g,B['de]a) + gRga['ygé],B ) (44)

It is clear that the action (4.3) is conformally invariant since (5, is and we can write the
integrand as

5 _
Caﬁvdcaﬁ’ya = Cgaﬂsga,ugﬁyg’ypg Ucﬁpo —Q 6+2C§€y§gaugﬁyg’ypgéocu

vpo

(4.5)

where the term Q7% cancels out with the term from the transformation rule for the determinant
g = det g, — 08g. Using the definition of the Weyl tensor, known definitions for contractions
of the Riemann tensor and (a+ b+ c)? = a? + b + ¢® + 2ab + 2ac + 2bc we rewrite the integrand
of the action as
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Caprs come =

1
= Z (gowR&B - ga6R'y,8 - g,@’yRﬁa + g,B(SRVOc) (goryR(SB - gOé(SR’Y/B - g,BvRéa + 9,35R’ya) +

1
+ Rop s ROPY 4 %RZ (9ar968 — Gasgs) (9°79°° — g*0g7P) -

1
_ Raﬁfyé(g(wa _ ga‘st _ gﬁvR&X _1_9/351:3706) + RaﬁyagR(g(”g‘w _ goc5gvf3)_
1

- g(ga’yRéﬂ - goc(SR’yB - 967R5oc + gﬁ(SR'yoz)R(gcwgéﬁ - gaég'yﬁ) =
1 1
= Rapys R + 14(4RQQRC“5 — RagR*® — Ryg R + R?) + %RQ (4-4+4-4—4—4)—
4 4 24 4 12
— 4RosR® + —R® — ZR(4R — R) = Raps R — 2R 4R + R2(1+ — + ~ — =)
6 6 36 6 6 o)
4.6

so we can equivalently write the action (4.3) using the Riemann tensor, Ricci tensor and the
Ricci scalar as

8 1
S === [ a'o V=g [Raps R — 2Ro R + SR (4.7)

T2
ac

The action can be further simplified with the use of the Gauss—Bonnet invariant

G = R*—4R"™ R, + R*" R0 , (4.8)

since the term /—g G contributes only a total divergence term — the Gauss-Bonnet theorem. It
is important to remark, that the above Gauss—Bonnet theorem holds only in a fixed dimension
of four. Using the theorem, it is possible to subtract the Rango‘[M term from the action and
get an equivalent action in the form

1

[ —
42

1
dz v/ —g (RaﬁRaﬁ - §R2> : (4.9)
The action in this form retains the conformal invariance and also exhibit the general diffeomor-
phism invariance. Variating this action w.r.t. the metric yields the so-called Bach’s equations

%gaﬁ (RYRys — %RQ) — V(R — %Rgaﬁ) + RO — %RW =0. (4.10)

Now we see again that the equations are of fourth order in the metric. It has been shown
[12], that the ensuing linearized equations have six plane wave solutions corresponding to six
propagating physical degrees of freedom — massless spin-2 graviton, massless spin-1 vector boson,
identifiable with photon and a massless spin-2 ghost particle. This will also be indicated later in
our search for the effective potential.

4.3 The Linearization of Weyl Gravity

To linearize the theory, we take g,, = nu + achuy, nu = diag(+, —, —, —) being the metric
of a flat spacetime, o, the small coupling constant from the Weyl action and h,, a disturbance.
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It is not possible to assume anything about the h,, since it later appears in the path integral
measure, hence it must run over all possible field configurations.

We now find contribution to the action to the lowest order of a.. Let us start by the linearizing
the connection

1 1
Lapy = O‘Ci(gaﬁn t Gary,s — gﬁ%a) = 0‘65 (haﬁﬂ + hay,p — hﬁ%a) + O(O‘g) . (4.11)

Next we recall the definition of the Riemann tensor and substitute result for the connection to
find

Raﬂ'yé = Paﬁé,'y - Faﬁ%(s + Fa'yargé - Fa&rr%y =

1 |
= o (haps + hasp = hosa) = deg (hapy + han g = hgpa) 5+ 0(00) = (412)

1
= aes (has, gy + 5,06 = 13,0 = Dy, 95) -

From here we find by contractions, that the Ricci tensor is equal to

1
Ry = oy (hawa + 1%, e — Ol — haavw) , (4.13)

where [ = 0, 0. Tracing again, we get the Ricci scalar

R=oa(h* 5 —0h,) . (4.14)

Since all curvature terms are squared on the action, it is clear, they will be at least of second
order in .. We shall now find all the terms from the action (4.9) in the second order of a. to
have everything ready for further calculations. We begin wit the square of the Ricci tensor

AR R0 = (R o B o = Oy = 1% ) (A7 4 ROV Py — DR — 1%, ) =

W, Vo v, b o, pv
A B C D
= ha,uﬂ Vahﬁu :jﬁ + hal/» lu'ahﬂy 7“5 + ‘:’huyljh‘uy + haaz.u‘l/hﬁﬁvuy +
o) ® ® @ ® ®
+2 [ N e R e N e L) Ly LN NS thhﬁﬁﬁ”} .

(4.15)

As we are searching for terms that will be put back into the action, we are not interested in total
derivatives. As a consequence, we can shift the derivatives in the products from one term to the
other compensating by an extra minus sign for every shift and forgetting the total derivative
terms. Thus, for example

R, b 5 = — 0%, 0950 (4.16)

My, vex

where the symbol ~ reminds us, that the total derivatives are not taken into account. We
rearrange the terms one by one, obtaining relations

A~Br~—9,h%,005h%,  C o hy 20, D~ b, 0707,

Q=h, Wy, @2@~-A, @~@®~6.
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Using these results, the square of the Ricci tensor can be written as

2
Ry R™ = O‘Z 200 h iy, Ogh™ + hy P 4 WO, 200 5 4 217 0P — 2o, ORP |

(4.18)
The square of the Ricci scalar is easy to obtain straight from (4.14)

R? = a2(h*? ;- 0Ohe,)?. (4.19)

We must not forget to expand the term /—g = \/— det(nu + achyy) into a series in .. To

that end we use §\/—g = 2\/1_79(59 and the definition of g

det (1 + orehy) = det(1,a) det (53 + acnaﬂhﬂy) = 7 det (53 n acnaﬂhﬂy) . (4.20)

Now we compute the determinant with the use of the trace-log formula

1
det (53‘ + acnaﬁhgl,> =expTr ln<1 + acno‘ﬁhg,,) =expTIr (acno"ghﬁy — 2043170"8}1/37777%5,,) =

1 1 1
= exp (ach®, — iagho‘ﬁhaﬁ) =14+ ach®, — iagho‘ﬁhag + Zagho‘ahﬂﬁ ,

(4.21)
and now by the definition of variation
a 1 21 a8 1 2 1B
det(nu + achy) =n+dn=n+ n(ach Y — iach hap + Zach h ﬂ) . (4.22)
Using the fact, that n = det n,, = —1 we find the variation of \/—g to be
Q¢ o az a 1B af
Vg =14 R+ g(h 75— 2h haﬁ) . (4.23)

4.4 Hubbard—Stratonovich Transformation, Linearized Action

This section will be devoted to recovering a specific form of action used by P. Jizba and his
colleges in their article [1]. To be able to make an easy comparison of the results, we will follow
their notation. It is important to remark, that since we are interested in the partition function
Z and since any physically relevant quantity derived from Z is insensitive to the normalization
of Z, we will, in the course of our computations, usually forget all extra numerical factors.

We start this section by writing the Weyl action again

1 4 v 1 2
v /d a:«/—g(RWR“ - R ) (4.24)
The overall goal of the rest of this chapter will be to show, that the quantum Weyl gravity

dynamically breaks its conformal invariance and turns morphs a the Starobinsky gravity after
the breakdown. The Starobinsky gravity is described by the action

A=—

_ L 4 2 p2
Asi =5 [ d x\ﬁ—g(R—g R ) , (4.25)
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where k2 = 817G = 87T/m%lamCk = 5.10"0kg?, G being the Newton’s gravitational constant and
¢ is a small constant for which the observations of the CMB give constraints &/x ~ 10° [9, 10].
We will take several steps to change the form of the action (4.24) to show it indeed transforms
into the Starobinsky gravity.

The first part of this section will shortly introduce the Hubbard—-Stratonovich transformation.
We start from the one-dimensional integral identity

1 & v2 .
= 47ra/ dy e” 4%V (4.26)
—00

which can be generalized analogously to the first chapter to

d/2 % _
e AT = (;) (det )~/ / ddy e~ iy A y—ieTy (4.27)
a —0o0

and sending the dimension to infinity, we formally obtain

exp [_/ dfdyﬂx)A(x,y)f(y)] - / Dge 3 /oA o) =i fdnf@ole) - (4.98)

In our notation, we thus write
e—f:chyfy — /Dg e—%ng;Lgy_if:ch X (429)

This so-called Hubbard-Stratonovich (HS) transformations enables us to substitute a quadratic
term f? in the exponent for a linear term at the price of introducing a new variable g. With this
transformation also arises a new (divergent) constant N, but we include it in the measure Dg.
We will use the HS transformation on the R? part of the action to obtain a new (dimensionfull)
scalar field A and to reduce R? to R. Specifically, we transform

e4r = exp (12;2 /d% \/ng2> - /D/\ exp [— i/d4x\/fg(3a2A2 + RA)} , (4.30)

and to obtain the same result as in [1]|, we rescale the field A — \/2

oiAp2 /D)\exp —1/d4x\/7< c)\2+R)\>} (4.31)

Here, the dimensions of A are the same as those of R, namely [\] = L2 in order to have a
dimensionless action.

To reproduce the complete action as in [1], we further use a trivial identity 1 = cosh? §—sinh? 6
on the R? term

A=— 4 — d*x \/—gR,, R" + (cos.hzﬁ—sinh2 0)— 502 /d4x vV—gR?, (4.32)
a?
and apply the Hubbard—Stratonovich transformation only to the part with sinh 6 (which effec-
tively means we rescale a2 — —a?/sinh?6). After denoting sinh® = S and coshf = C for
brevity we get
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- %A : (4.33)

Alg N /d4 V=l = Ry & gy B0
= ‘/1;' —_ _

Juw g 42" M 12a2 452

We see now, that the trivial identity 1 = S% — C? provided us with additional term R? in

the action, which is crucial if we want to obtain the Starobinsky model. To make to comparison

even easier, we rescale the field A — A\/k?, so that we can easily identify the terms present the

action with the Starobinsky model. Due to the rescaling, the field A became dimensionless and
we can now write the final form of the action with two dynamical fields g, and A

A—/d4x\/— ~ L Ry ¢’ R? + 3 - Ly (4.34)
- 9|7 gaz 1202 482t " T 2527 '

By comparison with the Starobinsky action (4.25) we see, that % corresponds to &2/2x>
and that the long-range behaviour of the Weyl gravity will coincide with the Starobinsky model,
when A = 1. That this is possible will be our goal to show.

For future calculations is interesting to discuss the magnitude of each term present in the
action. Since o, ~ Cr/& ~ C107° is our small parameter of the expansion (thus surely o, < 1),
we see, that the first term is of magnitude C~210'° — C~2, the second one 10'°, the third one
C?57257410719 (which for S > 1 or C' > 1 goes to x*10710) and the last one is of magnitude
k2. Since k2 = 5- 10 'kg? we immediately see that the last two terms are of magnitude
~ 10%2kg™2 and ~ 10'7kg ™2, thus they clearly dominate the action. It is therefore sufficient
to expand the first two terms only up to the order ol as any higher terms would be further
suppressed by the fact that a, is small.

This suppression is, however, not so significant in the last term, where the expansion into
higher orders of o is compensated by £72, hence we will expand the last term up to the second
order of a,.. We notice here, that the results prepared in the previous section do not provide
v/—gR up to the second order. In this place we refer to [11] for more precise result

V=gR = ao(h 5 = Oh%,) + of [;mv(h"‘ﬂ,aﬁ —0h%,) — hay (2% Ve

—Oh®) + 1(3h5%ah5% — g, BT — AR B AR WP P B )} ,
(4.35)

After rearranging the derivatives and forgetting the total derivative terms, we can substitute in
the action term by term the following expressions

2
N%

V=g R R~ [2 Dah ™ Oy Oph™ + by TP W + b 205 5 + 2(h ,)? — QhQTQVDh*BB}
V—gR?~a2(h*® . —0Onr*)?
c af «
7 Oég o 7 « v 1 o 1 o
V=gR ~ —a,0h + ?( — WOk + b k™ 5+ 5hasD™? + Sh aDhﬁB) :
(4.36)

where we have already used notation h introduced further down the text.
Before we substitute these terms into the action, we set A = A 4+ A and use only the the
expectation value of the field A\. This corresponds to the choice of ¢(z) = ¢ from Section 3.4 for
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the calculation of the effective potential of the ¢* theory. Another consequence of this choice
is, that A is no longer a dynamical field and therefore we do not integrate over it in the path
integral.

It is apparent the terms the in the action are very distinct in specific ways, hence we will
work with the action piece by piece. Firstly, the term proportional to A? has no way to merge
with the other terms and will survive in this form until the end. Secondly, the last term with
1/2k? will also survive separately, however, the first two terms will merge in some way. Let us
separate the action as A = A; + A2 + A,.—2 and focus on the A; part first

1 1 1 1
Ay :/d4:n [— & Oah D, O5h™ — S by PR — e DW= < (h°,, )P
(4.37)

av B C?
+8h LUh 5+

« a \2
12(h5 _Dhoz)

To systematically simplify this part of the action, we will use the knowledge about the con-
straints. As the theory is conformally and diffeomorphically invariant, we must fix a gauge. The
diffeomorphism constraint is put on functions x* = J,h*” and the conformal constraint is put
on x = h = h%, —9,019,h* [13]. We further denote an operator H,, = %8 0y — Onpy to
follow [1]. We will now try to identify these newly denoted objects in A;.

First we notice, that Oh = Oh®, — 9, 0,h* is present in the last term in the second line.

Moreover we rewrite the square of this term, forgetting total derivatives, as (Dﬁ)2 ~ BDQE
The definition of H,, can be used in the first term to extract Un,, = 3 Oy After
substituting this expression into the first term, we get — d,h**n,,, aghﬁ“ o~ (9 h* “HW 8gh5“ +

Fh, h’B v "5, With the use of these identities, we find this part of the action to turn into

_ 4 B o 2_i 2 V_ia 25_1 « 2
Al_/d [8h“H Oph™ + = (h“) TP R — 2o h DR — 2 (R 0,)

1 c?. -
—pv  Op? —hDQh —
TR T ]
= /d%: N N Ty e R A e
g v 7B 16\ som 16 16 o "8
1 av B 02 27 ]
+ gh® O g + S5 hOPh|

(4.38)

Next we notice, that the second and the fourth term are equal to (ho"fw)2 + ho‘aD2hﬁﬁ ~
(OR)* + 2h™ o, Oh° y ~ RO + 20 0,0k’ ;. Thus, we can simplify the action again

1 1oy 1 ,
Ay = / diz [8 Oah™ Hy, O5h™ — — (RO?R + 200, D07, ) — O

+ lpor s +C—2BD2B = (4.39)
g w— B 19 a '
1 _ - /C? 1 1
= [ d*z | = 9., h"H ,, O5h°* + h2h(— — — ) — —h,,, 0P| .
/ anga po O™ + (12 16> 16"

These terms are already present in the action written in [1] hence manipulations with A; are
now complete.
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We now turn our attention to the A, -2 part of the action

1 _
Az = =5 d'z /=g R\ =
N T S+ Qex(— ho OB b o m% 4 Ln o omes 4 Lpe opf
_—2,{2 T |— Q¢ +7 (_ a + ,an'uz/ 7[3+§ aﬂ +§ o ﬁ) .

(4.40)

Comparison with the article tells us that the term linear in a, is already in the correct form.
There is, however, lot to be done with terms in multiplied by 2. We transform the first term in
the round brackets using h®, = h + 9,071 9, h*

—h®,0h = —h0Oh — 9,071 9,A* 0%, + 0,01 9,k 09,071 9,h*”

o 441
~ —hOh — W O, + W 07?7 44D

po*

and insert an identity (07! to the second term to be able to use U = %8“ 0, — H,,, again

1
ha#’amilmn“”hﬁyvﬁ - §hau7aD71 O &/hﬂy,ﬁ - ha#,ozDﬂHuuhﬁu,B =

1 (4.42)
g h O g, = ke O
With the use of these identities, we rewrite A,—2 so that it now reads
1 4 e N 1 a? -
Ape == o5 [d [— AR = ZEAhOh — =X 0 h™ 0™ Hy, dphPH 4 Zcxhaﬂmhaﬁ—
Oy e a2 (PN otk % She O’
o = T e 5 Ty v po T M= g
(4.43)
Lastly, we notice that the whole second line can be transformed into only one term
05(2:— « B uv a uv -1 po 0‘2" 7
Z)\ he 0h" g =20 O, + Y U7 R ol = Z)\hDh. (4.44)

This term is already present in the action with coefficient —1/2, so we only add these two together
to obtain —1/4. This was the last thing we needed to do since now we finally have identical
result as compared with the article. Putting everything together, we obtain the action in the
following form

1 C? 1 o
A=—— [ dtgn,, 020 /d4 Ouh®" H,,,, O5hPH (7 _ 7) /d4 hOI2h—
16 ) ¢ tg)d® w o157 16 v
1 4 Nmi2 O‘(szf A ag* ap——1 Bu ag* af
3043 4 32
+ 152, /d T\,
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We introduce notation as in [1] so that the lineaerized action can be put in a more compact form

1 C? a? o

—— =)~ oL, 4.4
16 12) 8&2A (4.46)
With this notation it is possible to rewrite the action so that it is identical to that used by
P. Jizba and his colleagues

O l= 2%, et:(

2
3oz

2
o E R CE T

A= / d'z | = hyu AT = DuhH B Hyy Dgh™ — R +

4.5 Quantization of Weyl Conformal Gravity

We formally define a quantum theory based on the Weyl gravity by

7 = Z /Z Dy e (4.48)

where ¥; denote topologically distinct manifolds and where the measure Dg,,, must be further
treated by the Faddeev-Poppov method as the system has gauge symmetry Diff X Weyl(%;).
We must also include factors of (—det g, (¢))“, where w = —5/2 in the Misner’s convention or
w= (D —4)(D+1)/8 in the De Witt’s convention (D is the number of dimensions). There are
also many other conventions, but here, for simplicity, we choose to drop this term (effectively we
choose the De Witt’s convention since we work in D = 4).

In our case there is no more integration over the scalar field A as explained before and since
we linearized the theory we substitute Dg,, by Dh,, which is now our only dynamical field.
Hence, the partition function turns into

Z = Z /E Dy DAL = (Jox” — ¢*] det(Mp) det (Np) et (4.49)

The Faddeev—Poppov term for the coordinate gauge is known to be (Mgp), = —0Onu, —
9,0, [1] and Ngp = (D — 1)6P)(x — y) for the conformal gauge. As the operator &(z — y)
correspond to an infinite-dimensional unit operator it follows that the determinant det(Npp) is
just a number, and as such will be included in the normalization. The functions J[-] play the role
of constraints stemming from the gauge symmetry of the theory. We have already introduced the
functions y = h and y¥ = 0uh* in the previous section. The constraint will be set by equating
these to an arbitrary function ¢ and (¥, respectively — we will use this liberty of choice in a while
to simplify all calculations.

The action that shall be used is given in (4.47). We use the property of exp to separate the
terms of the action into a product of exponents, each of them playing a different role

; ; v 3 n : 7 7 : 30‘% )Y
A _ i Jd*zh, AT e—lfd4xx BHuux* o Jd*zhed?h e—lfd4:£452ﬁ4 2 ‘ (4.50)

e
It is now possible to regard these as a product of integrals and thus calculate each term separately
using the general theory of Gaussian integrals. For example we conclude that the first term yields
/ Dhy,y e 4 kA2 _ N et (—92) 712 (4.51)
b}
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Here, however, we must be careful about the dimension of the representation space of each
operator, i.e. on how many fields it acts. Simply put, h,, represents 16 individual scalar fields
cumulated into a tensor field by notation. Of course, not all of these fields are independent, as
hy is symmetric in its indices. Thus, we have 10 independent fields originating from hy,,, 4
from x” and one from x. This must be taken into account, hence we will denote the operators
accordingly (e.g. QLD,QLW).

We must also deal with the constraints given by the delta functions. As will be seen shortly,
these work to our advantage, due to the so-called t’Hooft averaging trick. The idea is as follows
— since the function ¢ (or ¢¥) is arbitrary, why not average over a Gaussian distribution on the
space of functions defined by an arbitrary symmetric operator O7 In this way, the constraint
turns into

S[x — ¢] = Vdet O/DC i OnCugy — (] = o'/ XOX(det 0)/2, (4.52)

where the determinant arose from normalization. This trick gives us a way to cancel some of the
exponential terms in Z by a convenient choice of O, which will create an exact counter-term.
Since the constraints are on x and x”, we are able to cancel the two middle terms by choosing
O =BH,, and O = ¢[1? (they surely are symmetric), respectively.

After the cancellation of the two terms with the help of the t’Hooft trick and calculating the
last Gaussian path integral, the partition function obtains the following form

2
3ag

Z = N det(Mpp) ( det(%HW)XV) 3 ( det (€D2)B>% Z/ Dhy e—ifd4mhw2im2huv ol152,:7 A fdtz _
PR

. 3a2

= ¥ det(Mep) (det(BH,),..) 2 (det (€),) [ der (R )] eastiarion,
(4.53)

where we have denoted €4 the volume of the Minkowskian spacetime. Now we use the fact that
det(AB) = det Adet B and the discussion about the dimensions of the representation space of
the operators (the constant N is unimportant and may change between two equality signs!), as
well as the fact, that B ~ 2 to write?

. 30% N
Z = N(det Myp)(det BH,, )"/2(det €12)"/2(det —AD2)~10/2 elaszaa X' —

2.2
3ag

— N(det Mpp)(det Hy,)2(det %)~ "2 (det €)1/2(det(—0)) 10! elzsza ¥

(4.54)

Now we must simplify the determinant of H,,, and of the Faddeev—Poppov operator (Mgp),, =
—nu — 0y, 0. Let us start with the Faddeev—Poppov term. We use the properties of determi-
nants again, which enables us to extract one d’Alambertian out of the determinant

det(—06", — 0" 9,) = det(—0) det (6", + 907" 9,), (4.55)

and the rest can be easily calculated with the help of the trace-log formula

?Here we are somewhat vague about the signs. We use the property of the determinant det(cA) = c™ det A
from finite dimension to forget all constant infinities. The question, however, arises, when we were to extract
—1 this way from the determinant. Since this might be a very illegal operation, we will keep the signs in the
determinants and, when situation arises, cancel them between themselves.
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-1
det (8", + 0*07"' 9,) = exp TrIn(1 + D)L = exp Trz (k

—expz Dk —expz

(4.56)

This is clearly a convergent sum, i.e. a finite number and as such will be included in the
normalization and forgotten.
Let us now proceed by calculating the (det H,,)? ~ det(H,, H"?) in a very similar way

1 1 1 2
H,, H = (5 Oy O — O ) (5 0" — O ) = 00,0 = 200,00 + 0%, =

=*(8h — za,ﬁrl o),

(4.57)

thus again we can extract the square of thed’Alambertian out of the determinant and calculate
the rest with the use of the trace-log formula

I
det H,, H"? = det(DQ) exp Tr ln<1 — iD)

= det(0?) exp {zk: % (i) k] : (4.58)

v

We find that the sum converges again, hence will be forgotten as an unimportant number. Now
that we have found the determinants, we must remember that Faddeev—Poppov operator carries
two Lorentzian indices (i.e. it acts on a Lorentzian vectors) which has to be taken into account
by raising the power of the determinant to 4. All in all, we obtain

(det Mpp)(det Hy,)? ~ (det(~0))" det(T?) = (det 0)°. (4.59)

We can now substitute this result into the expression for the partition function and see, that
there are now only two non-trivial determinants left

. 304% N
Z = N(det2)~3(det @)1/2(det(—0)) 3 e 1sza N M | (4.60)

Here we recall we have already discussed the number of degrees of freedom in the linearized
theory. The fact that the free linearized theory contains six propagating degrees of freedom can
be seen also here, after rewriting (det(—))~3 = [(det(—D))_l/Q]G. Traditionally, each term
(det(—0))~1/2 corresponds to one of the degrees of freedom, hence we see there are six of them.

This argument might seem vague, as there are inverse d’Alambertians present in 2, 8 and €
(see (4.46)). From the definition of these operators we see, however, that each [J=! is multiplied
by a.. This parameter will however be vanishingly small (or even zero) in the case of the
linearized theory, therefore the operators 2, 8 and € contribute in first approximation only by
a constant.

The last thing left for us to do is to compute the determinants of the operators 2, €. We do
so in the following section.
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4.6 Functional Determinants, The One-Loop Effective Potential

The goal now is to find out, whether the one-loop effective potential obtained from the
partition function (4.60) coincides with the one obtained by the authors of [1]. In their article,
they used dimensional regularization to calculate the remaining two determinants (det 2l and
det €), which is (as was already argued) inappropriate in this context, since we rely on the
Gauss—Bonnet theorem valid only in a fixed dimension. To confirm and improve the validity of
the results we employ in this thesis the zeta function regularization.

The calculation of determinants of 2l and € should be quite easy since they are analogous
to what we have already computed in Section 3.4. Even though the calculations were then
performed in the Euclidean regime, we have already emphasised the fact, that relevant results
for the trace of the heat kernel and thus also for {’(0) are independent of coordinates, hence can
be immediately used also in our calculations.

In Section 3.4 we calculated the determinant of the operator O + m? + %(b, where m? + %(b
is simply a constant. This operator has clearly the same structure as the ones we are trying to
calculate. We begin with the operator 2

1 2\ 1 202\
o= L %A Lo <D + O‘C”\> : (4.61)

16 = 8k2 - 16 K2

where the multiplicative constant is unimportant and with the help of the property of the
determinant, we are now interested solely in

202\

det(0+ A), where A=—C—.

. (4.62)

Inspecting the physical dimension of the operator 1+ A, we find that both the d’Alambertian
and the constant carry a dimension L=2. We must therefore introduce a dimensionfull constant
(also called regulator or regularization mass scale) u, [u] = L and compute the determinant of
(O+ A)/u?. We can now basically copy the solution from the ¢* case, where the ¢ function was
equal to

1 1 ,U4 Mz 5—2
Corawe) =\ 5~ 577 )62\ a) M (4.63)
which yields ¢’(0) after trivial differentiation as
4 23\ 2 2y
I 2a;A 3 202
C/<0) = mﬂ;; ( /112&2) |:2 —In </,L2,‘§;2 . (464)

From here we find the determinant to be equal to by definition (3.11)

O 202X it 2023\ [ 3 202\
det<u2 * %2u2> B eXp{ - 32W294(ﬁ2u2) [2 - <ﬁ2u2>}
o ai\? all 202\ 3
=expy —5 n - = /-
P 8rzpt™ K2p? 2

We proceed similarly also in the case of the operator €, where we use the fact, that
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1 C? 13 —4C? 45?2 +1
I 2l (4.66)
16 12 4 12 48
and therefore the operator can be written as
1 ~ ~ 62\
=-—(4s*+ 10 YO h =<~ 4.
¢ 48(S+ ) (0+C), where C (452 + 1) (4.67)

Since the functional form is identical to the previous operator, we trivially find the determinant
to be equal to

dot O n 602\ . pt O 602\ ’r3 In 602\
O, Gach  N_ ) 3 g Bacr
12 2R2(4S82 1 1) P T2 M\ zezas? 1 1)) (2 12R2(45% + 1)

. 9ai\? ol 602\ 3
P rzet(asz 1) | T\ 2e2asr 1)) 2

The two results (4.65) and (4.68), as well as the extra terms det(0J~') will now help us in
rewriting the partition function into a neat expression

(4.68)

2

. 304% N

Z = N(det %) ~3(det €) /2 (det(~)) 3 e'iszaa
-3 1/2 . 3o¢g 12

~ | det 07! det(O + A)} [det(—D_l) det(O+C)|  (det(—00)) 3 elaszaat

452 25 452 . 3
_ _ 3o 2052\ _ 3 . Yo A 6ag\ 3 . 302 1o
~ (det _D)+3 1/2 3 e 1871'2/»;4 Q4 [ln (m2u2) 2] el 16772r<4(452+1) Q4 [ln (M2K2(4S2+1)) 2] 61452;4 A Q4

. 3&45\2 2a2,5\ 3 9&45\2 6as\ 3 3043 32

_ N( det _D)*l/Q e_IQ‘l{ P [ln (@;2)_5] T TonZaA (575 D) [ln (;1.2}12(4652-4—1))_5} ~z57a
(4.69)
We are now at the end of our calculations. We have found the partition function in such a

convenient form, that the effective potential can be readily found from the definition Z = e~ Ve
to be equal to

432 2 2y 432 2\ 2
Vg = 30z A In agA\ 3] 9a; A I 6oz A 3 3¢ 2. (4.70)
8m2kt K2u? ) 2| 16m2k*(45% +1) w?k2(45%24+1) ) 2] 452%x*

This expression exactly duplicates the result obtained by P. Jizba, H. Kleinert and F. Scardigli,
even though we have used different (and in gravity non-equivalent) regularization method. The
last determinant (det —D)fl/ ? can be thought of as a normalization. Usually, we would normal-
ize by a determinant of the inverse propagator of free field theory. Since all fields present in our
theory are by definition massless, the inverse propagator is simply —[J. Hence, if we normalize
the free theory to 1, we can simply drop this term.
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4.7 The Emergence of Scale

Since we arrived at the same form of the effective potential as is in the article [1], we can
proceed similarly. The next logical step is to find its minima of the potential w.r.t. A which
correspond to stable static field configurations of the field A.

A calculation of the stationary configuration A can be broken into several steps. First we
obtain, after some algebra, that

On  se2ers? (457 4 1) | (5175 5 | = BaeS I ey )

—47%(1+85% + 165%) + a25%(1 — 16S5* — 3254)] :

(4.71)
which we put equal to zero to find the minimal value of the potential. One immediate solution

is A = 0. To find other solutions, we concentrate on solving the equation

202\ 602\
202 (452 +1)% 521 <) —328°In | ——-— ) =
oz (457 +1) " K22 G k2p? (45% + 1) (4.72)

=4n? (14 85% +165%) + a25?( — 1+ 165 + 325%) .

We rewrite the left hand side of the equation as

2 2 202 9 202 207 0.2a2 3
202 (452 +1)" 3a03]1n<ﬁ2u2> 328 ln<452+1 , (4.73)

from where we separate the term with A

2023y 3028%In g5y ) +4n2(482 +1)" + o252 (328" + 1652 - 1)
1 < | = 4.74
</@2/ﬂ> a252(3254 + 1652+ 2 — 3) (4.74)
It is now easy to see the solution for A
) ext? (30287 (g5t ) +4n2(a8? 4 1)°
A(S) = 4.
(9) = 52 exp{ a252(325% + 1652 — 1) } (475)

Once we obtained have all solutions, we are interested in the values of the effective potential
at the points of the minima. It is again easy to see, that for A\ = 0 the effective potential is
Veg = 0. For the non-trivial solutions, we find that for S? > (v/6 —2)/8 the potential Vog < 0 for
all a. and . This can be seen, when we substitute the extremal point into the effective potential
and rearrange the terms as follows

16m2k4 202\ 3 9 62\ 3 1272
——— Vg =61 c - = = 1 ¢ — = - —==. (4.76
a2 f [ ! </‘62M2> 2] (45% +1)2 [ : <u2m2(452 + 1)> 2} azs? (4.76)
We turn our attention to the non-trivial terms. Clearly, the last term is always positive, therefore

we do not have to consider it in our immediate discussion. We will reorganize the remaining
terms in the following way
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3 9 9 3 202\ 9
2 <6 (48 + 1)2> (452 +1)? 1“(452 + 1) - ln<n2u2> (6 - 452+1> @)

with the first bracket being equal to 3(325* +165% — 1) /(452 + 1) where the numerator can be
rewritten as 3294 4+ 1652 — 1 = 2(45% + 1)?2 — 3. We denote the first term in (4.77) as —3K/2,
K representing the first bracket.

The remaining terms include logarithms and so we are forces to substitute for A the point of
the minimal value of the potential, hoping the terms will cancel out

O (3 . (e 9 |, Jots’ln (sst) +4m2 (1 +48%)°
_ n __9
P ase (457 + 17

(452 + 1 457 + 1 a252(325% + 1652 — 1)
9 3 305% 41652 1, 3025°In (g5 ) + 4 (1 + 45%)°
- 1
(452 + 1)2 n(452 + 1) (457 1 1)2 [ a25%(325" + 1652 — 1) }

(4.78)

Here the term in front of In e = 1 is equal to K, and therefore we just add them together —
—3/2+4 1= —1/2. The remaining terms read

9 | 3 N 9 | 3 N 1272
— n n
(452 +1)2 \45%2+1 (452 +1)2 452 +1 a2S5?’
which means that the logarithm indeed cancel out and we are left with a term, which will

cancel the uninteresting term we left already at the beginning of the discussion. Hence, the only
contribution to the effective potential at the point of the minima comes from —K /2

(4.79)

167%6% 328141657 -1 ag)? 325% +165% — 1
ad)? 2(45% +1) 32m2kt (452 +1)

eff —
It is now obvious, that whenever 325* + 1652 — 1 > 0, the effective potential is negative irre-
spective of the values of a. or k. The solutions to the inequality is, as we have already written
5% > (v/6—2)/8 = 0.056.In this range of S? the solution A = 0 corresponds to a local maximum,
for at that point the effective potential reaches its highest value Vog = 0.

We shall now ensure that the value of A no longer depends on the mixing angle § introduced
by sinh @ since we have started with a theory that was independent of this parameter. So,
although, the full theory (i.e. theory valid to all orders of the perturbative calculus) should be
f independent, this is generally not the case at any particular finite order. To deal with this
situation, one can invoke the principle of minimal sensitivity [14| known from the renormalization-
group calculus. The point of the principle is that, whenever a theory depends on an unphysical
parameter (6 or S in our case), we must ensure that at every ordered the physically relevant
quantities depend on the parameter in the weakest possible way. To fulfil this requirement we
find the minima of the effective potential w.r.t. the unphysical parameter, in our case represented
by S

— Vg = (4.80)

_ dVeg  OVeg OV OX OVieg
- ds? 082 oN 082 082
at the point of the minima of the effective potential w.r.t. A, hence ag—f\‘f = 0. We find the
derivative to be equal to

0

(4.81)
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The minimal-sensitivity principle leads to following chain of identities

602\ 3

2 2q—4 2 3 2 c

0=3a; + 7S (45° +1)° 4 6a [n<ﬁ2u2(452+1)> 2}

180252 In (g ) + 2472 (14 45%)°
S2(3254 +165% — 1) ’

(4.83)

= 12574(45% +1)3 + 602 ln< +

45? + 1>
where we used the solution (4.75) for A. Multiplying by the denominator from the last term we

find that the coefficient in front of ln< is equal to

3
452+1
6025%[(325* + 1652 — 1) 4 3] = 12a25%(45% +1)*. (4.84)

Hence the equation goes to

120252 452 +1

e (45% + 1)21n<

™

> — (452 +1)2572(325* +165% — 1) + 24(1 + 45%)%,  (4.85)

and since (452 + 1)2 > 0 we can safely divide by this term to obtain

12a25%  [/4S% +1
O‘;S ln( 5 3+ ) = (457 +1)(328* + 1652 — 1) 4 2452
7T

120258%  (45% +1 (486)
= ln( 2 > = 1285% +965* + 365 — 1.

This equation has only one real solution [1] S? = 0.0259237 — 0.0000197a2 + O(a#), which
does not fall in the region of negative potential and therefore does not correspond to a stable
solution. However, looking at the formula for OV,g/ 35? in (4.76), we immediately see it tends to
go to zero in the limit S — oco. Since we are searching for the point, where the choice of 6 (i.e. S)
influences the effective potential in the least possible way, any large value of S? would obviously
be our next best choice. Here, however, we must be more careful. The whole theory was build
on the assumption, that . is a small constant, at most equal to 1 in order for the linearization
9 = M + achyy to work. Later, we recognized by comparison with the Starobinsky models
in (4.25), that C2?/a? ~ €2/k?, hence for large values of C we can use C' ~ S ~ a.£/k which is
at most /K. Thus the largest value we may use for S, in order to for all the calculations hold
true, is £/k ~ 10° as currently estimated by [9] (as was already mentioned).

It is important to examine the behaviour of the solution (4.75) for the minimum of the effective
potential in the limit as S — oo or better at the point S? = ¢2/k2. Due to the magnitude of S,
we expand the exponent to the order O(1/5%) and drop the rest. In more detail, the exponent
in (4.75) reads

2
30252 (qby ) +4n2 (14452 3n(ggdy) Jr2(45% 1 1)2
02523250+ 1652 — 1) 325111657 —1 ' a25°(3257 + 1652 — 1)
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It is clear from the Taylor series of In(x) = (z — 1) — (z — 1)2/2 + ..., that the first term does
not contribute to order O(1/8%). To find how contributes the second term, we divide the two
polynomials

‘ 352 3/2
3255 + 1652 — 82): (165* +85%2 +1) = 282 — =928%(1— .
( + )i + +1) 1654 + 852 +1 1654 +852 +1
(4.88)

From here it is easy to see, that the inverse of this ratio can be expanded into a Taylor series

(45% +1)? B 1 ~ (L 3/2 N B
52(328% +165% —1) 252(1 32 ) T 282 1654 +852+1 ")
1657 +852+1 (4.89)
_ 4
- 252 + O(l/s ) ’

from where we conclude, that the solution for A (see (4.75)) at the order O(1/5%) is equal to

_ k22 972 K212 97242
A= 1 ~ — 14+ —1. 4.90
202 eXp< *azﬁ) 202 exP( - aze) (4.90)

This is an important result since it shows, that for any (relvant i.e. smaller than 1) initial value
of the parameter of the theory a,. we are able to choose the renormalization mass scale p so, that
A = 1. We will further discuss the importance of this result in the following section.

4.8 Physical Interpretation and Discussion

Let us now summarize what we have achieved so far. We have shown that there exists a set
of parameters of our theory which allows for the appearance of the Starobinsky gravity in the
low-energy sector of the broken Weyl-gravity’s phase. We recall that the action we used was

conf — d TN —g| — QRNVR + ]_20[%R + 4521{4 A - ﬁR)\ . (491)

compared to the Starobinsky model

2
Agt = /d4x\/fg(2§l€2R2 - TI;) . (4.92)

The fact that it is possible to fit the vacuum expectation value of the Hubbard—-Stratonovich
field A = 1, means the theory easily transforms to the low curvature limit of Einstein’s gravity.
The factor in front of R? can also be fitted in a wide range of o ~ 1+ 107> to £¢2/2k2, thus
obtaining Starobinsky model relevant in description of the inflationary era.

The scalar field A deserves more detailed discussion. Firstly, A was not present in the theory
before. Someone might object, that the field A is non-physical since it is not dynamical for it
has no kinetic term in the action (it represents a scalar field with infinite mass). This problem
can be resolved by the conformal symmetry of the theory we have started with. To explain the
solution of the kinematics of A\, we recall, that A arose from the transformation of the R? term
in the action
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1202 4 2

It is clear, that the action in this form possesses no kinetic term for \. However, the R? term
of the action is conformally invariant by itself (under additional conditions). This can be seen
from the transformation law for R under an infinitesimal conformal change g, — (14 (2))guw-
The Ricci scalar transforms as R — R(1 — a(z)) — 3V2a(x) [15], where V,, is the covariant
derivative, hence under additional restriction V2a(z) = 0, the term R? — R%(1 — 2a(z) +...)
exactly compensates with the transformation of the determinant g — (1 + 4a(z))g and the R?
term is global scale invariant.

We might now use this property to rescale the whole action g,,, — g,.,/|A| which will generate

a kinetic term [1] in the global scale invariant part of the action

/d%ﬁ( oCye RA) /d‘*:cr( 590" — 30 /\2) (4.94)
2\)\] 4)\2

The fact that the kinematics of A is gauge dependent points to the fact, that A is not a
physical field at the time of introduction by the HS transformation. However, if we assume, that
it obtains a kinetic term before the breakdown of the conformal symmetry, we would be left with
a dynamical and physical scalar field.

We have found, that the effective potential has minima (vacuum) at the point A = 1 even
though the classical theory did not. Since the new field X is related to u, as seen from

- 2,2 9722
= exp<1+ e ) (4.95)

202 a2¢?
we see conclude, that it is a dimensionally transmuted parameter. This means that it depends
on the renormalization mass scale even though it is a physically relevant quantity. Since this
stable solution \ stems only from the fact that the effective potential has a new minimum, the
symmetry breakdown is dynamical. This situation is similar to what happens in the Coleman-
Weinberg mechanism, where a dimensionless coupling constant transmutes into a dimensionfull
one due to one-loop quantum corrections [7].

We should also comment on the general properties of the other two terms present in the
Weyl action, which are not in the Starobinsky action. Let us focus our attention to the R, R*”
term. If we assume that the cosmologically relevant metric after the symmetry breakdown is the
FLRW metric, we are able to make use of the conformal flatness of this metric to rewrite

/d4x\/—g 3R, R = /d4x\/—g R?, (4.96)

modulo topological term which is of no importance for us. If we use this identity and the solution
for A from (4.95) in (4.91), we obtain the action corresponding to the Weyl theory of gravity
after the symmetry breakdown

1 C? 302 - 1 -
A — d4 — o 2 2 c )\2 o )\
/ T g{ B2t Tl Tiga N T gl

4.97
302 1 ( )

52
A= 4 / 2 c -
/d v g{lQagR T IS 2/12R ’
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which goes to

— L [atey=g(r-eR 2 S22, Bag
A= 252/d$ g(R &R ZA) where &%= 602 A_4S2/£2' (4.98)

This action corresponds to a Starobinsky model with a cosmological term. It is worth noting,
that our cosmological term is of geometric origin (hence it might be called gravi-cosmological)
and has an opposite sing to what we are used to from a matter-induced cosmological term. This
is not a problem, since the action (4.98) descries an empty space. Soon after the breakdown of
the symmetry, matter appears and with it also the matter-induced cosmological constant, which
corresponds to (0[tr7},,|0) and has opposite sign to that of the gravi-cosmological one. This
might be of great value since it gives us a way to compensate for the matter-induced term and
obtain a very small overall cosmological term. It would conveniently address the problem of 120
orders of difference in the theoretically predicted value of the cosmological term from estimates
based on observations.
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Chapter 5

Conclusions

This work naturally splits into two parts; in the first part we presented some prerequisite
theoretical material (functional integrals, effective action, zeta-function regularization) that will
be needed in the second, i.e., core part of the thesis. This part of the thesis was based on Refs.
[3, 5, 4, 2| and the principal aim was to give a full, self-contained and mathematically sound
summary of the relevant mathematical techniques.

The second part of the Thesis discusses the Weyl (or conformal) gravity both from classical
and quantum-theory point of view. We first put forward phenomenological reasons why the
quantized Weyl gravity qualifies as a good candidate for the bona fide quantum gravity. Secondly,
we discuss some algebraic and topological properties of the theory and ensuing simplifications
which they inflict on the action functional. In the following sections we closely followed the paper
of P. Jizba, H. Kleinert and F. Scardigli [1] with the explicit goal to reproduce (or refute) results
obtained by the authors when new, physically more relevant regulating scheme is employed. In
particular, our focus was on the zeta-renormalization scheme (fixed-dimension renormalization)
rather than dimensional regularization. We have found that the zeta-function regularization
leads to exactly the same form of the one-loop effective potential as found in [1|, which is the
key result of This thesis.

Our following discussion focused on proving that the quantized Weyl gravity dynamically
breaks the scale symmetry via dimensional transmutation, yielding a fundamental scalar field —
Hubbard—Stratonovich field. Non-zero vacuum expectation value of this field can be chosen so
that in the low-energy broken phase regime the Weyl gravity morphs into a Starobinsky gravity
with a gravi-cosmological constant. In view of recent PLANCK and BICEP II data which favour
Starobinsky model of inflation, this is important and relevant conclusion since it shows that the
Weyl gravity is a good and viable candidate for quantum gravity.
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