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Introduction

The concept of quantum walks, which can be viewed as quantum mechanical analogues of classical ran-
dom walks, were first introduced by Aharanov et al [1] in 1993 and also studied by Meyer [2] in the
context of quantum cellular automata. Research in this field has been gaining popularity recently mainly
due to the potential utilization of quantum walks in quantum information theory and quantum computa-
tion.
One of the most remarkable achievements that motivated the study of quantum walks was the develop-
ment of quantum algorithms based on quantum walks that are considerably better than their classical
counterparts in terms of computational complexity. Among them, the most famous is the Grover search
algorithm [3] that exhibits quadratic speed-up in comparison with the classical algorithms.
There have also been various experimental proposals and physical implementations of both quantum
walks on a line and on a two-dimensional lattice using cold atoms in lattices, ion traps or polarization
and orbital angular momentum of a photon (for a comprehensive review we recommend [4]).

The aim of this thesis is to study properties of discrete-time quantum walks on the so-called Manhat-
tan lattice. They have been developed as a quantum generalization of the classical random walks on the
Manhattan lattice that have been studied extensively in [5].
The motivation behind the study of quantum walks on lattices is to model transport in physical systems.
We focus mainly on the so-called effect of localization, where the ballistic propagation of the quantum
particle is suppressed. This corresponds to the transition from the conducting state of the material to the
insulating state.
The thesis is organized as follows: In chapter 1 we briefly introduce the concept of a two-dimensional
quantum walk on a Cartesian lattice and discuss those of its properties that will be relevant to the analysis
of the quantum walks on the Manhattan lattice. Namely, we derive the time evolution using the method
of the Discrete-Time Fourier Transform and focus on the effect of localization.
Chapter 2 deals with the classical random walks on the Manhattan lattice. We introduce the model used
in [5] and summarize some of the results obtained there.
Chapter 3 is dedicated to homogeneous quantum walks on the Manhattan lattice. We describe them as
homogeneous 8-state quantum walks on a Cartesian lattice which enables us to take advantage of the
Discreet-Time Fourier Transform. We focus mainly on the effect of trapping and derive conditions on
the trapping coins. We also comment on the special cases of the homogeneous quantum walks on the
Manhattan lattice driven by the Hadamard coin and the rotation matrix. Second part of the third chapter
focuses on quantum walks on the finite Manhattan lattice where both absorbing and periodic boundary
conditions are taken into consideration.
In Chapter 4 we consider inhomogeneous quantum walks on the Manhattan lattice. We restrict ourselves
only to time-homogeneous quantum walks with spatial inhomogeneity. Using numerical simulation we
try to unravel the relation between the localization in the classical and quantum case.
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Chapter 1

Two-dimensional quantum walk on a
lattice

Let us now introduce the concept of a two-dimensional quantum walk on a Cartesian lattice. The position
of the particle on the lattice is given by a vector from a Hilbert spaceHp = span{ |p〉 = |n,m〉 | n,m ∈ Z},
where n,m represent the coordinates on the lattice. The particle is assigned a Hilbert spaceH = Hc⊗Hp,
where the Hilbert spaceHc is the so-called coin space spanned by vectors

{ |R〉 , |U〉 , |L〉 , |D〉} =



1
0
0
0

 ,

0
1
0
0

 ,

0
0
1
0

 ,

0
0
0
1


 (1.1)

corresponding to all four possible directions of movement: to the right, up, to the left and down.
The time evolution of a quantum walk is realized by successive application of the evolution operator

U = S (C ⊗ I) (1.2)

which comprises of two subsequent transformations of the state vector: the coin operator C acts solely
on the coin state and S represents the conditional shift operator which takes the form of

S =
∑

n,m ∈Z

(
|R〉 〈R| ⊗ |n + 1,m〉 〈n,m| + |U〉 〈U | ⊗ |n,m + 1〉 〈n,m|

+ |L〉 〈L| ⊗ |n − 1,m〉 〈n,m| + |D〉 〈D| ⊗ |n,m − 1〉 |n,m〉
)
. (1.3)

The state of the quantum walk after t steps with the normalized initial state localized at the origin

|ψ(0)〉 =
(
α |R〉 + β |U〉 + γ |L〉 + δ |D〉

)
⊗ |0, 0〉 , |α|2 + |β|2 + |γ|2 + |δ|2 = 1 (1.4)

corresponds to

|ψ(t)〉 = U t |ψ(0)〉 (1.5)

=
∑

n,m ∈Z

(
ψR(n,m, t) |R〉 + ψU(n,m, t) |U〉 + ψL(n,m, t) |L〉 + ψD(n,m, t) |D〉

)
⊗ |n,m〉 , (1.6)

where ψ j(n,m, t), j = R,U, L,D are components of the vector of the probability amplitudes ψ(n,m, t)
given as

ψ(n,m, t) =


ψR(n,m, t)
ψU(n,m, t)
ψL(n,m, t)
ψD(n,m, t)

 = ψR(n,m, t) |R〉 + ψU(n,m, t) |U〉 + ψL(n,m, t) |L〉 + ψD(n,m, t) |D〉 . (1.7)
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1.1 Time evolution

In the following we focus on the analysis of the time evolution of the quantum walks described above,
i.e. we obtain general expressions for the probability amplitudes of the particle being at position n, m at
time t. We only consider homogeneous and time independent quantum walks (the coin operator C does
not depend on n, m, t) since such types of walk are the most frequented ones and can be easily solved in
the Fourier domain.

The desired time evolution can be written in the form of a recurrent relation

ψ(n,m, t) = C1ψ(n− 1,m, t − 1) + C2ψ(n,m− 1, t − 1) + C3ψ(n + 1,m, t − 1) + C4ψ(n,m + 1, t − 1) (1.8)

with the initial condition

ψ(0, 0, 0) = (α, β, γ, δ)T , |α|2 + |β|2 + |γ|2 + |δ|2 = 1 (1.9)

where Ci corresponds to the coin operator C with zero elements except for the i-th row, i.e.

C1 =


c11 c12 c13 c14
0 0 0 0
0 0 0 0
0 0 0 0

 , C2 =


0 0 0 0

c21 c22 c23 c24
0 0 0 0
0 0 0 0

 (1.10)

C3 =


0 0 0 0
0 0 0 0

c31 c32 c33 c34
0 0 0 0

 , C4 =


0 0 0 0
0 0 0 0
0 0 0 0

c41 c24 c34 c44

 . (1.11)

Transforming the above recurrence using the Discrete-Time Fourier Transform

f̃ (k, l) =
∑

n,m∈Z

f (n,m) ei(k n+l m), k, l ∈ [−π, π] (1.12)

we obtain the time evolution in the Fourier domain in the following form (for detailed computation
see[6])

ψ̃(k, l, t) = Ũ(k, l) ψ̃(k, l, t − 1) = Ũ t(k, l) ψ̃(k, l, 0) (1.13)

with the evolution operator in the Fourier domain given as

Ũ(k, l) = diag
(
eik, eil, e−ik, e−il

)
C =


eik 0 0 0
0 eil 0 0
0 0 e−ik 0
0 0 0 e−il



c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c24 c34 c44

 . (1.14)

As a result, the task of solving the recurrent relation (1.8) is reduced to that of finding the t-th power
of Ũ(k, l) which is easily done when we diagonalize the evolution operator. The expression for the
probability amplitudes in the Fourier domain then reads

ψ̃(k, l) =

4∑
j=1

λt
j(k, l)

〈
ψ̃(k, l, 0)

∣∣∣v j(k, l)
〉
v j(k, l) (1.15)
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where λ j are the eigenvalues of Ũ(k, l) and v j are the corresponding eigenvectors. The 〈.|.〉 denotes the
scalar product.
At this point we can return to the spatial domain using the Inverse Fourier Transform

f (n,m) =
1

(2π)2

π∫
−π

π∫
−π

f̃ (k, l) e−i(k n+l m) dk dl (1.16)

and obtain thus the analytic solution of the time evolution in the Cartesian coordinates as

ψ(n,m) =
1

(2π)2

4∑
j=1


π∫
−π

π∫
−π

λt
j(k, l)

〈
ψ̃(k, l, 0)

∣∣∣v j(k, l)
〉
v j(k, l) e−i(k n+l m) dk dl

 . (1.17)

1.2 Effect of localization in quantum walks

One of the interesting features of quantum walks is the so-called effect of localization when the particle
has a non-vanishing probability to stay at the vicinity of the origin. There exist two types of localization
in quantum walks; namely the trapping effect in the case of homogeneous quantum walks that stems from
spectral properties of the evolution operators for special choices of the coin operator and the Anderson
localization. The latter was first studied by Anderson in [7] who argued that electrons in a crystal become
trapped when we apply external random potential on its atoms. Similar behaviour was observed for
example in quantum walks driven by random matrices [8] or in the case of one-dimensional quantum
walk homogeneous except for in the origin [9]. Let us now expand on the trapping effect.
For the majority of homogeneous two-dimensional quantum walks the probability of finding the particle
at the fixed position converges to zero as number of steps t tends to infinity. This follows from the
analogy with wave theory that was established in [10]. The authors derived the maximum group velocity
that determines the propagation of the peaks in the probability distribution. The propagation stems from
the continuous spectrum of the evolution operator Ũ(k, l).
However, there also exists quantum walks for which the discussed probability does not vanish. This
remarkable feature termed as the trapping effect is closely related with the point spectrum of the quantum
walk and depends on the choice of the coin operator.
In general, the eigenvalues of the coin operator can be written as λ j(k, l) = eiω j(k,l). The expression for
the probability of finding the particle after t steps at the origin

P(0, t) =

4∑
j=1

(
|ψ

j
R(0, t)|2 + |ψ

j
U(0, t)|2 + |ψ

j
L(0, t)|2 + |ψ

j
D(0, t)|2

)
(1.18)

consists of integrals containing eigenvalues λ j(k, l). From Riemann-Lebesgue lemma follows that only
the expressions with eigenvalues λ j independent of k, l contribute to the probability P(0, t) [11]. Hence
the existence of constant eigenvalues implies the presence of the trapping effect. It can be easily proven
that the general four-dimensional coin possesses either empty point spectrum or two constant eigenvalues
in the form of ±λ [12].
At this point we note that the trapping effect is purely a quantum phenomenon without a classical ana-
logue since the classical random walks diffuses in case of non-zero probability of leaving the current
position. There is a remarkable difference between the trapping in one-dimensional and two-dimensional
quantum walks. The latter allows for the trapping effect even in the case of a leaving walk. The extent
of trapping also depends on the choice of the initial state, namely on the overlap between the initial state
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and the eigenvectors corresponding to the constant eigenvalues. Initial states with zero overlap, i.e. or-
thogonal to these eigenvectors, lead to propagating walks.
A typical example of a trapping four-state quantum walk on a two-dimensional lattice is that of the
Grover walk represented by the four-dimensional Grover coin

G =
1
2


−1 1 1 1

1 −1 1 1
1 1 −1 1
1 1 1 −1

 (1.19)

with one pair of constant eigenvalues ±1 and two corresponding stationary states (for details see [13]).
In this case, there exists only one initial state that is orthogonal to both of the stationary states, namely
the state ψG = 1

2 (1,−1,−1, 1)T which results in a propagating quantum walk.
Notice that in case of one-dimensional quantum walks the trapping can always be avoided by one special
choice of the initial state. On the contrary, four-dimensional trapping coins can be further classified as
weakly trapping if the trapping effect can be avoided for a special choice of the initial state, or strongly
trapping otherwise [14].

1.3 Pólya number

One of the interesting characteristics of quantum walks that is closely related to trapping is the probability
of the eventual return to the origin. This property was first studied by Pólya [15] in connection with
classical random walks. He introduced the so-called Pólya number according to which the quantum
walks are classified as recurrent, if the Pólya number equals 1, or transient otherwise.
The Pólya number can be expressed in terms of the probability p0(t) of being at the origin at time t as

P = 1 −
1

∞∑
t=0

p0(t)
(1.20)

which leas us to a simple criterion: the random walk is recurrent if and only if
∞∑

t=0
p0(t) = +∞.

The concept of Pólya number has been extended to quantum walks in [16]. The definition depends on the
specification of the measurement scheme due to the quantum-mechanical nature of the particle. In [16]
they use identically prepared states which they let evolve for t steps in the t-th trial before performing the
measurement. This yields the following formula for the Pólya number

P = 1 −
∞∏

t=1

(
1 − p0(t)

)
. (1.21)

At this point we note that in the case the functions ω(k, l) are smooth the asymptotic behaviour of the
probability p0(t) can be estimated employing the method of stationary phase [16]. Notice that all trapping
quantum walks are recurrent for every initial state that leads to trapped walk. Moreover, in contrast to
classical random walks, that are recurrent only in dimensions 1 and 2 and where the Pólya number
depends solely on the dimension of the lattice, we are able to construct recurrent quantum walks in
arbitrary dimensions using a special choice of the coin operator [16].
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Chapter 2

Classical random walk on the Manhattan
lattice

In this chapter we introduce the model of classical random walks on the Manhattan lattice that is de-
scribed in detail in [5].
The Manhattan lattice (see Figure 2) can be viewed as a two-dimensional Cartesian lattice with directed
edges. At each node there are two incoming and two outgoing lines and the direction alternates both
vertically and horizontally.
In the case of a classical random walk on this lattice there are scatterers placed randomly at each node
with probability p and we assume the probability to be the same for all of the nodes. The walker moves
according to the direction of the edges unless it encounters a scatterer. At a node with a scatterer it turns
90 degrees according to the orientation of the outgoing edges.
The classical random walk on the Manhattan lattice can be easily analysed for two special cases when
there is a full absence or presence of the scatterers; i.e. the probability p is set to 0 and 1, respectively.
The resulting classical random walks correspond to a walk with the walker propagating with the max-
imum velocity (after t steps its distance from the starting point is t) or it is trapped in a loop of length
four.
In the next chapter be return briefly to the classical random walks on the Manhattan lattice to obtain the
spectrum of these walks in case of full presence/absence of the scatterers using the methods described in
the following. At this point we note that under specific conditions the Manhattan lattice can be viewed
as two crossed Galton boards. We will expand on this in chapter 3.

2

1

0

-1

-2

-2 -1 0 1 2

Figure 2.1: The Manhattan lattice.
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Chapter 3

Homogeneous quantum walk on the
Manhattan lattice

In the following we focus on quantum walks on the so-called Manhattan lattice as an extension of the
classical model defined in the previous chapter.
Instead of scatterers we use two-dimensional coins at each node. The coin-state corresponds to the
direction of motion, i.e. the orientation of the edges. The state of the whole system is described by a
vector from Hilbert spaceH = span{|R〉 , |U〉 , |L〉 , |D〉} ⊗ span{|x, y〉 |x, y ∈ Z}.
We use the following notation

ψ(x, y, t) =


ψR(x, y, t)
ψU(x, y, t)
ψL(x, y, t)
ψD(x, y, t)

 (3.1)

for the probability amplitudes of being at node (x, y) at time t with the given state of the coin.

Our first aim is to construct a homogeneous quantum walk on the Manhattan lattice since it can be
easily analysed with the help of the Fourier Transform.
However, in contrast to a quantum walk on a two-dimensional lattice described in the first chapter, a
quantum walk on the Manhattan lattice cannot be homogeneous since the lattice itself is not. It can be
readily seen that applying the same 4 dimensional unitary matrix C at each node yields in general super-
position of all four basis states; however the conditional shift notices only two directions at each node.
In other words, such a quantum walk would not be a unitary process.
However, it can be easily seen that the Manhattan lattice is homogeneous with respect to cells comprised
of four nodes (Figure 3.1)). Let us now describe quantum walk on the Manhattan lattice with respect to
these elementary Manhattan cells.
In the following we associate numbers 1, 2, 3 and 4 with nodes |0, 0〉, |1, 0〉, |0, 1〉 and |1, 1〉 (see Figure
3.1). Due to the direction of the edges we have to use four different coins at each node which can be
expressed in the basis {|R〉 , |U〉 , |L〉 , |D〉} as

C1 =


1 0 0 0
0 a1 c1 0
0 b1 d1 0
0 0 0 1

 , C2 =


1 0 0 0
0 1 0 0
0 0 a2 c2
0 0 b2 d2

 , C3 =


a3 c3 0 0
b3 d3 0 0
0 0 1 0
0 0 0 1

 , C4 =


d4 0 0 b4
0 1 0 0
0 0 1 0
c4 0 0 a4

 ,
(3.2)
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0

1

C1

C4

C2

C3

Figure 3.1: The elementary Manhattan cell.

where (
a j c j

b j d j

)
, j ∈ 1, 2, 3, 4 (3.3)

are arbitrary two-dimensional coins.
The position of the particle on the Manhattan lattice can be described by the position of the corresponding
cell on the lattice (for this we use letters n,m), position of the node inside the cell (labelled by 1,2,3 or
4) and the coin state. In terms of (3.1) it means,

ψ(n,m, t) =


ψ1(n,m, t)
ψ2(n,m, t)
ψ3(n,m, t)
ψ4(n,m, t)

 , where ψi(n,m, t) =


ψR(x, y, t)
ψU(x, y, t)
ψL(x, y, t)
ψD(x, y, t)

 . (3.4)

The state of the quantum walk is then described by a 16-component vectors ψ(n,m, t). However, we will
see that the number of components can be reduced to 8.
When describing one step of the quantum walk in a cell, we consider four possibilities (see Figure 3.1):
the particle comes from outside of the cell and continues to another cell (red arrow), the particle comes
from inside of the given cell and moves to another cell (brown arrow), the particle moves inside of the
given cell (green arrow) and the particle comes from the outside and continues inside of the cell (blue).
To describe this more effectively, we label the state by o and i which means that the particle comes from
outside and inside of the cell, respectively.
The most general state of the quantum walk in the cell is then given by following linear combinations of
coin states

(0, 0) : α1 |U〉o + α2 |L〉i
(0, 1) : β1 |L〉o + β2 |D〉i
(1, 0) : γ1 |R〉o + γ2 |U〉i (3.5)

(1, 1) : δ1 |D〉o + δ2 |R〉i .

It is easily seen that we do not have to specify the position of the node inside the cell since every
combination of the coin state and state o or i is unique. In other words, there exists a bijection between
relation (3.5) and eight-component vector

13



ψ(n,m, t) =

(
ψ(n,m, t)o

ψ(n,m, t)i

)
. (3.6)

As a result, a quantum walk on the Manhattan lattice which is homogeneous with respect to the cells can
be viewed as a two-dimensional quantum walk on a Cartesian lattice driven by an 8 dimensional coin.
The correspondence between the coordinates on the lattices is given as

(n,m)←→

1: (x, y) = (2n, 2m)

2 : (x, y) = (2n + 1, 2m)

3 : (x, y) = (2n, 2m + 1)

4 : (x, y) = (2n + 1, 2m + 1)

(3.7)

where the numbers 1,2,3,4 label the position in the cell (Figure 2).
The most general cell contains 4 different coins C1, C2, C3 and C4 at its 4 nodes. The action of these
coins (3.2) on the coin space then reads

C1 :
(
a1 |U〉i + b1 |L〉o

)
〈U |o + (c1 |U〉i + d1 |L〉o) 〈L|i (3.8)

C2 : (a2 |L〉i + b2 |D〉o) 〈L|o + (c2 |L〉i + d2 |D〉o) 〈D|i (3.9)

C3 : (a3 |R〉i + b3 |U〉o) 〈R|o + (c3 |R〉i + d3 |U〉o) 〈U |i (3.10)

C4 : (a4 |D〉i + b4 |R〉o) 〈D|o + (c4 |D〉i + d4 |R〉o) 〈R|i . (3.11)

The form of the coin that acts on the state (3.6) in the basis {|R〉o , |U〉o , |L〉o , |D〉o , |R〉i , |U〉i , |L〉i , |D〉i}
is given as

C =



0 0 0 b4 d4 0 0 0
b3 0 0 0 0 d3 0 0
0 b1 0 0 0 0 d1 0
0 0 b2 0 0 0 0 d2
a3 0 0 0 0 c3 0 0
0 a1 0 0 0 0 c1 0
0 0 a2 0 0 0 0 c2
0 0 0 a4 c4 0 0 0


. (3.12)

and its unitarity is equivalent to the unitarity of matrices (3.3) which represent unitary transformations at
the nodes of the Manhattan lattice.
We see that a quantum walk on the Manhattan lattice can be represented by a quantum walk on two-
dimensional Cartesian lattice driven by coin (3.12) with the conditional step operator given as

S =
∑
n,m

((
|L〉i 〈L|i + |D〉i 〈D|i + |U〉i 〈U |i + |R〉i 〈R|i

)
⊗ |n,m〉 〈n,m| + |D〉o 〈D|o ⊗ |n,m − 1〉 〈n,m|

+ |U〉o 〈U |o ⊗ |n,m + 1〉 〈n,m| + |L〉o 〈L|o ⊗ |n − 1,m〉 〈n,m| + |R〉o 〈R|o ⊗ |n + 1,m〉 〈n,m|
)
. (3.13)

In the following we make a use of the correspondence between the quantum walk on the Manhattan
lattice and the 8-state quantum walk on the Cartesian lattice to derive some of the interesting properties
of the Manhattan walks.
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3.1 Time evolution

Let us now focus on the time evolution of the 8-state quantum walk described above. One step is given
as

ψ(n,m, t + 1) = M1 ψ(n− 1,m, t) + M2 ψ(n,m− 1, t) + M3 ψ(n + 1,m, t) + M4 ψ(n,m + 1, t) + M5 ψ(n,m, t)
(3.14)

where M j, j ∈ {1, 2, 3, 4} are matrices defined analogously to the matrices C j (1.10) and correspond to
the propagating part of the walk. M5 is written as

M5 =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
a3 0 0 0 0 c3 0 0
0 a1 0 0 0 0 c1 0
0 0 a2 0 0 0 0 c2
0 0 0 a4 c4 0 0 0


(3.15)

and is associated with the motion inside the cell.
The Discrete-Time Fourier Transform (1.12) then yields the time evolution in the Fourier domain as

ψ̃(k, l, t) = Ũ t(k, l) ψ̃(k, l, 0) (3.16)

with the transformed evolution operator

Ũ(k, l) = diag (eik, eil, e−ik, e−il, 1, 1, 1, 1) C. (3.17)

In the analysis of quantum walks we are interested in the eigensystem of the evolution operator (3.17)
from which we infer the dynamics of the quantum walk. Let us now analyse the spectrum of such an
operator. The characteristic equation for the evolution operator (3.17) reads

det
(
Ũ(k, l) − λI

)
= λ8 +

(
A1eik + A2e−ik + A3eil + A4e−il

)
λ6

+
(
B + C1ei(k+l) + C2ei(k−l) + C3ei(−k+l) + C4ei(−k−l)

)
λ4

+
(
D1eik + D2e−ik + D3eil + D4e−il

)
λ2 + det C = 0, (3.18)

and A j, B, C j and D j are constants. It is easily seen that eigenvalues always come in pairs. Moreover, the
degree of the polynomial in the characteristic equation (3.18) can be reduced to four when we substitute
λ2 = λ̃.
The characteristic equation can be readily separated in the following manner

λ8 + Bλ4 + det C = 0 (3.19)(
C1ei(k+l) + C2ei(k−l) + C3ei(−k+l) + C4ei(−k−l)

)
λ4 = 0(

A1eik + A2e−ik + A3eil + A4e−il
)
λ6 +

(
D1eik + D2e−ik + D3eil + D4e−il

)
λ2 = 0.

The first of the relations (3.19) is obtained when we substitute in (3.18) (k, l) = (0, 0), (k, l) = (0, π), (k, l) =

(π, 0) and (k, l) = (π, π) consecutively and add the relations. Similarly, the third one is separated using
substitutions (k, l) = (k, 0), (k, l) = (k, π), (k, l) = (0, l) and (k, l) = (π, l). One can immediately see from
relations (3.19) that λ being a constant eigenvalue of the step operator (3.17) imply that −λ and ±iλ also
belong to the spectrum of this operator.
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3.2 Trapping effect in quantum walks on the Manhattan lattice

In the following we analyse under which conditions the quantum walks described above exhibit the trap-
ping effect by imposing conditions on the spectrum of the matrix Ũ(k, l). We consider the most general
case when the quantum walk has 4 different coins at each node in a cell.

The characteristic equation for the general constant eigenvalue eiϕ, ϕ ∈ R reads

det
(
Ũ(k, l) − eiϕI

)
= 0 (3.20)

and takes the form of (3.18). Since this equation holds for arbitrary k, l we obtain following relations
for the coin parameters ai, bi, ci, di, i ∈ {1, 2, 3, 4} using similar reasoning as in the case of the relations
(3.19)

eil : − a1d3e6iϕ − a2b1b3c1c3d4e2iϕ + a1a2b3c3d1d4e2iϕ + a2a3b1c1d3d4e2iϕ − a1a2a3d1d3d4e2iϕ = 0

e−il : − a4d2e6iϕ − a3b2b4c2c4d1e2iϕ + a2a3b4c4d1d2e2iϕ + a3a4b2c2d1d4e2iϕ − a2a3a4d1d2d4e2iϕ = 0

eik : − a3d4e6iϕ − a1a3a4d2d3d4e2iϕ + a1a4b3c3d2d4e2iϕ + a1a3b4c4d2d3e2iϕ − a1b3b4c3c4d2e2iϕ = 0

e−ik : − a2d1e6iϕ − a4b1b2c1c2d3e2iϕ + a1a4b2c2d1d3e2iϕ + a2a4b1c1d2d3e2iϕ − a1a2a4d1d2d3e2iϕ = 0

(3.21)

ei (k+l) : a1a3d3d4e4iϕ − a1b3c3d4e4iϕ = 0

ei (k−l) : a3a4d2d4e4iϕ − a3b4c4d2e4iϕ = 0 (3.22)

ei (−k+l) : a1a2d1d3e4iϕ − a2b1c1d3e4iϕ = 0

ei (−k−l) : a2a4d1d2e4iϕ − a4b2c2d1e4iϕ = 0

e8iϕ − b1b2b3b4e4iϕ + a1a4d2d3e4iϕ + a2a3d1d4e4iϕ − c1c2c3c4e4iϕ + a1a2a3a4d1d2d3d4

− a1a2a3b4c4d1d2d3 − a1a2a4b3c3d1d2d4 + a1a2b3b4c3c4d1d2 − a1a3a4b2c2d1d3d4 + a1a3b2b4c2c4d1d3

+ a1a4b2b3c2c3d1d4 − a1b2b3b4c2c3c4d1 − a2a3a4b1c1d2d3d4 + a2a3b1b4c1c4d2d3 + a2a4b1b3c1c3d2d4

−a2b1b3b4c1c3c4d2+a3a4b1b2c1c2d3d4−a3b1b2b4c1c2c4d3−a4b1b2b3c1c2c3d4+b1b2b3b4c1c2c3c4 = 0
(3.23)

Relations (3.22) imply
a1d4 = 0 a2d3 = 0 a3d2 = 0 a4d1 = 0 (3.24)

since the determinant of the unitary matrices (3.3) is never equal to zero. These conditions together with
conditions (3.21) yield the solution in the form of

Ci =

(
0 ci

bi 0

)
, C j =

(
0 c j

b j 0

)
, Ck =

(
0 ck

bk 0

)
, Cl =

(
al cl

bl dl

)
, (3.25)

where i, j, k, l are pair-wise distinct indexes from {1, 2, 3, 4}. The equation (3.23) then puts another re-
striction on the on the matrices (3.25) in the form of

e8iϕ − bib jbkble4iϕ − cic jckcle4iϕ − bib jbkcic jck(aldl − blcl) = 0 (3.26)
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Let us now assume without a loss of generality that the index l in (3.25) is equal to 4. The characteristic
equation for the solution given by (3.25) attains a simple form

λ8 − (b1b2b3b4 + c1c2c3c4)λ4 − b1b2b3c1c2c3(a4d4 − b4c4) = 0. (3.27)

and does not depend on k, l. As a consequence, the trapping effect in case of quantum walks driven by
the coin (3.12) is trivial since the evolution operator Ũ(k, l) possess only the point spectrum.

At this point we restrict ourselves to solutions of (3.26) in the form of SU(2). An arbitrary SU(2) matrix
can be parametrized as

M =

(
|a|eiα |b|eiβ

−|b|e−iβ |a|e−iα

)
, |a|2 + |b|2 = 1, |a|, |b|, α, β ∈ R. (3.28)

Using this parametrization for matrices (3.25) we obtain the general SU(2) solution of (3.26) dependent
on 6 real parameters as

Ci =

(
0 eiαi

−e−iαi 0

)
, i ∈ {1, 2, 3}, C4± =

±
√

1 − cos2(4ϕ)
cos2(α1+α2+α3+β) e

iα cos(4ϕ)
cos(α1+α2+α3+β) e

iβ

−
cos(4ϕ)

cos(α1+α2+α3+β) e
−iβ ±

√
1 − cos2(4ϕ)

cos2(α1+α2+α3+β) e
−iα

 .
(3.29)

Let us now turn to the analysis of the trapping coins derived above. The characteristic equation for
the evolution operator Ũ(k, l) corresponding to the trapping 8-state coin (3.12) using the above SU(2)
solution (3.29) is obtained as

λ8 − 2 cos(4ϕ)λ4 + 1 = 0. (3.30)

The eigenvalues take the following form for both coins C4±

λ1,2 = ±eiϕ, λ3,4 = ±e−iϕ, λ5,6 = ±ieiϕ, λ7,8 = ±ie−iϕ (3.31)

and the corresponding eigenvalues for the coin C4+ read

v1,2(k, l) =
1

2
√
µ2 + ν2

+



µ eike−i(α−α1−α2−α3−4ϕ)

∓µ ei(k+l)e−i(α−α1−α2−3ϕ)

µ eile−i(α−α2−2ϕ)

∓µ e−i(α−ϕ)

±ν+ ei(α1+α2+α3−3ϕ)

ν+ ei(α1+α2−2ϕ)

±ν+ ei(α2−ϕ)

ν+


v3,4(k, l) =

1

2
√
µ2 + ν2

−



µ eike−i(α−α1−α2−α3+4ϕ)

∓µ ei(k+l)e−i(α−α1−α2+3ϕ)

µ eile−i(α−α2+2ϕ)

∓µ e−i(α+ϕ)

±ν− ei(α1+α2+α3+3ϕ)

ν− ei(α1+α2+2ϕ)

±ν− ei(α2+ϕ)

ν−



v5,6(k, l) =
1

2
√
µ2 + ν2

+



µ eike−i(α−α1−α2−α3−4ϕ)

±i µ ei(k+l)e−i(α−α1−α2−3ϕ)

−µ eile−i(α−α2−2ϕ)

∓i µ e−i(α−ϕ)

±i ν+ ei(α1+α2+α3−3ϕ)

−ν+ ei(α1+α2−2ϕ)

∓i ν+ ei(α2−ϕ)

ν+


v7,8(k, l) =

1

2
√
µ2 + ν2

−



µ eike−i(α−α1−α2−α3+4ϕ)

±i µ ei(k+l)e−i(α−α1−α2+3ϕ)

−µ eile−i(α−α2+2ϕ)

∓i µ e−i(α+ϕ)

±i ν− ei(α1+α2+α3+3ϕ)

−ν− ei(α1+α2+2ϕ)

∓i ν− ei(α2+ϕ)

ν−
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where we have used the abbreviations

µ =

√
e4i(α1+α2+α3+β) − 2 cos(8ϕ) e2i(α1+α2+α3+β) + 1 (3.32)

ν± = e2i(α1+α2+α3+β)e±8iϕ − 1. (3.33)

The eigenvectors ṽ j in case of the C4− coin take similar form given by

ṽ j = diag(−1,−1,−1,−1, 1, 1, 1, 1) v j, j ∈ {1, 2, 3, 4, 5, 6, 7, 8}. (3.34)

Application of the inverse Fourier Transform yields that the support of the eigenvectors is finite and
the form of the stationary states in the Cartesian coordinates (n,m) and the coordinates (x, y) on the
Manhattan lattice, respectively, reads

v j(n,m) = a j |R〉o ⊗ |n + 1,m〉 + b j |U〉o ⊗ |n + 1,m + 1〉 + c j |L〉o ⊗ |n,m + 1〉
+

(
d j |D〉o + e j |R〉i + f j |U〉i + g j |L〉i + h j |D〉i

)
⊗ |n,m〉

(3.35)

v j(x, y) = a j |R〉o ⊗ |x + 2, y + 1〉 + b j |U〉o ⊗ |x + 2, y + 2〉 + c j |L〉o ⊗ |x + 1, y + 2〉
+ d j |D〉o ⊗ |x + 1, y + 1〉 + e j |R〉i ⊗ |x + 1, y + 1〉

+ f j |U〉i ⊗ |x, y + 1〉 + g j |L〉i ⊗ |x, y〉 + h j |D〉i ⊗ |x + 1, y〉
(3.36)

where a j, b j, c j, d j, e j, f j, g j and h j are constants for j ∈ {1, 2, 3, 4, 5, 6, 7, 8}.

We conclude that the trapping effect in case a of homogeneous quantum walk on the Manhattan lattice is
trivial since the trapping coins possess only the point spectrum.

3.3 Quantum walk on the Manhattan lattice with the Hadamard coin

In this section we consider quantum walks on the Manhattan lattice driven by the well-studied Hadamard
coin

H =
1
√

2

(
1 1
1 −1

)
. (3.37)

This quantum walk corresponds to 8-state quantum walk on a two-dimensional Cartesian lattice with the
coin CH in the form of (3.12) written as

CH =



0 0 0 1√
2
− 1√

2
0 0 0

1√
2

0 0 0 0 − 1√
2

0 0
0 1√

2
0 0 0 0 − 1√

2
0

0 0 1√
2

0 0 0 0 − 1√
2

1√
2

0 0 0 0 1√
2

0 0
0 1√

2
0 0 0 0 1√

2
0

0 0 1√
2

0 0 0 0 1√
2

0 0 0 1√
2

1√
2

0 0 0


. (3.38)
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The eigenvalues of the step operator in the Fourier Domain ŨH(k, l) are obtained as

λ1,2 = ±
1
2

(
− cos k − cos l + κ +

√
2 cos2 k − 4 cos k cos l + 2 cos2 l − (2 cos k + 2 cos l)κ − 8

)1/2

λ3,4 = ±
1
2

(
− cos k − cos l + κ −

√
2 cos2 k − 4 cos k cos l + 2 cos2 l − (2 cos k + 2 cos l)κ − 8

)1/2

λ5,6 = ±
1
2

(
− cos k − cos l − κ +

√
2 cos2 k − 4 cos k cos l + 2 cos2 l + (2 cos k + 2 cos l)κ − 8

)1/2

λ7,8 = ±
1
2

(
− cos k − cos l − κ −

√
2 cos2 k − 4 cos k cos l + 2 cos2 l + (2 cos k + 2 cos l)κ − 8

)1/2

and we have used the abbreviation

κ =
√

cos2 k − 6 cos k cos l + cos2 l + 8. (3.39)

It can be proven that the following inequality

2 cos2 k − 4 cos k cos l + 2 cos2 l ± (2 cos k + 2 cos l)κ − 8 (3.40)

holds for every k, l. As a result, the eigenvalues can be obtained in the following form

λ1,2 = ±e
iω1(k,l)

2 , cos
(
ω1,2(k, l)

)
=

1
4

(
− cos k − cos l ±

√
cos2 k − 6 cos k cos l + cos2 l + 8

)
λ3,4 = ±e−

iω1(k,l)
2

λ5,6 = ±e
iω2(k,l)

2 , sin
(
ω1,2(k, l)

)
= −i

√
2 cos2 k − 4 cos k cos l + 2 cos2 l ± (2 cos k + 2 cos l)κ − 8

λ7,8 = ±e
iω2(k,l)

2 .

The Figure 3.2 show the probability distribution for the Hadamard walk on the Manhattan lattice and
the Hadamard walk driven by the 8-dimensional coin operator CH on the Cartesian lattice, respectively,
starting at the origin. It also illustrates the dependence of the probability distribution on the choice of the
initial state for three different initial states (written with respect to the quantum walk on the Manhattan
lattice and with respect to the 8-state quantum walk on the Cartesian lattice)

ψ1 =
1
√

2
(0, 1, i, 0)T

ψ2 =
1
√

2
(0, 1, 1, 0)T

ψ3 = (0, 0, 1, 0)T

←→

ψ1 =
1
√

2
(0, 1, 0, 0, 0, 0, i, 0)T

ψ2 =
1
√

2
(0, 1, 0, 0, 0, 0, 1, 0)T

ψ3 = (0, 0, 0, 0, 0, 0, 1, 0)T

(3.41)

As expected from the bijection (3.7), the quantum walk on the Manhattan lattice propagates two times
faster than the corresponding 8-state quantum walk and the probability distributions exhibit the same
positions of the peaks.

3.3.1 Pólya number

Let us now turn to the Pólya number for the Hadamard walk. The method of stationary phase used in
[16] cannot be employed in this case since the partial derivatives of the function ω2(k, l) is not defined
for every k ∈ (−π, π), l ∈ (−π, π).
Based on the simulation, we can formulate a hypothesis stating that the Hadamard walk is transient. Fig-
ure 3.3 depicts the time-dependence of the probability p0 of being at the origin for three different initial
states (3.41). The red curve showing the behaviour of p0 decays as t−1.95, t−2.48 and t−2.30, respectively,
which suggests that the Pólya number is less than 1.
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Figure 3.2: The probability distribution for the Hadamard walk with 3 different initial states given by
(3.41) after 50 steps. The probability distribution with respect to the Manhattan lattice is depicted on the
left, the corresponding probability distribution for the 8-state quantum walk on the Cartesian lattice is on
the right. We see that the distribution in the former case propagates two times faster and the shape of the
probability distribution is the same, as expected.
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3.4 Quantum walk on the Manhattan lattice with the rotation coin

Another interesting example of two-dimensional coins is that of the rotation coin given as

R =

(
cos θ − sin θ
sin θ cos θ

)
. (3.42)

where we restrict ourselves to θ ∈ [0, π/2].
Similarly to the previous quantum walk with the Hadamard coin, we analyse the spectrum of the 8-
dimensional coin CR(θ) given by

CR(θ) =



0 0 0 sin θ cos θ 0 0 0
sin θ 0 0 0 0 cos θ 0 0

0 sin θ 0 0 0 0 cos θ 0
0 0 sin θ 0 0 0 0 cos θ

cos θ 0 0 0 0 − sin θ 0 0
0 cos θ 0 0 0 0 − sin θ 0
0 0 cos θ 0 0 0 0 − sin θ
0 0 0 cos θ − sin θ 0 0 0


. (3.43)

The characteristic polynomial of ŨR(θ, k, l) reads

λ8 − 2λ6 cos2 θ
(
cos k + cos l

)
+ 2λ4

(
2 cos2 θ cos k cos l + 2 cos2 θ − 1

)
− 2λ2 cos2 θ

(
cos k + cos l

)
+ 1 = 0.

(3.44)
The eigenvalues take similar form as those of the Hadamard walk

λ1,2 = ±e
iω1(k,l)

2 , cos
(
ω1,2(k, l)

)
=

1
2

((cos k + cos l) cos θ ± κ)

λ3,4 = ±e−
iω1(k,l)

2

λ5,6 = ±e
iω2(k,l)

2 , sin
(
ω1,2(k, l)

)
= −i

√
2

2

√
(cos k + cos l)κ + (cos k + cos l)2 cos2 θ − 2 cos k cos l − 2

λ7,8 = ±e−
iω2(k,l)

2

where
κ =

√
(cos k + cos l)2 cos4 θ − 4(cos k cos l + 1) cos2 θ + 4 (3.45)

At this point we note that the properties of the quantum walks driven by the rotation coin depend signifi-
cantly on the coin parameter θ. From the above equations follows that the trapping effect is present only
for θ = 0; i.e. the dependence of the eigenvalues on k, l vanishes. On the contrary, a coin with θ set to
π/2 results in a quantum walk propagating with the maximum velocity.
Note that these two examples correspond to the classical random walk on the Manhattan lattice in case
of full presence/absence of the scatterers (the former adding a phase shift of π for the motion inside the
cell).
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Figure 3.3: The probability p0(t) of being at the origin at time t for 3 different initial states ψ1, ψ2 and
ψ3 given by (3.41) in case of the 8-state Hadamard walk (semilog plot).

3.5 Quantum walks on the finite Manhattan lattice

Let us now focus on the homogeneous quantum walks on the finite Manhattan lattice. In this case the
boundary conditions have to be taken into consideration. We deal only with absorbing and periodic
boundaries; the reflecting boundary conditions cannot be employed as we have a lattice with directed
edges.

3.5.1 Absorbing boundaries

Let us assume that we have finite 2N × 2M Manhattan lattice with absorbing boundaries where N,M are
even. The position space is given as a span = {|x, y〉 | − N ≤ x ≤ N − 1,−M ≤ y ≤ M − 1} and we assume
the boundary to be described by lines x = −N, x = N − 1, y = −M and y = M − 1.
As we have already discussed in the previous chapter, quantum walk on this Manhattan lattice can be
viewed as 8-state quantum walk on the (N + 1) × (M + 1) Cartesian lattice. The position space on this
lattice has this form span{|n,m〉 | − N/2 ≤ n ≤ N/2,−M/2 ≤ m ≤ M/2} due to the correspondence (3.7).
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One step of a quantum walk has the form of (1.2) where S is the shift operator (3.13) and the coin C
corresponds to the Hadamard coin (3.38).
To employ absorbing boundaries we apply projection Π at each step (see [17]) on the position space

Π = I−

N/2∑
j=−N/2

M/2∑
k=−M/2

(
| j,−M/2〉⊗〈 j,−M/2|+| j,M/2〉⊗〈 j,M/2|+|−N/2, k〉⊗〈−N/2, k|+|N/2, k〉⊗〈N/2, k|

)
(3.46)

and one step of the quantum walk then takes this form

Uabs = (Ic ⊗ Π) U (3.47)

i.e. the probability amplitude arriving at the boundary does not affect the further evolution. As a result,
the time evolution is no longer unitary and the absolute value of the eigenvalues corresponding to the
evolution operator Uabs is less than one (except for special cases when the quantum walk is trapped at
the origin).
The survival probability is given as

P(t) = |ψ(t)|2 (3.48)

= |(Π U)tψ(0)|2 (3.49)

and its asymptotic behaviour can be estimated as

P(t) ∼ e−γt, γ = 2(1 − |λ|) (3.50)

where λ is the largest eigenvalue in the absolute value (for details see [17]).

The table (3.5.1) shows the largest eigenvalues in the absolute value of the operator Uabs obtained nu-
merically for the 8-state quantum walks driven by the Hadamard coin CR and the rotation coin CR(θ). We
have considered square Cartesian lattices of the size 5 × 5 (N/2 = 2), 7 × 7 (N/2 = 3) , 9 × 9 (N/2 = 4)
and 11 × 11 (N/2 = 5). We see that with the growing size of the square lattice the largest eigenvalue in
the absolute value is closer to 1. In other words, the survival probability decays slower, as was expected.
Moreover, both of the quantum walks driven by the balanced coins CH and CR(π/4) exhibit the same
asymptotic behaviour of the discussed probability. Notice also that the decay of the survival probability
is slower in the case of unbalanced coin CR(π/3).

N/2 CH CR
(
π
4

)
CR

(
π
3

)
2 0.96174062820 0.96174062820 0.98599280634
3 0.98947270362 0.98947270362 0.99648848064
4 0.99584144653 0.99584144653 0.99866156908
5 0.99797259408 0.99797259408 0.99935818345

Table 3.1: The largest eigenvalues in the absolute value of the operator Uabs for the Hadamard walk and
for the quantum walk with the rotation coin for θ = π

4 , θ = π
3 .

Figures 3.4 and 3.5 show the probability distribution for quantum walk starting at the origin with the
initial state ψin = 1√

2
(0, 1, i, 0) in case of 40× 40 Manhattan lattice and in case of the equivalent quantum

walk on the Cartesian lattice with the same initial state corresponding to ψin = 1√
2
(0, 1, 0, 0, 0, 0, i, 0).

We see that with increasing number of steps the propagating peaks die out, the probability distribution
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looses its characteristic shape and starts to look randomly. This behaviour stems from the fact that the
evolution is no longer unitary as the effect of decoherence occurs at the boundary.
Figure 3.6 then shows how the overall probability of finding the walker on the lattice evolves in time for
three different initial states (3.41). We see that our choice of the initial state does not significantly affect
the discussed probability.
Figure 3.7 depicts the survival probability in case of the 9 × 9 Cartesian lattice for the Hadamard walk
and for the quantum walk with the rotation coin CR(π/3) on a log scale. We see that for large times t
the survival probability corresponds well with the estimate given by (3.50), i. e. the survival probability
decays exponentially. Note that the survival probability decays faster in the case of the rotation coin, as
we expected.

3.5.2 Periodic boundaries

In this section we consider the same square (N + 1)× (N + 1) Cartesian lattice described above. However,
we employ the periodic boundary conditions identifying position −N with N which is equivalent to the
square lattice distorted into the shape of a torus.
The time evolution of the 8-state quantum walk on this lattice can be obtained by the Fourier Transform
(for detailed computation see [18]) and is given as

Ũ(k, l) = diag (ωk, ωl, ω−k, ω−l, 1, 1, 1, 1) C. (3.51)

where ω = e
2iπ
N and k, l ∈ {0, 1, . . . ,N − 1}.

Having described a method how to obtain the spectrum of a homogeneous quantum walk easily, we can
apply it to compute the spectrum of the classical random walks on the Manhattan lattice with periodic
boundaries in case of full presence and full absence of the scatterers.
The corresponding coins C0 and C1 for the probability of the scatterers p = 0 and p = 1 take the form of

C0 =



0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0


C1 =



0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0


. (3.52)

The Fourier Transform leads us to the spectrum of the evolution operators in the Fourier domain given
by

λ0 = {±e±
ik
N ,±e±

il
N } (3.53)

λ1 = {±1,±i}. (3.54)

In the case of the coin C1 we have obtained double degenerate constant eigenvalues that indicate the
presence of the trapping effect, as expected.

Another interesting example of homogeneous quantum walk on the Manhattan lattice is that with two
non-interacting one-dimensional quantum walks moving in the opposite directions.
Manhattan lattice, when turned 45 degrees, can be viewed as two crossed Galton boards (Figure 3.8(a))
when we place scatterers (coins) only at the nodes where lines with the same color cross. In terms used
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Figure 3.4: Hadamard walk with absorbing boundaries after 40, 80 and 120 steps with the initial state
ψ1 = 1√

2
(0, 1, i, 0). The probability distribution with respect to the Manhattan lattice is on the left, the

corresponding probability distribution on the Cartesian lattice is on the right.
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Figure 3.5: Hadamard walk with absorbing boundaries after 160 and 200 steps with the initial state
ψ1 = 1√

2
(0, 1, i, 0). The probability distribution with respect to the Manhattan lattice is on the left, the

corresponding probability distribution on the Cartesian lattice is on the right.

Figure 3.6: Dependence of the survival probability on the choice of the initial state. We have used the
40 × 40 Manhattan lattice and the initial states given by (3.41). We see that the choice of the initial state
does not significantly affect the survival probability.
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Figure 3.7: The survival probability on the log scale on the 9 × 9 Cartesian lattice for the Hadamard
walk (on the left) and for the quantum walk with the rotation coin CR(π/3) (on the right). The red points
represent the survival probability whereas the black line corresponds to the estimate (3.50)

above it means that in each cell the coins C1 and C4 are identity matrices (see (3.2)).
Let us now suppose that at the two other nodes we use the Hadamard matrices. The probability distribu-
tion of the resulting quantum walk is depicted in Figure 3.8(b). Obviously, this quantum walk takes the
form of two probability distributions of independent one-dimensional quantum walks propagating in the
opposite directions due to the orientation of the edges. At this point we note that straightforward exten-
sion to the model of two interacting one-dimensional quantum walks is not possible as a consequence of
the opposite orientation of the time axis. Using a scatterer at the red-black crossing would lead to the
particle moving back in time.
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Figure 3.8: Manhattan lattice as two crossed Galton boards (on the left) and the probability distribution
of the Hadamard quantum walk on the two crossed Galton boards with the initial state ψ = 1√

2
(0, 1, 1, 0)

(on the right).
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Chapter 4

Inhomogeneous quantum walk on the
Manhattan lattice

Let us now turn to the inhomogeneous quantum walks on the Manhattan lattice which represent a gener-
alization of the homogeneous model described above. We expect more interesting behaviour with respect
to the effect of localization that has proven to be trivial in the homogeneous case.
In the following we only consider spatially inhomogeneous quantum walk, i. e. we generate one con-
figuration of the Manhattan lattice at the beginning and do not change this configuration during the time
evolution. We restrict ourselves to one choice of the square Manhattan lattice with absorbing boundaries
where we consider three types of coins that are placed at the nodes of the lattice according to the pre-
scribed probabilities. This case of the inhomogeneous quantum walks does not enable us to employ the
Fourier transform used in the previous chapters. Therefore, we resort to numerical simulations.
At this point we note that we can also consider time-inhomogeneous quantum walk, where we generate
new configuration of the underlying lattice at each time step. However, this concept is beyond the scope
of this thesis.

4.1 Absorbing boundaries

In the following we consider quantum walks on the Manhattan lattice driven by three types of coins: the
Hadamard coin H, the reflection matrix R representing the scatterer in the classical case and the identity
matrix I which corresponds to the unhindered propagation of the particle. Due to the orientation of the
edges, each of the coins takes four different forms (3.2) dependent on the position on the lattice; explicitly

H1 =
1
√

2


1 0 0 0
0 1 1 0
0 1 −1 0
0 0 0 1

 , H2 =
1
√

2


1 0 0 0
0 1 0 0
0 0 1 1
0 0 1 −1

 , H3 =
1
√

2


1 1 0 0
1 −1 0 0
0 0 1 0
0 0 0 1

 , H4 =
1
√

2


−1 0 0 1

0 1 0 0
0 0 1 0
1 0 0 1

 ,

R1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , R2 =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , R3 =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 , R4 =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 . (4.1)

We use the same square 2N × 2N Manhattan lattice with absorbing boundaries where N is even. The
position space is given as a span = {|x, y〉 | − N ≤ x ≤ N − 1,−N ≤ y ≤ N − 1} and we assume the
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boundary to be described by lines x = −N, x = N − 1, y = −N and y = N − 1.
Let us denote by pH the probability of using the Hadamard coin at the given vertex, by pR the probability
of placing the reflection coin and pI denotes the probability of using the identity matrix on the given
vertex.
Our aim now is to study the dependence of the localization on the above probabilities. From the relation
for the asymptotic behaviour of the survival probability given by (3.50) follows that this probability de-
cays exponentially for the evolution operators with the largest eigenvalues which are less than one in the
absolute value. In the case of quantum walks discussed in this chapter we say that the quantum walk is
localized if the largest eigenvalues in the absolute value is equal to one.

We have obtained some preliminary results using numerical simulations for one special choice of square
12 × 12 Manhattan lattice. The Figures 4.1, 4.2 depict the dependence of the largest eigenvalues in the
absolute value of the evolution operator U on the choice of the probability pR in the case of 12×12 square
Manhattan lattice. The red lines represent the histogram in the classical case in which the discussed ab-
solute values of the eigenvalues of the step operator take only values 0 or 1. The black lines correspond
to its quantum counterparts with all of the values of |λmax| equal or close to 1. The probability pR in the
plots was set to 9/10 in the first histogram, then decreasing by 1/10 in the following plots. For each of
the probabilities we generated 150 configurations of the Manhattan lattice. In the classical case, the rest
of the nodes without the reflection are left with the identity matrix. On the contrary, in the quantum case
we placed the Hadamard matrices on the rest of the nodes with probability 1 − pR.
Notice that the distribution of the |λmax| in the classical case correspond well with the quantum case
meaning that the number of localized walks is approximately the same for both the classical and quan-
tum walks in each of the plots. Based on these results, we infer a hypothesis that localization depends
crucially on the probability pR.
We note that in case of pR = 0, pH = 1 (is not included in the plot) all of the |λmax| equal to 0.98947270362
in the quantum case which is exactly the largest eigenvalue in the absolute value in case of the corre-
sponding 8-state quantum walk on the Cartesian lattice discussed in the previous chapter.
We also note that for the probability pR greater than 1/2 the trapped walks prevail which is consistent
with the result presented in [5] that for the discussed probability greater than 1/2 all of the classical walks
are bounded.
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Figure 4.1: Histograms depicting the dependence of the largest eigenvalue in the absolute value |λmax| of
the evolution operator on the probability pR in the case of the classical random walk (red lines) and the
quantum walks (black lines). The numerical simulation was done for square 12 × 12 Manhattan lattice
with absorbing boundaries. The grey bin marks the |λmax| = 1 which is responsible for the localization.

31



Figure 4.2: Continuation of Figure 4.1.
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Conclusion

In this thesis we have focused on quantum walks on the Manhattan lattice. In the first chapter we have
introduced the concept of two-dimensional quantum walks and summarized some its properties relevant
to the rest of the thesis. The second chapter dealt with some of the properties of the classical random
walks on the Manhattan lattice.
The concept of homogeneous quantum walks on the Manhattan lattice was introduced in the third chap-
ter. We have successfully mapped the problem of the analysis of this type of quantum walk on the task of
studying 8-state quantum walk on the Cartesian lattice and analysed the time evolution of the latter. We
focused especially on the effect of trapping; having imposed conditions on the spectrum of the evolution
operator in the Fourier domain we obtained SU(2) form of the general trapping coin and observed that
the trapping effect in homogeneous quantum walks on the Manhattan lattice is trivial. We have also
considered special cases of these homogeneous quantum walks driven by the Hadamard coin and the
rotation matrix. The spectrum of these quantum walks have been obtained. We have also observed that
the decay of the probability of being at the origin at time t suggests transience of the Hadamard walk.
The second part of the third chapter was devoted to the quantum walk on the finite Manhattan lattice. We
have estimated numerically the rate of decay of the survival probability in the case of absorbing boundary
conditions and commented on some special cases of quantum walks with periodic boundaries.
In the last chapter we touched upon the inhomogeneous quantum walks on the Manhattan lattice. We
only considered one specific choice of the 12 × 12 square Manhattan lattice with absorbing boundaries
and quantum walks homogeneous in time with spatial disorder. From the preliminary results obtained
numerically we infer that the localization effect depends crucially on the probability pR of using the re-
flection on the given node in both the classical and quantum case.

There remain many interesting open questions. The effect of localization in the spatially inhomoge-
neous case considered in the last chapter is to be analysed for bigger size of the Manhattan lattice and
more general choice of the coin operator.
We note that we can also consider quantum walks inhomogeneous in time, where we generate new con-
figuration of the Manhattan lattice at each time step. These two models that are analogous to static and
dynamical percolations will be the subject of our further study.
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