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Introduction
The rising demand for the energy
During the last decade, the age-long rising demand for the energy may have seemed to be
stagnant or even satisfied. Energy consumption in Europe and North America is stable or
even slightly decreasing as a part of the industrial infrastructure was moved to the cheaper
regions. The situation is so comfortable that some of the most advanced economies intend to leave one of the most important achievements of the 20th century - nuclear fission
power plants. The trigger of this decision was the Fukushima Daichi disaster, severe,
albeit caused namely by local tectonic conditions and failure of human factor. Some European countries, e. g. Germany responded to this disaster with huge investments into
renewable energy and other, not so popular steps - development of coal power technologies and massive evolution of the distribution network. So far it seems that Germany
copes with its "Energiewende" quite well, but most of the nuclear power plants are still
working. There is a question, how the electricity supplies to regions far from the winds of
Northern Sea will be secured. One thing is certain, it would not be possible without coal
and gas, the fuels with limited reserves.
On the other hand, there are quickly developing countries, e. g. China. This rising
giant has been building tens of nuclear reactors and consuming more than one third of
world coal production. India may soon reach similar numbers. Furthermore, according to
the International Energy Agency, there are still 1.3 billion people without access to electrical energy in the world [61]. The expected rise in developing countries will definitely
overcome any possible decrease of energy consumption in the developed countries due to
the increased efficiency of electricity usage. The US could serve as an example of such
developed country with stable and predictable electricity production. Despite this, slow
increase of electricity generation is predicted (see Figure 1). The growth in China and
other expanding economies would be much more desperate.
If we take into account that the electricity will conquer new sectors of energy market via utilisation of electric cars, it is obvious that humankind will need a strong energy
source not based on the fossil fuels. Renewable sources of energy are suitable for small
production and remote regions but it will hardly ever be the only source of energy. Renewable sources fail to power the industry and megapoles as they work only under proper
circumstances and will always need giant energy-storing facilities.
Nuclear fission could solve the energy problem for many centuries. Unfortunately,
western civilisation tends to fear fission technologies. This situation leaves a single possible long-term solution - the fusion.

9

Figure 1: Historical development and prediction of the electricity generation by source
in the US. Shell gas will take dominant role in next decades and the overall electricity
generation will be rising. Source of data: EIA.

Fusion
Sun is a shining example of a working fusion reactor that has by far the main contribution
to our own existence. Similar reactions, that power our star, are feasible on smaller scales
and there is enough fuel for billions of years just on Earth. Fusion is inherently safe, it
produces no radioactive waste and the activation of the reactor components can be made
significantly lower than in fission power plants. Moreover, the sources of the fusion fuel
are well distributed around the globe, namely in comparison with oil and uranium.
The benefits of fusion are large, however, it is a difficult way to go. The devices called
"fusion reactors for energy generation" were continuously developed and even patented
since the WWII albeit after seventy years of research we do not have a single device
worth this name. The challenge of harnessing the fusion power is among those that are
well defined and seem so hard to reach. Some very old goals of this kind have been finally
conquered in the 20th century, but even more of them have arisen.
People, by their nature, prefer simple solutions and so far it is obvious that the controlled fusion does not offer such a solution. Large fusion experiments are extreme jigsaws
uniting the high-end technologies with the state-of-the-art physics. None of the "easier
alternative ways" seem to work so we have to carry on this expensive research before it is
too late. We can not afford not to try.

Tokamaks and runaway electrons
Current research of fusion plasma confinement is focused on tokamaks, the devices with
long history and best experimental results among all concepts of magnetic confinement
fusion. The word tokamak is an abbreviation of the Russian term for the toroidal chamber
10

with magnetic coils (see Figure ). In these devices, the plasma is confined by the dominant
toroidal magnetic field and primarily heated by current flowing in the toroidal direction.
This current is generated by an external electric field. The tokamak community currently
looks up to the final stage of the fusion research - the ITER (International Thermonuclear
Experimental Reactor) project. This large reactor is designed to finally reach the breakeven. This means that the energy generated by the fusion reactions balances the energy
supplied by the heating systems. In fact, in ITER the former overcomes the latter by ten
times. This would be an important step on the way to the power plant, although it does
not mean net electricity generation, yet.
Unfortunately the plasma tends to be unstable in many ways. A large group of instabilities is connected with plasma due to its nature of a conductive fluid in a magnetic field.
In such a fluid, various kinds of unstable waves, local isolated regions (magnetic islands)
and other phenomena (magnetohydrodynamic - MHD - instabilities in general) may occur. These instabilities are usually degrading the confinement and fusion power. Except
of these fluid instabilities, there is another group connected to the velocity distribution
of plasma particles. These instabilities are called kinetic instabilities and uncontrolled
acceleration of fast electrons is among them. Indeed, the toroidal electric field - if large
enough - could raise problems by overcoming the collisional drag and accelerating some
of the plasma electrons to relativistic energies. The beam of so called runaway electrons
(RE) presents one of the most dangerous issues to the plasma facing components (PFC)
due to its ability to deposit large power into a small area.
The conditions for the RE beam creation in large tokamaks are not fulfilled during normal operation, albeit in smaller tokamaks the beam may arise during the plasma breakdown (at the beginning of the discharge). The fields sufficient for the RE beam generation
may also arise due to some plasma instabilities and namely due to the sudden termination of the plasma current - the disruption. The number of RE created by an over-critical
electric field could be multiplied by the avalanche mechanism: fast electrons knock on
thermal electrons and make them runaway, while staying in the runaway region of velocity space. The mechanisms of the RE generation will be detailed in the chapter 2.
The RE may stay confined and interact with plasma instabilities. However, the RE
beam is hard to control and it eventually crashes into PFC. The consequences of such impact would be tremendous in ITER as the predicted RE current is up to 12 MA. Therefore,
it is necessary to stop the RE generation or mitigate the beam in the early stages. Due to
these facts, intensive experimental efforts are focused on RE in many tokamaks, including
the Czech tokamak COMPASS as a part of coordinated European research. For the author
of this thesis, participation in this project is a great opportunity to gain experience in the
field of fusion research and contribute to this important topic.
This thesis summarises the basic theoretical models and issues connected with runaway electrons (chapters 1 and 2), the recent experimental results of COMPASS and
Golem tokamaks are described and analysed in chapter 3. However, the main effort of
this thesis is focused on correlation of RE bursts with magnetic reconnection phenomena
(chapter 4).
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Figure 2: The cut of the toroid with the D-shape cross-section, a typical shape of tokamak
vacuum chamber. Toroidal and poloidal directions that correspond to main components
of magnetic field in tokamak are displayed. Also main (major) axis of symetry and so
called magnetic axis are visualised together with major radius R0 and minor radius a. The
deifnition of these quantities is not so clear as for standard torus. Magnetic axis is not
fixed during the experiments and R0 is correctly defined as the distance between main
axis and geometrical centre of poloidal cross-section and for minor radius a = Rmax − R0 ,
where Rmax is the radial coordinate of the point most distant from the major axis. To
describe the shape of the non-circular cross-section completly, two additional parameters
- elongation κ and triangularity δ - must be defined. The cylindrical coordinated system
(R, z, φ) drawed in the bottom is one of the options, however radial coordinate r related
to magntic axis and minor radius and poloidal angle θ may be used in toroidal system
(r, θ, φ). The best way to describe the tokamak plasma is probably the utisilation of magnetic flux surfaces Ψ of arbitrary shape instead of r in (Ψ, θ, φ) coordinate system. Image
generated by ’3D-XplorMath-J’ software and ajusted in Paint.NET.
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Chapter 1
Physics background
1.1

Plasma

The fusion fuel in a thermonuclear reactor is confined in the form of a plasma. Plasma is
by the definition a quasi-neutral system of charged (and neutral) particles that behaves
collectively. The first term in bold means that the electrical charge of every macroscopic
volume is zero. The collective behaviour is possible because of the long range Coulomb
interaction between the particles. Plasma interacts with external electromagnetic fields
and the particles are affected by fields generated by other particles. Therefore, plasma
is a self-consistent system and it is difficult to find numerical solution describing various
processes in plasma.
The most important plasma parameters are electron density ne , electron temperature Te
and the same quantities ni , Ti describing ions. Furthermore, the plasma in tokamak is
affected by the magnitude of the magnetic field B and plasma current Ip . The values of
these parameters define the time and space scale of the plasma processes. The three most
important characteristic frequencies of magnetised plasma are
ω2pα

Q 2 nα
= α
 0 mα

ωcα

Qα B
=
mα

να β =

ne Q2α Q2β ln(λ)
4π 20 m2e ∗ c3

,

(1.1)

which corresponds to plasma frequency (frequency of plasma oscillations), cyclotron frequency (gyration around the vector of the magnetic field) and collisional frequency, respectively. Indices α, β mark the type of the plasma particles - electrons or ions of fuel
or impurity isotopes in arbitrary ionisation states, Q is the charge of the particle, m is the
mass of the particle and  0 is the permittivity of vacuum.
Complementary characteristic lengths may be defined to these characteristic frequencies
λ 2D = P

 0 mα
2
α Q α nα /Tα

r Lα =

mα v⊥
Qα B

λα =

vT α
,
να β

(1.2)

the first quantity is the Debye length (a shielding length of a charge in a plasma), the
second quantity is the Larmor radius (a radius of a cyclic motion of a particle with a perpendicular component of velocity v⊥ around the magnetic field line) and the last one is
the mean free path of particle that is a function of a thermal velocity vT α . Notice that
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the mean free path in plasma is defined as the length of path of particle corresponding to
the change of direction of motion by 90°. The particle interacts with many other particles
simultaneously, therefore, the traditional understanding of collisional frequency can not
be used. However, the runaway electrons could not be treated the same way as the background plasma. These electrons have kinetic energy that can overcome their rest energy
many times and the collisional interaction between these particles and the background
plasma is weak. Therefore, description of the RE physics should start with the relativistic equation of motion in external magnetic and electric fields. In fact, as will be shown
in further text, low density tokamak plasma with strong runaway electron beam can be
compared to betatron operation.

1.2

Relativistic single particle motion in external fields

The relativistic equation of motion
dp
= e(E + v × B)
dt

(1.3)

is the relation between the time evolution of the relativistic particle momentum p and
applied electric (E) and magnetic (B) fields. The relativistic momentum is defined
s
r
!2
2
v
p
,
(1.4)
p = γm0 v
γ = 1− 2 = 1+
me c
c
where m0 is the rest mass, v is the velocity of the particle and γ is the Lorentz factor.
In order to find solutions of relativistic problems, the definition of relativistic energy is
useful
q
p⊥ c2
(1.5)
E = m02 c4 + p2 c2
v⊥ =
E
Let the relativistic particle with random initial velocity move along a line with parallel
electric and magnetic fields. This may serve as the very basic model of runaway electron
acceleration in tokamak without considering the friction force and effects of the toroidal
geometry. This situation may be solved analytically component by component or by some
specialised numerical solver. In this simple single particle case we could use high precision energy conserving algorithms, e. g. relativistic Boris-Buneman (BB) solver that was
developed specially for this type of problems. This attitude is necessary in situations with
fast temporal evolution or strong spatial dependence of fields, e. g. for particles moving
across the reconnection region.
Analytical solution for constant B = (0, 0, B), E = (0, 0, E) is summarised below according to the reference [10]. Using the the small initial momentum p = (0, mv⊥ , 0) The
components of (1.3) are:
dpx
= ev y B;
dt

dpy
= −ev x B;
dt

dpz
= eE.
dt

(1.6)

This issue is often solved in educational materials (e.g. lectures [10]) with assumption that
the perpendicular component of momentum p⊥ is constant. This condition is satisfied
14

for small electric fields and short time-scales and it leads to the solution for Cartesian
components in the form
x(φ) = r L − r L cos(φ)
y(φ) = r L sin(φ)
!
!
Ei
Eφ
z(φ) =
cosh
−1 ,
eE
cB

(1.7)
(1.8)
(1.9)

where r L is classic Larmor radius, Ei is the initial energy of the particle and φ is the angular displacement related to the relativistic cyclotron frequency φ̇(t) = ωC R (t) = meB0 γ .
It is obvious, that the equation (1.9) is a catenary and the solution in cyclic coordinate φ
is the same as it would be in x, y-plane without the magnetic field. The only relativistic
effect in the perpendicular direction according to this solution is the change of the cyclotron frequency. However, this solution is valid only for small changes of the Lorentz
factor as all the components of the equation of motion are connected via this parameter
and therefore the radius of gyration is affected. The third graph of figure 1.1 also indicates the relativistic expansion of the Larmor radius. Furthermore, for very high energies
the relativistic Lorentz equation should be replaced by the Lorentz-Dirac equation that
incorporates relativistic radiation processes and the self-consistent reaction of the particle
to the electromagnetic fields.

1.2.1

Boris-Buneman algorithm for the full particle motion

The other way to solve this problem is to use a numerical solver. The iterative equations
of relativistic the Boris-Buneman (BB) algorithm are in the following table, where n is
the time index and ∆t is a properly chosen time step.

1

γn = q

1−
Ẽ =

Q ∆t
Q ∆t
E
B̃ =
B
m0 2
m0 2
un = γn vn
ũ = un + Ẽ
(ũ + ũ × B̃) × B̃
1 + B̃2
=D
u + Ẽ
un+1
= q
1 − u2n+1 /c2

D
u = ũ + 2
un+1
vn+1

(1.10)

v2n /c2

xn+1 = xn + vn+1 ∆t

(1.11)
(1.12)
(1.13)
(1.14)
(1.15)
(1.16)
(1.17)

This quite complicated second-order algorithm has been shown to be stable and energyconserving under various conditions. The left-hand side of the equation of motion is
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linearised by the substitution (1.12) that hides the relativistic factor. The influence of the
fields is divided to four phases:
• Half of the acceleration caused by the electric field (1.13)
• Part of the direction change caused by the magnetic field (inner vector product in
(1.14))
• Rest of the direction change caused by the magnetic field (outer vector product in
(1.14))
• The second half of the acceleration caused by the electric field. (1.15)
The algorithm was implemented in a simple Python program in the framework of this
project (see the cloud link in Appendix). The most interesting results of this simple model
are displayed in figure 1.1. The first graph in the figure may serve for quick determination
of the time scale necessary for gaining a particular kinetic energy. The electron is accelerated without any drag in a electrical field 3 V/m which is a value often accessed in some
phase of discharges in smaller tokamaks. Notice that the kinetic energy 1 MeV would be
achieved in 3 ms in the vacuum. Acceleration of RE in tokamak plasma is always slower
in the given field albeit its usually of a similar order of magnitude. The second graph
demonstrates the relativistic behaviour of the algorithm. The maximum speed is limited
by the speed of light.
The third graph shows interesting behaviour with increasing Larmor radius. The magnetic field is 1 T and the parallel electric field is 10 kV in this case. The Larmor radius quantity connected with motion perpendicular to the magnetic field - seems to be rising
during the parallel acceleration in these high fields and this behaviour is surprisingly resistant to refinements of time step. This behaviour is in disagreement with the analytical
solution given in [10], however it seems that it is reasonable as it follows the relation for
relativistic Larmor radius (green curve in the figure 1.1). The process of gyration is very
fast and computationally expensive, however, the computation of the full particle motion
is unavoidable in some situations.

1.2.2

Relativistic Lagrangian and Hamiltonian

Sometimes it is not possible to apply the equation of motion (1.3) directly. In this case
the Lagrangian or the Hamiltonian of the system of particles and electromagnetic field
have to be used. For this application, the scalar potential ϕ and the vector potential A are
particularly useful. The relations between the fields and potentials are described by these
equations
∂A
B = rotA.
(1.18)
E = −∇ϕ −
∂t
Using these potentials, the relativistic Lagrangian of particle in an electromagnetic field
is [29]
q
L(r, ṙ,t) = −m0 c2

1 − v2 /c2 − eϕ + eA · ṙ.
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(1.19)

Figure 1.1: The results of the Boris-Buneman (BB) algorithm for a simple particle acceleration, top left: relativistic kinetic energy of an electron as a function of time in electric
field E = 3V/m, top right: velocity of electron in accelerating electric field, bottom: the
rising value of the Larmor radius in the very high electric field.
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Furthermore, the relativistic Hamiltonian [29] takes a form
q
2
H (r, p,t) = c m02 c2 + (p − eA) 2 + eϕ.

1.2.3

(1.20)

Relativistic drift equation

The description of full particle motion is not necessary (gyroradius in the order of tenths of
milimeter and frequency in the order of THz) and almost impossible for runaway electrons
on larger time scales. The required time step to track the full particle motion is many
orders of magnitude smaller than typical time scale of disruption or plasma instabilities
in tokamak. Therefore, the first simplification is the relativistic drift equation (RDE) that
omits the gyro-motion. This is possible only in magnetic fields with small time and space
variations
B
∂Bk
∂Bk
|
|
| ωC B,
∀k, j.
(1.21)
|
∂x j
rL
∂t
The derivation of this equation follows.
For the purpose of RDE, the relativistic Lagrangian formalism (1.19) is used in [41]. The
particle position r is the sum of the position of the guiding center R and the circular
motion with the gyroradius ρ
r = R + ρ( x̂ cos θ + ŷ sin θ),

(1.22)

where ( x̂, ŷ, b̂) defines an orthonormal basis determined by the direction of the magnetic
field B = B b̂ and we suppose Ṙ = ( b̂ · Ṙ) b̂. The derivative of the position vector is
v = Ṙ + ρθ̇(− x̂ sin θ + ŷ cos θ).

(1.23)

For derivation of the gyro-averaged Lagrangian we also need an approximate value of
magnetic potential at point r using expansion
!
∂A
∂A
cos θ +
sin θ .
(1.24)
A(r) = A(R) + ρ
∂x
∂y
Using this expression, the last term in equation (1.19) is adjusted and averaged over θ.
Finally, the gyro-average of the Lagrangian is
L(R, ρ, θ, Ṙ, ρ̇, θ̇) = −mc

2

q
1 − [( b̂ ·

Ṙ) 2

+

ρ2 θ̇ 2 ]/c2

eB ρ2 θ̇
− eφ + e(AṘ) +
. (1.25)
2

From this function, the guiding-center equation is derived using the well-know relation
for Euler-Lagrange equations
!
!
d ∂L
∂L
=
.
(1.26)
dt ∂ Ṙ
∂R
This relation leads to the equation for the guiding center motion in the form
m

d(γ v k )
= e(E + Ṙ × B) − µ∇B − γmv2k κ,
dt
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(1.27)

m v2

e ⊥
is the magnetic moment and κ = b̂ · ∇b̂(= −b̂ × (∇ × b̂)) is the
where v k = Ṙb̂, µ = 2B
curvature of magnetic field lines. The magnetic moment appeared in the equation after
using relations for Larmor radius (ρ = r L ) and cyclotron frequency (θ̇ = ωC ) The parallel
component of this equation is

d(mγ v k )
= eE k − µ(∇ k B).
dt

(1.28)

This component is related to the effect of magnetic mirrors that is important in tokamaks
for trapped particles. The perpendicular component, i. e. RDE, is derived by adjusting
the vector product of equation (1.27) with b̂
2
mγ v⊥
µ
E × b̂
Ṙ⊥ = Ṙ − v k b̂ =
+
b̂ × ∇B +
b̂ × κ.
B
eB
eB

(1.29)

The three terms in this equation corresponds to three types of drift motions most important
for stationary tokamak plasma, described below.

1.2.4

Drifts

Drift motion, i. e. motion of the gyro-center perpendicular to the magnetic field lines.
Is quite important for RE in low density and post-disruption plasmas. As the change of
momentum due to the collisions is small, the drift effects dominate. Notice that it is slow
in comparison to the cyclotron frequency.
E × B drift
This drift is well known from tokamak plasmas. It is independent on the particle charge
and therefore the direction of the drift velocity for electrons and ions is the same, resulting
in a flux of plasma. The drift velocity is

vE×B =

E×B
.
B2

(1.30)

This motion would lead to expansion of the plasma torus outwards in case of the vertical separation of charges (creates E) and toroidal magnetic field. To make the tokamak
resistant to a such behaviour, a poloidal magnetic field must be utilised. The stability is
expressed by the safety factor q defined
q=

∂Φ c.p. r BT
≈
,
∂Ψ
R BP

(1.31)

where Φ is the toroidal magnetic flux and Ψ is the poloidal magnetic flux, r and R are
minor and major radius coordinate, respectively, ’c.p.’ means circular plasma approximation.
However, the introduced poloidal component of the magnetic field together with the
toroidal electric field (loop voltage) may cause a radial E × B drift that is very important for runaway electrons.
19

Curvature and ∇B drift
Curvature drift corresponds to the last term in (1.29). In tokamak, the magnetic field lines
are curved strongly and therefore this drift plays a significant role. It may be understood
as an effect of the centrifugal force. As it is connected with the parallel component of
velocity the relativistic factor γ appears. This direction of the drift is dependent on the
particle charge and it leads to the separation of charges.
As the name ∇B drift suggest, this type of drift is connected to the spatial changes of
magnetic field magnitude. The second term of the relativistic drift equation (1.29) shows
that this drift is connected with changes of magnetic field magnitude perpendicular to the
direction of the magnetic field vector. This situation indeed occurs in tokamaks. Toroidal
magnetic field decreases with the distance from the main axis. This is caused by the
toroidal geometry as the toroidal field coils are closer to each other on the inner side of
the torus. Poloidal field also varies radially. This type of drift is also dependent on the
charge of the particle. Curvature and ∇B drift in tokamaks may be written using single
expression [60]
2 !
γm Rc × B 2 v⊥
vk +
.
(1.32)
vD =
eB Rc2 B
2
This combined drift velocity was derived using Maxwell equation divB = 0 in cylindrical
coordinates. Using this form, the ∇B term may be described using ther curvature radius
Rc or the curvature κ. This description is possible in situations where the gradient of
magnetic field is actually caused by the curvature, e. g. for field lines forming the torus.
Note that the direction of both drifts is the same. This leads to the separation of charges
mentioned in the E × B paragraph. The effect of these drifts is increased in the case of
relativistic particles, due to the factor γ.
Other drifts
If we consider a slowly evolving magnetic field, the inertial drift may be introduced
vin =

vk
∂ b̂
.
b̂ ×
ωC
∂t

(1.33)

A slowly varying electric field is responsible for polarisation drift with the velocity magnitude (as derived in Chapter 2 of book [60])
vp =

m ∂E
.
eB 2 ∂t

(1.34)

This drift may be neglected for electrons due to their small mass.
Finally, the effect of finite Larmor radius in space-varying electric field leads to modification of (1.30)
!
1 2 2
vEs = 1 + r L ∇ vE×B .
(1.35)
4
Due to the plasma pressure gradient, the virtual diamagnetic drift is created. This is not
a movement of particle gyrocentres, but rather dominant velocity direction in reference
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area that appears in the MHD description. The velocity is calculated using equation [29]
vD = −

1.2.5

∇p × B
.
enB 2

(1.36)

Effects of toroidal geometry

We have described the most important drifts in the toroidal configuration. However, there
are other important effects connected with the parallel velocity. If we go back to the
equation (1.28), the two terms on the right-hand side with opposite signs may suggest,
that there exist a stationary point for the parallel velocity and under some conditions
it is even possible that the particle stops and starts to move backwards. For particles
with high value of perpendicular component of velocity (hidden in µ) with respect to the
parallel component, the effect of magnetic mirror occurs (trapped particles). Particles
with high parallel velocity moves around whole poloidal cross-section (passing particles)
with circular orbits slightly shifted due to drifts.
Trapped particles
In tokamak the particles may be trapped on the low field side (the outer part of the torus in
radial direction) and move on the so called banana orbits. These trajectories are described
in many publications, including [60] or bachelor thesis of author [12]. This is not generally the case of runaway electrons. The high parallel momentum of RE can be hardly
switched to the perpendicular component due to the common collisions. However, the
transition may be caused by the resonance braking on plasma wave, e. g. Parail-Pogutse
instability that will be described in following chapters. Also the avalanche mechanism
may produce the trapped electrons with large energy [46]. These electrons may runaway
after redistribution of momentum. Some authors consider complicated mechanisms that
can result in transition of trapped particle into the runaway region, e. g. including Ware
pinch (the move of banana trajectory towards the magnetic axis) [19].

1.2.6

Betatron equilibrium

As mentioned above the RE dominated plasma in tokamak may be compared to betatron
operation. In the history of accelerator physics even the stabilising toroidal field was used.
Furthermore, the "plasma-assisted betatron" as an electron accelerator with background
low density plasma (ni = 1016 m−3 ) to lower the effects of space charge was proposed
[36]. Traditional betatrons are characterised by a changing vertical field that is responsible
for both acceleration and stable orbits. The accelerating electric field is determined by
the Faraday’s law and the stable orbit is based on the equilibrium of magnetic part of
Lorenz force and the centrifugal force. These two relations lead to the famous Widerøe’s
(betatron) condition [24]
1 ∆φ
,
(1.37)
B(r 0 ) =
2 πr 02
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that is: magnetic field on the radial coordinate of the beam center r 0 is equal to the half
of the change of magnetic flux through the circle enclosed by the beam ∆φ divided by
the area of this circle. This condition is automatically fulfilled when the acceleration and
stabilisation is done by the same coils, unless the iron core is saturated or the flux is
damaged by some error fields.
This condition may be possibly useful in the RE beam stabilisation and suppression.
If some special waveform is used for the central solenoid and outer poloidal field coils,
it should be possible to stabilise and even decelerate (or scatter) the RE beam. However,
the plasma assisted modified betatron is affected by instabilities similar to these observed
in tokamaks. [36] The stabilisation of RE beam is to be studied in following campaigns.

1.3

Statistical physics and kinetic approach

Once the interest is not focused on the trajectory of a single particle and we investigate the
macroscopic behaviour of plasma, we have to use a more general attitude. The statistical
physics is very powerful in the description of plasma and can be exceptionally useful in the
RE description. From the single particle momentum we step to the distribution function
(particle probability density function) f (t, x, v), defined as the probability of finding dNα
particles in the element of the phase space (dx, dv). This definition is described by the
following relation
dNα = f α (t, x, v)d 3 xd 3 v,
(1.38)
where α denotes the type of the particle (ions in particular ionisation states, electrons,...).
When integrating this equation over the whole phase space, the number of particles is
obtained, while integrating (1.3) over the velocity part of the space results in the density
of particles ne . The evolution of the system of many particles is described primarily by
the Liouville theorem [30]. This theorem states that the total derivative of the probability
density function along the trajectory is zero in a system without any sinks or sources.
The actual time development of the distribution function of specific type of particles is
described by the Boltzmann transport equation (BTE) [29]. The total time derivative of
the distribution function is equal to the change of the distribution function caused by
collisions with different kinds of particles and to change caused by the sources and sinks
D f α ∂ f α ∂ f α dxα ∂ f α dvα)
=
+
+
=
Dt
∂t
∂xα dt
∂vα dt
!
!
∂ fα
1
∂ fα
∂ fα
=
+ (vα · ∇x ) f α +
(Fα · ∇v ) f α =
+
.
∂t
mα
∂t col
∂t s

(1.39)

The source (sink) term in the case of plasma may be connected with a loss to the walls,
gas or impurity injection and many other processes that may be described with approximate models. The processes like ionisation or recombination may be covered either by
the source term or by the collisional term and described using differential cross-sections.
The sources that change the velocity part of the distribution function, e. g. the heating
systems, have to be also incorporated into the equation to get the complete description
of the system. The collisional term is harder to determine. In the Boltzmann equation,
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this term is given by a very general "collisional integral", in the Vlasov equation for collisionless plasma the collisional term is equal to zero and the collisional term of the BGK
equation corresponds to a simple approximation νc ( f α − f LE ), using the local equilibrium
distribution function f LE and the collisional frequency νc , defined in section 1.1.

1.3.1

Fokker-Planck equation

In the case of plasma with RE, the collisions are essential. Therefore the Fokker-Planck
(Landau) collisional term, which is considered to be very accurate in a plasma, have to
be used. The term will be briefly described below. The force Fα from the equation (1.39)
must be specified. The Lorenz force dominates and the equation takes form
!
!

Qα
∂ fα
∂ fα
∂ fα
+ (vα ∇x ) f α +
E(α) + vα × Bα · ∇v f α =
+
.
(1.40)
∂t
mα
∂t col
∂t s
Let us remind the assumptions of the classical Fokker-Planck approximation. Most of the
assumptions are based on the qualitative properties typical for the Coulombic interaction
(relatively fast decrease of intensity with distance, shielding)
• Every particle is affected by many small collisions, the overall change of velocity
during the time period ∆t is small.
• The collisions are elastic.
• Only the field of the particles in the Debye sphere is considered.
• The collisions with the large scattering angle (> 90◦ ) are not considered as they are
less probable.
• The collisions satisfy the Markov property, i. e. the process is ’memoryless’. Therefore, the probability of changing the velocity of the particle ℘(v, ∆v)d3 v from the
value v to the value v + ∆v during the time period ∆t does not depend on time.
Based on these assumptions, the general Fokker-Planck equation may be derived using
the Lagrange theorem for the time derivative of the distribution function related to the
collisions in combination with the second order Taylor series of the integrand in the relation
Z
f (t, x, v) =
f (t − ∆t, x, v − ∆v)℘(v − ∆v), ∆v)d3 (∆v) ,
(1.41)
where the function ℘ contains the properties of Coulomb interaction and will be specified
below. The derivation is described in detail in [29] and many other plasma kinetic theory
books. The final equation may be written using tensor formalism


1
1
D fα
= − ∇v · f α h∆vi +
(∇v ⊗ ∇v ) : f α h∆v ⊗ ∆vi
Dt
∆t
2∆t
Z
h∆vi ≡
∆v℘ d3 (∆v)
,
Z
h∆v ⊗ ∆vi ≡
∆v ⊗ ∆v℘ d3 (∆v)
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(1.42)

where the left-hand side may be written as in the equation (1.40) and the two terms on the
RHS originate in the Taylor expansion mentioned above. The first term corresponds to
the ’dynamic friction’ and it can be described as a braking of the beam of supra-thermal
particles penetrating into the thermal plasma. The second term is the ’diffusion term’
corresponding to the scattering of the beam. That is identical to spreading of the distribution function in the velocity space. The specific form of the right-hand side (℘) for
the Coulombic collisions is described by the Rosenbluth potentials. Let us remind that
the Rosenbluth potentials are derived for a non-relativistic situation without the strong
magnetic field and therefore its precision is limited when applied for RE in tokamaks.
The derivation of these potentials is based on the analysis of Coulombic collision of two
particles in the centre of mass coordinate system. The most important quantity in the
derivation is the relative speed g = |vα − v β |. The exact derivation of Rosenbluth potentials is quite long and technical, therefore it will not be shown here. The derivation can be
found in [29] or [30]. The final form of the equation is

Sα β

Qα
∂ fα
+ (vα ∇x ) f α +
(Eα + vα × Bα ) · ∇v f α = Sα β
∂t
mα
"

 1

#
mα + m β
= Kα β ln Λα β −
∇v · f α ∇v Hα β + (∇v ∇v ) : f α ∇v ∇v G α β
mβ
2
Z
Z
, (1.43)
1
3
3
Hα β (vα ) =
f βd vβ
G α β (vα ) =
g f βd vβ
g
!
!
Qα Q β 2
Qα Q β
λD
ln Λ =
Kα β = 4π
b0 =
4π 0 mα
b0
4π 0 µg 2

where m• , Q• , v• , f • are mass, charge, velocity and distribution function of particles
of the kind α or β. Hα β and G α β are Rosenbluth potentials corresponding to the drag
and diffusion in velocity space, respectively. Landau parameter b0 corresponds to the 90
degrees scattering and Debye length corresponds to the maximum collisional parameter
as it was defined in previous text. The constant µ = mα m β /(mα + m β ) is reduced mass.
The equation in this form is useful for the description of kinetic instabilities and RE.

1.4

Two-fluids magnetohydrodynamics of electrons

To describe phenomena connected with space rather than with velocity distribution of
plasma particles, it is suitable to use even more simplified attitude. The MHD equations
may be derived as the moments of the Fokker-Planck equation. Direct integration of the
equation over velocity space results in the equation for the time evolution of particle density, integral
R of the equation multiplied by vα or mvα is the equation of motion and second
moment ·mv2 /2 gives equation for the evolution of energy [30].
Multi-fluids magnetohydrodynamics is often used for multicomponent plasma in the terms
of electrons, fuel ions and impurities, albeit it is also suitable for RE. Most MHD models consider RE as a different "fluid" in the background of thermal electrons. Using this
attitude, it is natural to use runaway rates of various processes described below as source
terms in the equation for the RE amount or density. The sinks are derived from statistical evaluation of particle losses due to different channels (drifts, magnetic field perturbation,...). Similar terms may be derived for conservation of momentum (velocity) and
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energy, however, in these equations also the radiation processes play an important role.
Interaction of runaways with background plasma is often neglected and the velocity of the
RE fluid is often considered to be equal to the speed of light. Let us remind the definition
relations for the most important quantities describing the fluids
R
Z
v f (x, v,t)d3 v
3
nα (x,t) =
f (x, v,t)d v
uα (x,t) = R
jα = Q α nα uα , (1.44)
f (x, v,t)d3 v
that is particle density, mean velocity and current density respectively.
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Chapter 2
Runaway Electrons Physics and
Modelling
2.1

Generation of runaway electrons

RE in tokamaks may be generated by many processes that are divided into two groups
- the primary and the secondary. The primary generation occurs when the electric field
is present, the fast particles are not slowed down collisionally and therefore, acceleration
prevails. Indeed, as will be shown in the further text, the collisional frequency decreases
with the velocity raised to the power of minus three and fast enough electrons are further
accelerated, while the tail of the thermal distribution is refilled from the bulk plasma by
collisional diffusion in the velocity space. This leads to the rising number of RE. So called
hot-tail mechanism is a modification of this process, occurring during the thermal quench
of disruptions. During this process, the rapid cooling of the bulk plasma makes the fast tail
of the former hot Maxwell distribution almost collisionless and the population of runaway
electrons can be created. The secondary generation is different, as it is based on close
collisions. Significant population of RE created by the primary mechanism (seed) may be
multiplied by collisions with the thermal particles. Except of these dominant processes,
there are some marginal channels that may also create the runaway seed. Among these are
the tritium β decay, cosmic radiation, Compton scattering, etc. Actually, a more important
source may be some instabilities and waves, namely the R-wave (resonant interaction on
electron cyclotron frequency ωC [29]), reconnection phenomena and kinetic instabilities.

2.1.1

Primary generation

The basic concept of the primary runaway electron generation will be described in the
following text. This basic description is non-relativistic and without considering the magnetic field. The influence of relativistic effects on the runaway phenomenon will be discussed later, strong magnetic field changes namely the symmetry of this problem. We
have to estimate the number of electrons that are not collisionally slowed down in a specific electric field. The presence of electric field creates the RE region in the velocity
space. The number of the electrons in this region is not constant but rises due to the dif26

fusion of thermal electron distribution in velocity space.
Following detailed derivation is an expanded translation of the derivation conducted in
Czech monograph on plasma theory [29]. This solution of the runaway problem is successfully compared with the results published in the famous Dreicer article [11] that is
considered to be the first publication in the field of RE physics.
Derivation of the collisional drag is based on the solution of the equation (1.43). We have
to choose the distribution functions f α and f β . Let the f β be the Maxwellian distribution
function of thermal plasma and f α a mono-energetic beam
f α = nα δ(vα − v(t))

f β = nβ

mβ
2πk BT β

! 3/2

m β v2
β
B Tβ

− 2k

e

.

(2.1)

The monochromatic beam does not diffuse because it is an equivalent of single particle
in this attitude. Mathematically, the Dirac δ function allows only one value of velocity,
the same for all particles of the beam. This means that only the potential
p Hα β must be
determined in this case. In following derivation we will use vT β = 2k BT β /m β . The
expression for the potential Hα β (1.43) leads to the integral
H (vα ) =

nβ
π 3/2 vT3 β

Z

1
−
e
|vα − v β |




vβ 2
vT β

dv3β .

(2.2)

This integral have to be solved by expanding the denominator using the Legendre polynomials.
∞ $
X
minl (vα , v β )
H ( vα ) =
f β (v β )
P (cos θ) v2β sin θ dφ dθ dv β
(2.3)
l+1 (v , v ) l
max
α
β
l=0
where θ is the angle between vα and v β . The integration over φ gives 2π and for the given
argument cos θ, only the first Legendre polynomial (l = 0) is non-zero and the integral
over θ is 2. The difference in the denominator causes branching of the integral in the pole
vα = v β
" Z vα
#
Z ∞
1
2
H (vα ) = 4π
v β f β dv β +
v β f β dv β .
(2.4)
vα 0
vα
So far, the derivation was general and the particular distribution was not used. For
Maxwell distribution the integral reads
Z x
Z ∞
nβ 4 1
nβ 4
2
2 −ξ 2
H ( vα ) =
ξ e dξ +
ξe−ξ dξ,
(2.5)
√
√
vT β π x 0
vT β π x
where ξ = v β /vT β and x = vα /vT β . The second integral may be solved by simple substitution, while the first corresponds to the definition of so called Chandrasekhar function
Z x
2
2
ψ(x) = √ 2
ξ 2 e−ξ dξ
(2.6)
πx 0
This special function is connected with another one - the Error function φ(x) - by a simple
algebraic relation
Z x
2
φ(x) − xφ0 (x)
2
ψ(x) =
φ(x) = √
e−ξ dξ.
(2.7)
2
2x
π 0
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Using the Chandrasekhar function the potential H may be written as
"
#
nβ
2 −x 2
H ( vα ) =
2xψ(x) + √ e
.
vT β
π

(2.8)

This form may be further simplified using (2.7) and we get the final result
H ( vα ) =

n β φ(x)
.
vT β x

(2.9)

Now we have to use the derived drag potential in the Fokker-Planck equation for the beam
f α . The distribution function f α may have different form, e. g. the same Maxwell distribution as we have used for the f β . The choice of mono-energetic beam will make the
process and the role of the derived critical values for field and velocity more transparent. We will use the first moment of the equation (1.43) to derive the velocity evolution.
Therefore, the equation is multiplied by vα and integrated over the velocity space. The
second term on the left hand side (LHS) of (1.43) is zero, because the distribution function does not depend on the space coordinates. In the third term the electric field vector
in the direction of z-axis is used
Z
Z
Z
mα + m β

Q α Eα
∂ fα 3
3
d vα +
vα ∇v f α d vα = −Kα β ln Λα β
vα ∇v · f α ∇v H d3 vα
vα
∂t
mα
mβ
(2.10)
Now we substitute the Dirac distribution nα δ(vα − v(t)) for f α and adjust the left hand
side (LHS) and right hand side (RHS) of the equation separately:
Z
Z
∂δ(vα − v(t)) 3
Q α Eα
LHS = nα
vα
d vα + nα
vα ∇v δ(vα − v(t))d3 vα =
∂t
mα
Z
∂
Q α Eα
= nα
vα δ(vα − v(t))d3 vα + nα
(2.11)
[vα δ(vα − v(t))]+∞
−∞ −
∂t
mα
Z
Q α Eα
Q α Eα
∂v
− nα
,
−nα
δ(vα − v(t))d3 vα = nα
mα
∂t
mα
where for the first term the order of derivative with respect to the parameter (time t) and
integration over vα was changed and in the second term integration by parts was used. We
have to restrict the electric field to a small value and direction given by vα . For the RHS
we have
!
Z
mα + m β
∂
∂H 3
vα
δ(vα − v(t))
d vα =
RHS = −nα Kα β ln Λα β
mβ
∂vα
∂vα
"
!
# +∞
mα + m β
∂H 3
= −nα Kα β ln Λα β
vα δ(vα − v(t))
d vα
+
mβ
∂vα
−∞
(2.12)
!
Z
mα + m β
∂H 3
+nα Kα β ln Λα β
δ(vα − v(t))
d vα =
mβ
∂vα
mα + m β ∂H (v)
= nα Kα β ln Λα β
,
mβ
∂v
where the integration by parts was used again and the Dirac function in the integral caused
the transition from the variable vα to the variable v. Now, using (2.9), the result for a
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single particle of the beam is
mα + m β ∂H (v)
∂v QE
−
= Kα β ln Λα β
∂t
m
mβ
∂v

!
v
1
H (v) = n β φ
.
v vT β

(2.13)

We should remind that both ψ(x) and phi(x) are functions of velocity magnitude, thus
v is used in the argument. Finally, the derivative of the potential H must be found. The
relation (2.7) is used again.
 ! ∂ v φ0v/vT β − φ v
∂ 1 
v
−2
φ v/vT β
=
=
−2
v
ψ(
v
/
v
)
(2.14)
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The overall form of the averaged Fokker-Planck equation for the electron acceleration
(Q = −e, E = (0, 0, −E)) in plasma therefore is
mα + m β −2
v
∂v eE
=
− 2n β Kα β ln Λα β
vT β ψ(v/vT β ) ,
∂t
me
mβ
v

(2.15)

where the scalar function on the RHS (everything except of the v) corresponds to the
electron collisional frequency. Now, there is an important question: What are the particles
that cause the collisional drag? In a the tokamak plasma, both electrons and ions should
be taken into account. For electrons, the m β in the equation (2.15) is equal to me and Q β
equals the elementary charge. For the ions m β is nuclear mass and Q β = Ze. The first
term is of the order me /mi in the case of ions and may be neglected. To sum up the effect
of the electron and the ion drag force, the definition of an effective ion charge is used
P 2
Zi ni
,
(2.16)
Zeff =
ne
where Zi and ni are charge numbers and density of all ion types present in plasma. Using
this quantity, the drag force (last term in (2.15) times me ) takes form
!
!

v
v 
2
ne e4 ln Λ  Ze f f
ψ
+ 2 ψ
.
(2.17)
Fd =
2
4π 0 me  vTi
vTi
vT e 
vT e

The factor in front of ψ is larger by (mi /me ) in the ion term,√however, the function ψ has
its maximum scaled towards smaller velocities by factor ( me /mi ). The overall effect
of these transformation is displayed in figure 2.1. In the region of the supra-thermal
velocities the contributions from ion and electron drag are comparable.
The equation (2.15), simplifying the constants in front of the Chandrasekhar function
and specifying the direction of the acceleration, may be re-written as
∂ v eE 2e
=
−
ED ψ(v/vT β ),
∂t
me me

(2.18)

where ED is the Dreicer field, denoted as the critical field in the original paper [11]; the
factor 2 is caused by different normalisation used in the original paper. The result of our
derivation corresponds to the conclusions of Dreicer.
Finally the relation for the Dreicer field is
!
ne e3
λD
ED =
ln Λ
ln Λ = ln
.
(2.19)
b0
4π 20 kTe
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Figure 2.1: The logarithmic plot of the calculated ion (dashed line) and electron contributions to the drag force as a function of velocity normalised to thermal velocity of electrons
(ions). Maximum of the electron drag is normalised to 1, maximum of ion drag is higher
by factor mi /me . In this figure Te = Ti and Ze f f = 1 is assumed.

If the electric field reaches the value of ED ψ(1) ∼ 0.43ED [11] all electrons are accelerated towards relativistic velocities, because the constant electric force reaches the maximum value of the collisional friction force. The Dreicer field depends on plasma electron
temperature Te and density ne . This formula takes a slightly different form in the CGS
unit system that is often utilised in theoretical papers, e.g. in [8]. The value of the Dreicer field is usually adjusted according to (2.17) to incorporate both the drag by electrons
and ions and normalisation of the Chandrasekhar function, although in some formulas for
runaway rates the role of Zeff is accounted separately [8]. The most basic mechanism of
RE generation is connected with the magnitude of Dreicer field. The Dreicer mechanism
describes accelerating of some part of the electron distribution in the electric field stronger
then the Coulomb friction force. At least some electrons are accelerated when the electric
field is over so called critical field (current designation)
Ec =

ne3
ln (Λ) .
4π 20 me c2

(2.20)

The critical field is proportional to local minimum of the friction force, thus it is the
threshold for electron acceleration in terms of the external electric field magnitude. The
friction force reaches the minimal value for particles with their kinetic energy equal to
their rest energy. Faster particles have smaller collisional frequency, but they are affected
by relativistic effects, so the overall slowing down force rises for higher energies again.
The situation is visualised in the figure 2.2, where the Chandrasekhar function and arbitrary accelerating electric field are plotted. Also the rising tail of the friction force
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caused by the synchrotron radiation 2.3.1 is drawn in a dashed curve, albeit this is only
illustration, not an exact function. However, the relation for the critical field lacks the
dependence on temperature and in most experiments, the value of the real critical field (i.
e. the field that presents the lower limit of runaway observation) proves to be higher [17].
The critical situation in a specific external field may be described by the critical velocity
that can be derived from the Dreicer field immediately using the high velocity limit of the
Chandrasekhar function
Z x
2
1
2
(2.21)
ξ 2 e−ξ dξ −→ 2 .
√ 2
2x
πx 0
Now, the equilibrium of the collisional friction force and the constant electric field corresponds to
vT2
(2.22)
ED (2 + Ze f f ) 2 = 2E
vc
This leads to the following relation for critical velocity
s
ne3 (1 + Ze f f /2)
vc =
ln Λ.
4π 20 me E

(2.23)

Every particle that is moving with a velocity higher than vc (E) along electric field E is
accelerated to relativistic velocities. This quantity may help to estimate the number of
possible RE in plasma with a Maxwell distribution. It should be reminded that we still
use non-relativistic framework. Regarding the previous layout, the density of RE n RE is
approximately
!
Z c
2
me
− me v
e 2k B T e dv.
n RE =
ne
(2.24)
2πk BTe
vc
The upper bound is chosen as c because the hypothetical contribution of larger values
is negligible even for non-relativistic Maxwell distribution with reasonable temperatures.
For smaller fields the result is usually several orders of magnitude below the electron
density. However, this simple model does not predict the magnitude of RE population
(Maxwellian plasma assumption at every moment), but rather helps to identify the conditions and discharge phases suitable for RE generation. This RE generation process is
dominant for smaller machines and discharges with larger loop voltage (colder plasma
with impurities) and lower density. In these tokamaks the electric field overcomes the
critical field at least during the breakdown. Part of the runaway population can be directly
lost but most of it is confined. The latter are subsequently lost via instabilities, during the
disruptions or they can be partly slowed down by increasing plasma density. Furthermore,
methods of RE mitigation are being searched for. The magnetic field perturbations, massive injection of noble gasses or cryogenic "killer" pellets are among the most promising
mitigation methods [22].
If there is a permanent situation with electric field higher than the critical field, the population of RE grows in a non-linear manner due to the collisional diffusion in the velocity
space and the tail of the distribution function expands in one direction. The efforts to
estimate the growth rate of runaways can be traced down for many years. In this case,
the steady state form of kinetic (Fokker-Planck) equation is usually transformed to new
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Figure 2.2: A graph of the Chandrasekhar function as an illustration of the Dreicer mechanism. The function marked by the thick black line corresponds to a friction force and
the red line to constant accelerating force. This configuration generates three regions, the
border of the regions I and II is stable (blue line), while the border of the regions II and III
(green line) is unstable. All particles to the right from this border are accelerated to high
energies. The magenta dashed line shows the maximum of the Chandrasekhar function
proportional to the Dreicer field ED . For higher velocities, synchrotron radiation drag
force plays a role (illustrated by dashed rising tail of the function in the right corner).
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coordinates that better reflect symmetry of this problem (i.e. toroidal magnetic field)[47]
!
!#
"
eE k ∂ f 1 − ξ 2 ∂ f
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+
= νee vT
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+
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me ∂ v
v ∂ξ
∂ξ v2 ∂ v
me v ∂ v
2v3 ∂ξ
(2.25)
where v is magnitude of the velocity and ξ = cos θ is the cosine of the pitch angle, i. e.
the angle between the magnetic field line and velocity vector of the particle. Gurevich has
solved this equation in his article [20] and improved original results of Dreicer, although
the solution was still relevant only for small part of velocity space. In the following
years this solution was improved by Lebedev and then by Kruskal and Bernstein (the
improvements are summarised in [8]). Connor and Hastie managed to find the relativistic
correction [8] of Kruskal-Bernstein work. The solution of the previous equation and its
relativistic version were found as different expansions of distribution function in different
velocity regions. The non-relativistic part of the growth rate (the flux of particles into the
runaway region) is
SK B/N R = Cνee

c2
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2Te
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where C is a scaling factor of order unity. The relativistic correction has a form
−
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This relation is used in most models as the source term for the Dreicer generation of
runaway electrons. Integration of this rate in time should give directly the density of RE.
A simple illustration of the Dreicer mechanism is in the top left picture of figure 2.3.

2.1.2

Hot-tail mechanism

The so called hot-tail mechanism is slightly different from the Dreicer mechanism. It is
connected mainly with plasma disruptions. The disruption, i. e. rapid termination of
the plasma current, may be initiated by numerous causes. The most important type of
disruption for studies of RE generation is the radiative disruption. In these events, sudden
rise of impurity level causes the thermal quench of plasma, followed by the current quench
due to a loss of conductivity. It is often caused by intrusion of little parts of wall material
into plasma. The radiative disruption may be also triggered intentionally by injecting
high Z gas or pellets. This technique may be very important to mitigate the effects of
more dangerous types of disruptions, e.g. vertical displacement event or fast ideal MHD
disruption. If this kind of event is detected early enough, injection of gas may slow down
the event and limit the tremendous forces induced in support structures of the tokamak
due to fast disruptions. During the thermal quench, the bulk electron distribution is cooled
down namely by ionisation and excitation of the impurity atoms. However, the faster the
electrons are compared to the thermal velocity the smaller is their collisional frequency.
This means that the fastest electrons are not slowed down during the thermal quench,
because their collisional time τ is larger than the cooling time t 0 of plasma. The simplified
models assume exponential decrease of temperature
− tt

T (t) = T f + (T0 − T f )e
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0

,

(2.28)

where T f is the temperature after the thermal quench and T0 is temperature of plasma before disruption [53]. Those fast electrons appear in the runaway region after the thermal
quench, accelerated by the toroidal electric field which is increased due to the decreasing
plasma current during the current quench. It is important to point out that this process
of RE generation is not connected only with the increase of electric field but it is also
influenced by the rapid plasma parameters change that leads to the change of the Dreicer
field. In fact, the Dreicer field rises during the thermal quench (temperature is denominator in the term (2.19)), so the electric field accelerates only the fast electron population
that remains above the value of critical velocity established during the current quench (→
"hot-tail mechanism"). The method to estimate the number of the RE created this way
was proposed by Smith [52]. For the special temperature evolution according to 2.28, the
approximate solution (velocity distribution) may be found directly as using the velocity
moments of the F.-P. equation. The relative density of RE is then obtained with the critical
velocity vc as the lower integration limit (the electric field is introduced in this moment
via vc )
!
Z ∞
(uc3 − 3τ) 2/3 −u2 2
4
nht
= √
e u du.
(2.29)
1− 3
ne
(u − 3τ) 2/3
π vc
Here, u = v/vT0 + 3τ, uc = vc /vT0 + 3τ and collisional time τ is obtained as a solution of
3 , where ν is the collisional frequency of
differential equation in form τ(t) = (t −t 0 )νc3 /vT0
electrons ??. Different temperature profiles lead to the different solutions which require
more complex derivation. The illustrative scheme of this process is also in the figure 2.3.
Quite a large population of RE can be generated by the described mechanism and further
multiplied by the avalanche mechanism, see section 2.2. It can produce the RE also in the
case of other instabilities connected with rapid cooling of plasma.

2.1.3

Other seed generation mechanisms

Except of the most important mechanisms described above, there are several minor channels that may lead to creation of the RE seed (small population that may be multiplied by
secondary mechanism). In ITER, the tritium decay can be source of fast electrons. The
number of electrons originating in the beta decay of tritium (half life over 12 years) may
not be negligible during long experiments. However, the energy of the produced electrons
is below 20 keV which is more or less the same as the electron temperature in ITER.
The other mechanism considered (e.g. in [15]) is the Compton scattering of gamma photons on free electrons. In the harsh environment of fusion reactors the presence of MeV
photons could be caused by several mechanisms including the impact of RE on the wall
and some nuclear reactions. Some of these high energetic photons may interact transmit
their energy to plasma electrons.
Last but not least some instabilities (e.g. local rapid change of magnetic field) may be a
source of RE. Most of the instabilities that are to create the RE could be considered as
modified local versions of mechanisms described above. However this phenomena will
be detailed in chapter 4.
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2.2

Secondary mechanism of RE generation

The secondary mechanism of runaway electrons generation, which is often called the
avalanche, is the most important way of production for large tokamaks and it will be crucial for ITER. This mechanism was firstly discovered by Sokolov and later described in
detail by Rosenbluth and Putvinski [46]. It is called secondary mechanism, because it
needs initial RE population (seed) which is further multiplied. The Dreicer mechanism
was proven to be weak to generate large runaway populations that were observed in experiments with rather low electric fields. As the typical loop voltage in ITER (0.1 V) will
be near the value of the critical field for this machine, the avalanche will be in fact much
more important than the direct Dreicer mechanism. The avalanche is a cumulative effect
of the so called knock-on collisions. These are close collisions (i. e. with a very small
impact parameter) with large amount of parallel momentum being transformed. One RE
can push several thermal electrons into the runaway region of the velocity space, while
retaining enough momentum to stay in the region itself. These newly created RE are further accelerated by the electric field and then act the same way as the primary ones, so
this is indeed an avalanche mechanism. Due to the effect of close collisions, the average
energy of RE is reduced to 10-20 MeV for the population of primary electrons of energies up to 100 MeV [46] - the number of RE is increased by avalanche and the typical
energy of RE is slightly decreased. Some of the high energy electrons may appear on
the banana orbits after these collisions. Therefore, Rosenbluth and Putviski [46] used the
relativistic bounce-averaged (average over poloidal cycle, see section 1.2.5) relativistic
Fokker-Planck equation in dimensionless variables and were able to "interpolate" the solution for relatively wide range of conditions from limit solutions. The final relation for
the growth rate of RE density due to the avalanche is
s

−1/2

4π(Ze f f + 1) 2
*.1 − E +
 +/

r
2
2
3(Ze f f + 5)
3Γ(Ze f f + 5) Er + 4/Γ − 1 ,
(2.30)
|E k |
m0 c
where Er = Ec is the relative strength of the electric field, τ = eEc and Γ( ) is so called
neoclassical function for large inverse aspect ration  = a/R, that describes the effects of
the toroidal geometry
Z
√
3
2πλdλ
H √
Γ( ) =
≈ (1 + 1.46  + 1.72 ) −1 .
(2.31)
4
1 − λb(θ)dθ
nr
dnr
=
(Er − 1)
γA =
dt
τln(λ)

πΓ

This equation is written using special coordinate system, where λ express the relative role
of the perpendicular momentum component and b(θ) the dependency of magnetic field
on the poloidal angle θ. The complicated equation (2.30) may take a more simple form in
the limit Er  1, Ze f f = 1 and  → 0
r
!
|E k |
π nr
−1 .
(2.32)
γA ≈
2 3τ ln Λ Ec
It has to be remembered that these conditions are not even close to a fulfilment in present
tokamaks, albeit it could be useful in particular situations and for a approximate estimation.
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Figure 2.3: Schemes of the most important RE production mechanisms and its effect on
the distribution function in the direction of the electric field. Primary mechanisms (top)
may give the seed that is further multiplied by the avalanche process

It can be observed than even in fields just above critical field, avalanche can be very
significant after long period of time because the growth rate (2.32) is linear function of
|E k |/Ec , while (2.26) is exponentially small [47]. Furthermore, the rise of the number of
RE in plasma with given parameters is exponential due to the avalanche mechanism while
it is linear for Dreicer. This highlights the importance of avalanche in long discharges.

2.3

Radiation losses

The radiation losses present an important slowing-down mechanism for the relativistic
electrons and also an important diagnostic tool to prove the RE presence and to measure
their properties. In plasma, there are many types of radiation, albeit in our case, only two
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types of radiating mechanisms are important: synchrotron radiation and bremsstrahlung
(free-free collisions or braking radiation). An accelerated charged particle (with acceleration a) radiates with a total power
P=

e2 a 2
.
6π 0 c3

(2.33)

The power of the specific radiation type then depends on the formula for the acceleration
mechanism.

2.3.1

Synchrotron radiation

Generally, synchrotron radiation is a radiation of ultra-relativistic charged particles exposed to an acceleration perpendicular to the direction of their motion (e. g., in magnetic
field). It is obvious that RE in tokamak produce this type of radiation. Generally, both velocity components - perpendicular and parallel to the direction of toroidal magnetic field are important for the synchrotron radiation of relativistic particle in tokamak. The latter is
usually called gyrocenter synchrotron radiation and it is more important for smaller machines. However, even synchrotron radiation caused by perpendicular motion is strongly
peaked in the direction tangential to the trajectory of the particles due to the relativistic
effects. The comparison of the gyro-motion contribution and the gyrocenter contribution
is given in [1]. Synchrotron radiation may serve as an important diagnostics mechanism
to infer the distribution function and space profiles of the RE beam in tokamaks, therefore it is an object of intensive modelling efforts. The role of the synchrotron radiation
as an energy loss mechanism is significant only for very large energies (70+ MeV) [55],
therefore it is not important in smaller tokamaks. However it could play a role for electric
fields near the critical limit. The spectral density of synchrotron radiation power for high
electron energies (γ  1) in the case of straight magnetic field lines can be written as
Z ∞
1 ce2
K5/3 (l)dl,
(2.34)
Π(λ) = √
3  0 λ 3 γ 2 λ c /λ
where λ c = (4πcme γ k )/3eBγ 2 and γ k denotes the Lorentz factor of the parallel component of velocity, while Kq is the modified Bessel function of the second kind. The
equation (2.34) needs to be adjusted in the case of toroidal geometry to relation described
in [55]. The overall spectral density of the synchrotron radiation from runaway population
may be obtained by
Z
2π
P(λ) =
f RE (p, ξ)Π(p, ξ, λ)p2 dpdξ
(2.35)
nr Ω RE
where Ω RE is the runaway region of momentum space, f RE is the distribution function
(in momentum magnitude and cosine of pitch angle) and Π is the single particle power
spectral density described above.
The drag force of the synchrotron radiation is given by
* +
2 e2  v  3 4 1
FS =
γ
(2.36)
3 4π 0 c
R2
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where γ is the Lorentz factor and the field line curvature averaged over the gyromotion is
* +
1
1
sin θ 4
= 2+
,
(2.37)
r LR
R2
R0
that is the curvature given by the tokamak main radius R0 and curvature by relativistic
Larmor radius r LR of particle with pitch angle θ.

2.3.2

Bremsstrahlung

Bremsstrahlung is also called particle braking radiation and in fact, synchrotron radiation
is just a subset of this group of radiative processes. In the narrower sense, this word describes the process of radiation caused by the acceleration due to the Coulomb interaction
between charged particles. Bremsstrahlung is also one of the energy loss channels for
RE. Spectrum of bremsstrahlung radiation from single electron scattered on ion could be
obtained using Fourier transform on time evolution of electric field between encountering
particles like in [3]. The spectrum is dependent on particle velocity v, atomic number of
the ion Z and collisional parameter b
P(λ) =

4πcb
4π 2 Z 2 e6
e− λ v
2
3
2
2
3 me c b v

(2.38)

Thermal bremsstrahlung is the most important channel of radiation losses of plasma, the
frequency of the radiation is usually in the soft X-ray range and the overall emissivity
in W/m−3 is dependent on plasma density ne and temperature Te [60] according to the
relation
 b = 5.35 · 10−37 n2e T 1/2 Ze2 f f .
(2.39)
The drag force due to the bremsstrahlung radiation of relativistic particles is equal to
!
1
4
2 2
ne (Ze f f + 1)me c γr e ln 2γ −
,
(2.40)
FB =
137
3
2

where r e2 = 4π em c2 is the classical electron radius [1]. On the contrary to the synchrotron
0 e
radiation drag force, bremsstrahlung drag is independent of magnetic field. On the other
hand it is strongly increased with the presence of impurities.

2.4

Runaway positron production

One of the most thrilling theoretical issues regarding RE in tokamaks is linked to the predicted creation of the electron-positron pairs. Large kinetic energy of RE suggests that the
electron-positron pairs may be produced in the field of nuclei. The pair production caused
by high energetic photons in material is a well-known process, observed for example in
scintillation detectors. High energetic electrons in the field of ions may produce pairs
either directly (the process is known as "trident process") or via bremsstrahlung photons.
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The energy threshold for the pair production (1022 keV) is easily achieved by RE and the
total cross section is [14],[18]
!
2 3 γe + x 0
σtot = aZ ln
,
(2.41)
3 + x0
where a is a constant of the order µb and x 0 is a constant of the unit order. Notice the
quadratic dependency on the charge of the nucleus Z. This means that the positron creation is in particular possible in plasmas with high Z impurity presence. A low temperature argon plasma with the RE beam after disruption triggered by gas injection represents
the suitable environment.
The RE positrons are created with high initial velocity [14]. The positrons heading in the
right direction may immediately runaway. These particles are almost collisionless, albeit
in contrast to RE, they are moving in a direction corresponding to the direction of plasma
current. The life time of runaway positrons may be quite long (in the order of seconds)
according to theoretical estimation, enabling the outward drift and annihilation with particles of the first wall [33].
The detection of runaway positrons in tokamaks has not been successful yet. Annihilation
radiation is weak in comparison to other sources. The possible detection method could
rely on synchrotron radiation measurement, as it is strongly peaked in the direction of
the particle flight [14]. This means that an IR camera opposing the direction of plasma
current could see large runaway runaway positron population. Runaway positrons carry
an imprint of the confined RE properties, therefore, the detection of positrons, if possible,
could present useful diagnostic method for validation of the RE models. It seems that if
the number of runaway positrons was indeed as large as the theoretical estimations predict, it would be also an important channel of the RE energy loss. This is a open topic
that needs further theoretical work, incorporation to models and development of novel
sensitive diagnostics.

2.5

RE confinement and losses

The confinement of runaway electrons in hot plasma is one of the topics that are not fully
understood and several mechanisms have been proposed. It seems reasonable that the
confinement of RE is better in diverted plasmas than in circular limited plasmas. However, the differences are large. If RE electrons are continuously accelerated, they should
leave the plasma relatively early due to the radial drift velocity. In Compass, there is
evidence that some part of the RE population is able to survive the whole discharge in
the central plasma region. This may suggest that there is some kind of equilibrium possibly due to avalanche or synchrotron radiation, although estimated energies of the RE
in COMPASS are below the level typical for equilibrium connected to this phenomenon.
The mechanism of RE confinement within magnetic islands was also proposed and it is
mentioned in many publications including [26].
The radial drift velocity may determine the time of RE crash into the plasma facing components. It was theoretically studied in publication [19] by the means of the relativistic
Lagrange formalism for gyro-averaged equation that was briefly described in the first
chapter of this thesis. The authors derived the relation for the drift velocity that resembles
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the velocity of E × B drift (toroidal electric field and poloidal component of magnetic
field). However, the effective electric field due to the synchrotron and bremsstrahlung
radiation drag forces is also included.

vD =

q(E + Eeff )
,
BT

(2.42)

where eEe f f = FS + FB is effective electric field given by synchrotron and bremsstrahlung
radiation drag force and q is the safety factor, that describes the magnitude of the magnetic
field lines helicity.
In MHD models, the Rosenbluth-Rochester radial diffusion approximation for perturbed
magnetic field is used frequently
dn RE
∂t

!
loss

!
1 ∂
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= πqv k R
B

!2
,

(2.43)

where v k is parallel velocity, usually
  considered to be near c, R is the value of major
radius, q is the safety factor and δB
B is relative value of the magnetic field fluctuation
−5
−2
usually in the order of 10 - 10 . However, this diffusion term was derived for fully
stochastic magnetic field lines and predicts very fast loss of all RE. The presence of magnetic surfaces with well defined magnetic topology can strongly suppress the losses. At
this moment, general model of runaway electron confinement and losses is not available.
The transport of supra-thermal electrons is described for example in Chapter 2 of thesis
[51].

2.6

RE-wall interaction

The interaction of fast electrons with dense matter is dominantly carried out via collisional ionisation or excitation (interaction with electrons) and bremsstrahlung radiation
(interaction with ions). Bremsstrahlung dominates for higher energies and higher atomic
numbers. This means that for typical energies and materials of plasma facing components,
the ionisation and excitation processes dominate [2]. As the density of particles in solid
materials is many orders of magnitude larger compared to that of plasma, the electrons
lose their energy very quickly when reaching the wall. With respect to the thickness of the
vacuum vessel and other coatings, no runaway electrons manage to get out of the tokamak. Of course, other processes, like the direct pair production mentioned above, also
take place in the material surrounding the plasma. However, the energy of the electrons
is transformed dominantly to the hard X-ray (HXR)/gamma radiation that can be easily
measured. The reconstruction of the properties of the RE beam (e.g. the distribution
function) using this effect is difficult.

2.6.1

Photoneutron creation

If the energy of incident runaway electron is high enough, the HXR bremsstrahlung photon is able to interact with nuclei of the wall material. If the photon has energy that
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exceeds the binding energy of nucleus (∼ Eth ), giant dipole resonance occurs. During this
process some particle is released and the nuclei is transmuted into the different isotope.
Neutrons are able to leave the material of the wall easily, thus (γ, n) reactions are the
most interesting regarding the diagnostics. However, for some materials (γ, p) and (γ, α)
reactions are also possible. The most relevant photoneutronic reactions are these [16]
12

C(γ, n) 11 C

Eth = 18 MeV

13

C(γ, n) 12 C

Eth = 4.9 MeV

9

Be(γ, n) Be
2

2.7

Eth = 1.7 MeV

8

(2.44)

Eth = 2.2 MeV

D(γ, n) 1 H

Overview of important modelling tools

The efforts in modelling of the runaway electrons beam has been very intensive in the
last decade. Although the experiments in smaller machines could contribute with ITERrelevant results they should be combined with modelling to improve our understanding
of plasma physics. Moreover, we should be able to predict the behaviour of plasma and
quantitative values of important parameters for ITER. The modelling of runaway electrons, namely their generation during the disruption is especially important for the safety
of the machine.
The models in plasma physics can be generally divided into two groups - predictive and
interpretative. The former try to infer the desired results from either first principles, complex theories or phenomenological relations, while the latter use the measured data to
uncover the nature of processes behind this data. These attitudes are usually combined to
get a truly reliable model.
The various models of runaway electrons generation and losses in tokamaks use all the attitudes described in the first chapter. To decide whether runaways are important in plasma
of particular parameters, it is sufficient to use the fluid approximation and estimate the
number of RE from their primary rate. If we want to know the distribution function or
inspect the interaction with kinetic instabilities, the kinetic models based on the FokkerPlanck solvers are necessary. Then, to estimate the losses of runaway electrons in slightly
perturbed magnetic field, the relativistic drift equation is the best option. Finally, if the
changes of magnetic field are too large, we have to use full equations of motion.
In current models, the work is focused on the right implementation of synchrotron energy
losses and energy limit that arise due to these losses. Further important topic is the right
implementation of avalanche operator and pitch angle scattering into kinetic models. Let
us summarise the most important models that have been frequently used and further developed lately. On the other hand there are many different models like ARENA or CLQ3D
that are a bit older but still often used. CLQ3D was used for example in thesis [28].

LUKE
LUKE is very a complex RE dynamics code developed at CEA Cadarache.[9] It is based
on Fokker-Planck solver with avalanche operator. Later, synchrotron radiation drag force
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was also included and there is possibility to add source terms like radiofrequency heating,
etc. This software is probably the best option for understanding the steady-state plasma
with RE generation. There are two possible ways how to include parameters of plasma
equilibrium - the first is directly based on measured data and the other uses plasma parameters of plasma equilibrium supplied by METIS/CRONOS codes. LUKE is connected
with the databases of many tokamaks (JET, TCV, EAST,...) and it was coupled also with
the COMPASS database in recent months.

CODE + SYRUP
CODE (COllisional Distribution of Electrons) is light, computationally effective software
that deals with primary and secondary runaway generation and computes the electron distribution function from equilibrium between acceleration and drag force, while SYRUP
computes the synchrotron radiation spectra for particular machine and electron distribution function. Together, CODE+SYRUP can describe the generation and acceleration of
runaway electrons with high computational efficiency [32, 55].

GO
The GO code is a compact 1D fluid (MHD) model of cylindrical plasma designed to
describe the RE electron generation during the disruptions. It contains many processes
important for disruption analysis including electric field diffusion and radiation operators
to solve the energy balance of electrons, ions and impurities.
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Chapter 3
Runaway electrons in COMPASS and
Golem tokamaks
3.1
3.1.1

Brief characteristics of the Czech tokamaks
COMPASS

The COMPASS (COMPact ASSembly) tokamak was originally built in United Kingdom
and operated at Culham Centre for Fusion Energy as Compass-D during 1989-2001. It
was offered to the Institute of Plasma Physics of the Czech Academy of Sciences after the
spherical tokamak MAST was built and commissioned in Culham. The previous tokamak of the CSAV was rather small and obsolete (but unique in the new EU countries), so
this was a great opportunity to make the fusion research in the Czech Republic more up
to date. Transport of the tokamak to the newly constructed hall happened in 2007 [40].
Since 2012, COMPASS has operated in regular scientific campaigns including H-mode
discharges. In the Table 3.1, main parameters of the machine are listed.
The ITER-like configuration and plasma shape (so called D-shape and single-null divertor (SND) configuration) makes COMPASS relevant for scaling experiments. Due
to its size (probably the smallest tokamak to operate in the full H-mode), experiments
are focused on plasma-wall interaction and diagnostics of the edge plasma. One of the
Major radius
Minor radius
Max. plasma current
Toroidal magnetic field
Vacuum level
Plasma shape
Elongation
Pulse length

R
a
Ip
Bt
p0

tp

0.56 m
0.23 m
400 kA
0.9-1.3 T
10−6 Pa
D, SND, elipse, circular
1.8
∼ 500 ms

Table 3.1: The basic parameters of tokamak COMPASS and its plasmas.
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most important topics considering the plasma core are runaway electrons. The runaway
electron experiments are conducted under the MST2 (Medium Size Tokamaks) project of
EUROfusion, the coordinating body of the European fusion research centres.

3.1.2

Golem

Tokamak Golem was constructed among the first tokamaks in the USSR under the name
TM1 and it has served many years at the Institute of Plasma Physics as CASTOR (Czechoslovak Academy of Sciences TORus). The research was focused on the edge plasma and
Lower-hybrid waves then. After the opportunity to get COMPASS has appeared, CASTOR was moved to the Faculty of Nuclear Sciences and Physical Engineering of the
Czech Technical University in 2009. The new name Golem is connected to the old Jewish
legend as the building of the Faculty is situated in the former Jewish quarter.
The tokamak is now operated namely by students and it offers experiments for distant
universities and other institutes via remote web-based control room. Although some of
the systems are still under construction (e.g. feedback system), this device offers a remarkable opportunity to study the RE as its discharges are typically of low temperatures
and large electric fields. Direct line averaged density measurement via interferometer
was successfully installed recently. The parameters of this historic tokamak with modern
control interface are in the Table 3.2.
Major radius
Minor radius
Max. plasma current
Toroidal magnetic field
Plasma shape
Pulse length

R
a
Ip
Bt
tp

0.4 m
0.09 m
∼ 2 kA
∼ 0.3 T
circular
∼ 10 ms

Table 3.2: The basic parameters of tokamak Golem and its plasmas.

Figure 3.1: Photograph of tokamak Golem (left) [54] and tokamak COMPASS (veda.cz).
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3.2

Runaway electrons in smaller tokamaks

Small tokamaks generally reach lower values of plasma parameters that are most important for runaway electron production - the electron density ne and electron temperature
Te . Furthermore, the electric field that is required to plasma creation and sustainment of
plasma current, is determined by the level of impurities expressed by the effective charge
Zeff defined in the previous chapter.

3.2.1

Role of plasma density

Maximum accessible plasma density ne is determined by the value of toroidal magnetic
field. To be more specific, the plasma density limit is proportional to square of the magnetic field. This relation follows from equilibrium of plasma the pressure and the pressure
of the magnetic field that is essential for magnetic confinement. The parameter β is defined as the ratio of the pressures
β=

<p>
B2

=

2µ0

eneTe [eV ]
B2
2µ0

,

(3.1)

where µ0 is permeability of vacuum and e is elementary charge. Values of β are below 10% for tokamaks, the accessible values of density are slightly above 1020 m−3 for
B = 1 T and temperatures around 1 keV. For COMPASS this means standard operation
with densities in the order of 1019 m−3 and for Golem almost order of magnitude lower.
Another density limit is rather phenomenological, the value of the Greenwald density
nG,20 =

Ip
,
πa2

(3.2)

in this form depending on plasma current Ip in MA and minor radius a in m, presents
the upper electron density limit in 1020 m3 . Although this limit is not sharp, disruption
usually occurs when it is exceeded. The Greenwald limit is very high for COPASS and
near 1019 m−3 Generally speaking, this means, that the values of density in small tokamaks
are more suitable for the RE creation.

3.2.2

Role of plasma temperature

Temperature Te is very important as the Dreicer field and critical velocity are inversely
proportional to its value. Therefore, higher temperature plasma generally means more
RE. We can understand this in a simple way: typical time during which one particle is
affected by the field of the other (Coulomb interaction between two particles) is lower as
they are moving faster and this effectively lowers the drag force. In smaller tokamaks,
temperature is lower than in larger machines and the experimental energy confinement
time is also lower in small tokamaks. The reasons are practical - the ohmic heating starts
to be ineffective around 1keV and for further increase of temperature, additional heating
systems must be utilised. As the discharges in small tokamaks are generally shorter and
additional heating systems are quite expensive both in terms of initial costs and operation,
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the systems are used only for specific experiments and not on the regular basis (COMPASS - Neutral Beam Injection ). The smallest machines are usually not equipped with
such systems at all (Golem). In agreement with these facts, typical electron temperatures
in COMPASS are 600 eV without NBI, 1200 eV with NBI and for Golem few tens of eV.
The ion temperature Ti in small tokamaks with short discharges is lower than the electron
temperature Te because ion heating is slower and equilibrium of Te and Ti is not established. We should remind that the optimal ion temperature Ti for deuterium-tritium fusion
is 10-20 keV and small tokamaks are far from reaching these values. To sum this up, the
temperature in smaller tokamaks is lower and according to this single parameter RE generation should be weaker in smaller tokamaks. The value of this parameter namely lowers
the importance of the hot tail RE generation 2.1.2 that is partly responsible for the RE
beam initiation during the disruptions. The sudden thermal quench which is necessary for
this mechanism starts with more narrow distribution function and the collisional time of
the particles from the tail of the distribution is longer for lower temperatures. This does
not mean that the creation of the post disruption runaway beam is impossible, however, it
is probable only with strong RE seed originating in the breakdown.

3.2.3

Role of plasma impurities

Runaway rate (2.27) is a strong function of Zeff , so this is a crucial parameter. Unfortunately, the experimental measurements of this parameter are rather difficult and it is
not fully integrated on COMPASS. In the case of Golem, the value of Zeff could be only
guessed from simple visible spectrometer data.
The impurities may originate in many sources including air (ineffective vacuum pumping), first wall and its treatment (little shards of material, boronisation, ...) or even intentionally inserted higher Z elements (disruptions mitigated or triggered by injection of Ar,
...). Tokamak Golem is currently equipped with quite ineffective vacuum pumping and
Zeff is very large (estimated above 5). On the other hand, COMPASS is a well maintained
tokamak with scheduled baking in between the campaigns and glow discharge ideally
after every experimental discharge or at least after 4 discharges. Therefore, Zeff should
match common levels (2-3).
The role of Zeff should not be misinterpreted. It increases the friction force for all electrons, however this effect is important namely for the thermal electrons. Higher impurity
level increases the plasma resistivity and this results in higher breakdown voltage and
even the voltage during the later phase of the discharge. Thus, the probability of the RE
creation is higher in impure plasma. This highlights the role of vessel conditioning. For
example the discharge accompanied by HXR emission was repeated without HXR after
the glow discharge in tokamak Golem.

3.2.4

Electric field - feedback vs. predefined

Electric field in modern tokamaks is usually predefined for breakdown phase, albeit in
the later part of the discharge it is maintained by the feed-back based on the requested
plasma current. This is also the case of COMPASS. This attitude may help to limit the
RE population even for lower densities. Once the RE beam carries a significant part of
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the current, the electric field goes down almost to zero and the number of RE is no longer
increased by primary mechanism. The regime with majority of plasma current carried by
RE is called slide-away regime. For discharges with higher densities the feed-back may
also help to create plasmas without RE.
However, in tokamak Golem , the typical length of the discharge and time scales of instabilities are too short to use the feed-back. The electric field is predefined by the voltage
and time constants of the capacitors. The electric field rises as a sine function while the
decay is exponential. This means that the vacuum electric field is rising for significant part
of the discharge. It should be mentioned that the typical length of the Golem discharge is
comparable to the length of COMPASS breakdown phase (that is also predefined), therefore it may be comparable. The breakdown phase/current ramp-up phase is generally the
largest source of RE in smaller tokamaks. The electric field is high and in the beginning
the electron density is very low, as some of the atoms are not ionised and only a necessary amount of fuel is injected. In this situation the FP drag force is small and the role
of the interaction of electrons with neutral atoms has to be calculated by Monte-Carlo
algorithms.

3.2.5

Magnetic field

The magnitude of the magnetic field may probably influence the runaway generation in
specific situation, albeit it affects namely runaway losses, synchrotron radiation spectra
and thresholds for some instabilities connected with the RE beam. In COMPASS the
toroidal magnetic field (1.3 T) is relatively low in comparison with other tokamaks. In
Golem, the field is in the range 0.3-0.5 T. Lower value of magnetic field naturally means
lower level of confinement and greater migration of particles across the magnetic field
lines (most of drifts ∼ 1/B). For RE with small pitch angle also the magnitude of vertical
field plays important role (betatron approximation 1.2.6). Also, the synchrotron radiation
spectrum is shifted towards lower energies with lower values of magnetic field (far IR
in the case of COMPASS and sub-millimetre waves for Golem). Furthermore some of
the instabilities are connected with the magnitude of cyclotron frequency and therefore
with the magnitude of magnetic field (Parail-Pogutse instability also known as fan-like
instability briefly described in section 3.5.2).

3.3

RE generation for typical plasma parameters

The growth rates and number of runaway electrons for given radial profiles of plasma
parameters was estimated in thesis [28]. In this thesis, namely Kruskal-Bernstein relation
for growth rate and several codes (for example CLQ3D) were used. We will use the
more simple estimation of density of electrons with velocity higher than critical limit for
given parameters (relation (2.24) derived in the second chapter). We should remind again
that this relation can not provide the direct estimation of the overall number of runaway
electrons in plasma, however it helps to identify the parameters and discharge phases
that are suitable for the RE generation. The main advantage of this estimation method is
its simplicity, it relies only on the derivation of runaway solution from the FP equation.
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However, we should remind that the high velocity limit of the Chandrasekhar function
was used and this estimate is becoming improper for velocities near the thermal velocity.
All the graphs below display the order of magnitude of runaway electron density (color)
as a function of temperature and electric field for typical range of these quantities. The
plasma density is fixed.

3.3.1

COMPASS

Typical values of the electric field (in this approximation the value of the field is derived
from the loop voltage on the position of the magnetic axis) in COMPASS are 0.1−0.7 V/m
during flattop and 3 − 5 V/m during the plasma breakdown and fast disruptions. The
typical temperature range was described above. The Zeff is set to 2.5.

Figure 3.2: The density of electrons in the runaway region of velocity space for given
range of plasma parameters typical for the plasma breakdown and low density discharges
(dedicated runaway campaign) in COMPASS tokamak.

3.3.2

Golem

For Golem, typical values of the electric field are much higher,3 − 4 V/m during the discharge. This is caused by a high impurity level. The breakdown field and the field during
the fast plasma termination are not much higher, because the maximum field is limited by
parameters of the capacitor bank. The electron temperature in Golem is estimated using
simple visible spectrometry, its values usually vary from 10 to 20 eV. However most of
the visible radiation comes from the plasma edge, the central temperature may be higher.
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Figure 3.3: The density of electrons in runaway region of velocity space for higher density
discharges and temperature up to the values accessible only with Neutral Beam Injection,
tokamak COMPASS.

Thanks to the recent an re-installation of interferometer, the typical electron plasma density was measured to be in the range 3 − 8 · 1018 m−3 . These densities are close to the
Greenwald density limit for this small tokamak with relatively low plasma current. The
value of Zeff is set to 5.

3.3.3

The role of the avalanche mechanism

The previous sections were focused on the primary generation. However the avalanche
mechanism can be very important namely in COMPASS. In COMPASS and Golem tokamaks, the electric field is several orders of magnitude higher than the critical field, but
the discharges in tokamak Golem are very short and the confinement time of runaway
electrons corresponds only to 1-2 ms, which is not favourable for the avalanche.
The situation for COMPASS is displayed in the figure 3.6, where the avalanche growth
rate is calculated using equation (2.32) as a function of the seed runaway electron density
and the applied electric field. The population of RE may be increased by several tenths of
original number or even doubled during typical COMPASS discharge (300 ms) according
to this simple calculation. A significant increase of RE number due to the avalanche is
indeed observed in experiment.
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Figure 3.4: The order of magnitude of potential runaway electrons density for plasma
parameters typical for breakdown and low density regimes in tokamak Golem.

Figure 3.5: The order of magnitude of electron density in runaway region of velocity space
for plasma parameters typical for standard stationary phase of the discharge in tokamak
Golem.
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Figure 3.6: The order of magnitude of runaway electron density growth rate γ A due to the
avalanche in discharge with higher density (the electron density dependence of this mechanism is weak). The range of seed values covers estimated density of runaway electrons
generated during the plasma breakdown and the range of electric fields is corresponding
to typical values in the flat-top.

3.4

Diagnostic methods and standard scenarios

An overview of diagnostics methods suitable for RE detection is described in previous
work [13]. Therefore, only diagnostic systems utilised on COMPASS and Golem will be
described here. In following sections, also the discharge evolution and possible scenarios
are described.

3.4.1

Diagnostic system on COMPASS

Although the systematic study of runaway electrons began last year on COMPASS, the
machine was equipped with basic diagnostics confirming the presence of RE also during
previous operation. Hard X-ray NaI(Tl) scintillation detector with 2" scintillation crystal
and photomultiplier tube was installed from the very first shots of physics campaign.
Later was added also plastic scintillation detector with increased sensitivity to neutrons
and shielded by 10 cm of lead. However, during the first campaign it was proved that this
detector measures also high energy photons (1-10 MeV), that have much higher intensity
than photo-neutrons from the RE-wall interaction. In next sections, the diagnostics that
gives some information about runaway electrons and that was in operation during the
runaway campaigns is described.
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HXR measurements
For the RE campaign, the HXR diagnostics system was enhanced using more scintillation
detectors. In the first campaign, three dectectors were borrowed from the Department of
Dosimetry FNSPE. Those were again 2” NaI(Tl) scintillation detectors with PMT working with positive input high voltage (HV). As these detecors were slightly older, they
were equipped with external signal/HV separators. In the beginning of the campaign,
there were some problems with noise (50 Hz) which was later identified as an effect of the
common grounding on the data acquisition system.
One of the detectors mentioned above was borrowed also for the second campaign together with the detector from Golem tokamak that is mentioned in the next section. To
extend the routine measurements of HXR radiation on COMPASS, 4 new CsI(Tl) scintillation detectors with semiconductor amplifying were installed. These detectors have
many advantages namely considering the compactness and no need for the HV power
source. On the other hand, this concept was proven to be very unsuitable for our usage.
First of all, the time constant of the electronics had to be decreased ten times to get reasonable time resolution. After this adjustment, the detectors were able to measure only
medium intensities. Due to the low signal to noise ratio, this type of detector fails to
measure low intensities. It is also turning off in the case of saturated signal to prevent
damage and therefore the detector is unable to measure also very high intensities. This
effect can be partially prevented using lead bricks, however, the detectors are not as useful
as traditional scintillators with PMT.
Other diagnostics affected by RE
The typical wavelength of RE synchrotron radiation should be in the infrared region of
electromagnetic spectra. Regarding this, the slow IR camera (array of bolometers with
filter) with wide wavelength range was attached to the co-current tangential port. During
several shots strong signal that seemed to originate in plasma was measured. Furthermore,
in some discharges, the reflected synchrotron radiation of the RE beam was probably measured.
Unfortunately, the IR spectrometer that was also installed in the tangential port, did not
observe any IR radiation. It might be caused by too narrow spectral range in the transition
of visual and IR region or unsuitable geometry.
The novel concept of Cherenkov detector was also tested during the first and third RE
campaign with interesting results. This detector measures the lost energetic electrons
directly. The principle was briefly described in [13]. The electron cyclotron emission
diagnostics indicates high parallel momentum via measurements of intensity of the radiation emitted during the cyclic motion around the magnetic field line. It is installed in
radial ports and therefore it detects only runaway electrons with large pitch angles. It can
be especially useful for identification of particular instabilities, albeit it was not on-line
during the first and second campaign. However, the ECE was tested on COMPASS and
can be utilised for the edge plasma measurements in the third campaign.
SXR arrays on COMPASS were not constructed for measurements of RE, albeit for
the purpose of this thesis, their ability to identify the saw-teeth instability is very useful. These detectors on COMPASS consist of semiconductor elements covered by 10µm
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beryllium foil. The measured energies should be in between 1 and 10 keV. There are
more arrays on one poloidal cross section to enable the SXR tomography. During the low
density discharges with high-energy runaways, the spiky signal appeared, corresponding
to HXR emission due to the RE. Except of these spikes, the signal was almost zero in
circular discharges. It is not clear if those spikes are caused by bremsstrahlung photons
originating in plasma or rather by photons from interaction of runaways with plasma facing components. The latter option is more probable.
There are many other diagnostic systems that may give an evidence of runaway electron
presence or that are necessary for the estimation of conditions suitable for RE generation.
We should name plasma current Ip and loop voltage Uloop measurements, interferometer/Thompson scattering density ne measurements, Thompson scattering temperature Te
measurements and spectroscopy among these. The toroidal magnetic field value BT and
the plasma shape and position reconstruction (calculated by EFIT) are also important.
However this reconstruction program is designed for an equilibrium with plasma current
carried by thermal particles and therefore the results for discharges with high number of
RE are not reliable.

3.4.2

Diagnostics - Golem

Golem was also equipped with HXR scintillation probe during numerous discharges, although until autumn 2014 the fast HXR detector had been borrowed from the spectroscopic task of the Physics Practica of FNSPE. The width of the peak corresponding to a
single gamma photon was approximately 5 µs for this detector, which was operated with
positive input voltage using HV power source and a secondary amplifier between the detector and data acquisition system. In autumn 2014, another HXR NaI(Tl) scintillation
detector was purchased. This new detector was more economic. It is designed for negative input voltage and the peaks are characterised by quick rise (1 µs) and long decay time
(∼ 150 µs). Due to these values, the number of pile-ups is very high. However the energy
can be still estimated in some discharges from the height of the peak. Integrated signal
can be also utilised to estimate the overall dose by comparing the area under the graph
of the signal with the area of a single 137Cs peak. The deposited energy obtained by this
attitude have to be divided by the mass of the scintillation crystal (for 2" crystal the mass
is approximately 200 g).
In-vessel TimePix detector for Golem
The Faculty of Nuclear Science and Physical Engineering of the Czech Technical University (CTU) is very active in the field of semiconductor particle detectors for various
applications. Therefore, one of the small TimePix (sensor chip described for example on
webpage [6]) detectors designed and developed in the framework of specialised research
project will be tested in the environment of tokamak Golem. The semiconductor matrix
device will be placed on the manipulator inside the vacuum chamber. The detector is sensitive to supra-thermal electrons and γ radiation with energies in the range of several tens
or hundreds of keVs. This is suitable for RE detection in Golem and in small tokamaks.
This attitude can offer an option to the Cherenkov detector that also measures the RE in53

side the tokamak. However, this is a long term project and only preparatory works have
started so far. The technical aspects of this project are topic of the PhD thesis of Tomáš
Benka from the Faculty of Electrical Engineering of CTU.

3.4.3

Evolution of the COMPASS discharge

The COMPASS tokamak data are typically displayed as a function of time in milliseconds with discharge initiation (plasma breakdown - BD) occurring slightly before 960 ms
(t = 0 ms correspond to switch-on of the toroidal magnetic field). Plasma density at the
beginning of the discharge (920-970 ms) is controlled by pre-set waveform of the gas puff
(GP) valve and then it is usually kept on the desired value by a feedback system (sensor:
interferometer, actuator: gas valve). The rise of the plasma current (ramp-up phase) usually lasts 60-80 ms. The part of the discharge with constant current of desired value is
called flat-top (FT). The discharge preferably terminates in a controlled way called rampdown. COMPASS is able to operate with circular plasmas (this is the case for low density
discharges with high RE density), elongated and diverted plasmas. Also, the operation in
high energy confinement regime (H-mode) is possible. In this regime hot central plasma
is isolated by edge transport barrier that is characterised by the typical pedestal in plasma
pressure profile and lower level of emitted radiation. COMPASS is able to transit into
the H-mode using only Ohmic heating, however, the transit can facilitated by Neutral
Beam Injection. When describing the H-mode, we should also mention ELMs (edge localised modes) - operation in H-mode is usually connected with quasi-periodic emission
of plasma bunches. According to present physical models ELMs are connected to relaxation of the edge transport barrier and may be observed as a spiky signal on Hα radiation
measurements during the H-mode experiments.

3.4.4

Discharge evolution - Golem

The time axis of graphs visualising the Golem data is labelled in milliseconds, too. The
data are acquired for 40 ms and the plasma breakdown usually occurs 1 or 2 ms after the
initiation of the electric field (the exact time can be set, the timestamps 10 or 15 ms are
the most common values, switch-on of the toroidal field is absolutely independent). The
evolution of the plasma current is usually of a parabolic shape sometimes with signs of a
flat-top or sudden termination.

3.5

Achievements of COMPASS RE campaigns

The three campaigns conducted so far in the framework of MST2-9 EUROfusion project
were successful and many remarkable results were achieved. Let us mention here the
most interesting achievements.
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3.5.1

RE plateau after Ar induced disruption

The post-disruptive RE beam can be the most dangerous event for ITER. This appeared
as a possibly dangerous issue during disruptions triggered by Argon massive gas injection
at JET [44], DIII-D [22] and other machines. Argon triggers thermal quench and sudden
drop of conductivity leads to the increase of the loop voltage and better conditions for RE
generation, the hot-tail mechanism probably playing a significant role. However, in small
and medium size tokamaks, it is difficult to produce the RE beam during the rapid plasma
termination. The most promising results were achieved on Tore Supra [50], where Argon
injection in the current ramp-up phase (high loop voltage) was optimised. In the second
dedicated RE campaign, the described scenario was also reached in COMPASS [59]. This
type of discharge was repeated several times, however, at this moment, COMPASS is far
from obtaining this beam regularly. The role of the wall conditioning and the gas recycling
is obvious. The plasma parameters evolution for the discharge with strong RE beam are
in figure 3.7 and the beam is visualised by argon line radiation on series of frames from
fast visible camera in figure 3.8.

Figure 3.7: The most important plasma parameters (plasma current Ip and loop voltage
Uloop , electron density ne and signals from HXR detectors.) for the discharge #8585 with
RE plateau after the argon induced disruption.
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Figure 3.8: Images from visible camera showing clearly the RE beam after the Ar-induced
disruption in discharge #8585, the radial expansion may be observed. Courtesy Miloš
Vlainič and the Visible camera team.

3.5.2

Low density discharges with Parail-Pogutse instability

Circular discharges with very low density (1 · 1019 m−3 and lower) were characterised by
production of RE during the whole discharge. In this case, the specific fan instability was
probably achieved. This phenomenon is also called Parail-Pogutse(-Kadomtsev) instability (PPI) [45] after Russian scientists that provided the theoretical description. The nature
of this instability is a resonance interaction between RE beam in plasma and a plasma
wave. The RE beam may generate magnetised Langmuir wave via anomalous Doppler
effect. This wave is then responsible for scattering of high energy electrons which results
in truncation of distribution function above some velocity limit and fast loss of those particles with increased perpendicular component of velocity. However, the wave is damped
by Landau damping (the mechanism of the damping is also described in [29]) when the
distribution function is perturbed by the scattered RE. Finally, electrons reach the velocity
limit again and the process is periodically repeated. The Landau damping on electrons
is sufficient for distribution functions with high slope, thus it prevents the growth of the
PPI in discharges with Maxwellian plasma and, on the other hand, it is unable to stop the
instability growth in the case of distribution function with the flat runaway region [51].
The necessary conditions for evolution of this instability may be summarised as follows
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ωCe > ω pe

ωCe
vb > 3
ω pe

! 3/2

vc ,

(3.3)

the first condition is satisfied at low densities for a given magnetic field. The second
condition gives minimal beam velocity as a critical velocity (defined in section 2.1.1)
multiplied by some factor and therefore, it can be satisfied in the case of strong primary
RE generation. In some publications, third condition for collisional frequency is added.
The most important parameters of the discharge 8559 together with the validation of the
first condition are presented in figure 3.9.

Figure 3.9: The most important plasma parameters (plasma current Ip and loop voltage
Uloop , electron density ne and signals from HXR detectors.) for the discharge #8559 with
strong periodic HXR emission that is probably caused by Parail-Pogutse instability, validation of the frequency condition for magnetic field on axis and interferometric density
data is displayed in the last graph (notice that the low value of plasma frequency ω pe after
1200 ms corresponds to the increased spiky signal of HXR detectors, the lead shielded
detector included).
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3.5.3

Ultra-long discharges

During the second campaign, interesting results regarding the pulse length were also
achieved. In the slide-away regime, where most of the current is carried by RE, it is
possible to keep loop voltage very low. This in turn means slower increase of the current in primary windings and a longer time to reach its limit. Using this advantage, the
record discharge with length t p = 968 ms was produced. During these discharges, the
signal from shielded HXR detector was rising and RE were probably produced and lost
continuously. The parameters of the longest discharge are in figure A.1 in the Appendix.
Unfortunately, most of the data acquisition channels were not prepared for this extended
length of discharge.

3.6

Interpretation of RE production and losses in Golem

In the Golem tokamak [54], runaway electrons were observed in many discharges. Generally, when the quality of vacuum is worse, RE are present in most discharges. As the
increased level of HXR radiation should be prevented due to the safety reasons, we will
analyse the discharges with strong HXR production and give some suggestions how to
avoid them. Two different types of discharges with HXR emission were observed.

3.6.1

Discharges with RE generation in the breakdown

The first type is characterised by HXR emission in the middle of the discharge. The
HXR emission starts a few milliseconds after the plasma breakdown. The fact that RE
losses usually terminate before the end of the discharge would suggest that these electrons
originate in the breakdown, are accelerated to energies in the order of hundreds of keVs
and drift to the wall. The basic plasma parameters for the discharge 18900 with very
good plasma position stabilisation are displayed in figure 3.10. In this figure, the stable
position may be observed on the image from fast visible camera (based on rolling shutter
principle) that observes the radial position of plasma through one of the top ports. In
the third graph of this figure, the Kruskal-Bernstein runaway rate of the Dreicer process
is displayed together with the method used in the previous sections (density of particles
in runaway region at given time). Both quantities are high in the very beginning of the
discharge. This supports our hypothesis. However, the absolute values of these estimates
are not completely reliable as the Zeff and Te values are considered to be constant.

3.6.2

Discharges with RE generation at the end

The other type of the discharge may be quite different in terms of the HXR emission. The
group of discharges, that we now analyse, is connected with plasma position instability.
The basic parameters of the discharge are displayed in the figure 3.11 and accompanied
by simple estimate of runaway generation at a given time as in the previous figure. Also
the image from a visible camera suggests that plasma collapses towards the high field side
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Figure 3.10: The main parameters of the discharge #18900 (from top: plasma current Ip
and loop voltage Uloop , electron density ne , HXR signal and top visible camera image)
with plasma position stabilisation working properly. The measured quantities are accompanied by a rough estimate of possible number of runaway electrons at given time n RE
and the Kruskal Bernstein rate γK B for high Zeff = 6 and estimated constant temperature
Te = 10 eV .

(i.e. the direction towards the major axis) at the end of the discharge. This effectively lowers the density in the central part of the chamber and creates electric field higher that the
measured one during the breakdown. The estimated value of RE under these conditions
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confirms that the peak in HXR measurements is caused by electrons generated due to the
position instability. The most suitable conditions for the RE creation are indeed towards
the end of the discharge just before the peak in the HXR signal.

3.6.3

Other regimes and practical considerations

The two types of discharges described here can be combined, of course. If the vertical or
radial kicks (fast movements) are applied using stabilisation coils, the conditions that were
described in the previous paragraph can be repeated several times during the discharge.
The sudden drop in density and rise in the electric field due to position instability is usually
followed by HXR emission.
The largest issue for the RE generation is the bad quality of vacuum that causes extremely
high loop voltage. In agreement with this statement, the series of discharges with the same
pre-set parameters and long glow discharge before the first discharge were characterised
by increasing level of HXR in subsequent discharges. This means that there is a lot of
impurity atoms adsorbed on the walls and entering the plasma during standard operation.
This effect is very different in larger machines with higher vacuum, where glow discharges
usually make more favourable conditions for RE as it limits the recycling of deuterium
gas (the level of impurities is much lower due to the better vacuum pumping and lower
leakage rate). The recycling of deuterium may increase the density and create conditions
less favourable for RE generation.
Golem operation without RE is preferable. To reach this, it is necessary to improve the
vacuum pumping (maximum p = 10−3 Pa before fuelling), operate at reasonable flattop densities (3 − 6 · 1018 m−3 ) and keep the plasma position stable. These steps should
lower the breakdown voltage and also the flat-top voltage - for reasonable voltage on CD
capacitors - below the threshold level for RE generation in present discharges.
Maximum energies of electrons can not be directly estimated using the detector currently
installed as the decay time of pulse is too long and many peaks are integrated. However,
the calculation presented in figure 1.1 suggest that the energy obtained by electrons in
the Golem discharge can be hardly higher than 3 MeV. It is rather several hundred keVs
or around 1 MeV as the impact on the wall usually comes 2-4 ms after the breakdown
or 1-2 ms after the electric field ramp-up due to the position instability. Data from faster
HXR detector used in former experiments [28] also confirm that the energies are in this
range. Hopefully, Golem will be equipped with much faster scintillation detector in the
future.
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Figure 3.11: The main parameters (plasma current Ip , loop voltage Uloop , density ne and
measured HXR radiation intensity and top visible camera image) of Golem discharge
#18950 with plasma position instability that leads almost to the termination of the discharge. The measured quantities are accompanied by a rough estimate of possible number of runaway electrons at given time n RE and the Kruskal Bernstein rate γK B for high
Zeff = 6 and estimated constant temperature Te = 10 eV .
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Chapter 4
Saw-tooth instability and runaway
electrons in COMPASS
A clear coincidence of the saw-teeth instability with HXR emission (RE de-confinement)
was observed during many discharges with the D-shape configuration on COMPASS. One
session of the second runaway campaign was dedicated to investigate this phenomenon in
further detail. Let us firstly describe the nature and properties of this instability.

4.1

Saw-tooth instability and COMPASS

Saw-tooth instability (STI) is one of the typical instabilities of tokamak plasmas [60]. It
was observed at every present-day tokamak, with the exception of the smallest, low temperature machines. The observation on COMPASS and analysis of the correlations with
other plasma events was published recently [25]. On JET it was even found that the period and intensity of this instability may be controlled by additional heating systems. STI,
if frequent and relatively small, might be desirable due to its ability to clean the plasma
center from impurities. On the other hand, massive ST may trigger neoclassical tearing
modes (NTM) at some conditions. Such behaviour should be avoided [4, 60]. Although
the experimental occurrence is well documented, the theoretical nature of this instability
is not yet fully understood. However, saw-teeth instability is one of the phenomena of
resistive magnetohydrodynamics and it is accompanied by the reconnection of magnetic
field lines. This instability may be easily identified by periodic signal of soft X-ray detector observing the plasma centre. This signal consist of slow rise and sudden crash the shape of the signal is where the name of the instability comes from. The signal of
the detector observing the outer regions of plasma seems like the inversion of the signal
from plasma center, while the signal of some channel observing the region in between is
almost constant with typical spike during the crash (see Figure 4.1). Because the SXR
detectors measure namely slightly supra-thermal bremsstrahlung radiation that is proportional to the square root of temperature, these signals are interpreted as the periodical rise
of temperature in central plasma and sudden flux of the hot plasma to the outer regions.
According to this interpretation, there has to be also some "inversion radius", where the
temperature remains unchanged before and after the crash. This corresponds to the signal
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Figure 4.1: The typical signal of three soft X-ray detector channels during the saw-tooth
instability and bursts of HXR radiation during the ST crashes. The detail of the precursor
of the ST crash - massive internal kink (top left). Discharge 4420, very large ST due to
NBI heating (full power).

of the channel 22 in 4.1, where the peak is caused by the hot plasma passing through the
region. The amplitude and period of the STI in the shot displayed was increased due to
the NBI heating, the usual period of STI in Ohmic regime is 2-3 ms and the amplitude is
several times smaller.
The phenomenon of the increased HXR emission during the ST crash is documented in
figure 4.1 and statistically analysed in 4.2. Although the ratio of ST ramp-up time to ST
crash time is very high, a significant part of HXR radiation is released during the crashes
and moreover, higher amplitudes of peaks dominate. However, the amplitude is related
rather to intensity than to energy of particles in the case of our measurements.

4.2

Internal kink and Kadomstev ST crash model

The mechanism of the internal kink is thought to be responsible for the initial phase of
the STI. Let us remind the relation for calculation of the safety factor q (1.31) that was
defined in the first chapter. Due to the higher heating efficiency in central plasma region
the strong peaking of the current is observed in some discharges. This increases the value
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Figure 4.2: Comparison of the HXR peak height spectra during the teeth crashes and teeth
ramp-ups for 25 shots with the described phenomenon. The very high peaks were detected
dominantly during the crash. However, the signal is characterised by large number of
pile-ups, thus higher peaks are probably caused by integration of peaks due to increased
intensity rather than due to higher energy.

of the poloidal field and the value of the parameter q drops below one in the central plasma
region. On the radius q = 1, the MHD instability with poloidal mode number m = 1 and
toroidal mode number n = 1 occurs. This event is similar to the m = 1 (kink) instability
of plasma cylinder observed in pinches and described in [29]. It can be considered as the
displacement of hot central plasma. The transfer of the heat between the region inside the
surface q = 1 and the region outside is incomplete and the temperature in the center rises
and resistivity drops even more. The growth of the kink instability in the form of ST crash
precursor may be identified as the oscillating SXR signal in the figure 4.1. According to
the Kadomtsev model, this situation becomes unstable sooner or later, the displacement
of region undergoing the kink instability results in crowding of magnetic field lines and
subsequent creation of X-point via the magnetic reconnection [4]. The cooler m = 1
magnetic island is created and grows unless it fills entire volume of plasma centre and all
the hot plasma is expelled from the center to outer regions. The reconnection is completed
and new equilibrium with rising temperature in the center is established.

4.3

Possible explanations

A dedicated session of COMPASS RE experiments was focused on the phenomenon described in this chapter. Its aim was to investigate the origin of runaway electrons in these
discharges. Before the session, three hypotheses were considered, although some of them
were less probable
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1. Generation of RE during by standard mechanisms during the flat-top and losses
enhanced by the ST instability
2. RE originating in the plasma breakdown and ramp-up phase thrown out of the
plasma dominantly during the ST crash
3. RE electrons accelerated during ST crashes in the electric field created by the reconnection phenomena

4.3.1

Constant acceleration

Regarding the results in section 3.3.1, the first option can be theoretically excluded as the
density was up to 8 · 1019 m−3 in some discharges where the phenomenon was observed.
At the same time, the electric field (proportional to the loop voltage) was rather small and
no runaway electrons should be created by Dreicer mechanism during the flat-top.

4.3.2

Losses of ramp-up RE

Based on the fact that the conditions for runaway electron generation are satisfied only
in the current ramp-up in high-density discharges, this option looks promising. However,
in circular discharges density seems to be the limiting factor for the RE confinement (RE
are mitigated in densities as low as ne = 3 · 1019 m−3 in COMPASS). The described
phenomenon was observed in shaped discharges, usually with much higher density (up
to ne = 8 · 1019 m−3 ) and HXR radiation was emitted during the whole discharge. This
is surprising and it indicates that the confinement is much better in shaped plasmas. The
reason could be connected with different structure of magnetic islands and other MHD
activity.

4.3.3

Acceleration by reconnection-induced electric field

On the other hand, the third option was considered in many publications from various
machines including TCV [27], T-10 [48] and DIII-D [49]. Notice that in these articles,
supra-thermal electrons, not necessarily runaway electrons, are considered. Let us describe the idea of this mechanism briefly.
As described in the previous sections, the saw-tooth instability is connected with magnetic
reconnection according to models currently accepted by the fusion community. During
the reconnection the fast change of the magnetic field B may create the electric field E
according to the Faraday law
∂B
(4.1)
∇×E=− .
∂t
In our case the toroidal electric field is important in order to accelerate the runaway electrons and therefore the change of the poloidal magnetic field is of interest. Moreover, the
fast change is connected with the poloidal component of magnetic field due to the change
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in the plasma current profile. We can make a rough estimate of electric field magnitude
by simplifying the differential equation to linear variations of desired components
δBp
δEt
∼−
.
δr
δt

(4.2)

The characteristic length δr is the radius of the q ≤ 1 area which is equal to 10 cm
maximum in COMPASS, while the time of the crash δt is in the order of tens µs (we
will use the value 100 µs). The change of the poloidal field will be estimated using the
assumption that the safety factor on axis is changed from the value before the crash q0 to
1 after the crash. The value of q0 in discharges is hard to obtain for small ST because the
EFIT is not able to reconstruct the plasma current profile accurate enough and sometimes
shows value rather higher than 1. However, we can estimate the value as 0.95 which
is typical for ohmic ST on other machines according to [49]. This difference must be
multiplied by the value of poloidal field on the q = 1 radius which is possible to get from
the approximation for circular plasma (1.31) and the magnitude of the toroidal magnetic
field on axis. This approximation gives Bp1 = 0.2 T. We can estimate the induced field
using the final relation [49]
Et ∼ (1 − q0 )δr

Bp1
∼ 10 V/m.
δt

(4.3)

This value is much larger than the electric field due to the loop voltage. Furthermore, the
value is further increased for faster crash or stronger plasma current peaking. On the other
hand, the author of the text [49] used vacuum approximation, the reality in plasma will
be much more complicated due to complex reaction of surrounding plasma to the locally
induced electric field. Finally, such a field is generated in a rather small reconnection
region and relatively low number of electrons can be affected. In the technical report
[49] this field is used in simple one-dimensional model that utilises Kruskal-Bernstein
primary generation term (2.26), simplified avalanche generation term (τA−1 = 2meeE
c ln Λ )
 
δB
−1
and diffusive loss term due to the perturbed field τloss = f BT . The author is using
Rechester-Rosenbluth diffusion term [49] which was mentioned in the second chapter but
it is not fully appropriate for this case. The model equation reads
nr
nr
dnr
= γK B + −1 − −1 .
dt
τA
τloss

(4.4)

We believe that the use of this model in this case is very inappropriate. For the fields near
or above the Dreicer field (this is the case according to the report) the Kruskal-Bernstein
runaway rate should not be applied. In this case, all the population of electrons should run
away in the region of the high electric field. On the other hand, it is not possible to say
how many times the electrons cross the reconnection region before they are deflected. In
the text of the report, no hard limit on the number of electrons that are allowed to runaway
is specified. Our re-implementation of the model was not successful and there is a question, how the author was able to get the reasonable values of RE density. Nevertheless,
although there is some inconsistency in the technical reports on this topic, the acceleration
during reconnection phenomena must be considered as a potential source of RE seed.
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#8632
Ip [kA]
165.99
ne,FT [1019 m3 ]
7.5
Te [eV]
Uloop [V]
1.67
BT,R0 [T]
-1.15
q95
4.8
GP 940ms [%]
20
GP 960ms [%]
20
19
3
ne,975 [10 m ]
0.60
ST period [ms]
2
HXR emission Strong

#8633
#8634
163.21
167.5
8
8
500-600 600-700
1.74
1.77
-1.15
-1.15
4.9
4.9
20
30
50
70
0.84
1.65
2
2
Medium
Weak

#8636
163.33
8
600-700
1.76
-1.15
4.9
20
20
0.80
2
Strong

#8637
Data source
164.11 Rogowski coil
8
Interferometer
Thomp. scatt.
1.76
Flux loop 02
-1.15 Tor. flux loop
4.9
EFIT
30
Waveform
70
Waveform
1.10
Interferometer
2
SXR-A
Weak
HXR-N

Table 4.1: Comparison of important plasma parameter values and other relevant quantities
for five ST-RE dedicated shots. Parameter values correspond to the flat-top phase of the
discharge, if not stated otherwise. GP means deuterium gas puff (fuel injection).

4.4

Comparing discharges

To find out which of the hypothesis described above is valid in our case, we decided to
prepare a dedicated experimental session. An optimal scenario was to mitigate the electrons from breakdown and see if some HXR signal still follows the ST crashes. The
optimal way how to do this is to change the waveform of the initial gas puff and limit the
conditions for RE production during the ramp-up. A series of discharges with the same
pre-set parameters was conducted. The parameters of the most relevant discharges from
the dedicated session are summed up in the table 4.1. It is obvious that all the discharges
were very similar in general. The different gas puff waveforms for the beginning of discharge are also displayed in the figure 4.3. Notice that slightly changed conditions during
the breakdown resulted in complete suppression of HXR emission during the whole discharge. The comparison of the two discharges with different initial gas puff is in figure
4.4. Although ST instability is still present, no HXR emission is observed in the second
discharge. The different gas puff waveform changed the initial density significantly as is
obvious from the small graph. This is clear confirmation of the second considered option
explained in section 4.3.2. The initial number of RE is crucial for the whole discharge.
To increase the reliability, this pair of discharges was repeated after very long glow discharge. The result can be seen in the figure 4.4. There are some minor differences in
HXR emission comparing to the first pair of discharges, however, generally speaking,
the discharges were successfully repeated. The response of the density to the gas puff
has changed slightly, however this is probably caused by recycling of gas. In one of the
discharges, also third type of waveform with smaller increase during the breakdown was
used (see the figure A.2 in the Appendix). This resulted in weaker HXR emission with
respect to discharges 8633 and 8636.
Now, the nature of the phenomenon is uncovered and it is useful to find out if we can
explain the difference between the discharges using the estimation for the density of elec67

Figure 4.3: The initial fuelling waveforms used in the compared experiments. Plasma
breakdown occurs slightly before 960. The plasma density response to the increased puff
is several microseconds delayed and may be observed with microwave interferometer.

Figure 4.4: Main graphs: Graphical comparison of relevant signals for first pair of discharges with different initial fuelling. In shot #8632 the strong presence of runaway
electrons losses were detected - standard HXR detector is saturated (blue curve), but the
shielded one (green) sees increased emission during crashes. On the other hand in the shot
#8634, no high energy photons appeared. Inserted graph: comparison of actual density
during the first part (breakdown) of the discharges.
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Figure 4.5: Successful repetition of the discharges #8632 and #8634 after long glow discharge.
trons in the runaway region for the ramp-up phase. We will again use the relation (2.24).
The resulting estimation for the first 30 ms of the selected discharges are in figure 4.6.
The differences between the HXR signal in the flat-top are well correlated with the differences in the prediction namely in time range 965-980 ms. The number of electrons being
generated in later part of the discharge is negligible - as it is calculated in the figure A.3
in Appendix. To enrich the statistical significance of these results, several tens of similar
discharges were analysed. In figure 4.7, the correlation between the mean value of the
number of particles in runaway region n RE during the ramp-up and averaged HXR signal
in later phases of the discharge is displayed. The positive correlation is clear, however,
points namely in the right part of the figure are very scattered. This can be caused by
many factors, including the imperfections of standard HXR detector or imprecision of
density measurements. We should also remind that our model is very simple. A question
arises, whether the avalanche mechanism can contribute to the sustainability of the RE
population in the plasma. According to the simple estimation using the flat-top parameters, the contribution of avalanche mechanism is not negligible, however it can add just
several tens of percents to the seed population.
Let us briefly sum up the results of the dedicated session. It was found out that the increased HXR emission during the crashes of saw-teeth instability in the flat-top is caused
by the losses of RE generated during the breakdown and plasma current ramp up. Reconnection processes in COMPASS plasma seem not to be able to create RE population
of detectable level. Creation of supra-thermal electrons that cannot be detected by HXR
detectors is not excluded.
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Figure 4.6: Analytical estimation of number of electrons in runaway region in the beginning of the discharge. The same linear increase of temperature and Zeff = 2.5 is assumed
for all discharges, however this assumptions change only the absolute value and not the
relative differences between the curves. The comments on HXR intensity in the legend
are related to the flat-top of the discharge. The intensity of HXR in the flat-top seems to
be very well correlated to the estimated number. The regions that seem not be crucial for
RE electron generation are dashed.
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Figure 4.7: Correlation of averaged density of electrons in the runaway region in the
beginning of the discharge (960-990 ms) calculated using relation (2.24) as in figure 4.6
and mean HXR signal in later phase of the discharge. Approximately 50 discharges with
similar parameters were analysed. It is obvious that the generation of RE in the beginning
affects whole discharge. On the other hand, the correlation seems not to follow a particular
function dependence as it has rather a threshold character. However this could be caused
by detector imprecision and other reasons.

71

4.5

Third campaign - validation and additional results

In the third campaign, which was conducted in the end of April 2015, the results were
confirmed again. However, the response to the gas puff change was not so sharp this time.
Furthermore, due to the changes in the interferometer signal (hardware filter removed),
the density data from the beginning of the discharges have to be smoothed and compared
very carefully with older data. It was proven that increased puff is able to suppress RE
generation also in circular discharges with medium density (ne = 3 · 1019 m−3 , discharge
number #9910 with RE and #9911 without RE). According to the new data it also seems
that the standard timing for increased puff (960-970 ms) is optimal because it reaches the
plasma in the phase when it is already hot and the loop voltage is still high. Postponing
of the increased puff results in lower efficiency of RE suppression.

4.6

Dependence of losses on plasma current and possible
role of magnetic islands

In the third campaign it was also noticed that high current can result in earlier termination of the HXR radiation, i.e. RE electron confinement is worse. This confirms that
MHD instabilities in general (not just ST) are crucial for RE confinement and losses.
The comparison of four discharges with different plasma current is in figure 4.8. This
comparison together with significant correlation of RE losses with rapid changes in the
MHD mode structure (observed on spectrograms of the Internal Partial Rogowski Coils
signals) is favourable to the hypothesis that the RE electrons may be confined in magnetic
islands (partially isolated magnetic structures with possibly different values of plasma parameters). The decay of these structures then leads to increased losses according to [26]
and many other publications. The losses in the flat-top of the discharge are dominantly
periodic (with period around 1 ms), even without observable saw-teeth instability. This
behaviour may also indicate the influence of some MHD activity. Furthermore, the correlation of the RE presence in plasma with different, high frequency modes (around 1 MHz)
is currently under investigation on COMPASS.

4.7

RE losses during ELMs

Stable and highly reproducible H-mode discharges were achieved on COMPASS in recent
months. During the improved confinement in the H-mode, there is a periodical emission
of HXR radiation in some discharges. The peaks in the HXR signal seem to correspond
to edge instabilities (ELMs) in the Hα signal. However, only the first few ELMs just
after the L-H transition and the L-H transition itself are usually accompanied by these
HXR bursts. After a more detailed analysis it was found that these ELMs coincide with
saw-tooth crashes. Furthermore, according to the plasma current scan presented earlier it
can be concluded that RE are released rather due to the MHD instabilities connected with
high current than due to the transition to the H-mode here.
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Figure 4.8: The comparison of four discharges with different plasma current Ip , the
plasma electron density ne for these discharges and a strongly smoothed HXR signal
are displayed. The value of parameter q near the plasma edge shown in the third graph
may suggest what modes are suspicious to be involved in RE confinement and losses. For
example mode m/n = 5/2 could appear in discharge 9865, but not in others, and the HXR
emission is also very different compared to others.
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Summary and outlook
With ITER under construction, the controlled nuclear fusion for electricity generation is
now closer than it has ever been before. However, there are many opened questions and
challenges that we have to face and answer before the giant "box for the star" is commissioned. The safe operation of the machine has to be secured. This, among other issues,
means that generation of the RE should be completely avoided as these fast particles can
seriously damage the inner wall. Therefore, runaway electron generation, confinement,
radiation, losses and mitigation must be studied on all present tokamaks, including COMPASS.
This thesis first summarises the theoretical model of runaway electron generation,
transport and energy losses due to radiation processes. Furthemore, the relevant diagnostic methods are briefly described. The listed or derived relations for the RE generation are
subsequently used to estimate significance of the RE for COMPASS and Golem tokamaks
and interpretation of RE experiments conducted on both tokamaks with special interest in
the RE electron bursts during the saw-tooth crashes.
In the first chapter, the physics background necessary for the RE description is introduced step by step. The chapter begins with the relativistic equation of motion for single
particle in external field then turns to the relativistic drift equation, which is more useful to track a relativistic electron. Subsequent sections are focused on statistical plasma
physics that is the most suitable instrument to treat the runaway electrons in plasma and
simplified view of RE as a separate fluid in the thermal plasma.
The second chapter utilises the attitudes listed in the first chapter to the description
of runaway phenomenon. In the beginning, the runway electron solution is derived from
Fokker-Planck equation for electrons with electric field acceleration term and collisional
term. This results in the definition of critical parameters for RE generation. Furthermore,
complicated rates of primary and secondary generation (avalanche) are listed. The text
continues with brief description of synchrotron and bremsstrahlung radiation of runaway
electrons, losses due to the drift and radial diffusion and interaction of fast particles with
the wall.
The third chapter is more practical, as the two Czech tokamaks and their typical discharges are described. The conditions for runaway electron generation in these devices
are evaluated: the approximate number of electrons in runaway region is estimated for
the breakdown and flat-top plasma and also the avalanche growth rate is considered. In
the next part of the chapter the diagnostic tools related to runaway electrons and used on
COMPASS and/or Golem are described. The chapter is concluded by analysis of interesting discharges in these tokamaks.
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In the fourth - and final - chapter, namely the phenomenon of the RE bursts hitting
the wall during the crashes of the saw-teeth instability is investigated. The possible explanations are considered and the dedicated session is described. It is concluded that this
phenomenon may be suppressed by mitigating runaway electron generation in the beginning of the discharge with additional deuterium puff. This means that only losses and
no primary generation of relativistic particles was observed during the reconnection phenomena. The differences between the discharges are explained using the estimation of RE
generation during the ramp-up based on the simple relation derived in the second chapter.
The results of the third dedicated runaway campaign confirm that both resistive and ideal
MHD instabilities are very important for the confinement and losses of RE.
To conclude, we should remind that this thesis was partly elaborated in the framework
of MST2-9 EUROfusion project and it was focused on runaway electron experiments in
COMPASS and Golem tokamaks. The author of this thesis became the member of the
runaway electron team and actively participated in the three RE campaigns that were conducted on COMPASS up to this time. In parallel to the work on COMPASS, runway
electron discharges were also analysed on educational tokamak Golem, where intensive
tests of new detectors are planned. The MST2-9 project will continue on COMPASS
as the fourth campaign is scheduled for October. The comparison with results of other
European tokamaks will be hopefully possible due to the scheduled participation in experiments on ASDEX-Upgrade, TCV and JET.
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Appendix A
Additional figures
Ultra-long discharge

Figure A.1: The most important plasma parameters for the record-length discharge 8682.
Unfortunately, data acquisition was not prolonged and therefore the graphs for electron
density ne and HXR measurements are not complete.
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Partially and totally mitigated ramp-up RE emission during the sawteeth instability

Figure A.2: Main graphs: Graphical comparison of relevant signals for first pair of discharges with different initial fuelling. Discharge 8632 with increased runaway electron
losses during the STI. On the other hand, in the shot 8634 no high energy photons appeared. Inserted graph: comparison of actual density during the starting phase of the
discharges.
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No primary generation of RE for high density Maxwellian plasma in
the flat-top of compared discharges

Figure A.3: The order of magnitude of number of electrons in runaway region at given
time in the flat-top phase of the discharges described in chapter 4. The number is by far
negligible for all discharges.
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Appendix B
Cloud storage content
Electronic version of this document, some scripts that were used for model calculations,
data analysis and plotting and working files are available at Google Drive
https://drive.google.com/folderview?id=0Bz7wTD2cnvNHSEFTNTZTXzZReFU&usp=
sharing.
Table of contents of this folder:
DP.pdf
DP_x.pdf
\Python
BB.py
NRE_est.py
Golem_exp.py
REC_model.py
\graphs

electronic version of this thesis
eventual extended versions of the document
scripts in Python
relativistic code for particle motion in EM field
calculation of possible RE density
for given range of plasma parameters
the previous script applied on measured Golem data
The model of RE generation and losses during reconnection
events based on reference [49]
figures used in the text

Scripts designed for the processing of publicly unavailable COMPASS data may be provided on demand.
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