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These notes are based on my reinterpretation of excellent lecture notes [2]. Let X be given topo-
logical spaces. By Op(X), we denote the category of open subsets of X. Its objects are open
subsets of X and morphisms are inclusions. Let U C V' C X be two open subsets. The unique

inclusion morphism is denoted as iY; : U — V.

Definition 1.1. Let C be any category. By a presheaf on X with values in C, we mean a
contravariant functor F : Op(X) — C. In other words, to each U € Op(X), we have an object



F(U) € C and for each inclusion i}; : U — V we have a restriction morphism py; = F(i};) €
C(F(V), F(U)) satistying the usual composition relations

ol =plopy. Py =1lru, (1)

where o is the composition rule in C and 1z the identity morphism at F(U) € C.

As presheaves are just a special case of contravariant functors, there is an obvious way to define
their morphisms.

Definition 1.2. Let F and G be two presheaves on X with values in C. Then by presheaf map
(or morphism) ¢ : F — G, we mean a natural transormation of the two functors. In other words,
for every U € Op(X), we have a morphism ¢y € C(F(U),G(U)), such that for every U C V, the
following diagram of morphisms commutes:

F(V) 25 Gg(v)
|7 |9y (2)
FU) 25 gU)

Usually C is taken to be some category where it makes sense to talk about the elements of a
given object F(U), that is there is some underlying set I'(U, F). An element s € I'(U, F) is called
a section of F above U. Elements of I'(X, F) are called global sections of 7. Examples of
such categories are Abelian groups Ab, Groups Grp, sets Set, topological spaces Top, R-modules
R-Mod, where R is some fixed commutative ring.

Example 1.3. (i) For any category C, fix an object G € C. The constant presheaf Gx on
X with values in G € C is defined as F(U) = G for all U € Op(X) with p}; = 1 for all
U C V. Although it may seem stupid, it will play an important role in the following.

(ii) For any topological space Y € Top, one can define a presheaf C?.) of continuous Y-valued
functions on X. For general Y, one has C%-(X) : Op(X) — Set. Set

CY(U)=C%(U,Y)={f:U = Y| f is continous}. (3)

For U C V, the restriction morphism pY; : C%(V,Y) — C°(U,Y) is an actual restriction of
the maps. By imposing further conditions on Y, one can replace Set by a more convenient
category.

(iii) If X is a smooth manifold, one can define a presheaf C* of smooth R-valued functions as
C>(U) = C*>*(U,R), and restrictions again just restrictions. One can view C'* as a functor
on X valued in the commutative rings CRing.

The presheaf is by its definition very inbalanced, that is we can always go just "more local”.
One can be sometimes interested in deducing some global properties from the local one. This leads
to the following notion:

Definition 1.4. Let F : Op(X) — C be a presheaf on X with values in a concrete category C. In
particular, the objects of C form actual sets and the notion of local sections makes sense. We say
that F is a sheaf on X with values in C, if for any U € Op(X) and any open cover U = {U; }icr
of U, that is U; C U and U = U;c1U;, we have



(A) Gluing axiom: Suppose we have a collection {s;};er of local sections, where s; € I'(U;, F),
such that they coincide on the overlaps, that is
Ui U,
o0 (50) = o2 (55) (4)

for all 4,5 € I, where U;; = U; NU;. Note that this does include also the case U; N U; = .
Then there exists some section s € (U, F) such that s; = pf} (s).

(B) Monopresheaf axiom: Suppose s,t € T'(U,F) are two local sections above U, such that
pgi (s) = pgi (t) for all i € I. Then s =t.

For any s € I'(U, G), one often writes s|y, for pfj (s).

There are several remarks in order.

Remark 1.5. (i) For any sheaf F : Op(X) — C, we have a special open subset ) C X. There
is thus a particular object F(0) € C. Now, let s € I'(}, F). Moreover, an empty set has one
distinguished open cover - namely the one containing no sets at all (that is we have I = ().
Let s,t € T'(D, F) be two local sections above (). The requirement in monopresheaf axiom
concerns all ¢ € () and is thus always true. Hence s = ¢ for any two local sections. It follows
that F () = {x} is a singleton in C. This is terminal object in every concrete category.

(ii) For sheaves valued in R-Mod or CRing, where each object has a unique zero element 0 and
addition and subtraction makes sense, one can replace the condition (B) with the following:
Suppose s € I'(F, U) satisfies s|y, = 0 for all ¢ € I. Then s = 0.

(iii) Again, suppose F is valued in R-Mod or CRing. Then both axioms (A) and (B) can be
stated as follows. Suppose U C X is a non-empty subset, and let U = U;c;U;. Define a pair
of morphisms @ : .F(U) — Hlejf(Uz) and ’(/) : Hiel]:(Ui) — Hi,jeI]:(Ui ) as

w(s) = (0, (5))ier, (5)
; U;
b((si)ier) = (pur, (s) = pui, ()i ger- (6)

i

Then (A) and (B) are true if and only if the sequence
0 —— FU) —2 Wie F(U;) —2 W, jerF(Uyy) (7)

is exact. Indeed, the injectivity of ¢ is precisely the axiom (B). The gluing axiom (A) is
exactly the exactness in the in the second term.

Example 1.6. (1) Let us start with the most important example. Suppose 7 : E — X be a
surjective continous map. The sheaf I'[E, ] on X is defined as

NE,n|(U)={s:U — E|mos =1y, s is continuous}. (8)

The restriction morphism is just the restriction. It is easy to see that I'[E, x| is a sheaf of
sections of E. Its importance lies in the fact that every sheaf F on X is isomorphic to this
example for a certain 7 : E — X.

(2) Suppose E = X xY, and let 7 : X XY — X be the canonical projection. Every section
s € T[E, 7](U) thus must take the form s(z) = (x, f(x)), where f : U — Y is continous. The
assignment s — f defines a morphism ¢ : T'[E, 7](U) — C%(U). It is easy to see that oy is
natural in U and thus T'[E, 7] is a presheaf isomorphic to CY-. In particular, C% is a sheaf.



(3) Suppose E = X x Y, and let 7 : X x Y — Y be the canonical projection. This time, YV is an
arbitrary set which we can equip with a discrete topology. Again, every section s € T'[E, 7](U)
must be of the form s(z) = (x, f(z)) for some function f : U — Y. It must be continuous
with respect to the discrete topology on Y. Let zg € U, and yo = f(xo). Then {yo} is an
open subset of Y and thus V = f~!(y9) C U must be open. Every point zo thus has an open
neighborhood V', such that f(V) = {f(x0)}. These are called locally constant functions
on U.

We can thus form a sheaf Yy of locally constant functions on X with values in Y:
Yx(U)={f:U — Y | f is locally constant}, (9)

where restrictions morphisms are just restrictions. To confuse everybody, ?X is usually called
a constant sheaf on X with values in Y.

Beware! the constant sheaf Yy is not the constant presheaf Yx! In fact, the presheaf Yx is
not a sheaf unless Y = {x}. This follows from Remark 1.5-(i), as Yx (}) must be the singleton
and at the same time Yx () =Y.

Definition 1.7. Let F : Op(X) — C be a presheaf (sheaf). Then for any open set U C X, one
may define a restricted presheaf (sheaf) F|U by simply restricting the functor F to the full
subcategory Op(U) C Op(X).

2 Directed limits

Definition 2.1. Let I be a set with a preorder < (any transitive and reflexive binary relation).
We say I is a directed set, if for every i,j € I, there exists k € I, such that ¢ < k and j < k.

We say that the subset J C I is cofinal in [, if for every ¢ € I, there exists some j € J, such
that ¢ < j. Note that J is automatically a directed set. Indeed, let i,j € J. As I is directed, there
must be k € I, such that ¢,j7 < k. But as J is cofinal, there must be some [ € J, such that k < [.
Whence i, 5 < for some j € J and J is directed.

Remark 2.2. Tt is useful to view I as a category I whose objects are elements of I and for each
i,7 € I, the morphism set I(7, j) consists of a single arrow if i < j and is empty otherwise. Identity
arrow in I(4,4) exists due to the reflexivity of < and arrows can be composed due to the transitivity
of <.

This viewpoint on the directed sets is useful in the following definition:

Definition 2.3. A direct mapping family indexed by I is a covariant functor F' : I — C, where
I is the category corresponding to the directed set I and C is an arbitrary category.

Equivalently, a direct mapping family is a collection {F;};c; of objects in C and of morphisms
{pé}igj, where p?» € C(F;, F;), such that pi = 1, for all i € I and pi, = p], o pé for all 4,5,k € I
such that ¢ < j < k. Clearly F; = F(i) for all ¢« € I and pé- is the functor I’ evaluated on the
unique morphism in I(4,5) for ¢ < j.

Example 2.4. Let X be a topological space and let € X. Let Op, (X) denote the full subcate-
gory of open sets containing 2. Take I = (Op,(X))°?. For any two open sets U,V C X containing
x, the morphism set I(U, V') consists of single arrow whenever V C U.

The directed set I corresponding to I is thus a set of all open subsets containing x with a
preorder U < V whenever V C U.



Now, let F : Op(X) — C be any presheaf on X with values in the category C. One can
restrict it to a contravariant functor F, : Op,(X) — C, and thus define the covariant functor
Fz : (Op,(X))°P — C. This defines a direct mapping family indexed by I.

Definition 2.5. Let F' : I — C be a direct mapping family. We assume that C is some well-
behaved category like R-Mod or CRing or Set, so that the following operations make sense. A
direct limit ligi6 s F; is an object in C defined by formula

lim F; = || Fi/ ~, (10)
el iel
where |_| denotes the disjoint union of the (sets) F; and the relation ~ is defined as follows. Suppose
fi € Fy and f; € Fj. Then f; ~ f; if and only if there exists k € I, such that ¢ < k and j < k,
such that p (f;) = py,(f;)-
The relation ~ is clearly reflexive and symmetric, one only has to think a bit about transitivity.
If fi ~ f; and fj ~ fi, there are thus m,[ € I such that 4, j < m and j,k <[. But as I is directed,
there is also 7 € I, such that m,l < r. We will show that pi(f;) = p¥(fi), which would prove the
desired claim f; ~ fi. But one has
Pr(fi) = P (P (£)) = o7 (00 (£3)) = PL(F5) = PR (P (f) = P (P (F1)) = pr(fe)- (11)
This proves the transitivity. Let ¢; : F; — |_|z'e 1 I be the canonical inclusion, and let m; : F; —
liﬂi€ s F; be its composition with the quotient map. Suppose i < j. We claim that the diagram

F; & F
X y (12)
lim, e, Fi
commutes. This amounts to showing pz( fi) ~ fi for all f; € F;. But this is obvious. If we would

draw this diagram for all ¢ € I and connected everything with appropriate arrows, the resulting
picture is called a colimiting cone, and li_ngiel F; is in fact a colimit of the functor F : I — C.

We have not shown that ligiE s F;; is actually an object in C. This is true for certain categories.
Let us demonstrate that this is true for C = R-Mod. Let [f;] and [f;] be two elements of lim, _ Fi.

As I is directed, there is k € I, such that i, j < k. Then p};(fi),pi(fj) € Fj, and we may define
i+ [£5] = ok (f0) + i (£)] (13)

Using the same trick as for the above proof of transitivity, one shows that this is well-defined. Zero
element is [0;] for any ¢ € I. This makes sense as [0y ourlocationi] = [0;] for any 4,5 € I. Finally,
—[fi] = [=f:]. This gives us a structure of Abelian group on @iel F;. The R-multiplication is
defined as r - [f;] = [r- fi] for all »r € R. Similar proof works for C € {CRing, Grp, Ab}, etc.
However, the most important property of the direct limit is its characteristic universal property,
stated as a proposition:

Proposition 2.6 (Universality property). Suppose we have an object G € C and a collection
of morphisms 0; € C(F;,G) for each i € I, such that for every i < j, the diagram

i



commutes. Then there is a unique morphism ¢ € C(ligqiel F;,GQ), such that ¢ o m; = 0; for all
1 € 1. In other words, the following diagram is commutative for every i < j:

(15)

In particular, @iel F; is the unique colimit of the functor F, up to an isomorphism.

Proof. Suppose G € C and {6, };cs satisfy the above properties. Define o([f;]) = 6;(f;). This is
the only ¢ satisfying ¢ o m; = 6;. We only have to show that it is well-defined. Suppose f; ~ f;.

Then there exists k € I, such that i,j < k, and pi(f;) = pi(fj) Then

0i(fi) = Ok (pk(f:)) = Ou(pl (1)) = 6;(f))- (16)

For the uniqueness of a colimit - if G and a collection of 6; : F; — G would have the same uni-
versality property, then we can first construct a unique map ¢ : hﬂz‘e s F; — G by the universality
proved in this proposition, but also a map ¥ : G — ligie ; F; by the universality of G. But the
uniqueness then also forces p oy =1 =10 . |

To show that something is (isomorphic to) the direct limit, one only has to prove the universal
property. We obtain the following useful criterion:

Proposition 2.7. Let F : I — C be a direct mapping family in a suitable category C. Suppose
G € C and there is a family {0;}icr of morphisms 6; : F; — G, such that 6; = 0; o pz» whenever
i < j. Suppose the following two properties hold:

(i) For any g € G, there is some i € I and some f; € F;, such that g = 0;(f;);

(i1) For alli,j € I and for any f; € F; and any f; € Fj, we have

0:(f:) = 0;(f;), iff there exists k € I, such that i,j < k and pi.(f;) = pL(f;)- (17)
Then G is (isomorphic) to the direct limit of the direct mapping family F.

Proof. We only have to prove the universal property. Whence suppose, there is an object H € C
together with the family of morphisms {7;}:cs, such that n, € C(F;, H) and n; = n; o pg- whenever
i < 7. We must construct a unique map ¢ : G — H satisfying n; = p o0, for all i € I.

By property (i) above, to any g € G, there is some i € I and f; € F;, such that g = 6;(f;). The
only way (this proves its uniqueness) to define ¢ is p(g) = (¢ 0 6;)(fi) := n:(f;). Only has to show
that it is well-defined. If there are i,j € I, such that g = 6;(f;) = 0;(f;), we can use (i) to find
k € I, such that i,5 < k and pi(f;) = pl(f;). But then

0i(£) = me(ok () = me (P (7)) = i (17)- (18)
Note that "if” part of (i) does not have to be checked - it works for any G and 6; satisfying
0; =10;0 ,03- whenever i < j. [ |



Example 2.8. Suppose C = R-Mod. There is another common way to obtain the direct limit.
First, construct a direct sum H = @,.; F;. This can be viewed as a space of formal finite sums
of elements from the R-modules F;. One than constructs the ideal Z (with respect to the Abelian

group structure on H), generated by the set
S={fi—pi(fi) | fi € Fi,i < j} (19)

Fefine G = H/Z. For each i € I, let 0; : F; — G denote the composition of the canonical inclusion
v; : F; — H with the canonical quotient map H — H/Z.

First, let us show that for ¢ < j, one has 6; = p;- o ;. For any f; € F;, one has, from its
definition, v;(f;) — v;(p%(fi)) € Z. But this means that 6;(f;) — 6;(p}(fi)) = 0. Now, let us prove
the universal property of G together with the collection 6, : F; — G.

Let K € R-Mod and let n; : F; — K be the morphisms, such that n; = pz» on; whenever i < j.
We must prove the existence of a unique R-module morphism ¢ : G — K. Let us define a map
¢ H — K by a requirement ¢ oy; = n; for all ¢ € I. As the direct sum is in fact a coproduct
in the category R-Mod, this defines a unique R-module morphism ¢ : H — K. Now, note that
T C ker(¢). It suffices to show that S C ker(). But that is clear, as for every f; € F; and i < j:

@(fi — pi(f1) = @il fs) — vi(pi(fi) = mi(fi) — ni (P5(f:)) = 0. (20)

It follows that ¢ induces a unique R-module morphism ¢ : G = H/Z — K fitting into the diagram

H
l X . (21)
G- K

In particular, it follows that ¢ o 6; = n; and ¢ is a unique such morphism.

Note that one can easily construct the explicit form of the isomorphism ¢ : hglie s F;, = G, we
simply map the class [f;] € | |,c; Fi/ ~ onto the class f; +Z € @, F;/Z. Conversely, each class
in @,.; Fi/T is represented by a formal finite sum of f;, + --- 4 fiy, where f; € F;, for every
p € {1,...,N}. Its image under the inverse p=1 : G — lim, _ F;is the finite sum [f;, ]+ -+ [fiy].

The construction works for every category where direct sum and quotients by ideals make sense,
in particular in Ab or CRing or Vect.

To finish this section, we need to study what happens with direct limits with respect to the
natural transformations of the involved functors.

Definition 2.9. Let I and J be two directed sets, viewed as categories I and J. An order
preserving map 7 : I — J is an object function of a functor 7 : I — J. Let FF: I — C and
G :J — C be two direct mapping families indexed by I and J, respectively.

By morphism of direct mapping families, we mean a pair (¢, 7), where 7 is an order
preserving map and ¢ is a natural transformation from the functor F' to the functor G o 7.

Let us decipher this rather compact definition. An order preserving map satisfies 7(i) < 7(j)
whenever ¢ < j. This corresponds to the fact that ¢ < j iff there is an arrow in I(4,5) and 7 as a
functor must map it to the (unique) arrow in J(7(i),7(j)). Now, a natural transformation ¢ from



F to G ot consists of a morphism ¢; : F; — (GoT); = G,(;) for each i € I, such that the following
diagram commutes for any ¢ < j:

F, —" G,

leer Jwor (22)

F; =25 Gy,

We expect that the direct limit construction somehow reflects this. And it does.

Proposition 2.10. Let (p,7) be a morphism of direct mapping families F : 1 — C and G : J — C.
Then there is a unique morphism @ : hﬂiel F, — @jeJ Gj, such that the diagram

F, —2—— G

JMF lﬂrcm (23)
SNRT _

commutes for all i € 1. The vertical arrows are the inclusions from the definition of hg We say
that ® is a direct limit of the family {p;};cr and write ® = lim, ;.

Proof. We will use the universality property or mie ; Fi to construct (the unique) ®. Let 6; =
71'7C_;(i) o ;. We only have to show that whenever ¢ < j, one has ; = 0; o (pp); Then

00 (pr)s =S5 0050 (pr)h = 75 0 (p6) 1) 0 ps = 15, 0 i = ;. (24)
The rest of the proof is just the universality - there must exist a unique P : h_ngie s F;, — hgnje ; G;
satisfying ® o/ =0, = ﬂf(i) o ;. This is the commutativity of (23). |

We will now prove one very useful tool for a calculation of limits. We will prove it in a slightly
more general setting. Note that we modify a definition of final functor so that it will fit into the
framework of cofinal sets, calling it a filtered functor. The original statement and definition of a
final functor are different, see e.g. [3]. We have replaced a requirement of non-empty and connected
comma category by filtered.

Definition 2.11. Let L : J — I be a functor. One says that L is a filtered functor, if the comma
category (i | L) is filtered for every object ¢ € I. Let us unfold this definition:

(i) For any i € I, there must exist an object j € J together with an arrow u € C(4, L(j)). This
correspond to the fact that the filtered category (i | L) must be non-empty.

(ii) Suppose (j,u) and (5',u’) be two such pairs. There must exist an object k£ € J and an arrow
m € I(i, L(k)) together with a pair of morphisms h € J(j,k) and A’ € J(j/, k) such that the
following diagram commutes:

7

This is precisely the filtration property - pairs (j,u) and (j’,u’) are objects in (¢ | L). There
must exist a third object (k,m) together with a pair of morphisms (j,u) — (k,m) and
(j',u') = (k,m). But in (i | L), those are exactly h and A’ fitting into the above diagram.



(iii) Suppose (j,u) and (j',u") be two such pairs, and let h,h’ € J(j, ') be two morphisms both
satisfying L(h) ou = v/ and L(h') o u = «'. Then there is an object k € J together with
morphisms m : ¢ — L(k) and n : L(j') — L(k), such that L(n)ouw’ =m and noh =noh’.

This corresponds to the fact that to any objects (j,u) and (j',u’) any pair of parallel arrows
between them (corresponding to h and A’ and their interplay with « and '), there is an
object (k,m) together with a morphism from (j’,u’) to (k,m), such that it coequalizes the
parallel arrows.

Example 2.12. Suppose [ is preodered subset, and let J be a directed subset inheriting the
preorder. We can view them as two categories I and J together with the inclusion functor L : J — 1.
Then L is a filtered functor if and only if J is a cofinal subset of I.

Indeed, the property (i) corresponds to the fact that to any i € I, there exists j € J, such that
i < L(j). This forces J to be cofinal in I. The property (ii) says that if we find another such
j' € J, there must be some k € J, which also satisfies ¢ < L(k) and moreover j < k and j < k. For
this we use the fact that J is directed and k is a common upper bound for j and j'. Then certainly
L(j) < L(k) and L(j') < L(k) as L is the functor and from transitivity of < also ¢ < L(k).

The property (iii) is in this case trivial, as by construction every two parallel arrows in J(j, j/)
are already equal. It thus suffices to choose k = j" and n = 1;.

Theorem 2.13. Suppose L : J — 1 is a filtered functor, and let F : 1T — C be any functor. Let
Fr, = Fo L be the composed functor Fr, : J — C and suppose there exists ¢ = colim(Fp) € C.

Then there exists also colim(F') and as an object of C it equal to c.

Proof. Recall that a colimit ¢ = colim(F7) is an object together with a coliming cone 7 : Fr(j) — ¢
for all j € J, such that 7 : F, — A(c) is a natural transformation from Fy, to a constant functor
A(c), together with a universal property.

For every ¢ € I, there must by assumption on L exist an object j € J together with an arrow
u € I(i, L(j)). We thus have an arrow F(u) € C(F(i), F(j)). By composing it with a cone map
7j : Fr(j) — ¢, we obtain a morphism 6; = 7 0 F(u) € C(F(i),c). We claim that 6 is a colimiting
cone for F': T — C.

First, we have to argue that 6; is well-defined. Let j' € J and «’ € I(4, L(j')) be another such
combination. We have to show that m; o F(u) = ;s o F((u'). By property (ii), there is an object
k € J together with an arrow m € I(i, L(k)), and a pair of morphisms h € J(4, k) and J(j', k) such
that m = L(h) ou = L(h) o'.

As w: Fr, — A(c) is a limiting cone, its naturality implies 7; = 7y, o F,(h). We thus have
w0 F(u) =m0 Fr(h) o F(u) = g 0 F(L(h) ou) =m0 F(m) = -+ = mjp o F(u). (26)

This proves that the definition of 6; does not depend on the choice of j. We must prove that
0 : F — A(c) is a natural transformation. Suppose ¢ € I(4,4"). We must show that 6; = 6, o F(q).
Find j' € J and v € I(¢/, L(j')) by property (i) for the object i’ € I. It follows that the object
j' € Jand v oqeI(i,L(j')) is also fine for the definition of §;. Then

0; =m0 F(u' oq) = (mj o F(u')) o F(q) = 0; o F(q). (27)

Whence 6 : F — A(c) is a natural transformation and thus a cone for F. It suffices to prove its
universality. Let n : F — A(d) be any cone over d € C with the base F. In other words, we have
natural maps 7; : /(i) — d. As L is a functor, we may define another cone x; = ;) : Fr(j) — d,
which is by construction natural in j. By universality of = : Fr, — A(c), there is a unique arrow



k € C(c,d), such that kom; = x; for all j € J. Now, for any i € I, there is j € J together with an
arrow u € I(i, L(j)). Then

ko =ko(mjoF(u)) = (kom;)o F(u) = xj o F(u) = nry) o Fu) = n,. (28)

Whence k o §; = ;. Now, k obtained in this way is unique. Indeed, if this property hold for any
i € I, it must hold for i = L(j) and any j € J. But 6(;) = 7; and n7;) = x;. A different & would
then contradict the uniqueness of k in the equation k o m; = x;. Hence, there is a unique arrow
k € C(c,d), such that ko 6; = n; for all ¢ € I. This proves the universal property and we conclude
that ¢ = colim(F). [ |

Remark 2.14. Note that we have not used the property (iii) of a filtered functor. The assumptions
on L can be taken to be just (i) and (ii).

Corollary 2.15. Let I be any collection with a preorder < which is directed. Note that I does
not have to be a set, which is important. Let J C I be a cofinal subset of I. Let I and J be the
corresponding categories, and let F' : I — C be a functor valued in some suitable category (e.q.
R-Mod, CRing or Grp). Then there exists a directed limit Mie s F; and can be taken equal to
the direct limit @je] F; taken over the subset J C I.

Moreover, the coliming cone m; : F; — h—n;ljeJ F; can be constructed as follows. As J is cofinal,

there exists j € J, such that i < j. There is thus a map

773»] D By — lim Fj, (29)
JjeJ

and a map pé. By — Fj. Then m; = 7r3] ) pz This expression is independent of j used. The rest is

a trivial application of the above theorem.

Proof. Recall that a directed limit li el F; in the case when [ is not a set is just some object
G € C together with a bunch of maps m; : F; — G, together with the universal property. We
cannot define G by the formulas above as e.g. the disjoint union over a proper class I would not
define a set. However, if J C I is cofinal in I, the inclusion functor L : J — I is filtered, as we
have discussed in Example 2.12. |

3 Open covers of a topological space

Let us first talk a little bit about open covers of topological spaces. By open cover U of a topological
space X, we mean a collection {Uq }aca, such that X = (J, .4 Us. It is useful to thing of open
covers as maps A — 7(X) C 2%, where 7(X) is the topology of X viewed as a subset of the power
set 2% of all subsets of X. The collection {Ug }aea C 7(X) is then just an image of this map.

Definition 3.1. Let U = {U,}aca and V = {Vg}gep be two open covers. We say that V is a
refinement of U, if there is a map 7 : B — A, such that V3 C U, () for all 8 € B. We will use
the notation U < V.

Proposition 3.2. The relation < is reflexive and transitive. For any open covers U and V, there
s an upper bound W, that is an open cover such that U,V < W.

Proof. The reflexivity and transitivity are obvious. Let U = {Uy}aeca and V = {V3}gep. Define
their common refinement as W = {W(q3)}(a,8)caxB, Where Wi 3) = Uy N V. Let ma :
AX B — Aand 7 : A x B — B be the two projections. Certainly W, ) € Uxr,(a,3) and
Wia,8) € Vrg(a,p)- This proves that U,V < W. |
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Remark 3.3. The common refinement can be constructed for any (including infinite) set of open
covers. Indeed, suppose S is any set and we have a collection {U°},c5 of open covers. We have
U = {Ug }a,eca, for some indexing sets A;. One can define A = [],.gA,. A consists of
sequences (g )ocs. Define Vi, ) = (,cqUS. and form an open cover W = {V(4,)}(a,)ea. For
each o € S, there is a projection 7, : A — A, and V{,_,) € Ur_((a,,)) for every o € S. In orther

words, U7 < W for all o € S.

As for any preorder, we may induce an equivalence relation: U =< V, iff Y <V and V < U.
Note that is not true that if & <V, then the collections {Uy }aca and {V3}secp coincide as subsets
of 7(X). Indeed, any two open covers containing the whole space X are equivalent, but otherwise
they can consist of different open sets. However, the converse is clearly true.

There is a certain set-theoretic problem with open covers we have just defined. Indeed, let
OpC(X) be the collection of all open covers of X. We claim that it is not a set. In fact, we
may use the preorder < to make it into a category (hence the bold letters). We may then define
a contravariant functor S : OpC(X) — Set which assigns to each open cover {U,}aca the
corresponding indexing set, that is S(U) = A. For U < V there is a unique arrow from U to V, to
which S assigns a map 7 : S(V) — S(U) from the definition of refinement.

If OpC(X) would be a set, then the image S(OpC(X)) must be a set. The map § is surjective,
as to any A € Set, we may assign an open cover U, = X for all & € A. Thus S(OpC(X)) = Set,
which is not a set. It follows that OpC(X) must be a proper class.

We find that one cannot just take the direct limit of a direct mapping family F': OpC(X) — C
because it is not a set. There is a workaround, where we consider only a certain subset of OpC(X).
This is an idea of Serre from [4].

Proposition 3.4 (Serre). Fvery open cover U is equivalent to some open cover whose indexring
set is some subset of 2. Let OpCq(X) C OpC(X) denote this subset.

Proof. Let U = {Uq, }aer be any open cover. Let N = {U € 7(X) | U = U, for some « € I'}. Then
N C 7(X) C 2%. Then define a collection V = {V;}yen, where Viy = U (this is stupid, i know).
Let us show that & < V.

First, for every U € N, there is some ay € I, such that U = U,,,. If we define 7: N — [
as 7(U) = ay, we have Viy = U = U, (y). This proves U < V. Conversely, define 7/ : I — N as
7'(a) = Uy € N. Then, obviously U, = V(). This proves V < U and thus U < V. [ ]

Note that in particular, the set OpCg(X) is cofinal in OpC(X). We can thus use Corollary
2.15 and calculate all direct limits of functors F' : OpC(X) — C by calculating the direct limit of
its restriction to OpCg(X).

However, for a nice topological spaces, there are even more useful cofinal subsets. For example,
if X is so called Lindelof space, every open cover has a countable subcover. Although it seems
strange under the usual perception of refinement, every subcover is a refinement of the original
cover. To see this, it suffices to properly state what is a subcover.

Definition 3.5. Let U = {Uy}aca be an open cover of X. By a subcover V of U, we mean a
choice of a subset K C A, such that V = {U,}aexk is still an open cover of X. One sometimes
writes just V C U as it makes sense when viewing U and V as subsets of 7(X).

Nor, let 7 : K — A be the inclusion of the subset K into A. Then for any o € K, one has
Ua = Ur(a)- In other words, V is a refinement of & and U < V.

Proposition 3.6. If V C U, thenU < V.
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Proposition 3.7. Let X be a Lindeldf space. Then the set OpCx(X) of countable covers is cofinal
in OpC(X). In particular, the direct limit of any functor F': OpC(X) — C can be calculated over
the subset of countable covers.

Proof. In a Lindelof space, every open cover U has a countable subcover V C Y. Whence U < V
by previous proposition. The rest is Corollary 2.15. |

Let A be any indexing set. One can always assume that there is a well total order < on A. This
is a consequence of the famous well-ordering theorem. Just for the sake of fun, let us recall the
definitions and its proof here.

Definition 3.8. Let A be any set. A binary relation < is said to be a well total order on A, if

(i) < is a total order, that is it has the following properties:

e antisymmetry: if @ < 8 and 8 < «, then a = §;
e transitivity: if « < g and 8 < ~, then a < ;

e connex property: either a < g or 8 < a.

(ii) < is a well order, every non-empty subset K C A has a least element, that is there is k € K,
such that k < a for all @ € K.

Note that a least element in any non-empty subset K is unique. Indeed, if there is some other
least element ' € K, we have either k < k’ or k¥’ < k be the connex property. But as both &
and ' are least elements, we have both x < k' and &’ < k, whence k' = k from the antisymmetry
property of the relation <. Moreover, each element o has a unique ”larger neighbor” 3, that a <
and whenever o < v for some 7, then 8 < 4. Indeed, simply take K = {7y € A | a < v} and take
[ to be its unique least element.

Theorem 3.9 (Well-ordering theorem). On every set A, there exists a well order <.

Proof. This is an application of Zorn’s lemma. Let A be a given set. Set A be the set of pairs
(K, <k), where K C A and < is a well order on K. Then A is non-empty as one-point set {a}
can be trivially well-ordered.

Moreover, there is a partial order < on A. We say that (K,<g) < (L,<p) iff K C L, <g
coincides with <; on K and K is an initial segment of L, that is whenever a € K and 8 <j, a,
then 8 € K. Clearly, it is reflexive. Suppose (K,<g) = (L,<p) and (L,<p) < (M,<p). The
transitivity of the set inclusion relation shows that K C M and obviously, <y coincides with <,
on K. Let « € K and let g € M satisfy f < a. As K C L, we have a € L and as L is an initial
segment of (M, <js), we have 8 € L. As K is an initial sgment of (L, <), we have § € K. This
shows that K is an initial segment of (M, <jps) and thus (K, <g) =< (M, <ps).

Now, let Z C A be a chain in A. Let R = UgeczK be the union of the sets in Z. For all

a, B € R, we say that o <p § if there is K € Z, such that «, 5 € K and a < . First, we claim
that <p is a total order on R.

e Antisymmetry: let @« < § and 8 <g «. There are thus K, L € Z, such that «, 8 € K and
a,f € K and a <k fand o, € L and 8 <y a. As Z is a chain, either K C L or L C K.
Without the loss of generality, suppose K C L. Then a <y f coincides with <; on K and
thus also o <, 8. By antisymmetry of the total order <, we have a = 5.
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e Transitivity: let a <p g and 8 <p 7. There are thus K,L € Z, such that «,5 € K and
8,7 € L, such that a <g B and 8 <, 7. Using the same reasoning as above, either K C L
or L C K. Again, suppose the first case is true, whence a <k [ implies a <y § and the
transitivity of <p implies a <, 7. We have thus found L € Z, such that «,v € L and
a <r, v. Hence a <p 7.

e Connex property: Let o, 8 € R. As R is a union of the sets in Z, we have o« € K and € L
for some K,L € Z. Again, either K C L or L C K. Suppose K C L. But then o, € L
and as <y, is a total order, either @ <y, 8 or 8 <, «. But this means that either o < 3 or
8 <gr a. The option L C K is analogous.

Whence (R, <g) is a total order. We have to show that it is well-ordered. Let S C R be a non-
empty subset. There is thus some K € Z, such that SN K # (. As SN K C K is a non-empty
subset of the well order (K, <), there is some element oy € S N K, such that ag <x S for all
B €SNK. Now, let 5 € S be an arbitrary element.

There is thus some L € Z, such that 8 € SN L. Either K C Lor L C K. If L C K, then
B € SN K and thus ag <i B and consequently ag < . When K C L, we can compare «qg with
B in L. If ag <y B, we are finished, as then ag <gr . Suppose 8 < ap. But as K is an initial
segment of L and ag € K, one has § € K. As aq is the least element in SN K, we have ag <g f.
In fact, this proves that cg = § from the antisymmetry of <.

This proves that (R, <p) is a well total ordered subset of A, that is (R, <g) € A.

Moreover, we claim that (K, <g) < (R,<g) for all K € Z. Clearly K C R and both orderings
coincide on K. We only have to prove that K is an initial segment of R. Let « € K and let 8 <p «
for some 5 € R. There is thus some L € Z, such that a, 5 € L and g <p . If L C K, we have
B € K, as was to be proved. If K C L, we use the fact that K is an initial segment of L and thus,
again, g € K.

We have just prove that every chain Z has an upper bound (R, <g) € A. From Zorn’s lemma,
there is thus some maximal element (B, <pg) € A. We claim that B = A. Suppose there is z € A,
such that x ¢ B. Let K = B U {z}, and declare b <g z for all b € B, and z < z. It is easy
to see that (K, <k) is a well totally ordered subset of A, such that (B, <p) < (K, <k). But this
contradicts the maximality of B, whence B = A and (B, <p) is the required well total ordering
on A. The proof is finished. |

4 Cech cohomology

In this section, assume that C = R-Mod, where R is a fixed unital commutative unital ring. Let
F : Op(X) — R-Mod be any presheaf.

To avoid some unpleasant difficulties, we always assume that F(@) = 0. In fact, for these
reasons, one redefines the constant presheaf Gx to give Gx (U) = G for all non-empty U € Op(X)
and Gx () = 0, where the restriction maps p§j are trivial maps from G to 0.

Now, let Y = {U,}aca be a given open cover. We write

Uao..up = Uag n---N Uap7 (30)
for any (p + 1)-tuple (ao,...,a,) € APT1. We allow for repeated indices. Next, one writes
Uno...é5cp = Uag N+ - NUp; N+ NUg,, (31)
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where the hat denotes the omission of the j-th set from the intersection. As a convention, we
declare the intersection of "no sets” to be X, that is for example Us, = X for any oy € A.

Now, for any (g, ..., a,) € APTL there is a (p + 1)-tuple of inclusion maps
6%+ Ung...ap = Ung.djoay J €105, 0} (32)
In particular, for p = 0, there is a single map &) : U,, — X. For p = 1, there are two maps:
58 Ungay = Uayy 01 : Usgay = Uay- (33)

Definition 4.1. Let X be a topological space together with its open cover U = {Us}aca. Let
F : Op(X) — R-Mod be a presheaf. The R-module C?(U, F) of Cech p-cochains with values
in the presheaf F corresponding to the open cover U is defined as

U, F)= [] FWap..ap)- (34)

(00,...r0p) EAPH1

Every element w € CP(U, F) is thus a sequence (Way...a, ) (ao,...,a0)€ AP+ -

As F is a presheaf, to each inclusion map 5;) 2 Usg..ap = Uag...4;...a,> there is a restriction

morphism .7:((5?) : F(Uag...a;..a) = F(Uayg...a, ). Let us write p{lo.“% = ]-'(6?). We can use those
map to define the coboundary operators &% : CP (U, F) — CPTH(U, F) as
p+1 o
(65)-‘(w))a0~-ap+1 = Z(_l)Jpgxo...aerl (waom&jn-ap)v (35)
=0

for every w € CP(U,F). Tt is an easy combinatorics to show that 65?1 0 6% = 0. Note that the
explicit writting of the restriction maps is sometimes omitted. However, note that this practice
can be dangerous as it certainly does happen that Us,...o, = (), and consequently F(Us,...q,) = 0.
We have thus obtain the Cech cochain complex (C*(U, F), 5% ).

Definition 4.2. Given a topological space X and an open cover U = {Uy }aca. The p-th Cech co-
homology group 0’ (U, F) with values in the presheaf F is the cohomology group corresponding
to the Cech cochain complex, that is

H' (U, F) = Z°(U, F)/B"U, F), (36)

where ZP(U, F) = ker(6%) and BP(U,F) = im(6% ). Let G € R-Mod be a fixed R-module.
Classical Cech cohomology groups Hp(l/l ,G) are defined as Cech cohomology of the constant
presheaf G'x, where we assume Gx () = 0.

Let us examine a little bit the 0-th Czech cohomology I:IO(U ,F). Recall that one has

C'u,F) =[] FWa), (37)

a€cA

and 6% : CO(U, F) — C* (U, F) is defined for w € C°(U, F) as

(0% ())as = Pls(ws) — pla(wa) = py (ws) — PTE, (wp).- (38)
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By definition, one has i’ U, F)=2ZU,F). We have just shown that every w € i’ (U, F) consists
of a {wa taca, where w, € I'(U,, F) are local sections of F above Uy, such that w, and wg coincide
when restricted to the intersection U, N Ug for any «, 8 € A. Recall that we have a sequence

0 — D(X,F) —" COU, F) —Z YU, F), (39)

where 7 : T'(X, F) — C%U, F) is the restriction map included by inclusions &) : U,, — X. We
have already argued that if F forms a sheaf, this sequence is exact.

Proposition 4.3. If F is a sheaf, then r : T'(X,F) — C°(U,F) defines an isomorphism of

[(X,F) with HO(Z/{,]:). In particular, the 0-th Cech cohomology ﬁO(U,F) does not depend on the
open cover U.

Note that presented definition of Cech cochains has some significant inconvenience. One as-
sumes arbitrary p-tuples (avo, ..., a,) with possible repetition. The space of cochains thus grows
significantly. In particular, even in the trivial case X = ||, 4 Ua, with empty two-fold intersec-
tions, we still have non-zero CP(U, F) for any p. For this reason it is useful to consider a certain
subcomplex.

Definition 4.4. We say that w € CP(U, F) is an alternating cochain if w,,...., = 0 whenever
two of the indices are equal, and one has wa,..a, = sgn(o) - Wary (0) o (p) for any permutation o
of the set {0,...,p}. Note that sgn(o) has sense as R is assumed unital and thus contains an
additive inverse —1 of the multiplicative unit 1. The submodule of alternating cochains is denoted

as C'P(U, F).

It is readily checked that 6% maps alternating cochains into alternating cochains, whence

(C'*(U,F),0%) forms a subcomplex whose cohomology is denoted as i (U, F). It would be great
if one could calculate the full Cech cohomology groups in this way. Lucky enough, this is true.
Before proving so, let us reformulate some definitions here slightly differently. We have to devote
a full section to its proof.

5 Abstract simplicial homology

Let K be any set. By a simplicial complex with vertices K, we mean a collection S C 2% of
finite subsets of K, called simplices, such that

(i) For every vertex v € K, one has {v} € S. In other words, every vertex is a simplex.

(ii) For every simplex s € S, every its non-empty subset s’ C s is also in S. Subsets s are called
faces of s.

Every simplex is uniquely determined by its vertices. If it is formed out of (¢g+1)-vertices, it is called
a g-simpled. As K sits inside S as 0-simplices, every simplicial complex is uniquely determined by
a set of its simplices. We will often write just K.

(a) Let K be any set. Then the set of all non-empty finite subsets of K forms a simplicial complex.

(b) For any simplex s € K, the set of all its faces (including s itself) forms a simplicial complex
denoted as 3.
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(¢) Let K7 and K5 be two simplicial complexes. We define their join K7 * K3 as a collection
Klquu{51u52 ‘81 EKl,SQEKQ}. (40)

The most common join is K7 x {w}, where {w} is viewed as a simplicial complex with a single
O-simplex. As an example, let K1 = {{vo}, {v1}, {vo,v1}} consist of two O-simplices and one
1-simplex. Then K; x {w} is the collection

K « {w} = {{U0}7 {'Ul}’ {w}a {UOa 111}, {UO’ w}7 {Ulﬁ w}7 {UO’ U1, w}} (41)

In particular, O-simplices of K * Ko are formed out of the disjoint union of 0-simplices of K3
and K.

(d) A simplicial map is a map ¢ : K — L on the sets of vertices, such that whenever s € K is
a simplex, its image (s) € L is a simplex in L. The identity map 1x : K — K is simplicial
and composition of simplicial maps is simplicial. In other words, we got ourselves a category
of simplicial complexes denoted as Simp.

(e) We say that L C K is a simplicial subcomplex, if L itself is a simplicial complex. We thus
choose some simplices in K and ensure that all their faces are also in L. L is called a full
simplicial subcomplex, if any simplex in K which has all vertices in L has to be already in
L. In other words, a full simplicial subcomplex is completely specified by giving a subset of
the vertices of K.

(f) For each simplicial complex K, one can define a category denoted as Simp(K) which corre-
sponds to the partially ordered set of all subcomplexes of K.

Now, suppose K is a given simplicial complexe. An ordered g¢-simplex is a sequence (v, ..., v,)
of vertices in K which belong to some simplex. Note that the repetition is allowed. An ordered
chain complex (Aq(K),ds) is defined as follows. For each ¢ > 0, define A,(K) to be the free
R-module generated by ordered g¢-simplices of K. In other words, each element of A,(K) is a
formal R-linear combination of finitely many ordered ¢-simplices of K. We formally

The boundary operator 0y : Ag(K) — Ay—1(K) is defined for every ¢ > 0 on the generators by

q

0g(v0,- -, vg) = Y (1) (v0,. ., D, .., v,). (42)

=0

It is easy to see that 9, 0 9,41 = 0 for all ¢ > 0. A sequence H,(K) of the homology groups is
called the ordered homology of K.

In fact, if K is non-empty, one can define an augmentation map € : Ag(K) — R. For every
ordered O-simplex (v) € Ag(K), define €((v)) := 1. This makes sense as R is assumed to be a
unital ring. This map is surjective and € o 9; = 0. A cochain complex equipped with such map is
called augmented.

Equivalently, define another chain complex (A§(K), 95) where we set A ; (K) = Rand A (K) =

Ay(K) for all ¢ > 0. The differential is defined as J5 = € and 9; = 9, for ¢ > 0. The ho-
mology groups corresponding to this complex are usually denoted as flq(K ) and called the re-

duced ordered homology of K. Note that as € is surjective, one has H_1(K) = 0. Obviously
H,(K) = Hy(K) for all ¢ > 0. We thus only have to understand Hy(K). As eod; = 0, there is an
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induced epimorphism e, : Hy(K) — R. Its kernel is precisely Ho(K). We thus have a short exact
sequence of R-modules

0 —— Ho(K) — Ho(K) -~ R —— 0 (43)

This proves that there is an isomorphism Hy(K) = ﬁO(K ) @ R. Explicitly, define a splitting
o : R — Hy(K) of the sequence. Fix some vertex v € K and define (1) = [(v)], where [(v)]
denotes the class represented by (v) € Ag(K). Any class in Hy(K) is represented by a finite
linear combination wp := >, 7% - (vx), where v, € K are some vertices of K. Let r be an element
of R defined by 7 = €(wo) = >, 7x. Then wg — - (v) € ker(e) and it thus represents a class
[wo — 7 - (v)] € Ho(K). The class [wp] is thus mapped onto the pair ([wo — 7 - (v)], ) € Ho(K) @ R.
Remark 5.1. There exists a slightly different approach to augmented chain complexes, see e.g.
[5]. If (Ce,d) is any chain complex and € : Cy — R is an augmentation map, then define a
chain complex (6’.,5.) by setting Co = ker(e) C Cp and 5q = (4 for ¢ > 0. The corresponding

cohomology Hy(C,) is the same as the one defined in the above diagram.

Let Chpg denote the category of chain complexes, where g-chains are R-modules. For every
simplicial map ¢ : K — L, define an induced map Ay(p) : Ay(K) — Ay(L) as

Aq()((vo, -+, vq)) = (p(v0), - -, p(vg))- (44)

This makes sense as if vy, ..., v, belong to some simplex s € K, then ¢(vp),...,¢(vy) belong to
a simplex ¢(s) € L. It is clear that Ay(¢ o p) = Ay(1) 0 Ay(p) and Ay(1x) = 1a, (k) for every
K € Simp.

Definition 5.2. A chain complex in Chg is called free, it its R-module of g-chains is a free
R-module for every ¢ € Z. A functor A : C — Chpg from any category C is called free, if every
A(c) € Chp is a free chain complex for every c € C.

Proposition 5.3. The map K — A(K) defines a free functor A : Simp — Chg.

Definition 5.4. Let (Co,0,) € Chp be a chain complex. We say that that it is acyclic if
H,(C) = 0. A chain complex is called chain contractible, if the identity chain map is chain
homotopic to the trivial one.

Those two definitions are closely related. Actually, in the case of a free chain complex, they
are equivalent.

Proposition 5.5. Fvery chain contractible chain complex in Chg is acyclic. Every free acyclic
chain complex in Chg, where R is a principal ideal domain, is contractible.

Proof. Let (C,,0s) € Chpg be chain contractible. The identity chain map 1 : C4 — C, and the
trivial map 0 : Cy — C are chain homotopic. But then the induced maps 1, and 0. on homology
groups must coincide. This is possible only if He(C') = 0.

Conversely, suppose Ho(C) = 0. We will explicitly construct the chain homotopy &k : Co — C,.
Every map 0y : Cqy — By—1(C) is an epimorphism. But B,_1(C) = Z;_1(C). We assume that
C, is free and R is a principal ideal domain. This ensures that Z,_;(C) is a free R-module. This
allows one to construct a right inverse s,—1 : Z4_1(C) — Cy to d,. The map 1, — sq—1 0 9, then
maps C, into Z,(C). It thus makes sense to define k; : Cy — Cyy1 as

kq = 8q0(1g = $q—100y). (45)
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One only has to check that this is the chain homotopy of the identity 1: Cy — C, and the trivial
map 0 : Cy — C,. One has

010 kg + kq—100; = (0g4108¢) 0 (1g = 5g-1004) + g1 0 (1g—1 — 5g-2004-1) 09y = 14. (46)
This proves the point. |

Remark 5.6. Note that in [5] they consider only chain complexes in the category of Abelian groups.
Every Abelian group is a Z-module and Z is a principal ideal domain (and unital ring).

The above statement does not hold for non-free chain complexes, there is a nice counterexample
in the same reference.

Definition 5.7. Let C be any category and let M be some set of the objects in C. Suppose
F : C — R-Mod is a functor. One says that the collection {g; € F(m;)}jecs, where m; € M,
is a basis for F, if for every ¢ € C, the collection {F(h)(g;)}jesnec(m,,c) forms a basis for the
R-module F(z).

If a functor F' has a basis, we say that F is free functor on C with models M. A functor
A : C — Chg is caled a free functor on C with models M if A, : C - R-Mod is free on C
with models M for every ¢q € Z.

Example 5.8. Let K be simplicial complex. Let Simp(K) be the category of its subcomplexes.
Let us define the subset of models M as

M ={5]|s € K is a simplex} (47)

We claim that the functor A : Simp(K) — Chp assigning to each subcomplex L C K the ordered
chain complex (A4(L), D) is free on Simp(K') with models M. This requires some work. We have
to find the basis for the functor A, : Simp(K) — R-Mod.

For each simplex s € K, pick the following elements of A,(5). If s is a p-simplex, it has vertices
{wo,...,wp}. Then collect all ordered g-simplices (vg,...,vq) € A4(5), such that they contain
all vertices of s, that is {vo,...,v4} = {wo,...,w,}. We claim that this collection forms a basis
for A,. Let L C K be an object in Simp(K). Then there is a unique arrow ¢ : § — L if and
only if the simplex s is in L. Then for any generator (vg,...,vs) € Ag(L) the set {vo,...,v,}
determines a unique p-simplex s = {wo,...,wp} and (vo,...,vq) = A4(7)(vo,...,vq), where the
ordered g-simplex on the right-hand side is in A,4(5). This shows that the above collection indeed
forms a basis. Let us demonstrate this on an example. Let K be a simplicial complex consisting
of three vertices and all edges among them:

K = {{wo}, {w1}, {wa2}, {wo, w1}, {wo, w2}, {w1,wa}}. (48)

We will now show how the generators of Ay (K) look like. Every generator (vg,v1) has its corre-
sponding simplex obtained as a set {vg,v1}. We thus have the following table:

simplex s | {wo} {w1} {wa} {wo, w1} {wo,wo} {wi,wa}
generator of Ay (K) | (wo,wo) (wi,w1) (wa,we) (wo,wr) (wo,ws) (wi,ws)

(wi,wo)  (w2,wo)  (wa,wr)

We can thus summarize that the basis for the free functors A, with models M is a collection
U{(vo,...,vq) € Ay(3) [ {vo,-..,vq} = s} (49)
seK

Note that in general s, the collection {(vo,...,vq) € Ag(3) | {vo,...,v4} = s} does not form a
basis of A,4(5). This concludes this important example.
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One says the functor A : C — Chp is non-negative if A;(c) =0 for all ¢ < 0 and all ¢ € C.
Suppose A : C — Chg is a functor from the category C with models M. One says that A is
M-acyclic in positive dimensions if H,(A(m)) = 0 for all m € M and ¢ > 0. We will now
state the most important theorem of this section:

Theorem 5.9. Let A : C — Chgi and A’ : C — Chg be a pair of functors, where A is non-
negative and free on C with models M and A’ is M-acyclic in positive dimensions. Then

(i) any natural transformation of the composed functorsn : Hy(A) — Ho(A') is induced by some
natural transformation 7 : A — A';

(it) any two natural transformations 7,7 : A — A’ inducing the same natural transformation
Tx : Hy(A) — Ho(A') are naturally chain homotopic.

Proof. For any object ¢ € C, we have to define a chain map 7(c¢) : A(c) = A’(e), such that for any
h € C(c,d), the following diagram commutes:

Ale) =9 Al(e)

A(h) J{A’(h) . (50)
Ald) 29D Ar(a)

For every ¢ > 0, let {g; € A4(m;)};jes be the basis for the functor A, on C with models
M. One only has to specify 7(m;)(g;). Indeed, for a general object ¢ € C, one has a basis
{A(R)(95)}jeshec(m,.c) of the group A(c), and the naturality forces

() (A(R)(g;)) = A"(h)(7(m;)(95)), (51)

which specifies 7. uniquely. Such defined 7. will be automatically natural in ¢. We will now
inductively define 7,(c) for each g > 0.

Now, let 1 : Hyo(A) — Ho(A') be a natural transformation. For every j € J, let 79(m;)(g;) be
any representative of the class n(m;)[g;], that is [1o(m;)(g,)] = n(m;)[g;]. Then define 79(c) using
the naturality as described above. This finishes a zeroth induction step. It is easy to see that the
construction also ensures the equality

[ro(e)(9)]" = n(e)lgl, (52)

for all ¢ € C and g € Ap(c). In particular, 7 is indeed induced by 7.

Note that g; are different for each induction step ¢, we just use the same symbol to denote
them - they form a basis for the functor A, for a specific ¢. Next, we need to take care of the step
g = 1. For every j € J, we have to define 71(m;)(g;), such that

(91 o m1(m;)(g;) = (T0(my) © 01)(g;) (53)

The equation (52) shows that [79(m;)(01g;)]" = n(m;)[019;] = [0]’. This proves that 7o(m;)(0191) €
By(A’(m;)) and it is thus a boundary of some element. We set 71 (m;)(g;) to be this element. Using
(51), we define 71 (c) for every ¢ € C and the induction step ¢ = 1 is finished.

Now, suppose ¢ > 1 and we have a collection 7..(¢) : A,.(¢) = A,(¢") for every 0 < r < ¢, such
that 0/ o7,.(c) = 7r—1(c) 00,. We will now define 7,(m;) on g; € Ayz(m;). We will define 7,(m;)(g;)
so that

(05 © 74(m;))(g;) = (T4-1(m;) © ) (g5)- (54)
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First, note that the right-hand side is in Z,_1(A’(m;)). Indeed, one has

a(,]—l o (1g-1(myj) 0 0y) = T4—2(m;) 0 (9y—109,) = 0. (55)

As g > 1, we have Hy_1(A’(m;)) = 0 and the right-hand side is thus in B,_1(A’(m;)). It is thus
a boundary of some element in A} (m;) which we set equal to 7,(m;)(g;). Extending it to 7,(c)
for any ¢ € C using (51) finishes the induction step. This finishes the proof of part (7).

We use a similar approach to construct the chain homotopy kq(c) : A4(c) = A} (c) for every
¢ > 0 and natural in ¢. For each ¢ > 0, it must satisfy the condition

7q(€) = 7q(c) = 011 0 k() + kg-1(c) 0 O (56)

Note that by convention k_1(c) = 0. We do it in a completely analogous manner as before, that
is by induction on ¢. For ¢ = 0, let us first define ko(m;)(g;), where g; € Ag(m;). We want it to
satisfy the equation

(0(m;) — 10(m;))(g5) = (01 © ko(m;))(g;)- (57)
By assumption, one has 7, = 7o.. This implies
[(o(m;) — T0(m;))(95)]" = (70, (my) — 70 (my))[g;] = [0] (58)

The left-hand side of the above exaction is thus in By(A’(m;), whence it is a boundary of some
element in A} (m;) which we declare to be ko(m;)(g;). We can extend it to ko(c) : Ag(c) = A'(c)
in the same way as in (51) making it natural in ¢ and satisfying the cochain homotopy equation.
This finishes the zeroth induction step.

Now, suppose ¢ > 0 and we have a family of natural maps k,(c) : A.(¢) = A,11(c), such that
7.(c) = Tr(c) = 8;+1 o ky(c) + kr—1(c) 0 Oy (59)

for every r < ¢. Let {g;};ecs be the basis for the functor A,. We will define kq(m;) on g; to satisfy
the condition

(0g41 © kq(m;))(g;) = (7(m;) — 74(m;) — kq—1(m;) © 94)(g;)- (60)

Using the induction hypothesis, it is easy to see that the right-hand side is in Z,(A'(m;)). As
g > 0, it is by assumption on H,(A’) in By(A’(m;)) and it is thus a boundary of some element in
Al 1(my). We declare ky(m;)(g;) to be this element. One can now extend &, to all ¢ € C by the
analogue of (51). This finishes the proof. |

Definition 5.10. Let (C,,d,) and (C,,d,) be two chain complexes in Chg. Let 7: Cy — C|, be
a chain map. It’s mapping cone Cy is a chain complex, where C7 = Cy_1 & 01/17 and one defines

g (c,¢) = (=05-1(c), Tg-1(c) + F4(c)). (61)

It is easy to verify that 97_; o 97 = 0. One can encode certain properties for the map 7 into
its mapping cone. Indeed, behold the following proposition:

Proposition 5.11. The chain map T is a chain equivalence, if and only if its mapping cone C
s chain contractible.

Proof. Let 7 : Cq — C. be a chain equivalence. By assumption, there is a chain map 7/ : C, — Cl,

together with a pair of chain homotopies k : Cy — Co and k' : C, — C4, such that 7’ o7 ~, 1¢
and 7 o 7" ~p 1o, We have to define a chain homotopy ¢ : C7 — C7, such that 1~ ~ 0.
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by : C7 — Cg4q is given by a rather complicated formula. For these reasons we stop writing the
degree of each map at this moment. We have

e, c) = (£ (c, ), (e, ), (62)

where the component functions ¢! and ¢? are given by
e, ) = k() + T'K'7(c) — T'1k(c) + T'(¢), (63)
Ple,d) = k1k(c) — K'kK'1(c) — K'(c). (64)

Recall that we have 07 (¢, ') = (=9(c), 7(c) + 9'(c')), and also the equations

7't — 1= 0k + k0, (65)
' —1=90kK + k. (66)

We have to verify the equation
1=0"0l+/{00" (67)

The first component of this equation applied onto (¢, 0) boils down to the equation
1=-9(k+7kK71—1'7k) — (k+ 7K't —7'7k)0+ 7' (68)
By rearranging the right-hand side and using the chain map property for 7 and 7/, one finds
1=71'71 =0k —k0—7 (K + K7+ 7'7(kO + Ok). (69)
Now, this can be rewritten using the definition of k and £k’ as
1=1-7(r7" = Dr+7'7(7'7 - 1) (70)
One can already see that this is indeed true. The first component applied on (0,¢’) gives
0=-0r"+7'0. (71)
This is precisely the chain map property for 7/. For the second component applied on (¢, 0):
O=7k+7K7—-77k)+ 0 (K'tk —K'K'7) — (K'tk — K'K'7)0 — K'T (72)
This can be reordered to give the equation
0=0Q-77"+0K)rk— (1 -7+ OKK'T + K'k'70 — k'TkO. (73)
Using the chain homotopy equation for &’ now gives
0= — KOtk +KIKT+KET0 - kK10 =K (-0'7k + 0K+ K170 — 7Kk0)

=K {(0'k + Kt — (kO + 0k)} (74)
=kK{(r7 —= )1 —7(r'T - 1)}.

We already see that this is true. The second component applied on (0, ¢') leads to
=77 -0k - k0. (75)

This is certainly true, and we conclude the only if part. For the if part, suppose £ : C] — C7 is a
chain contraction. For every g > 0, define 7/, k and %’ via the equations

£00,¢) = (7)), =k, (), (76)
Lo (€,0) = (ky(0), .. ), (77)

21



for all c € Cy and ¢ € C{I. One finds

(Og11 0 4g)(0,¢") = (=0g—1(7g(c)), mq((c')) — O 41 (kg (<)) (78)
(g1 0 07)(0.¢) = (171 (D). K1 (2 (). (79)
As ¢ is a chain contraction, the sum of these two terms has to be equal to (0, ). This proves that
7' defines a chain map and &’ is a chain homotopy from 7 o 7/ to the identity on C’. |

Now, let us turn our attention to augmented chain complexes. In order to save some space, we
make the following definition:

Definition 5.12. By category of augmented chain complexes Ch}, we mean a category
whose objects are non-negative chain complexes Cy with augmentation e, and morphisms are
chain maps 7 : Cy — C., compatible with the augmentation, that is

CO4E>R

JTO Jl (80)

C{)%R

commutes. Note that a single chain complex with two different augmentations are considered as
two different objects in Ch.

Note that for any augmented chain complex, one has Hy(Co) = I;fo(C.) @ R, whence an
augmented chain complex is never acyclic. Let C¢ be an augmented chain complex. By C¢, we
will denote the induced chain complex with added term C€; := R, that is

0 R+t Oy <2 o &

(81)

Finally, the augmentation map ¢ may be viewed as a chain map from C, to the chain complex R
consiting of R in the zero degree and 0 otherwise, that is

0 Cy 2 0y 2 ..
le l (82)
0 R 0 .

commutes. Some properties can be restated in terms of e.

Proposition 5.13. Let (Co,0s) € Chy. Then C§ is chain contractible, if and only if the chain
map € : Cqy — R is a chain equivalence.

Proof. We will use the mapping cone complex C, for the chain map e. We have Cy = 0 @ R and
Cy = Cy-1®0 for ¢ > 0. Now, by Proposition 5.11, the chain map € is a chain equivalence, if and
only if there is a chain contraction £ : Cy — C,. Parametrize it as

0o(0,7) = (k=1(r),0), £4(cq—1,0) = (—kg—1(cq—1),0), for ¢ > 0. (83)
Now, let us rewrite the condition 1, = 9,41 0 £, + £4_1 0 J,. For ¢ = 0, this gives
(0,7) = To(0,7) = D1 (k-1(r),0) = (0, (e 0 k_1)(r)). (84)
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For ¢ = 1, one obtains the condition

(c0,0) = T1(co,0) = Da(—ko(co), 0) + £o(0, e(co))

=((01 0 ko + k_10€)(cp),0). (85)
Finally, for ¢ > 1, we find the equation
(cg—1,0) = 14(cq—1,0) = Ogr1(—kg_1(cq—1),0) + £4—1(—04_1(cq—1),0) (86)
= ((9g © kg1 + kg2 0 9g-1)(¢4-1), 0).
We have just proved that ¢ is a chain contraction if and only if k is a chain contraction. |

Now, suppose A : C — Ch, is a functor from the category C with models M to the category
of augmented chain complexes. We say that A is M-acyclic, if the corresponding induced functor,
A€ : C — Chg, is M-acyclic. Note that in particular, A is M-acyclic in positive dimensions, but
the zeroth cohomology is additionally forced to be R on M. One can now formulate the following
version of Theorem 5.9:

Theorem 5.14. Suppose A, A" : C — ChYy, are two functors,such that A is free on C with models
M and A’ is M-acyclic. Then there exists a natural transformation 7 : A — A’ and any two such
natural transformations are chain homotopic.

Proof. The key is to prove that there is a unique natural transformation n : Ho(A) — Ho(A')
commuting with augmentation maps, that is fitting into the diagram

R <2 Hy(A(e)

b ln(c) . (87)

R <9 Hy(A(e)

First, by assumption Ho(A'(m)) = 0 for all models m € M. Recall that in general, there is a short
exact sequence of R-modules, for every ¢ € C having the form

0 —— Ho(A(e)) —— Ho(A(e) 2% R — 4 0 (88)

For ¢ = m € M, the map € (m). : Ho(A'(m)) — R is an isomorphism. Let g; € Ag(m;) be the
basis for the functor Ag. We have €(m;).[g;] = €(m;)(g;) = r; € R for every j € J. By the above
assumption, for each j € J, there is a unique class [z;]' € Ho(Ajy(m;)), such that €' (m;).[z;]" = r;.
To satisfy (87), we thus have to set n(m;)[g;] = [z;]’ for every j € J.

Next, let ¢ € C. By definition, {Ao(h)(g;)}jesnec(y,,) forms a basis of the R-module Ag(c).
The naturality of n then forces the equation

n(c)[A(h)(g;)] = (n(c) o A(h).)[g;] = (A"(R)s 0 n(m;))]g;]

= ALY (59

This uniquely determines 7n(c) for all ¢ € C. It is easy to see that it is natural in ¢. We have thus
constructed a natural transformation 7 : Ho(A) — Ho(A').

Finally, as A is non-negative and free on C with models M and A’ is M-acyclic in positive
dimensions, the rest of the theorem statement follows from Theorem 5.9. |
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Corollary 5.15. Let A, A’ : C — ChYy be pair of two functors valued in augmented chain com-
plexes. Suppose both are free on C with models M and M-acyclic. Then A and A’ are naturally
chain equivalent. In fact, any natural chain map 7 : A — A’ commuting with augmentations is a
chain equivalence.

Proof. By the above theorem, there exist chain maps 7: A — A’ and 7/ : A’ — A commuting with
augmentations. Then 7/ o7 : A — A and 1 are both natural and commute with augmentations,
whence, by the above theorem, they are chain homotopic, 7/ o 7 ~ 1a. Similarly, 7 o 7/ ~ 1a-.
The last statement follows from the fact that we have not used any special property of 7 and any
natural chain map commuting with augmentations will do. |

Recall that we have already constructed a functor A : Simp(K) — Ch§ which was free on
Simp(K) with models M. We will now define another such functor, let us denote it as A°.
Suppose the set of vertices of K is totally ordered.

An oriented ¢-simplex is a g-tuple [vo, ..., v,], where {vp,...,v,} is a set of vertices of a
simplex in K, and vg < --- < v,. We then define A} (K) to be the free R-module generated by
oriented g-simplices. For technical purposes, one defines [vy, . .., v,] for any combination of vertices
belonging to a simplex in K, where we define

Vo, ..., vg] = 0, (90)

if any of the vertices repeat, and if they do not repeat, we set

[Vo, . .., vg] = sgn(0) - [Uo(0)s - - - » va(q)], (91)
where o € S;41 is a permutation ordering the vertices, that is v,(g) < -+ < v,(y)- We define a
differential 0y, : Af (K) — Af_;(K) using a similar formula as for the oriented case, that is
0
O, vgl =D (1) [vo, ., Bjs - 0g)- (92)
j=1

Clearly 9,00, 1 = 0. A sequence H,(K) of the homology groups is called the oriented homology
of K.

For any simplicial map ¢ : K — L, one can define A{(¢) : Af (K) — A (L) by

Ay(@)lvo, - vg] = [(vo), -, p(vg)]. (93)

Note that we had to introduce an above convention to deal with the case when ¢ is not injective
and order-preserving. We thus got ourselves a functor A’ : Simp — Ch%. In fact, we may again
view it as a functor from the category Simp(K) with models M. The subset M is defined as in
Example 5.8, and A’ is free on Simp(K) with models M.

We will now observe the main property of the both functors A; A’ : Simp(K) — Ch$. Note
that we need a total ordering on the set of vertices of a komplex K in order to define oriented
g-simplices. For these reason, one should think about a total ordering on the set K LI L of vertices
of the join K % L. We simply declare all vertices of K strictly smaller then those of L.

Proposition 5.16. Let K be any simplicial complex, and let w be a simplicial complex consisting
of a single vertex. Then AS(K *w) and AF(K *w) are chain contractible.
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Proof. The proof relies on the Proposition 5.13. As both cases are analogous, we will prove only the
A case. It suffices to prove that the augmentation map € : A4(K * w) — R is a chain equivalence.
We define the inverse 7: R — A4 (K *w) as

To(r) =7 (w), (94)

for all » € R, and 7, = 0 for ¢ > 0. Obviously it is a chain map and eo7 = 1g. We only have
to prove that 1a, (k) ~& T 0 € for some chain homotopy & : Ag(K * w) — A4(K * w). For any
generator (vo,...,vq) € Ay(K * w), set

kq(vo, ..., vq) = (w,v0,...,7q). (95)
For ¢ = 0, one has (01 o kg)(vg) = (w 0) = (vo) — (w) = (1a,(K+w) — To°€)(vo) . For ¢ >0, one
has (1 0 €)y = 0. For every (vy,...,v4) € Ay(K * w), one has
(Og41 © kg) (o, - - -, Vq) = Ogg1(w,v0, ..., q)
q
= (vo,...,0q) —Z(—l)J(w V0w vy Uy, Ug)
7 (96)
= ’UQ,..., Z qulvo,...,A~,... )
= (Vo,...,Vq) — (kq—100q)(vo, ..., vq).
This proves that k is the chain homotopy and the proof is finished. |

Corollary 5.17. The chain complezes AS(K * w) and AS(K xw) are acyclic.

Corollary 5.18. For any simplex s € K, the chain complezes AS(3) and AL(S) are acyclic. In
particular, the functors A, A" : Simp(K) — Chy are M-acyclic.

Proof. Let s be a g-simplex given by a set of vertices {vo, ..., v4}, where we assume vy < - -+ < v,.
Let sg be its face consisting of vertices {vo, ... ,vq,l}. Then we can write 5 = 5y * v4, including
the total ordering on the set of vertices. The rest follows from the previous proposition. |

We assume that K is non-empty so that we have augmented simplicial complexes. First, define
the map p(K) : Ag(K) — AL(K) as

pg(K)(vo, ..., vq) = [vo, ..., Vgl (97)

This map is natural in K, and it commutes with augmentations. One can define the map 7(K) :
AL (K) = A4(K) the other way round, which is defined by

Tg(K)[vo, - .., vq) := (v, ..., 0q), (98)

where vy < -+ < vq. Again, it is a chain map natural in K, commuting with augmentations. One
can easily see that u(K)o7(K) = 1a; (k). In fact, from Corollary 5.15, it immediately follows that
p and 7 are chain-inverse to each other, that is 7(K) o u(K) ~ 1a, (k-

Let v(K) : Ae(K) — A4(K) denote the composition 7(K) o u(K). Explicitly, one has

vg(K)(vo,...,vq) =0, (99)
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whenever any two vertices repeat. If they are distinct, one has

V(K ) (vo, ..., vq) = 8g0(0) - (Vo0 - - - » Vor(q))s (100)

where o € Sg41 is a permutation so that v, () < -+ < v5(q). By above theorems, we know that
there is a chain homotopy m(K) : A4(K) — A4(K), such that v(K) ~p, (k) 1a, (k)

Definition 5.19. Let m : A (K) — A, (K) be any R-module homomorphism. We say that m
preserves simplices, if for any (vo,...,v4) € A (K), one has

m(vo,...,vq):Zra'(wg,...,wﬁ‘), (101)
a=1

where (wg,...,ws) € A (K) satisfy {w§, ..., w2} C{vg,...,vs}. Equivalently, if s = {vo,...,v4}
is the simplex in K whose vertices form the generator (vo, ..., v,), the map m stays in the sub-
complex generated by §, that is m(vo,...,vq) € A.(5) T A, (K).

We will now trace back the proofs of the theorems to show that for each ¢ > 0 and L C K,
the map my(L) : Ag(L) — Agyq1(L) preserves simplices. This will be important for the main
application of this section.

First, let s € K be a given p-simplex consisting of vertices {wy, ..., w,}. We will now explicitly
construct the chain homotopy h : A5(8) — AS(5). Then we will repeat the proof of Theorem 5.9
finding the chain homotopy v(K). Suppose there is an order on K and wy < --- < wp.

For any ordered g-simplex (vo,...,v,), the map k, is defined as
kq(vo, ..., vq) = (wp, vo, ..., Vq). (102)

Note that v; € {wo, ..., wp} for all i € {0,...,q}. We have eo7 = 1g and 15,(z) ~r TO€.

We then have to use k to construct a chain homotopy ¢ : Cy — C, is a mapping cone of
€: Aq(8) = R as in the proof of Proposition 5.11. Finally, the proof of Proposition 5.13 will give
us the chain contraction h : AS(5) — AS(S).

Recall that Cop = 0@ R and C, = A,_1(5) © 0 for ¢ > 0. The map ¢ is actually very simple,
one finds the expressions

Lo(0,7) = (10(r),0), £4((vo,-..,v4-1),0) = (—kg—1(vo,...,v4-1),0). (103)

Tt is then easy to read out the chain contraction h : AS(3) — AS(S), see the proof of Proposition
5.13. One finds the expressions

hoi(r) =1o(r) =7 (wp), hg(vo,...,vq) =kq(vo,...,vq) = (Wp,vg,...,0q) for ¢ >0. (104)
We can explicitly verify that this is a chain contraction. Indeed, one has
(o h1)(r) = e(r- (wy)) = 1. (105)
In the next degree, one finds
(9 0 ho + h1 0 €)(v6) = 1 (wpyv0) + ho1(1) = (v9) — (wy) + (w,) = (v).  (106)
For ¢ > 0, one has the expression

Og+10hg +hg1 005 = 0g110kq+kg—1004 =1, (107)
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where we have used the fact that (7 0€), = 0 for ¢ > 0. We have thus found an explicit form of
the chain contraction h : AS(3) — AS(5).

Now, we will track the proof of Theorem 5.9 part (7). We have an identical natural trans-
formation 1a : Ae — A, and a natural transformation v : Ay, — A,. For any L C K and any
(vg) € Ag(L), we have vy(L)(vg) = 1o(vg) = (vo), that is both chain maps induce the same natural
transformation Ho(A) — Ho(A). We will now prove by induction on ¢ that there exists a natural
chain homotopy my(L) : Ay(L) — Ay41(L) which preserves simplices.

We are thus looking for a sequence of maps mg(L) satisfying the relation
1 —vg(L) = Og41 0 mg(L) +mg-1(L) 0 04 (108)

for every ¢ > 0, where we declare m_4(L) = 0. As vy(L) = 1g, the good choice for mo(L) natural
in L is obvious, namely mq(L) = 0. Moreover, mg(L) clearly preserves simplices. This finishes the
zeroth induction step.

Suppose g > 0 and that for every 0 < r < g, one has a map m,(L) : Ap(L) = Ap41(L) which
is natural in L and preserves simplices. We have to define m,(L) satisfying the relation

Og1 0mq(L) = 1q — vg(L) —mg_1(L) 0 0, (109)
First, one defines m,(3), where s = {wy, ..., w,} is some p-simplex in K, and wy < -+ < w, with
respect to some given total order on K. The basis elements for A, in A,(S) are the generators
(vo,...,vq) satisfying the property {vo,...,vq} = {wo,...,wp}. It follows from the induction

hypothesis that 15 —14(8) —mg—1(5) 09y maps A4(5) into the g-cochains Z,(A4(5)) and it preserves
simplices.

Now, recall that we have a chain contraction h, : A¢(5) — Af,(5), constructed above. As
g >0, it is a map hy : Ag(5) = Ag41(5) satisfying the condition
1y =04410hg+ hg_100,. (110)

It follows that h, restricted onto Z;(A4(5)) is the right inverse to the boundary map 0y41. In
other words, we find that m4(5) must fit into the relation

91 0mg(8) = Og41 0 {hg o (1g — v4(8) — mg—1(5) 0 0g)}. (111)
In other words, we may define m(5) using the formula
mq(5) = hq o (1g = v4(8) — mg—1(5) 0 0y). (112)

The right-hand side is a R-module homomorphism which preserves simplices. Indeed, v4(3), 1, and
0, preserve simplices by definition, m4_1(5) by induction hypothesis and h, does so by formula
(104). The composition of maps which preserve indices preserves simplices. This proves that m(5)
preserves simplices. If s € L is a p-simplex contained in L, there is a unique morphism i : § — L
and the induced map A,(5) — A,(L) is just the canonical inclusion. It follows that my(L) is

defined on each generator (vo, ..., vq), where {vg,...,v,} =s, as
mq(L)(vo, ..., vq) = mg(L)(Aq(i)(vo, - - ., vq)) = Agr1(i){mq(5)(vo,. .., vq)}, (113)
where in the leftmost term, (vo, ..., vq) is viewed as a generator in A,(L), whereas in the rest of

the terms as the generator of A,(5). Clearly my(L) preserves simplices.

Proposition 5.20. Let v : Ay — A, be the natural transformation of the fuctor As : Stmp(K) —
Chp, defined above. Then for each L € Simp(K), there exists a natural chain homotopy m(L) :
Ag(L) = A¢(L) from the identity to v(L), which preserves simplices.
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Example 5.21. Consider the simplicial complex K from Example 5.8, that is
K= {{w0}7 {w1}7 {w2}v {’LU07 wl}a {’LU07 wQ}a {wlv w2}} (114)

We will now explicitly construct the map m(K) in lowest degrees. Observe that we can always
choose mg(K) = 0. In the next step, we use the naturality and the map
m1(§) = hl o (11 — 1/1(5)). (115)

We are to define mq(K) on the generators of Ay(K). They are subdivided into their respective
simplices according to the table already derived in Example 5.8:

simplex s | {wo} {w1} {ws} {wo, w1} {wo,wz} {wr, wa}
generator of Aq(K) | (wo,wp) (wi,w1) (wa,w2) (wo,wr) (wo,ws) (w1, ws)
(w1, wo)  (wo,wo)  (wa, wr)

We assume the total ordering wg < wy < ws of the vertices of K. As an example, we have for
s = {wp, w1 } the expression

m1(§)(w1,w0) = hl((wl,wo) =+ (wo, wl)) = (wl,wl,wo) =+ (wl,wo,’U)o) (116)

Here (wy,wp) is viewed as the generator of A;(5). Clearly, the map m;(K) applied on (wi,wo)
viewed as a generator in Aj(K) has completely the same form as above, that is

m (K) (w1, wo) = (w1, w1, wo) + (w1, wo, wo). (117)

We can now write down the values on all generators, the results are written down in the table:

generator the value of m, (K)

(wo, wo) (wo, wo, wo)

(w17w1) (w1,w1,w1)

(w2, w2) (w2, w2, wo)

(’LUO7 U)l) 0

(w1,wo) | (w1, wo,wr) + (w1, w1, wo)

(U}l, ’U)Q) 0

(w2, wy) | (w2, wr,ws) + (w2, w2, w:)

(’on, ’wg) 0

(w2, wo) | (w2, wo, w2) + (w2, w2, wo)

In particular, we see that m,(K) indeed preserves simplices, as the value of m;(K) in the second
column contains the vertices of the generator to its left. Finally, as an example, let us calculate
m2(K) on the single generator (wa, w2, wp). One has
ma(5)(wa2, w2, wo) = hg o (1o — 1a(58) — M1 (3) 0 2)(wa, wa, wp)
= ha((w2, w2, wo) — 0 — my(5){ (w2, wo) — (w2, wo) + (w2, ws)})
= ha((w2, w2, wo) — (w2, w2, w2))

= (UJQ,’U_)Q,’LUQ,’LUO) - (’lUQ,’lUQ,’LUz,U}Q).

(118)

One can now explicitly test the chain homotopy condition on this particular generator. We have
(03 0 ma(K) + m1(K) o 02) (w2, wa, wo) = O3{(w2, w2, w2, wo) — (w2, w2, w2, w2)}
+ ma (K ){(w2, wo) — (w2, wo) + (w2, w2)}
= (w2, wa, wp) — (w2, wa, wo)
+ (wa, wa, wo) — (wa, wa, ws)
+ (wa, wa, wy)

= (U}Q,’LUQ,’U)()) = (12 — UQ(E))(’U)Q,’U)Q,’LU()).

(119)
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We see that everything works as it should.

6 Back to Cech

Now, let us return to the Cech cohomology. Let U = {Uqa}aca be an open cover of a topological
space X. Let K4 denote the simplicial complex consisting of all non-empty finite subsets of
the indexing (assumed totally ordered) set A. Now, let 7 : A (K4) — A, (K4) be a R-module
homomorphism which preserves simplices. In other words, we have

(o, .- 0q) =Y 1+ (ad,...,0d), (120)
J

where for each j, one has {a),...,al} C {ap,...,a,}. But this ensures that there exists an

I o . ..
(0 ") Uag,....oq = Ui i, and the corresponding restriction map
RERRREA YA

inclusion map z(ao )
g

piob Zaq) F(WUpy 1) = FUag, ) (121)

We can thus use 7 to induce an R-module homomorphism 7* : C" (U, F) — C4(U, F) defined by

¥y N, g 1)
(7" (w) ao, e —ZT] p(am 73(1 (Wa(ﬂ;’w’ak)- (122)

T

It is not difficult to see that if 7/ : Ap(K4) — Ay(K4) is another R-module morphism which
preserves simplices, then 7o 7/ also preserves simplices and

(torY*=71"or* 1"=1. (123)
There are two examples of such induced maps.

Example 6.1. Let 7 : Op(X) — R-Mod be a presheaf. Let 4 = {Us}aeca be an open cover.
Then the Cech differential 0% : CP(U,F) — CPT'(U,F) can be written as 6% = 9%, ,, where
Opt1 : Aptr1(Ka) = Ap(K 4) is the boundary operator. Indeed, let w € CP(U, F). Recall that:

p+1

Op1(00, -y 0pp1) = 3 (=1 (ag, ..., G,y appa). (124)
=0

. . . . 7/
We have denoted the restriction morphisms from Uag...6i...aps1 10 Ung...cpsn @S Pevy...cpsr Hence

p+1

( ;+1(w))a0---ap+1 = Z(_l)ipfxo..uwrl (wao-u&i---aerl)' (125)
=0

But this is precisely the formula defining the Cech differential 0%. In particular, one may prove
the property 52“ 0 0% = 0 using the property d,_1 0 d, = 0 and (123).

Example 6.2. Now, consider another map, namely the chain map v4(Ka) : Ay(K4) = Ag(Ka).
We now assume that A is totally ordered. Write v, = v4(K 4). We have

vg(ag,...,aq) =0, (126)
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whenever some indices repeat. If they do not repeat, we have vy (o, . .., aq) = sgn(o)-(as(0), - - - » Qo(q)),
where o € 511 is the permutation such that a, ) < -+ < ay(q). For any w € C?(U,F), we then
have, for the induced map v : CP(U, F) — CP(U, F):

(V;(w))ao...ap =0, (127)
whenever any of the two indices repeat. If they do not repeat, one has
(V5 (@) ag...c, = 580(0)  War,y g .00 ) (128)
where o € Sp41 is the permutation, such that o, ) < -+ < ag(p)-
Now, recall that we have a subcomplex C'?(U,F) C CP(U,F) of alternating cochains. Let

i? . C'""(U,F) — CP(U,F) denote the inclusion. Moreover, there is also a canonical (up to an
ordering on the indexing set A of i) projection 7P : CP(U,F) — C'P(U,F) defined as

(ﬂ-p(w))ozo...ap =0, (129)

if any two indices repeat. If they not, one sets (77(w))aq...a, = S81(T) * War, (g)...c00(yy» Where o is a
permutation such that o,y < -+ < ag(p)- One has

Poil =1,, Porf =y, (130)

where v, : CP(U, F) — CP(U,F) is the map constructed in the previous example. We can now

formulate the main proposition of this section.

Theorem 6.3. The map * : C'P(U,F) — CP(U,F) induces an R-module isomorphism i :
0, F) = B (U, F). Its inverse is 7% induced by P : CP(U, F) — C'P(U, F).

Proof. Clearly 7% o4} = 1,. We only have to prove the second equation, that is (V;)* = 1,. Recall
that in Proposition, we have constructed a chain homotopy m(K) : A¢(K) — A4(K). Write
my = my(K). The R-module morphism m,, : A,(K) — A,41(K) preserves simplices. Moreover,
it fits into the equation

Opt10mpy +mp_100, =1, — 1, (131)

This equation works for every p > 0 and we assume m_; = 0. It follows from (123) that

my o0y 1 +0,0omy 4 =1,—v,. (132)

Recall that by Example 6.1, one has 9, = 8%, whence we get

my 0 0% + 65’;1 omy 1 =1,—vy, (133)

If we write hPT! = my, for every p > 0, we find the cochain homotopy relation

L R A (134)
But this proves that the induced maps of cohomology groups on both sides vanish, that is 0 =
1, — (v,)«. This proves the claim. ]

This theorem shows that one can use the subcomplex of alternating cochains to calculate the
Cech cohomology valued in the presheaf F corresponding to the open cover U. However, we will
stick to the ”ordered” case in order to discuss the behavior of the Cech cochains with respect to
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the refinements. Let U < V. Suppose U = {Uy}aca and V = {Vi}gep, and let ¢ : B — A be
the map from the definition of the refinement, that is Vg C Ug(s) for all 8 € B. Note that in the
definition of the relation <, one assumes that there ezists some map ¢.

Now, let us construct an R-module morphism ¢? : CP(U,F) — CP(V, F) as follows. For any
w € CP(U,F), define

Us(80)...6(Bp
(" @Dso-ty = Py 5 " Woa0)...6060)): (135)

This makes sense as Vg,..5, C U¢(Bo)---¢(/3p)' Moreover, it is easy to see that it commutes with

the Cech differential and thus defines a cochain map. From the functoriality of the presheaf F, it
follows that if V < W is another refinement using some map ¢’ : C — B, where W = {W, },ec,
then ¢'P o p? = (¢’ 0 )P. This suggests that the assignment U — CP (U, F) might define a covariant
functor from OpC(X) to R-Mod. However, this is not true. When ¢ < V, there may be another
map ¥ : B — A such that Vi C Uy for all 3 € B. In general ¢ # . On the level of
cohomology though, the statement is true.

Proposition 6.4. Let U <V be two open covers , where U = {Uy}taca and V = {Vg}pep, and
suppose ¢, : B — A are two maps from the definition of refinement.

Let o%, ¢t - H”(u,]-‘) — I:IP(V,]:) be R-module morphismvs induced by the chain maps defined
above. Then ¢f = . In other words, the assignment U Hp(l/l,}') deﬁnevs a covariant functor
from OpC(X) to R-Mod. In particular, if U <V, one has an isomorphism H' (U, F) = H"(V, F).

Proof. The key idea is, as usual, to construct a cochain homotopy of ¢ and ¢%. Define
p—1
(K2 (@))go..-8p-1 = D _(=1)" P (@i(80). .68, )0(8) - 6By 1)) (136)

r=0
for all w € CP(U, F). Here p") denotes the restriction induced by the inclusion
VBo- 81 S Up(o),.s6(8:)0(81),-t(By 1) (137)
We claim that kP : CP(U, F) — CP~1(V, F) fits into the equation
PP — ¢ = 3h T o kP 4 kP o 6% (138)

To show this, let us drop an explicit writing of the restrictions, as everything is functorial and we
do not have to take care of compositions. For any w € CP(U, F), one has

NE

(% " o k) (@))gosy = Y (VI (KP(W))g, 4, 5,

.

Il
L

_1)it+r R
(g 80 (BB )b (B Br) (139)
0<r<j<p

+r+1 .
Y DT B b B b5
0<j<r<p
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For the other term, one has

P
(BP0 65)(@))go., = D (=17 (05(@))b(80) .68 )6 (1) t(Br)
r=0

D (1 Wh50) 05 b5 (5)

0<j<r<p

p
) Wo(B0).nd(Bror (B b () (140)
r=0

P
- Zw¢(ﬂo)'~¢(5rr~)¢(ﬂr+1)~~w(ﬁp)

r=0

+1 A
D I T g0y (868 By (B0)
0<r<j<p

If we sum the two expressions, the double sums cancel each other. In the sum of two single sums

over r, all terms cancel except for the case r = 0 in the first sum and r = p in the second sum.
These remaining two terms are

Wip(Bo)---b(Bp) — W(Bo).0(8y) = (VP — &) (W))go...,- (141)

This finishes the proof as every two chochain homotopic chain maps induce the same maps on
cohomology. The rest of statements is obvious. ]

We have thus constructed a direct mapping family I:Ip(~,}" ) : OpC(X) — R-Mod for each
p > 0. IfU <V, denote by 4 : H' (U, F) — H'(V,F) the graded R-module homomorphism
induced for each p > 0 by the chain map ¢P : CP(U, F) — CP(V, F), as discussed in the previous
paragraphs. We know that although OpC(X) usually forms a large category, the directed limit of
any direct mapping family exists and can be calculated over any cofinal subset. We can consider
either the subset OpCg(X) of open covers indexed by subsets of 2%, or countable OpCy(X). For
compact X, we may even consider the subset of finite open covers. The following definition thus
makes sense:

Definition 6.5. Let X be a topological space and F a presheaf of R-modules on X. Then Cech
cohomology groups Hp(X , F) with values in F are defined by

H' (X, F) = lim 1" (U, F). (142)
u

The classical Cech cohomology groups ﬁp(X, G) are the groups I:IP(X ,Gx), where Gx is the
constant presheaf with value G € R-Mod.

Remark 6.6. Recall that for a given G € R-Mod, there is also a constant sheaf, denoted as C~¥X,
consisting of locally constant functions on X with values in G, that is

Gx(U)={f:U — G| f is locally constant} (143)

The classical cohomology groups are sometimes (see e.g. [1]) defined to be the Cech cohomology
groups with values in the sheaf Gx. One can show that if X is paracompact, both definitions are

equivalent in a sense that ﬁp(X ,Gx) & Hp(X .G x). However, the actual proof requires a huge
amount of work which is far beoynd the scope of these little nots.
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7 Stalks and the sheafification of a presheaf

To a given presheaf F : Op(X) — C on a topological space X with values in C and a given point
z € X, one may assign a particular object in C. It is constructed as a direct limit, we thus have
to assume that colimits exists in C. This will be the case e.g. for Grp, Set, R-Mod, Ab etc. For
simplicity, assume implicitly that C = R-Mod.

For each € X, one may consider the subset Op,(X) = {U € Op(X) | « € X}. Define
a partial order C on Op,(X) as follows. We say that U C V if U 2D V. It is thus opposite
to the partial order given by inclusion. Then (Op,(X),C) is a directed set. Indeed, for any
U,V €Op,(X), wehave UNV € Op,(X) and U,V DU NV, whence U,V CUNV.

One can view (Op,(X),C) as a category, obtained as a opposite to the subcategory of Op(X)
with inclusion C. In the following, by Op, (X) we will always denote this category, that is there
is a unique arrow from U to V, if U C V. Let F(,) : Op,(X) — C be the restriction of F to this
category. In particular, F(, is a covariant functor. As Op,(X) is a directed set, it follows that

F(x) defines a direct mapping family.

Definition 7.1. Let F : Op(X) — R-Mod be a presheaf on X. Then a stalk of F at z is
defined as the direct limit

UeOp, (X)
In particular, for every U € Op,(X), there is a R-module morphism py, : F(U) — F,. For a
given local section f € F(U), the element f, := py.(f) € F; is called the germ of f at z.

Example 7.2. Let F = C? be the sheaf of continous functions, that is F(U) = C°(U). Recall the
construction of the direct limit. We have

Fo=| ] W)/~ (145)
Usx
where the locally defined functions f € C>°(U) and g € C°°(V) are declared equivalent, if there
exists an open neighborhood W of z, such that W C U NV and f|lw = g|lw.

This example is in fact quite general. Every element of the stalk F, is represented by some
local section s € I'(U, F) of F over U 3 z. If t € I'(V, F) over V > x represents the same element,
that is s, = f,, then s ~ t and there is thus some W C U NV, such that s|w = t|w.

So far there was nothing special about the sheaves and their stalks. We fix this in the following
proposition:

Proposition 7.3. Suppose F is a presheaf satisfying the monopresheaf axiom (B) of Definition
1.4. Then for any open subset U C X, and any local sections s,t € T'(U, F), one has s =t if and
only if s, =1, for allz € U.

Proof. Let ~, denote the equivalence relation in the definition of F,. If s = ¢ then clearly s ~ t
and thus s, = t, for all x € U. Conversely, suppose s, = t, for all z € U. For every z € U,
we thus have s ~, t. There thus exists an open neighborhood W, > x, such that W, C U and
slw, = t|w,. But then U = {W, },cv forms an open cover of U. By monopresheaf axiom, we have
s = t. This finishes the proof. |

Now, suppose ¢ : F — G is a map of two presheaves. In other words, ¢ is a natural transfor-
mation of the two functors. For each x € X, the universality of colimits induces a unique map
Yz + Fo — G of the corresponding stalks. This is a general statement, which we can formulate as
a lemma.
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Lemma 7.4. Suppose J is a directed set and F,G : J — C two direct mapping families (two
covariant functors). Suppose C has colimits.

Let n: F — G be a natural transfomation. Then there exists a unique map 1’ : ligje‘] F; —
@je 3 G; fitting into the commutative diagram

[ R)

rrj laj (146)

. n’ .
hﬂjeJ By — hﬂje.} Gj

for each j € J, where 7; and 6; are the maps from the definition of a direct limit. Moreover,
if H:J — C is another functor and v : G — H an another natural transformation, one has
(von) =v' on and the identity natural transformation induces an identity on direct limits.

Proof. This is a simple consequence of universal property. Indeed, consider a collection of maps
Xj = 0, on; from F; to ligje‘] G;. The naturality of n ensures that for every h € J(4,5’), one has

X; = xj’ © F(h). Indeed, we can write
x o F(h) = (0 omy) o F(h) = 0y 0 G() o m; = 0, 07, = ;. (147)

But the universality then ensures that there is a unique 7’ : hﬂje 3 F; — hﬂje 3 G; making the

above diagram commutative. The rest of the statements follows immediately from the uniqueness.
]

Corollary 7.5. For every map of sheaves ¢ : F — G and every x € X, there is a unique stalk
map @g : Fu — Gy, such that for every local section s € T'(U, F), one has ¢ (sz) = {pv(s)}s.

Proof. For each x € X, the map of sheaves ¢ : 7 — G defines a natural transformation ¢, :
Fz) = G(a)- The rest follows from the lemma, and the property ¢, (s;) = {©v(s)}. is precisely
the commutativity of (146). [ |

Again, for sheaves, we expect something more to be said about stalk maps.

Proposition 7.6. Suppose F and G are two presheaves on X, and let p,v : F — G be two maps
of presheaves. Suppose G satisfies a monopreshaf axiom (B) of Definition 1.4. Then ¢ = if and
only if @, = ¥, for all x € X.

Proof. One direction is obvious. Conversely, let ¢, = 9, for all x € X. We have to show that
pu =Yy for all U € Op(X). For any section s € I'(U, F), one has {oy($)}e = 0u(82) = ¥z(sz) =
{Yu(s)}s for every x € U. As G satisfies the monopresheaf axiom, it follows from Proposition 7.3
that @ (s) = ¥y (s). This concludes the proof. [ |

Next, we will now follow on the remark in Example 1.6. To each presheaf F, we will now assign
a sheaf F of sections of certain topological space, which will be isomorphic to F in the case it is a
sheaf. First, let us construct a topological space SF as a disjoint union of stalks:

SF= || Fu (148)

rzeX
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Let p : SF — X be a surjective projection map which assigns x to each element of F,. To each
local section s € F(U), we may assign an actual section of the above projection, that is a map
5:U — SF satisfying pos = 1y. Set $(z) := s, for all z € U. We define topology on SF to make
the functions § continuous for all s € F(U) and U € Op(X). Equivalently, the subset {2 is open,
if for every U C X and every s € I'(U, F), the set {x € U | s, € 0} is open in X.

Definition 7.7. The space SF defined by (148), together with the described topology, is called
the stalk space of the presheaf F.

Let us examine a little bit more the topology on SF. It is useful to find some its basis.

Proposition 7.8. The sets s5(U) are open in SF. Moreover, the collection of such sets over all
U € Op(X) and s € T(U,F) forms a basis B for the topology on SF.

Proof. Let @ =3(U). Let V C X and t € T'(V, F) be arbitrary section. We have to check that
Q) ={zeV|t, e} (149)

is an open subset. If it is empty, the statement is trivial. Hence suppose it is not empty. Let
x € t1(). This implies + € UNV and t, = s,. There is thus an open set W > z, such that
W CUNV and t|w = s|lw. In particular, s, = t, for all y € W. Whence W C t~(2) and ¢~(Q)
is open. As V and t were arbitrary, we have proved that € is open.

To check that B forms the basis of the topology, we have to show that any open set €2 can be
written as a union of sets in B. Let e € ) be a given point. By definition e = s, for some x € X
and s € I'(V, F) where U 5 2. We know that the set V =35"1(Q) CU C X is open. Let t = s|y.
We claim that ¢(V) C Q. Every element in (V) is of the form t, for some y € V. By construction
ty = sy. But V' was defined as a set of y € U, such that s, € ). For each e € {2, we have found its

neighborhood in B fully contained in €. This proves the claim.
Finally, for Q,Q" € B, and every z € QN €Y, there must be Q¢ € B, such that z € Qy and

Qo CONQY. Let Q =35(U) and ¥ = ~(V). If they have a non-empty intersection, there must be
x € UNYV such that s, = t,. But then there is an open set W C U NV, such that r = s|w = t|w.

It follows that Qo = (W) satisfies the claim. ]

Finally, we may prove the main statement about the projection map:

Proposition 7.9. The map p : SF — X is a continuous map. In fact, it is a local homeomorphism.

Proof. To show that p is continuous, we will show that for any U C X, one has

rro=U U 3w, (150)

VCU seF(V)

where all V' in the first union are open. The inclusion 2O is obvious. For the converse statement,
let e € p~1(U). By definition, there is W C X and t € F(W), such that e = t,, where z = p(e).
By assumption z € U and one can set V. =U NW and s = t|yy. We can then write e = t, = s,
whence e € 5(V'). This shows the above claim and p is continuous by previous proposition.

In fact, p restricted onto an open subset $(U) is a homeomorphism onto U with continuous
inverse 5 : U — 5(U). This proves the second claim. [ |

Having the stalk space SF equipped with a topology, one can define F = T[SF,p] to be

the the sheaf of sections of the projection p : SF — X. Let us now construct a certain natural
transformation of the two functors.
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Proposition 7.10. There exists a canonical natural transformation n : F — f, that is a presheaf
map from F to F. For every U € Op(X) and every s € T'(U, F), define

nu(s):=s. (151)

Recall that §: U — SF is defined by $(z) = s,

Proof. Let V. C U. Let p¥ : F(U) — F(V) denote the restriction morphism. We have to check
that for any z € V and any s € I'(U, F), one has {p¥(s)}, = {s},. But this follows from the
definition of a stalk. This makes 7 into a natural transformation. ]

Now, we will show that the ”sheaf properties” of F can be encoded into the properties of 7.

Proposition 7.11. F satisfies the monopresheaf axiom, if and only if n is injective.

Proof. First, suppose F satisfies the axiom (B) of Definition 1.4. Let U € Op(X) and let s,t €
(U, F) be two sections, such that ny(s) = ny(t). This implies that s, = ¢, for all z € U. From
Proposition 7.3 it follows that s = ¢. Hence 7y is injective.

Conversely, let U € Op(X), let U = {U;};er be any open cover of U. Let s,t € T'(U,F)
be two local sections, such that p{j (s) = pf (t). We have to show that s = ¢. To prove this,
it suffices to argue why ny(s) = nu(t). Let & € U be arbitrary. There is thus i € I, such
that x € U;. By assumption pgi(s) = pgi (t). But this already implies that s, = t,, and thus
(nu())(z) = (nu(s))(z). This holds for any x, whence ny (t) = nu(s). [ |

Proposition 7.12. Suppose F satisfies the monopresheaf axiom. Then F satisfies the gluing
axiom if and only if n : F — F 1is surjective.

Proof. First, suppose that F satisfies the axiom (A) of Definition 1.4. Let o € f(U) be any section.

Let € U be arbitrary. We have o(x) € F,. There is thus some open neighborhood U, C U
of z together with a section s(*) € F(U,), such that (s(*)), = o(z). Let 3*) : U, — SF be the
induced local section. Now, we will use the following lemma:

Lemma 7.13. Suppose o,7: U — SF are two local sections on U. Then the set
W={zeU|o(x)="1(x)} (152)
1s open in U.

Proof. We may assume that W is non-empty. Let 2 € W. Then o(x) = 7(z) = s, for some local
section s € F(Z), where Z 3 x is an open neighborhood of z in U. We know that $(Z) is open in
SF. Consider the set V = 071(5(Z))N771(5(Z)). By assumption, V is an non-empty open subset
of U. It follows that 7(V),o(V) C 5(Z). For any v € V, we have (poo)(v) =v. Thus

o(v) = (sep)(a(v)) =5((poo)(v)) =5v) = =T7(v). (153)

We have used the fact that o p is identity on §(Z) and o(v) € $(Z) by construction, and - - -
repeats the arguments using 7.

We have thus found a neighborhood of V' of each point x € W, such that V' C W. We conclude
that W is open. |
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Let us go back to the proof. We have two sections 3(*) and oly, on U,. As they coincide at z,
the set W, = {y € U, | o(y) = 5*)(y)} is non-empty and open by the above Lemma. Note that the
assignment s*) — 3(%) is natural, hence we may restrict s to W, and the natural restriction of §
corresponds to this restriction. We may thus conclude that to a given local section o : U — SF, to
a given point x € U, there exists an open subset W, € Op,(U) and a local section s(*) € F(W,),
such that (s()), = o(y) for all y € W,.

In particular, for every z € Z := W, N W, and any two points z,y € U, we have (s®), =
o(z) = (s®)),. This can be translated as the equation

nz2(py (s%)) = nz(py " (s¥))). (154)

As 7z is assumed injective, this imples pZ (s®)) = pg/y (s®)). Using the gluing axiom for F, there
exists a (unique by monopresheaf axiom) section s € F(U), such that s = pYf, (s). In particular,

one has 3(z) = s, = (s*)), = o(x), and we have proved 7y surjective.

Conversely, suppose that 7 is surjective (and thus bijective). Suppose U € Op(X) and let
U = {U, }icr be any open cover Suppose we are given a collection {s;};cr of local sections, where

s; € F(U;) and pgl7 (si) = pU (sj). They are rnaped by n to the respective sections s; € I'(U;, .7:)
The naturality of n ensures the condition pY; Py, (5:) = pU (5;). But F is a sheaf, which implies there

exists a unique section o € I'(U, f), such that s; = pUi( o). Now, as ny is assumed surjective, there
exists (a unique, as it is also injective) section s € F(U), such that ¢ =5. Then

v, (o0, (5)) = P, (3) = 3i = nu, (s:)- (155)
Now, as ny, is injective, this proves that pU (s) = s;. This is the gluing axiom. |
Definition 7.14. The sheaf F assigned to a presheaf F is called the sheafification of F.

Corollary 7.15. Let F be a presheaf. Thenn:F — Fisa sheaf isomorphism.

We will examine some properties of this map in the following section.

8 Stalk spaces

In the previous section, starting from a given presheaf F, we have constructed the topological space
SF together with a local difeomorphism p : SF — X. Then, starting from such a pair (F,p), one
constructs a sheaf I'(E, p). It will be useful to view F — SF and (E,p) — I'(E,p) as functors
between certain categories. In this section, we assume that all sheaves all valued in the category
Set. The more interesting cases are briefly mentioned at its end.

Definition 8.1. Let X be a given topological space. A pair (F,p) of topological space and a
surjective local homeomorphism p : E — X is called the stalk space over X. A morphism of
stalk spaces (F1,p1) and (Esq, pa) over X is a continuous map ¢ : Ey — Es such that the diagram

EL—r B

\ / (156)

commutes. Stalk spaces over X form a category StalkS(X).
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Both presheaves and sheaves over a given topological space X form a category, where morphisms
are natural transformations of the respective functors. Let us denote those categories as PSh(X)
and Sh(X). We suppose that the target category C is fixed all the time. Note that PSh(X) is by
definition just a functor category cOp(x)™, Moreover, Sh(X) can be viewed as a full subcategory
of PSh(X). First, let us talk about the functor I'.

Proposition 8.2. Define the covariant functor T': StalkS(X) — Sh(X) by declaring
NE,p)(U)={c:U — E| o is continuous and poo =1y} =T'y(F) (157)

for every U € Op(X). To every stalk space morphism ¢ : By — Es, the corresponding natural
map T(p) : T(E1,p1) — T(Ea,p2) is defined by composition. More exactly, if U € Op(X) and
o €Ty(E), we set T(p)y(o) =poo.

Proof. Everything is kind of clear, except one has to prove that ¢ oo € T'yy(E2). This follows from
the assumption (156) made on . It is obvious that I'(1g)y = 1r, (g) and I'(potp) = I'(p)ol'(y)). W

Before an examination of the functor S : PSh(X) — StalkS(X), we will study some general
properties of the stalk spaces following from their definition.

Proposition 8.3. Let (E,p) be the stalk space. Then the following facts are true:

(a) The map p is open.

(b) For any U € Op(X) and any o € T'y(E), the subset o(U) is open in E. Such open subsets
form a basis for the topology of E.

(c) Let ¢ : E1 — E5 be any map making the diagram

E14 >E2

\ »s (158)

commutative. Suppose (E1,¢1) and (Es,ps2) are stalk spaces. Then the map ¢ is continuous
iff it is an open map iff it is a local homeomorphism.

Proof. Ad (a): Let U C E be open and non-empty. We have to show that p(U) is open. Let
z € p(U) and let e € E be any point such that p(e) = x. On the other hand, p is a local
homeomorphism. There is thus some open subset W C E containing z, such that p(W) C X is
open and p : W — p(W) is a homeomorphism. Let Z = p~!(W)NU. This is na open subset of
W, whence p(Z) is open in p(W) and thus also in X. By construction p(Z) C p(U) and x € p(Z).
This proves that p(U) is open. As U was arbitrary non-empty, we conclude that p is open.

Ad (b): Let U C X be open, and let o € T'y(E). Let e € o(U) and write x := p(e). As p
is a local homeomorphism, there is an open neighborhood W of e, such that p : W — p(W) is a
homeomorphism and p(W) C X is open.

Next, one can consider the set o~}(W) C U. It is non-empty as o(z) = e € W. Finally,
consider the intersection V = p(W)No~1(W). It is open and non-empty as p(e) = x and both
open sets thus contain x.

Now, set Z = p~ (V). As V C p(W), we have Z C W. We claim that for every z € Z, one
has z = o(p(z)). Since p(z) € U, this would prove the inclusion Z C o(U). By definition, we have
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p(z) € V. =p(W)No~Y(W). In particular, o(p(z)) € W. As pis injective on W, it sufices to verify
that p(z) = p(o(p(z)). But this is clear. Hence Z is an open neighborhood of = inside o(U). Thus
o(U) is open, as was to be proved.

To finish this part, we must prove B = {oc(U) | U € Op(X), o € I'y(E)} forms the basis
of the topology on E. Let V' C FE be any open set. Let e € V be arbitrary. As p is a local
homeomorphism, there exists an open neighborhood W of e, such that p(W) C X is open and
p: W — U is a homeomorphism. The set U = p(V N W) is open in X. Let ¢ : U — FE be the
inverse of p restricted onto U and then composed with the inclusion W — FE. This is clearly a
continuous local section of E and o(U) =V NW C V. This shows that every open subset V C E
can be written as a union of some sets in B.

Next, let 0 € Ty (E) and ¢’ € T'y/(E) for some open sets U, U’ € Op(X). Suppose there exists
a point e € o(U) No’(U’). We have to find an open subset V' C X and a section 7 € 'y (E), such
that 7(V) C o(U) No’(U"). To prove this, we can in fact repeat the proof of Lemma 7.13 to find
the similar statement for the general stalk space:

Lemma 8.4. Let (E,p) be a stalk space. Suppose o,7 € I'y(E) are two its local sections. Then
Z={xzeU]o(z)=r1(z)} (159)
is open in U (and thus also in X ).

Proof. Without the loss of generality, we may assume that Z is non-empty. Let x € Z. Let
e = o(x) = 7(x). As p is a local homeomorphism, there exists an open neighborhood W of e,
such that p : W — p(W) is a homeomorphism. Let V = o~}(W) N 7-Y(W). This set is non-
empty as © € V. Moreover, clearly V' C p(W). We claim that V' C Z. For every v € V, one has
o(v),7(v) € W. As pis injective on W, the equation (poo)(v) = v = (po7)(v) implies o(v) = 7(v).
Whence v € Z. V is thus an open neighborhood of a given z € Z, such that V' C Z. Whence Z is
open in U, as was to be proved. |

Now, we can finally finish the proof of part (b). Let Z C U NU’ be the open (by the previous
lemma) subset where o and ¢’ coincide. It is non-empty as p(e) € Z. Moreover, find an open
neighborhood W of e, such that p : W — p(W) is a homeomorphism. Let V = Z N p(W), and
define 7 : V' — E to be the inverse of p restricted onto V', composed with the inclusion W — FE.
Now, for any ¢’ € 7(V'), one has ¢’ = o(p(e’)) = o’'(p(e)). As 7(V) C W and p is injective on W,
this is clear. Hence 7(V) C o(U)N o’ (U’) and e € 7(V). We conclude that B indeed forms a basis
for the toplogy on FE.

Ad (c): This part contains three equivalent claims, namely
(i) ¢ is continuous;
(ii) ¢ is open;
(iii) ¢ is a local homeomorphism.

We will prove a usual chain of implications.

First for (i) = (ii): Suppose ¢ is continuous. To prove that it is open, it suffices to show that
an image of every element in the basis By for the topology of F; is open in FEs. We have already
shown that the basis is formed by images of continous local sections. Hence suppose U € Op(X)
and o € I'y(E). We have ¢(o(U)) = (¢ oo)(U). But ¢ is continous and thus ¢ o o € I'y(E3).
Consequently, (¢ o 0)(U) € Bs. In particular, it is open. Thus ¢ is open.
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Next, for (ii) = (iii): Suppose ¢ is open. Let e; € E; be an arbitrary point. Let = p1(e1).
There is an open set U € Op,(X) and o € I'y(E1) be such e; € o(U). By assumption, the set
(poo)(U) is open in Ey. We will show that ¢ : 0(U) — (¢ 0o 0)(U) is a homeomorphism. As it is
an open map, it suffices to show that (the restriction of) ¢ is a continuous bijection.

Obviously, it is surjective Every f1 € o(U) can be written as f; = a(yl) for a unique y; € U.
If (poo)(y1) = (poo)(y}), one can apply pe and use (158) to show yi = y1. Hence ¢ restricted
on o(U) is injective. It remains to prove that it is continuous.

It suffices to consider the open sets in the form 7(W), where W C U and 7 € 'y (Es) satisfy
T(W) C (poo)(U). Such sets form the basis of the subspace topology on (¢ o ¢)(U). We have
to argue that the set o= 1(7(W)) N a(U) is open in o(U). Let f1 € =1 (7(W))No(U) be a given
point, and let y = p1(f1). As p(f1) € 7(W), it folows from (158) that y € W. We will now argue
that o(W) is an open neighborhood of fi, such that o(W) C ¢=Y(7(W)) No(U). It suffices to
show that o(W) C o= 1(1(W)).

Let f{ € o(W). There is thus a unique y’ € W, such that f] = o(y’). Moreover, by definition
7(y') € (poo)(U). There is thus a unique 2’ € U, such that 7(y') = (¢ o 0)(z’). Applying po it
follows that in fact ¢’ = 2’. Whence ¢(f{) = ¢(o(y')) = 7(y’). This shows that f] € =1 (T(W)).
Thus (W) C ¢~ 1(7(W)). We conclude that ¢ is continuous.

The implication (iii) = (i) is trivial. [ ]

Now, we may examine the stalks of the sheaf I'(E, p). It turns out that they can be canonically
identified (as sets) with the fibers of the fibration p: £ — X.

Proposition 8.5. Let (E,p) be any stalk space and let T'(E,p) be the sheaf of its continuous
sections. Let E, = p~t(z) be the fiber over x. Then E, has discrete topology.

Moreover, for each x € X, there exists a canonical isomorphism of E, and the stalk T(E,p)..

Proof. We have to argue that every one-point set {e} C F, is open in the subspace topology.
There exists some U € Op,(X) and ¢ € 'y (F), such that e € o(U). In particular, we must have
e = o(x). But every other point ¢’ € E, No(U) must be ¢/ = o(z). Hence {e} = E, No(U). This
proves that {e} is open in the subspace topology.

Stalk at x is defined as a direct limit (hence a colimit) over the category Op,(X). We may
thus use the universality. For each U € Op,(X), one may consider a map evy,, : [y (E) — E,
which simply evaluates the section o € I'y(E) at the point z. We claim that o(z) = evy (o) is
the germ of o at x. First, note that if V C U and pY : I'y(E) — I'v(E) is the (sheaf) restriction,
the diagram

—>FV (E)

em 23 (0

commutes. We have to show that whenever we find a collection of maps {TU,I}erpm (x) and a set
S, such that 7y, : Ty (E) — S and we have the same commutative triangle for every V' C U, that
is Tye = Tv,z © pg, there must exist a unique map £k : £, — S, such that 7y, = k o ey, for all
U € Op,(X).

To define k, let e € E,. As (E,p) is a stalk space, we have e = o(z) = evy (o) for some
V € Op,(X) and 0 € T'y(F). We must set k(e) := k(evy,;(0)) = Ty (o). We will now argue that
this definition depends only on e, not on o "extending it”.
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Hence, suppose that there is W € Op,(X) and 7 € T'w (E), such that 7(z) = o(z) = e. It
follows from Lemma 8.4 that there is a non-empty open set Z C VNW, such that ¢ and 7 coincide
on this set. In terms of restriction maps, this means that pY (o) = p%¥ (7). Thus, by assumption

™ (0) = 724(p2(0)) = T2.2(pY (7)) = Tw,a(7). (161)

This shows that k is well-defined. Clearly, it is a unique such map. ]

Now, we can finally examine the map S : PSh(X) — StalkS(X) in more detail.

Proposition 8.6. The map S : PSh(X) — StalkS(X) which assigns to each presheaf F the stalk
space (SF,p) defines a covariant functor.

Proof. We only have to show that to any natural transformation ¢ : F — G of two presheaves over
X, there exists a morphism S(yp) : SF — SG of the respective stalk spaces. Recall that to any
map of presheaves and any = € X, there is a unique map ¢, : F, — G, of the respective stalks,
see Corollary 7.5. As each fiber (SF), is precisely the stalk F,, we define S(p) ”fiber-wise” using
. Clearly, it then fits into the commutative diagram

SF St) SG
\ / . (162)
P1 P2
X

According to Proposition 8.3 - (¢), it suffices to prove that S(¢p) is an open map. The basis B of the
topology on SF is formed by sets s(U), where s € F(U) is a local section of F over U € Op(X).
We will now argue that S(¢)(5(U)) = ¢u(s)(U). This is an open set. Every point 5(U) can be
uniquely written as s, for a unique € U. Then S(¢)(sz) = ¥z(Sz) = (¢u($))z. This proves the
inclusion C. The other one is also obvious - kind of from definition. This proves that S(¢) maps
every element of the topology basis to the open set in SG, whence it is open.

It is easy to see that S(pot)) = S(p)oS(¢)) and S(1x) = 1+ and we conclude that S is indeed
a functor from PSh to StalkS. |

Now, note that we have a natural transformation n : 7 — I'SF, hence a presheaf morphism.
It thus induces a morphism of the corresponding stalks. But note that according to Proposition
8.5, we can identify I'(SF), with the fiber (SF), and thus with F,.

Proposition 8.7. For each x € X, the map of stalks n, : Fy — j-:w =T(SF), is the identity.

Proof. The stalk map is defined as a unique map 7, : F, — .7?35 = F,, which for every U € Op(X)
and s € F(U) satisfies the relation

N2 (82) = (MU (8))e = evua(nu(s)) = evue(s) = 5(z) = so. (163)

This is, quite obviously, the identity. |

We have already argued that there exists a canonical natural isomorphism nr : F — I'SF
for every sheaf F. It can be easily seen that it is in fact natural in F, whence defines a natural
isomorphism 7 from the identity functor 1: Sh(X) — Sh(X) to the functor T'S.

Proposition 8.8. There exists a canonical natural isomorphism e from the identity functor 1 on
StalkS(X) to the functor ST.
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Proof. Let (E,p) € StalkS(X). We have to define a stalk space map eg : (E,p) — S(I'(E, p)).
First, it must fit into the commutative diagram

E—F 5 S(I'(E,p))
\ / : (164)

where 7 is the canonical projection from the definition of the functor S. Let e € E,. Then
ep(e) must be in the stalk I'(E, p), = E, (see Proposition 8.5). The obvious choice is eg(e) = e.
According to Proposition 8.3, it suffices to check that eg is open. A topology basis B for E can be
chosen to consist of sets o(U), where U € Op(X) and o € Ty (E).

But o is a local section of the sheaf I'( E, p) and we may assign to it a section o : U — S(I'(E,p))
of the other stalk space. By Proposition 8.3, the set o(U) is open in S(T'(E,p)). We claim that
er(o(U)) = a(U). Recall that the section & assigns to each x € U the germ of the section o at x,
that is, in this case, () = evy (o) = o(x). We thus have

ex(o(z) = o(z) = 5(x). (165)

This proves that claim. Consequently, the map 7g is open and thus continuous. In fact, it has to
be an isomorphism of the two stalk spaces. A local homeomorphism is a homeomorphism iff it is a
bijection. But it clearly is a bijection. Finally, we must prove that it is natural in F, that is fitting
into the diagram

By —L S((Ev,p1))

b’ , lsm’) (166)
Ey — S(I'(E2,p2))

for every morphism of stalk spaces ¢ : (E1,p1) — (Fa2,p2). Let e; € (E1),. Then eg, (e;) = e;.
The map S(I'(¢)) then simply applies the stalk map I'(p), on e;. This stalk map is determined
uniquely by the diagram

T
To(B) S9% 1y (E)

leVU,l- J/GVUYL,J (167)
I(¢)a
(B1)s 22225 (By),.
Obviously, the only reasonable (and correct) choice is T'(¢).(e1) = ¢(e1). The ”clockwise” branch
of the above diagram thus sends e; € (E1), to ¢(e2) € S(I'(F2,p2))s = (E2),. But this is exactly
what the ”counter-clockwise” branch does. ]

Corollary 8.9. The categories Sh(X) and StalkS(X) are equivalent.

Proof. We have constructed functors S : Sh(X) — StalkS(X) and I' : StalkS(X) — Sh(X), such

that 1 = ST and 1 2 I'S, where = denote the natural isomorphisms of the functors. This is a
definition of the equivalence of categories. |

Recall that for any presheaf F, we have constructed a certain sheaf F together with a natural
transformation nr : 7 — F. But what if there is an another sheaf G together with a natural map
7 : F — G7 The claim is that it has to ”factor through” F anyway. This can be viewed as the
universality of the sheafification process.
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Proposition 8.10. Let F € PSh(X) be an arbitrary presheaf. Suppose 7 : F — G is a natural
transformation from F to a sheaf G € Sh(X). Then there is a unique natural transformation
T : F — G, such that the following diagram commutes:

]_-77}'

N

Proof. First, let prove the uniqueness of 7. For every z € X, we have the corresponding stalk
maps, that is 7, = 7, onr . We have already argued that nr . : F — F, = F, is just an identity,

(168)

Q5

whence 7, is uniquely determined. By Proposition 7.6, the map 7 : F =G of (pre)sheaves, where
G is a sheaf, is uniquely determined (if it exists) by its stalk map. Hence it is unique.

To prove its existence, one may define 7 to complete the following diagram:

f

k 7. J{SF(T) . (169)
g

This is possible as G is a sheaf and by Corollary 7.15, ng is a natural isomorphism. ]

9 Stalk spaces of R-modules and commutative rings

So far we have considered only the presheaves valued in Set and all statements were discussed only
on the set level. However, we would like to have something more suited for two important classes
of sheaves, namely those valued R-Mod and CRing.

Definition 9.1. A stalk space of R-modules over X is a pair (E,p), where p : E — X is a
surjective local homeomorphism, such that

(i) Every fiber E, = p~!(z) is an R-module.

(ii) For every A € R, the map e — A -e on F is continuous.

(iii) The additive inverse — : E — E, defined fiberwise, is continuous.
)

(iv) Let E xx E be a fibered product over X, that is
Exx E={(e1,e2) € Ex E|p(e1) =ple2)} (170)

We can then define a map +g : E Xx F — E, using the R-module structure of the fibers of
E. This map must be continuous.

Lef 7 : X — R-Mod be a presheaf. We will now prove that the stalk space p : SF — X,
constructed in Section 7, is a stalk space of R-modules. This should not be too difficult as we
already know things or two about the topology of SF. Before doing so, let us prove a very useful
general statement:
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Proposition 9.2. Let (E1,p1) and (Ea,p2) be two stalk spaces over X. Then E = E; xXx Es
together with a canonical projection m : E — X and equipped with a canonical topology (subspace
topology of the product topology) is a stalk space again.

Proof. We have m(e1,es) := pi1(e1) = pa(e2). It is surjective as for any x € X, there are e; €
pyt(x) and ey € py*(x). Hence m(er,es) = . It is continuous as to any U € Op(X), one has
=Y (U) = En(py(U) x p; *(U)) which is an open subset of E. To prove that it is a stalk space,
recall that we have a special topology bases for F; and FEs, respectively:

B = {Ul(U) ‘ o1 € FU(El)}, (171)
BQ = {UQ(U) ‘ o9 € FU(EQ)} (172)

By definition, the basis B for the topology of E has the form
BZ{EQ(Vl XV2) |V1 EBl, V2€Bg}. (173)

Now, let (e1,e3) € E. Let = m(ey,e2). There are thus Uy, Uz € Op,(X) and two local sections
o1 € Ty, (F1) and o9 € Ty, (F2), such that e; = o1(z) and es = o9(x), respectively. Let W =
E N (o1(Uy) x 02(Uz)). We claim that 7 : W — w(W) is a homeomorphism. Let us examine the
set W a little bit. Let (f1, f2) € W. We have (f1, f2) = (01(21), 02(x2)) for some z; € U; and
x9 € Uy. But then also 21 = p1(f1) = p2(f2) = x2. It follows that W = (01,02)(U; NUs). In
particular, we find 7(W) = Uy N Us, which is open in X. Moreover, the restriction of 7 to W is
clearly bijective. To prove that 7 is a homeomorphism of W and U; N Uy, it suffices to show that
it is open. This can be shown on the elements of the basis By of W. As W C F is open, we may
consider the basis

By ={VeB|VCW} (174)
Let V € By. There are thus two open subsets 71,75 € Op(X) and 71 € T'z, (F;) and 75 €
T'z,(Es), such that V' = (11, 72)(Z1 N Z3). In particular, Zy N Zy C U1 NUs. and w(V) = Z1NZy C
Ui NUy = (W) is open. Whence 7 : W — 7(W) is an bijective continuous open map, hence a
homeomorphism. |

Now, we may prove the first of the two main statements of this section.

Proposition 9.3. Let F : X — R-Mod be a presheaf on X walued in the category of R-modules.
Then the stalk space p : SF — X, with the topology described in the previous section, is a stalk
space of R-modules.

Proof. Write E = SF. By definition E, = F,, which is an R-module by construction. One only
has to check the continuity properties (ii) - (iv). By Proposition 8.3, for maps from F to E, it
suffices to check they are open to prove they are continuous.

Ad (ii): Let A € R. Let Ag : E — E denote the corresponding fiberwise multiplication. Recall
that the topology of E has the basis B consisting of the sets 5(U), where s € F(U) is a local section
of F over U and $(z) = s, for all z € U. It suffices to prove that Ag(s(U)) is open. As F(U) is
an R-module, we have also a section A - s € F(U) and

Ap(s(U)) = (A-)(U), (175)

which will prove the claim. Let e € S(U). Thus e = s, for © = p(e). The germ map s +— s, is an
R-module morphism, and thus

—~

Ap(e) =X s, =(A-8)z = (A 8)(x). (176)
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This proves the inclusion C. The other one is just reading the above equation backwards.

Ad (iii): This one is completely analogous, one shows that —g(3(U)) = (/—\?9/)(U)

Ad (iv): By Proposition 9.2, the space 7 : E x x E — X is again a stalk space. Now, the map
+g: Exx E — E becomes a map of stalks. To prove that it is continuous, it suffices to show that
it is open. We may do it again on the topology basis W = (5,5 )(U NU’), where s € F(U) and
s’ € F(U') for some U,U’" € Op(X). See the Proof of Proposition 9.2 to see that this is indeed a
basis of topology for E x5 E. Let t € F(U NU') be the section defined as

t = pYaw (5) + pYnu (s) (177)

We will now argue that +g(W) = t(U NU’). Indeed, let (e,e’) € W. There is thus z € U NU’,
such that (e,e’) = (s4, ). Then

+r (e,€') = 55 + 5, = (pyaw (3) + pgne (8)e = 1), (178)
where the second equality is the definition of the R-module structure of the stalk space F,. This
proves the inclusion C. To prove the other one, simply read the equations backwards. |

Now, for the converse. Suppose (F,p) is a stalk space of R-modules. We would like to show
that the corresponding sheaf T'(E, p) is a sheaf of R-modules. First, let us note the following simple
lemma:

Lemma 9.4. Let (E,p) be a stalk space over X, and let U € Op(X). Then Ey := p~1(U) together
with a restriction of p is a stalk space over U, called the restriction of E to U.

Proof. Clearly, p : Ey — U is a surjective continuous map. Only has to argue that it is a local
homeomorphism. Let e € Eyy. There is thus an open subset W € Op,(F), such that p : W — p(W)
is a homeomorphism. Then p(W N Ey) = p(W)NU. We have thus found W N Ey € Op,(Ey),
such that p(W N Ey) € Op,(U). Clearly, the restriction of p to an open subset W N Ey of W
defines the homeomorphism of W N Ey and its image p(W) N U. [ |

Proposition 9.5. Let (E,p) be a stalk space of R-modules. Then its sheaf T'(E,p) of sections is
a sheaf of R-modules. The R-module structure is the unique one making the canonical bijection
E, — (I'(E,p))s into a R-module isomorphism.

Proof. Let x € X and let U € Op,(X) be any its open neighborhood. Let 0,7 € I'y(E). The
canonical map E, — (I'(E,p)), is a R-module isomorphism if the the ring structure on I'yy(E)
makes the evaluation map evy, : I'y(E) — E, into a R-module morphism. In other words, se
must necessarily set

(c+71)(x) =evyz(oc+T) :=0(z) + 7(x), (179)

and similarly for the additive inverse and R multiplication, that is

(=0)(x) == —a(x), (A-0)(x):=A-(o(2)). (180)

All the right-hand sides use the assumed R-module structure of the fiber F,. One only has to
check that point-wise defined operations on sections make them into a continous sections of E
again. Now, define amap ¢ : U = EXx F as ¢(z) = (o(z),7(z)). Let m: (E xx E)y — U define
a restricted stalk space as given by Lemma 9.4. Then ¢ fits into the diagram

UL) (EXXE)U

}U l’“ : (181)

v—v Ly
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Indeed, one has w(p(x)) = w(o(z),7(x)) = x. We can view 1y : U — U as a stalk space over U.
By Proposition 8.3, the map ¢ is then continuous if and only if it is open. But for any V' € Op(U),
we have (V) = (o,7)(V). Such sets form a basis of (F xx E)y and, naturally, they are open.

Thus ¢ is continuous as a map from U to (E xx F)y and thus also as a map to F xx E.
Now, finally, we may view the section ¢ + 7 as a composition of two continuous maps, namely
o4+ 7=+goyp. Hence 0 + 7 € T'y(E).

The other two operations are much simpler, as we have —0c = —g oo and A\-0 = Ag oo, where
Mg is the fiber-wise left multiplication by A € R. This finishes the proof. |

Naturally, there is also a version of stalk space maps suitable for the category R-Mod. It is
not difficult to guess what the right definition might be.

Definition 9.6. Let (E1,p;) and (Es, p2) be two stalk spaces of R-modules. The map ¢ : Eq — Eo
is a map of stalk spaces of R-modules, if it is a map of stalk spaces and furthermore, the induced
map @) : (E1), — (E2), is an R-module morphism.

One can now reprove all statements in the previous section, valid for the category of (pre)sheaves
valued in R-Mod and the category of stalk spaces of R-modules with the above defined morphisms.

To conclude this section, we briefly mention the modification of the above definition to work
for presheaves valued in the commutative rings category CRing.

Definition 9.7. A stalk space of commutative rings over X is a pair (E,p), where p: E — X
is a surjective local homeomorphism, such that

(i) Every fiber E, = p~!(z) is a commutative ring.

(ii) Onme can define a map —g : E — E which to each e € E assigns its additive inverse (using
the ring structure of the fiber). This map must be continuous.

(iii) Let E xx E be a fibered product over X, that is
Exx E={(e1,e2) € Ex E|p(e1) =ple2)} (182)

We can then define maps +g : E Xxx E— F and ‘g : E xx E — E, using the commutative
ring structure of the fibers of E. These maps must be continuous.

It is easy to prove the analogues of propositions 9.3 and 9.5 suitable for the category of CRing.

To conclude this section, let us prove the following interesting observation. In general, there
may not exist any section of a given stalk space p : E — X. However, for stalk spaces of R-modules
(or commutative rings), there is a particular element in every fiber E,, namely the zero element
which we denote as 0,. One can thus define a zero section, which we denote as Og, defined by
Og(x) = 0;. Is the map Og : X — F continuous?

Proposition 9.8. For each stalk space of R-modules (or commutative rings), there exists a canon-
ical global zero section O € T'x (F).

Proof. To prove that Og is continuous, it suffices to show that for each x € X, there exists
U € Op,(X), such that the restriction Og|y : U — E is continuous. Now, certainly, there is some
U € Op,(X) together with a continous local section o : U — E.

Recall that F is a stalk space of R-modules and the fiber-wise multiplication map Ag : £ —
FE is continuous for every A\ € R. In particular, choose A = 0g, that is an additive zero of
the commutative ring R. Then we can write Og|y = Agr o 0. Indeed, for any = € U, one has
(Aroo)(xz) =0gr - o(z) = 0,, where we use the general R-module property Og - E, = 0,. But the
composition Ag o ¢ is continuous and thus so is Og|y. The proof for CRing is analogous. |
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10 Morphisms of presheaves and sheaves

We will now consider presheaves and sheaves valued in the categories R-Mod or CRing. Suppose
¢ € R-Mod(A, B) for two R-modules A and B. We can then define the following notions:

1. The kernel ker(¢) of ¢ defined as a set

ker(p) = {a € A | ¢(a) = 0}. (183)

Since ¢ is R-linear and additive, it follows that ker(¢) is a R-submodule of A. The map ¢ is
injective, if and only if ker(¢) = 0.

2. The image im(p) of ¢ is a subset of B given by

im(y) = {b € B | there exists a € A such that b = ¢(a)}. (184)

Again, properties of ¢ imply that im(¢p) is a R-submodule of B.

3. The cokernel coker(p) of ¢ is the quotient R-module B/im(p). The map ¢ is surjective, if
and only if coker(p) = 0.

4. The coimage coim(p) of ¢ is the quotient R-module A/ker(p). There always exists a
canonical map from coim(y) to im(¢) which happens to be a R-module isomorphism. Indeed,
there exists a map ¢ defined to fit into the commutative diagram

A—72 im(p)
lu e , (185)
Al ker(p)

where fj : A — A/ker(p) is the canonical quotient map. It is easy to check that ¢ is a
well-defined bijective R-module morphism, hence an isomorphism.

The idea is to generalize this notions to a morphism ¢ : F — G of two (pre)sheaves. On the level
of presheaves, everything works as expected. However, for sheaves, the ”image presheaf” of a sheaf
is in general not a sheaf. In this section, we shall address these issues.

Proposition 10.1. Let ¢ : F — G be a morphism of two presheaves on X. Then the kernel
presheaf ker(p) corresponding to ¢ is for every U € Op(X) defined by

(ker(¢))u := ker(ev). (186)

The restriction morphisms are obtained by restricting those of F. If F is a sheaf and G satisfies
the monopresheaf axiom, ker(y) forms a sheaf.

Proof. For every V C U, we have a commutative diagram

)
J{pg J{ﬁg : (187)
)
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For every s € ker(oy), we thus have oy (pl(s)) = p¥(ou(s)) = p¥(0) = 0. This means that
p¥ (ker(or)) C ker(py) and the restriction morphisms of F induce those of ker(yp). This makes
ker(p) into a presheaf.

Now, let us assume that F is a sheaf and G satisfies the monopresheaf axiom. Let U € Op(X)
and let U = {U, };cr be its open cover.
First, suppose we are given a collection {s; };er, where s; € ker(py,) and ng (s;) = pg7] (s;) for

all i,5 € I. As ker(py,) C F(U;), we may use the fact that F is a sheaf. There is thus a unique
section s € F(U), such that s; = pf (s). We have to argue that s € ker(¢p). We have

p0,(pu(s) = ¢u,(pg, () = pu.(si) = 0. (188)
We thus have o (¢u(s)) = pg. (0) = 0, and by the monopresheaf axiom for G, we find ¢y (s) = 0.
This proves the gluing axiom for ker(¢p).

Now, let s,¢ € ker(¢p ), such that pf (s) = pf; (t). This means that s = ¢ as elements of F(U),
hence also as elements of ker(¢p). This is a monopresheaf axiom for ker(yp). [ |

In fact, in the category of R-modules, and thus also in the category of presheaves valued in
R-modules, injective R-module morphisms are the monic morphisms (which are defined in every
category).

Definition 10.2. Let ¢ € R-Mod(A4, B) for A, B € R-Mod. We say that ¢ is a monic mor-
phism, if for any K € R-Mod and any pair of R-module morphisms &, s € R-Mod(K, A), the
equation p o k = @ o k' implies kK = K'.

The same definition defines a monic presheaf morphism in the category PSh(X) of presheaves
on X valued in the category R-Mod.

Before proving the main proposition about kernels, let us note that kernel of a R-module ho-
momorphism (and thus also of a kernel presheaf of a presheaf morphism) has a certain universality

property.

Proposition 10.3. Suppose one has K, A, B € R-Mod and a pair of morphisms k € R-Mod(K, A)
and ¢ € R-Mod(A, B), such that ¢ o k = 0. Then there exists a unique R-module morphism
k: K — ker(y) making the following diagram commutative:

K—L— A
T; (189)
S
ker ()

I: ker(¢) — A is the inclusion. The same statement holds in the category of PSh(X) of presheaves
on X wvalued in the category R-Mod.

Proof. By definition im(x) C ker(¢). Whence £ is just x viewed as a map from K to ker(yp). M

We can now formulate the usual relation of kernels and injectivity. If F is a sheaf, it can be
slightly reformulated in terms of the corresponding stalk maps.

Proposition 10.4. Let p : F — G be a map of presheaves. Then the following statements are
equivalent:
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(i) ker(p) =0 (the trivial sheaf);
(ii) For every U € Op(X), the map oy is injective;
(iii) ¢ is a monic morphism in the cateogory PSh(X) of presheaves valued in R-Mod.

(iv) (only for F satisfying the monopresheaf axiom) The induced stalk map p, @ Fp — G, is
injective for all x € X.

Proof. The equivalence of (i) and (i) is the property of the R-module morphism ¢y for each
U € Op(X).

Next, suppose (i) holds. We are to prove (i7i). Let H be any presheaf together with a pair
k, k' : H — F of presheaf morphisms, such that ¢ o kK = ¢ o k’. We thus have p o (k — k') = 0.
By Proposition 10.3, there is a unique presheaf map p : H — ker(p), such that Topu = (k — k'),
where I: ker(p) — F is the inclusion. But ker(p) = 0, whence I o u = 0 and consequently, k' = k.
Hence (7) implies (i43). Conversely, suppose (iii) holds. Consider H = ker(y) and let k = I (the
inclusion), ¥’ = 0 (the zero map). Then pox = pok’. As ¢ is a monic morphism, we have k = K/,
that is I = 0. But this can only happen if ker(¢) = 0. Thus () holds.

Suppose (i7) holds. Let s, € F, be a germ at x, such that ¢,(s,;) = 0, where s € F(U) and
U € Op,(X). This implies that (¢y(s)), = 0. There is thus an open subset V' C U, such that
% (pu(s)). = 0. This implies ¢y (p(s)) = 0. As py is injective, one finds p¥(s) = 0. But this
implies that s, = 0, whence ¢, is injective. Thus (iv) holds.

Conversely, suppose @, is injective for all z € X. Let U € Op(X) be an open set and suppose
wu(s) = 0 for some s € F(U). This implies that ¢,(s;) = (¢u(s))s = 0. Hence s, = 0. There
is thus some open neighborhood V, € Op, (U), such that pf/ (s) = 0. As V = {V,},ecu forms
an open cover, and we have p‘% (s) = pgm (0), the monopresheaf axiom for F implies s = 0. This
concludes the proof of (iv) = (i7). ]

Definition 10.5. We say that ¢ : F — G is injective, if any of the above properties hold.

Note that we have just prove that for any presheaf F, the assumption ker(¢) = 0 implies
ker(p,) = 0 for every & € X, whereas the inverse holds (in particular for) presheaves. As the
trivial presheaf obviously has a trivial stalk, this suggests that ker(y,) may be somehow related
to the stalk space of a presheaf ker(yp). This is discussed in the following proposition.

Proposition 10.6. For any presheaf F and any presheaf map ¢ : F — G, one can, for every
x € X, identify ker(y), = ker(vz).

Proof. Let I : ker(p) — F be the inclusion of the kernel presheaf into F, that is Iy : ker(py) —
F(U) is the inclusion of R-modules for every U € Op(X). This is a presheaf map inducing a unique
stalk map I, : (ker(¢)), — Fy for every x € X. We have shown that the implication (i) = (iv)
of Proposition 10.4 holds for every presheaf. Hence I, is injective and we may identify (ker(y)).
with im(I,). The statement of proposition is thus understood as the equality im(I,) = ker(p,).

Let ¢t € im(I,). Equivalently, ¢ = s, for some s € ker(¢y) and some U € Op,(X). Equivalently,
t = s, for some s € F(U) and some U € Op(X), such that ¢y (s) = 0. Equivalently, ¢ satisfies
©z(t) = 0. Finally, this is equivalent to ¢ € ker(p,).

In fact, one may directly identify the germ maps py;, @ ker(pr) — ker(p,) - they are simple
the restriction of py . : F(U) — F, to the submodule ker(¢y) (that is a composition with I;). W
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Now, recall that we have functors S : PSh(X) — StalkS(X) and I' : StalkS(X) — Sh(X),
where both stalk spaces and (pre)sheaves are assumed to work in the category R-Mod or CRing.
The injectivity of a presheaf map ¢ : F — G thus somehow reflect on the map S(p) : SF — SG, and
conversely, any stalk space map 7 : (F,p) — (E’,p’) should give some significant sheaf morphism
D(n) : T(E,p) — D(E',p).

Proposition 10.7. Let ¢ : F — G be a presheaf map. Then if ¢ is injective, then S(p) is injective.
The converse is true only for F satisfying the monopresheaf axiom. Let n: (E,p) — (E',p’) be a
morphism of stalk spaces. Then T'(n) is injective, if and only if n: E — E’ is injective.

Proof. A map S(p) of stalk spaces SF and SG is injective, if and only if its restriction to each
fiber (SF), = F, is injective. But this restriction is the stalk map ¢, : F, — G,. S(yp) is thus
injective if and only if for all x € X, the map ¢, is injective. If ¢ is injective, then so is ¢, for any
x € X. This holds for any presheaf 7. The converse holds only for F satisfying the monopresheaf
axiom. See (the proof of) Proposition 10.4.

Let n : (E,p) — (E',p’) be a morphism of stalk spaces. For every U € Op(X), the map
I'(n)v : Tu(E) — Ty(E') composes a section o € 'y (F) with n, that is T'(n)y (o) =noo.

First, suppose that 7 is injective. Fix U € Op(X). We have to show that I'(n)y is injective.
Suppose there is 0 € I'y(E), such that oo is a zero section in I'yy(E’). This implies 1) (o (x)) = 07,
where 0/, is the zero element of the R-module £} and 7, : E, — EJ, is an R-module morphism
obtained from 7 by restriction. The injectivity of 7 implies the one of 7,), hence o(z) = 0 for all
x € U. Thus o0 =0.

Conversely, suppose that T'(n) is injective. Let e1,es € E be two elements, such that n(e;) =
n(ez). As n is a stalk space map, we find p(e;) = p(e2) = . As FE is a stalk space, there is
U € Op(X), and two sections 01,02 € I'y(E), such that e; = o1(x) and e3 = o2(x). The sections
nooy and 7o og in Ty (E’) thus coincide at . Using Lemma 8.4, they must coincide on some
open neighborhood V' € Op,(U). But then I'(n)y(o1]v) = I'(n)v(o2|v). By assumption, I'(n)y
is injective, whence o1y = o3]y. In particular, we find that e; = 01(x) = o2(z) = e and we
conclude that 7 is injective. |

Remark 10.8. Note that the stalk space map ¢ : (E,p) — (E’',p’) is injective, if and only if it is a
homeomorphism onto an open subset of E’.

Definition 10.9. Let F and G be a two (pre)sheaves on X. We say that F is a sub(pre)sheaf of
G, if for every U € Op(X), F(U) is a R-submodule (or subring) of G(U), such that the collection
{Iv }veop(x) of inclusions Iy : F(U) < G(U) forms a (pre)sheaf morphism.

Let (E1,p1) and (Es,p2) be two stalk spaces. We say that (Eq,p;) is a substalk space, if

E; € Op(E»), p1 is a restriction of ps to F; and the fiber (E}), is an R-submodule (or subring)
of (Eg), for all z € X.

We will now prove the useful criterion for comparing two subsheaves.

Proposition 10.10. Suppose F,F' are two subsheaves of a sheaf G. Then F = F' if and only if
Fr = Fo, for all x € X, where we view F,, and F,, as R-submodules of G,.

x

Proof. First, note that if F is a subsheaf of G, there is the injective presheaf morphism I: F — G
induced for each U € Op(X) by the inclusion Iy : F(U) — G(U). For each x € X, there is thus
I, : F» — G, which is injective by Proposition 10.4. We can (and will) thus identify F, with its
image im(I,) C G,.

The only if part is trivial.
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To show the if statement, we will now demonstrate that whenever F,, C F., for all x € X, then
F is a subsheaf of 7. Let p¥ and p{¥ denote the restriction maps of F and F’, whereas AY the
ones of G. Suppose s € F(U) is a local section of F over U. Its germ s, is thus also an element
of F.. There is thus an open set U, € Op,(U) together with a section t(*) € F'(U,), such that
Iu, (p (s)) =1y, (t®)). For any @,y € U, let Uyy = U, N U,,. Then

L, (07 (¢0)) = Ar (L (t)) = Agr (L, (o1, ()

zy

=N, (Qu(s) = =Ty (o (19))).

Ty

(190)

We have used the naturality of I: F — G and I' : 7/ — G several times. As I/U,,, is injective, we
obtain the relation ‘

P (640) = 7 () (191)

At this moment, we use the fact that F’ is a sheaf. We have an open cover U = {U, },cpy of U
and a collections {t(w)}zeU of sections on this open cover, which agree on overlaps. There is thus
a unique section ¢ € F'(U), such that t*) = p{V (t). Define the map ¢y : F(U) — F'(U) as
pu(s) =t. Tt takes some work to see that this is, in fact, a canonical map.

Indeed, suppose we have found a different collection {u(z)}er of local sections, defined on a
different open cover U’ = {V, },cv, and use them to define a section v € F/'(U). We have to argue
why t = v. To this, we must use the fact that F’ is a sheaf, so we can compare both sections
locally. Let W = {U, NV, },cy. This is again an open cover. Write W,, = U, N V,,. Then

L, (A7, (1) = T, {67 (05, (0)} = Ay (T, (¢} = A, (w () = -+~ = Ty, (oI, (v))- (192)

We have just use the naturality of I and I'. As Iy, is injective, we find that P/Vlvjm (t) = p’(w{w (v) for
all x € U. The monopresheaf axiom for 7’ now implies ¢ = v.

Now, in particular, if Y = {U,},cv and t(*) € F'(U,) satisfy the required condition, we may
always pass to a collection V = {V, },cr, where V,, C U, and v(*) = p%’ (t(®)). Indeed:

Iy, (v) = Ty, {py (1)} = A0 Ty, (1)} = AV (L, (o7, ()} = v, (¥, (5)). (193)

We can now prove that ¢y : F(U) — F'(U) is an R-module morphism. Let s1,s2 € F(U). By the
above discussion, we may find an open cover U = {U, },cu together with a collections {tgx)}er
and {téz)}mey of local sections fitting into the appropriate relations for s; and ss, respectively.
The additivity of all maps implies that tgz) + tgx) fits into the appropriate relation for s; + s5. The
uniqueness of the construction implies that ¢y (s1 + s2) must be the global section of F'(U) which
restricts onto t(lz) + té‘r) on U,. But this is clearly ¢1 + t2 = ¢u(s1) + pu(s2). The R-linearity is
an (easier) similar check.

Next, one must prove the naturality of ¢y, that is whenever V' C U, we must verify that
P (e (s)) = ov(p¥(s)) for every s € F(U). Let U = {U,}lrer and t@) € F'(U,) be the
collection used to define ¢ (s). For every z € V, define V, = U, NV and v(*) = p%”” (t(#)). Using
the similar tricks as above, we find

Iy, () =Ty, (pv, (P (5))), (194)

for every € V. This implies that ¢y (p¥(s)) = v, where v is the unique section satisfying
piY (v) = v®). But it is an easy check that this equation is satisfied by v = p{¥ (¢ (s)).

One only has to check that ¢ : F — F' is the inclusion. This is equivalently stated as I' o = .
Using Proposition 7.6 and the fact that G is a sheaf, it suffices to compare their stalk maps, that
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is we have to prove I, o p, = I, for all z € X. Let s, € F, for some s € F(U) and U € Op,(X).
Then we can write

L (pa(s2)) = L (0 (5))e) = Iy (pu(9))e = (G, {Ty (¢v(9)}a
= (Iy, 1o (v () e = ({1} = Qv {pD, ()}a (195)
= (A0 {Tu(5)De = (v (s))e = La(s2).

This concludes this lengthy and cumbersome proof of a quite useful property of sheaves. |

Now, the kernel (pre)sheaf measures the injectivity of a given (pre)sheaf morphism. What about
the surjectivity? For R-modules or commutative rings, surjectivity is measured by vanishing of the
cokernels.

Proposition 10.11. Let ¢ : F — G be a morphism of two presheaves on X. Then we get the
presheaf cokernel Pcoker(p) corresponding to ¢ is for every U € Op(X) defined by

(Pcoker(p))y := coker(py) = G(U)/ im(py), (196)

where its restriction morphisms pY, : coker(py) — coker(py) are induced by those of G. Moreover,
the collection of canonical quotient maps pcokery : G(U) — G(U)/im(py) defines a presheaf
morphism pcoker : G — Pcoker(¢p).

Moreover, one has the following universal property. Suppose H is another presheaf on X,
together with a presheaf morphism k : G — H, such that Kk o p = 0. Then there exists a unique
presheaf morphism k : Pcoker(yp) — H making the following diagram commutative:

G ——— H
e

lpcoker /,/:/ (197)
7R
Pcoker(¢p)

Proof. For any U,V € Op(X) such that V' C U, we have the usual commutative diagram

FU

le

FV

2, GU

|7

2, GV

~—

(198)

<<

~
~— <O ~

We define the restriction maps p% : coker(py) — coker(¢y) to complete the commutative square:

peokery coker(py)
(199)

We only have to argue that p¥ (im(pr7)) € im(¢yv ). But this follows immediately from the preceding
diagram. It is easy to see that these restriction maps make Pcoker(y) into a presheaf. Moreover,
we immediately see that the collection {pcoker;; }rreop(x) defines a presheaf morphism pcoker. It
remains to prove the universal property.

For each U € Op(X), there is a unique R-module morphism 4y : coker(py) — H satisfying
the condition Ay o pcokery; = ky. This is because im(¢y) C ker(ky). Only has to argue that
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{Av}vucop(x) forms a morphism of presheaves. Let A H(V) — H(U) be the restriction mor-
phism of the presheaf H. The R-module morphism pcoker;; is surjective, hence we only need to
verify the commutativity of the diagram

GU) Y coker(py) —Cs H(U)
|7 P (200)
coker (py) SN H(V)

But here we use just definitions and the naturality of the collection {xky}y in U:
M\ o iy o peokery, = AV o ky = Ky 0 pY) = Ay o peokery, opt, = Ay o Y o peokery; . (201)
This concludes the proof. |

The cokernel presheaf has similar properties to those of kernel presheaf. In particular, we know
how does its stalk space look like.

Proposition 10.12. For every x € X, there is a canonical isomorphism of coker(¢,) = G,/ im(¢y)
and the stalk space (P coker(¢))s.

Proof. There is a canonical presheaf morphism pcoker : G — Pcoker(p). It thus induces a unique
stalk map pcoker, : G, — Pcoker(yp),. We will now argue that this map is surjective and its
kernel is precisely im(p,). Suppose p € Pcoker(¢),. There is thus U € Op(X) and a section
p' € coker(py), such that g = pl. On the other hand, there is a section t € G(U), such that
w' = cokery (t). Thus p = (cokery (t)), = pcoker, (t;).

Now, suppose v € im(p;). There is thus U € Op(X) and s € F(U), such that v = (¢u(s))a-
Hence pcoker,(v) = (pcokery (py(s)), = 0. Thus ker(yp,) C ker(pcoker,). Conversely, let v €
ker(pcoker,,). There is U € Op,(X) and ¢ € G(U), such that v = t,. By assumption pcoker,(v) =
(pcokery;(t)) = 0. There is thus an open set V' C U, such that p¥ (pcoker;;(t)) = 0. Hence

0 = pY (pcokery; (t)) = pcokery (5% (t)). (202)
This implies that there is a section s € F(V), such that p{(t) = v (s). Consequently, one finds
V=t = (ﬁ]/(t))x = (pv(8)z = @u(s2). (203)

This proves that v € im(y,) and this proves the inclusion ker(pcoker,) C ker(y,). Finally, the
canonical isomorphism pcoker’, : coker(¢,) — (Pcoker(¢)), completes the commutative diagram

gw pcoker, (PCOkel")g;
Juz e , (204)
- pcoker’,
coker(p,) = G,/ im(p;)
where i, : G, — coker(y;) is the quotient map. This finishes the proof. "

Example 10.13. The presheaf cokernel is in general not a sheaf. Consider the topological space
X = C and a sheaf F = C% of holomorphic functions. Set G = F and consider a presheaf map
Q= d% of complex differentiation. Then ¢ : F — G is a sheaf morphism. Now, consider the open
set U = C — {0} and a function f(z) = 1. Its primitive function is not defined on entire U. In
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other words, the map ¢y is not surjective, and thus coker(ypr) # 0. Consequently, the presheaf
Pcoker(yp) is non-trivial.

On the other hand, let z € C. Choose any p € coker(y,). There is thus a holomorphic function
f € C¥(U) for some U € Op,(C), such that u = t.(f.), where fi, : G, — coker(p,) is the quotient
map. But there is a neighborhood V' € Op,(U), where the function can be written as a power
series and thus integrated to a holomorphic function on V. In other words, we have

() = ov( /V ). (205)

But this implies that f. = . {(f;, p{/(f)):} € im(.). Consequently » = 0. Whence coker(¢.) =0
for every z € C. By previous proposition, this shows that every stalk space (Pcoker(yp)), is trivial.

We have already proved that the presheaf cokernel is non-trivial. This situation cannot happen
for a sheaf. Indeed, if any sheaf F has a trivial stalk F, for every x € X, the trivial map 0 : 7 — F
and the identity map 1 : F — F would then induce the same map of stalks (namely the trivial
one). By Proposition 7.6, this would imply 1 = 0, which in turn can happen only for F = 0.

We will now try to fix this issue by considering the sheafification of the presheaf Pcoker(X).
This has some issues on its own, which we shall discuss in the following propositions.

Definition 10.14. Let ¢ : F — G be a morphism of any two presheaves. Then the sheaf cokernel
Scoker(yp) is defined as a sheafification of the presheaf cokernel Pcoker(yp).

Proposition 10.15. There is a canonical presheaf morphism scoker : G — Scoker(p). The sheaf
Scoker () has the following universal property. Suppose H is any sheaf together with any presheaf
morphism k : G — H, such that ko = 0. Then there is a unique sheaf morphim & : Scoker(p) — H
filling the commutative diagram

g ——— H

lscoker//};/ . (206)

-
-

Scoker ()

Moreover, there is a canonical R-module isomorphism scoker’, : coker(p,) — (Scoker())..

Proof. Let n : Pcoker(yp) — Scoker(¢) be the canonical map from presheaf to its sheafification.
Set scoker := 7 o pcoker. To prove the universal property, suppose x : G — H be any presheaf
morphism such that x o ¢ = 0, where H is any sheaf. By the universal property for Pcoker(yp),
there is a unique presheaf morphism % : Pcoker(p) — #H, such that kK = K o pcoker. As H is
assumed to be a sheaf, we may employ another universality rule, namely there is a unique sheaf
map & : Scoker(y) — H, such that & on = K. We have found a sheaf map & : Scoker(¢) — H, such
that

k = k o pcoker = (kK o n) o pcoker = £ o scoker . (207)

We only have to argue that this two-step construction gives a unique such map. Suppose we find
some other map x : Scoker(p) — H, such that x = x o scoker. This implies

k = (% on) o pcoker = (X o) o pcoker . (208)

The uniqueness statement in the universality property of Pcoker(y) now implies #on = Yy on. For
each z € X, we then obtain a relation of stalk maps, that is &, o, = Xz o n,. It follows from
Proposition 8.7 that this is equivalent to Kk, = x,. Finally, as H is a sheaf, we may use Proposition
7.6 to see that ~ = x. This proves the uniqueness.
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For the final statement, we know from Proposition that there is a canonical isomorphism
pcoker!, : coker(y¢,) — (Pcoker(¢)),. But there is also a canonical isomorphism 7, : (Pcoker(y)), —
(Scoker(¢)),. A composition of these two maps clearly gives scoker’, |

Definition 10.16. Let ¢ : F — G be a presheaf morphism. We say that ¢ is an epic morphism
if for any other presheaf H and any pair of presehaf morphisms ,x’ : G — H, the equation
ko =K' oy implies Kk = K.

Proposition 10.17. Let ¢ : F — G be a presheaf morphism. Then the following conditions are
equivalent

(i) Pcoker(p) =0 (trivial presheaf).

(ii) For each U € Op(X), the R-module morphism yy is surjective.

(iii) ¢ is an epic morphism.

Proof. The equivalence of (i) with (i¢) is obvious.

Let us now prove the equivalence of (i) with (i¢¢). Assume that Pcoker(p) = 0. Let k, k' :
G — H be a pair of presheaf morphisms, such that ko ¢ = &’ o p. Thus (k — k") o o = 0. By the
universality of the presheaf cokernel, there is a unique presheaf map p : Pcoker(p) — G, such that
k — k' = p o peoker. But as Pcoker(y) = 0, the right-hand side must be zero, thus ' = k.

Now, suppose that ¢ is epic. Choose H = Pcoker(y), k = pcoker and £ = 0. We have

0 = Koy = k' op. This implies K = &, which is possible only if Pcoker(¢) = 0. Hence the

implication (#¢3) = (¢) holds and the proof is finished. |
We may now modify this statement for the sheaf Scoker(y).

Proposition 10.18. Suppose ¢ : F — G is a map of presheaves on X. Then the following
conditions are equivalent:

(i) Scoker(yp) = 0.
(ii) For every x € X, coker(p,) = 0.
(iii) For every x € X, ¢, is surjective.

(iv) For every U € Op(X) and for every t € G(U), there is some open cover U = {U; }icr of U,
and a family of sections {s;}ic1, where s; € F(U;), such that oy, (s;) = pg,(t) for all i€ I.

(v) The morphism ¢ : F — G is epic in the category of sheaves.
Any of these conditions follows from those in Proposition 10.17.

Proof. First, let us prove the equivalence of (i) with (ii).

As Scoker(yp) is a sheaf, it is trivial if and only if (Scoker(¢)), = 0 for all z € X. As there is a
natural isomorphism 7, : (Pcoker(y)), = (Scoker(¢))s, this is equivalent to (Pcoker(y)), = 0. By
Proposition 10.12, this is equivalent to (i7).

The equivalence of (i4) and (4i7) is the definition of R-module cokernel.

Now, suppose that (i7i) holds. Let U € Op(X) and ¢ € G(U). Now, for every x € U, let us
consider the germ t, € G,. As ¢, is surjective, there is a local section PUCONT F(U,) over some
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V, € Op,(X), such that ¢, ((s'*)),) = t,. Unfolding the left-hand side, we have (¢v,, (s'®))), = t,.
There is thus some U, C V, NU, such that ﬁg;(govz (s®))) = pY_(t). Defining s(*) := pgz (s'®)),
we obtain an open cover U = {U,}.er of U together with a family of sections {s(*)},c, where
s € F(U,) and ¢y, (s)) = pg, (t) for all z € U. Hence (iv) holds.

To prove (iv) = (iii), let * € X be a arbitrary and fix t, € G,, where t € G(U) for some
U € Op,(X). Thereis i € I such that z € U;, and a section s; € F(U;), such that ¢y, (s;) = pf, (2).
But this immediately implies ¢, ((s;),) = t and (i) is true.

Now, let us prove the equivalence of (i) and (v). By epic in the category Sh(X), we mean that
for any sheaf H, and any pair of morphisms k, ' : G — H, the equality x o ¢ = k' 0 ¢ must imply
k = /. Then one uses the universality property for Scoker(y) from Proposition 10.15 just like in
the case of Pcoker(y) in the proof of Proposition 10.17.

Finally, Pcoker(¢) = 0 clearly implies Scoker(p) = 0 and any of the statements in Proposition
10.17 thus implies any of the equivalent statements of this one. |

Example 10.19. The codition Scoker(¢) = 0 is not enough to ensure the surjectivity of oy :
F(U) = G(U) for every U € Op(X). We have already shown this in Example 10.13, as there
ker(p,) = 0. By Proposition 10.18, this is equivalent to Scoker(¢) = 0. On the other hand, we
have shown that Pcoker(p) # 0.

Remark 10.20. The concept of monic and epic morphisms is a universal definition in every category
C. In the category PSh(X) of presheaves of R-modules on X, this has an expected counterpart -
maps of presheaves which for each U € Op(X) define surjective R-module morphisms. However,
for the (full sub)category Sh(X) of sheaves of R-modules on X, this leads to a weaker definition -
not every morphism epic in a subcategory Sh(X) is thus epic in PSh(X).

Definition 10.21. We say that the presheaf map ¢ : F — G is surjective, if it is epic in the
category PSh(X). If ¢ : F — G is a map of sheaves, we say that it is surjective if it is epic in
the category Sh(X).

Luckily, if we combine both injectivity and surjectivity, the criterions become easy again for
sheaves.

Proposition 10.22. Let ¢ : F — G be a presheaf morphism, where F and G are presheaves on X
valued in the category R-Mod or CRing. Then the following conditions are equivalent:

(i) ¢ is an isomorphism in the category PSh(X).
(ii) For every U € Op(X), the R-module morphism oy : F(U) — G(U) is bijective.
(i11) (Assuming both F and G are sheaves) @, is bijective for all x € X.

() (Assuming both F and G are sheaves) ¢ is both monic and epic in the category Sh(X).

Proof. Note that ¢ is an isomorphism in the category PSh(X), if there exists a presheaf morphism
¥ : G — F, such that ¥ o p = 17 and p o) = 1g. If (i) is true, for every U € Op(X), we have
Yy o pu = lrw) and gy oy = lg). But this clearly implies (i7). Conversely, if for each
v : F(U) — G(U) is bijective, define ¢y := (¢r) 1. It is a usual property of R-Mod and CRing
that 1y is an R-module morphism (or ring morphism). One only has to show that the collection
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{%v}vcop(x) defines a natural transformation ¢ : G — F, that is the diagram

G(U) s F(U)
lﬁz lpﬁ (209)
G(V) -2 F(V)

commutes for all U,V € Op(X) such that V' C U. But for any ¢t € G(U), we can write

Py (o (t) = vy o (pv o ) (Wu (1) = dv o (BY © pu) (Yu(t) = ¥v (Y (1)) (210)
We have used the definitions and the naturality of ¢. Hence (7) holds.
Next, the equivalence of (iii) and (iv) follows the equivalences (iv) < (ii¢) of Proposition 10.4
and (iii) < (v) of Proposition 10.18.

It only remains to prove the equivalence of (i¢) and (4i7) in the case when ¢ : F — G is a sheaf
morphism in PSh(X). The injectivity of ¢y for every U € Op(X) is (in the case F is a sheaf) is
equivalent to the injectivity of ¢, for every x € X. This is (ii) < (iv) of Proposition (10.4). The
surjectivity of ¢y for every U € Op(X) implies the surjectivity of o, for every x € X. This is the
statement (iii) of Proposition 10.18 which is implied by (i7) of Proposition 10.17.

It thus remains to prove that if ¢, is bijective for every = € X, then yy is surjective for any
U € Op(X). Let U € Op(X) and choose t € G(U). From (iv) of Proposition 10.18 it follows that
there is an open cover U = {U,;};cr and a family of sections {s;};cs, such that s; € F(U;) and
wu,(s;) = ﬁgﬁ (t) for all ¢ € I. Now, apply ﬁg’ on both sides of this equation, where U;; = U; N U;.
This gives the equality ’

o0, (0 (52)) = Y (pu(s0) = U BY.(0) = Y, () = -~ = pu, (087 (7). (211)

Now, one has to use the assumed injectivity of ¢y, to conclude that pglj(sl) = pgfj(sj). As F

satisfies the gluing axiom, there is a unique section s € F(U), such that s; = pgi (s). To finish the
proof, we shall prove that ¢y (s) =t. As G satisfies the monopresheaf axiom, it suffices to compare
the restrictions of both sections to U;, for each ¢ € I. But

p0.(eu(s)) = eu.(pp, (5)) = wu,(si) = b, (1)- (212)
This finishes the proof. |

We will now argue why a sheaf cannot be isomorphic to a presheaf.

Proposition 10.23. Let ¢ : F — G be an isomorphism of presheaves over X. If F is a sheaf over
X, then so is G.

Proof. Let ¢ : G — F denote the natural inverse to ¢. Let U € Op(X) be any open set and let
U = {U,}ics be any its open cover. Let us prove the gluing axiom for G. Suppose we are given a
colection {t;};cr, where t; € G(U;), such that

) U,
P, () = Bt (), (213)
for all 4,5 € I, where one writes U;; = U; N U;. Set s; := 1y, (¢;). Then

Pl (5:) = Yo, (B, () = vu, (7, (85)) = Pt (55)- (214)

tJ
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By the gluing axiom for F, there is a unique section s € F(U), such that pg(s) = s;. Set
t = ¢py(s). Then

P, (t) = b, (pu(s)) = eu, (py, (5)) = pu,(s:) = ti- (215)
This proves the gluing axiom for G. Next, let ¢,¢' € G(U), such that pf; (t) = pf; (') for all i € I.
We have to conlude that t =¢'. Set s = ¢y (t) and s’ = ¢y (t'), respectively. Then

P, (s) = pg, (Yo (1)) = Yu, (9, (1) = Yu, (By, (') = - = pg, (5). (216)
By monopresheaf axiom for F, this proves that s = s’. As ¥y is a R-module isomorphism, we find
that ¢ = t’. Hence G satisfies the monopresheaf axiom. And the proof is finished. |

Finally, to finish this section, let us briefly discuss the problem of kernels, images and quotients
for stalk spaces. Are they also somehow related to the kernels, images and quotients of the
corresponding section sheaf?

Suppose (E,p) and (E’',p’) are two stalk spaces of R-modules (or commutative rings) over X,
and let ¢ : £ — E’ be the stalk space morphism. In particular, ¢, : £, — E is an R-module
morphism (or ring morphism). It thus makes sense to define the subset ker(ip)

ker(p) = {e € E | e € ker(¢pe))} = I_lker(go(x)). (217)

It is natural to ask - is this a substalk space? If so, we may identify its sheaf of sections with
certain subsheaf of T'(F, p). By definition, this amounts to proving that ker(y) is an open subset
of E. But this is surprisingly easy, as shows the following proposition.

Proposition 10.24. The set ker(p) C E is open. It thus forms a substalk space (ker(y),p)
of (E,p). Moreover, there is a canonical isomorphism T'(ker(yp),p’) = ker(I'(p)), where T'(yp) :
T(E,p) —» T(E',p') is the sheaf morphism induced by ¢.

Proof. Consider the zero (global) section Op: € T'x(E’), defined as Og/(x) = 0, € E.. This is
indeed a continous global section of FE, see Proposition 9.8. The set 0g/(X) C E’ is open (in fact
homeomorphic to X). The subset ker(p) can be then defined as an inverse image of this open set,
ker(¢) = ¢~ 1(0p/(X)). Hence it is open.

Next, let i : ker(¢) — F denote the inclusion of the subspace ker(p) to E. This is an injective
stalk space map. By Proposition 10.7, the induced sheaf morphism I'(7) : T'(ker(¢),p) — T'(E,p)
is also injective. We have to show that for each U € Op(X), one has im(I'(i)y) = ker(T'(¢)v)-

Let 0 € T'y(ker(p)). This is equivalent to ¢, (o(z)) = 0, for all z € U. In turn, this is
equivalent to (¢ o o)(x) = 0}, for z € U. This is is equivalent to I'(¢)y (o) = 0. Finally, this is
equivalent to o € ker(I'(p)y). [ |

One can quite naturally construct a quotient of a stalk space (E,p) by its substalk space (F, p).
The result is a stalk space again. One can then construct an example for a special substalk space
and identify its sheaf of sections. We will work in the category of R-Mod, so we assume that
F, C E, is an R-submodule. It thus makes sense to define a space Q = | |, .y Ez/F,. Define
q: @ — X in an obvious way. We have also a canonical quotient map f : E — @, which is for each
x € X defined by the quotient map fi, : B, — E,/F, =: Q.

We would like to discuss the topology on Q. We declare V C @Q open, if and only if ;= *(V) C E
is open. This is a usual quotient topology. We have to argue that it makes ¢ : Q — X into the
stalk space of R-modules. To do so, note that o € I'yy(E) is a local section of E over U, then
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foo:U — @ is alocal section of @ over U. It is continuous and go (foo) =poo = 1y. We will
now argue that the basis of topology for @ can be taken to be

Bo = {t(c(U)) | 0 € Ty(FE) for some U € Op(X)} (218)

First, we will prove that f : E — @ is in fact an open map. This happens if and only if (o (U))
is open in @ for every U € Op(X) and ¢ € I'y(E). This is equivalent to W = =1 (5(c(U)) being
open in F.

Now, let e € W be any point, and let * = p(e). By definition f(e) € §(c(U)) and it follows
that f,(e) = g(o(x)). There is thus an element f € Fy, such that e = o(z) + f. Now, as F' is a
substalk space, there is some section 7 € I'z(F), such that 7(z) = f, for some Z € Op,(X). It
can be viewed as a continuous section in I'z (E) which happens to take values in the submodule F,
for each z € Z. Furthermore, we may assume Z C U and define a section o’ := p¥ (o) + 7. Then
o' € T'z(E). We claim that ¢/(Z) € Op,(E) is contained in W. But we have

5(0’(2)) = z(0(2) + 7(2)) = tz(0(2)) = (0 (2)) € 4o (V)), (219)

for all z € Z. This proves the claim. Hence § : E — @ is open. Next, we can use the following
general statement:

Proposition 10.25. Suppose j : X — Y is a surjective map from the topological space X to the
set Y. Suppose Y is equipped with a quotient topology, that is V CY is open if and only if f=1(V)
is open in X. Moreover, assume that fj becomes an open map. Let B be a basis of topology of X.

Then B, = {t§(B) | B € B} is a basis for the topology on'Y .

Proof. As f is open, we have By C Op(Y'). To show that it is a basis, every open set V' C Y has
to be written as a union of some elements from B,. For each y € V, let = € 17! (y) be arbitrary.
Such element exists as f is surjective. As §=1(V) is open, there exist some element B € B, such
that * € B C §=1(V). But then §(B) C V. Stated differently, for every point y € V of a given
open set V, there exists an element of B, which contains y and forms a subset of V. In particular,
V can be written union of some elements of By. ]

This proposition shows that the family By indeed forms a basis for (). We have to argue
that ¢ : @ — X is a local homeomorphism. First, is it continuous? Let U € Op(X). Then
¢ Y (U)=4(p~*(U)). As f: E — Q is open and p is continous, we find that ¢=!(U) is open. Now,
we claim that § is a homeomorphism when restricted to any element of the baisis Bg. Indeed, for
any o € I'y(E), oo : U — §(o(U)) provides a continuous inverse to the restricted projection
q : b(c(U)) — U. We conclude that (Q,q) forms a stalk space, such that § : (E,p) — (Q,q)
becomes a surjective stalk space map.

One only has to discuss the R-module compatibility. Clearly each fiber Q, = FE,/F, has
a natural R-module structure. Two things are fairly simple. For example, let A € R and let
Ag : @ = @ be the fiber-wise multiplication map. By definition, it completes the commutative
diagram

E -2, F
Ik £ (220)
Q%5 Q

For any V' C @ open, we have )\él(V) = g((5 o Ag)~1(V)). Indeed, suppose u € )\él(V). By
definition Ag(p) € V. On the other hand, we have p = fi(e) for some e € E. But then

A1) = (Ag o t)(e) = (1o Ar)(e) (221)
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Thus e € (50 Ag) 1 (U) and as pu = f(e), we find that u € §((§ 0o Ag)~1(U)). Repeating the steps
backwards proves the other inclusion. As fo Ag is continuous and f is open, we see that hél(U ) is
open and thus Ag is continuous. The proof for the fiber-wise additive inverse —¢ follows completely
the same lines.

For the addition operation +¢, note that the (continuous) map f x §: E x E — @ x @ restricts
to a map of the fibered products § xf: E xx E — Q Xx Q. In fact, it defines the stalk map of the
two stalk spaces (see Proposition 9.2). In particular, it is an open map. Finally, it is not difficult
to see that 4+¢ completes the commutative square

ExxE 2, |

lm l“ . (222)

As the left vertical map is open, we may use the same argument as for Ag to prove that +¢ is
continuous. We thus conclude this paragraph with a proposition.

Proposition 10.26. Let (F,p) C (E,p) be a substalk space of a stalk space of R-modules. Let
(Q,q) be the fiber-wise quotient space. Then the usual quotient topology on Q makes it into a stalk
space of R-modules.

Now, let n : (E,p) — (E',p’) be a stalk space map. Let im(n) C E’ denote the image of this
map. As every stalk space map is open, it follows that (im(n),p’) is a substalk space of (E’,p’).
We can thus form its quotient ¢’ : E'/im(n) — X. One can then examine its sheaf of sections
I'(E'/im(n),q"). Can something be said about it?

Proposition 10.27. There exists a canonical sheaf isomorphism 1) : Scoker(I'(n)) — T'(E'/im(n),q’),
where T'(n) : T(E,p) — T(E',p') is the sheaf morphism induced by n: E — E’.

Proof. Let ff : E/ — E’/im(n) be the canonical quotient map. The induced sheaf morphism
() : T(E') — T'(E’'/ im(n)) satisfies T'(§")oI'(n) = 0. By the universality property of Scoker(I'(7)),
see Proposition 10.15, there is a unique sheaf morphism ¢ : Scoker(I'(n)) — I'(E’/im(p)), such
that T'(f") = ¢ o scoker, where scoker : I'(E’) — Scoker(I'(n)) is the canonical sheaf map.

As both domain and codomain of ¢ are sheaves, it suffices to prove, see Proposition 10.22,
that for each x € X, the induced stalk map v, : Scoker(I'(n)), — I'(E’/im(p)), is an R-module
isomorphism. To this account, we must prove that the stalk map I'(f), : T'(E"), — T'(E’/im(¥)).
is surjective and its kernel is precisely the kernel of scoker, : I'(E’), — Scoker(I'(n)).

But this boils down to proving the surjectivity of f, and the equality ker(f},) = im(ny,)), for all
r € X, which is trivial.

This proposition shows that although the stalk space E’/im(n) is well-defined, its sheaf of
sections is not the naive guess I'(E’)/T'(imT'(n)) but rather its sheafification.

11 Exact sequences of presheaves

To define what an exact sequence is in a category, we need to have the notion of both kernels and
images. With the category Sh(X) of sheaves (of R-modules or commutative rings), we immediately
hit the same problem as with cokernels. For a sheaf map ¢ : F — G, the naive definition of the
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image im(y) forms a subpresheaf of G, but usually not a sheaf. One can again reach for the help
of a sheafification. However, the new sheaf is not a subsheaf of G anymore. To avoid this issue,
one can resolve to the following trick:

Definition 11.1. Let ¢ : F — G be a presheaf morphism. We define presheaf image Pim(y) as
the kernel of the canonical cokernel map pcoker(¢) : G — Pcoker(p), that is

Pim(p) = ker(pcoker(yp)) (223)
The sheaf image Sim(y) is defined as the kernel of scoker(p) : G — Scoker(ip), that is

Sim(y) = ker(scoker(y)) (224)

It is easy to check that Pim(p) agrees with a naive definition of the image presheaf. Let us
argue that if G is a sheaf, there is always a canonical sheaf isomorphism from the sheafification of
Pim(¢) to Sim(yp), which shows that two approaches to the definition of sheaf image are essentially
equivalent.

Proposition 11.2. Let ¢ : F — G be a presheaf morphism, where G is a sheaf. Then there is a
canonical sheaf isomorphism of the sheafification of Pim(y) and the sheaf Sim(yp).

Proof. Let J : Pim(p) — G denote the canonical inclusion of the subpresheaf Pim(y) into G. Write

—_~—

H := Pim(p). (225)

By universality of a sheaffication, see Proposition 8.10, there is a unique sheaf map J:H—G , such
that J = Jon. Now, we claim that scoker(¢)oJ = 0. This is a comparison of two sheaf maps. It thus
suffices to look at the induced stalk maps. This boils done to proving pcoker,(¢) o J, = 0 for all
x € X. But this is obvious. Finally, using the universality of the kernels, see Proposition 10.3, there
is a unique map J : H — ker(scoker(p)) = Sim(i), such that J = IoJ, where I : Sim(¢) — G is the
inclusion. It only remains to prove that J is a sheaf isomorphism. Both its domain and codomain
are sheaves. By Proposition 10.22, it suffices to prove that the induced stalk map J, is bijective
for all z € X. But this agains boils down to the obvious comparison im(p,) = ker(coker(y¢,)). W

Now, there come some useful but rather simple observations.

Proposition 11.3. Suppose ¢ : F — G is a morphism of sheaves.

(i) If Pim(p) happens to be a sheaf, then Pim(p) = Sim(yp).

(i) If ¢ is injective, then Pim(p) = Sim(yp).

Proof. To prove (i), note that if Pim(y) is a sheaf, we are comparing two subsheaves of the sheaf
G. By Proposition 10.10, it suffices to compare their stalk spaces. But

Pim(¢), = ker(pcoker, (¢)) = ker(scoker, (¢)) = Sim(p)., (226)
for all z € X. This proves Pim(y¢) = Sim(p). To prove (ii), note that if ¢ is injective, it can

be viewed as a presheaf isomorphism ¢ : F — Pim(y). By Proposition 10.23, this implies that
Pim(¢y) is a sheaf. The rest follows from (7). [ |
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Before proceeding further, let us again examine the concept of image on the level of stalk
spaces. Suppose 7 : (E,p) — (E’,p’) is a map of stalk space (of R-modules or commutative rings).
With no problems, we may define a substalk space im(n) C E’. Is its sheaf of sections I'(im(n), p)
somehow related to the sheaf image of the induced map I'(n) : T'(E,p) — T'(E’,p’)? The answer
is, as expected, yes.

Proposition 11.4. There exists a canonical sheaf isomorphism x : I'(im(n),p") — Sim(I'(n)).

Proof. Let j : im(n) — E’ be the inclusion. We claim that the induced sheaf morphism I'(j) :
I'(im(n),p’) — T(E’',p’) satisfies the equation

scoker(I'(n)) o T'(j) =0 (227)

Recall that we have shown that there is a canonical sheaf isomorphism ¢ : Scoker(I'(n)) —
I'(E'/im(n),q") such that 1 o scoker(I'(n)) = I'(f’), where ' : B/ — E’/im(n) is the quotient
map. See the proof of Proposition 10.27. The above equation is thus equivalent to

I(§) o T(j) = O, (228)

which holds as f’ o j = 0. Finally, the universality of the kernels, see Proposition 10.3, implies the
existence of a unique sheaf homomorphism x : I'(im(n), p’) — ker(scoker(T'(n)) = Sim(T'(n)), such
that J' o x = I'(j), where J' : Sim(I'()) — T'(E’,p’) is the inclusion of a subpresheaf. Finally,
one has to argue that y is an isomorphism of sheaves. Again, by Proposition 10.22; it suffices
to prove that the induced stalk map x, : I'(im(n),p"). — Sim(I'(n)), is the isomorphism for all
x € X. Using the canonical identifications I'(im(n),p"), = im(n), = im(n,) and Sim(I'(n)), =
im(I'(n)z) = im(n ), we find that x, is just the identity. ]

We have now make sense of kernels and images in both the category PSh(X) and Sh(X),
targeted in R-Mod (or CRing). We can now define the concept of exact sequences in those
categories.

Definition 11.5. Consider the sequence of (pre)sheaf morphisms of (pre)sheaves

Ff,6-YH (229)

We say that it is exact at G in the category of presheaves, if Pim(p) = ker(¢). We say that
it is exact at G in the category of sheaves, if Sim(¢) = ker(¢)).

Moreover, we say that any sequence of (pre)sheaf morphisms of (pre)sheaves is exact in the
category of (pre)sheaves, if it is exact at each of its terms (in the category of (pre)sheaves).
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