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Abstrakt

V této dizertaci zkoumame spektralni vlastnosti Schréodingerovych opera-
toru popisujici ¢’-interakei lokalizovanou na kiivkach a plochach. Tyto operd-
tory jsou sdruzeny s nasledujici kvadratickou formou

hs(¥) = (V¢ Vi)en + (B (@lry — ¢lr-), ¢loy — - )r

kde je sila vazby charakterizovdna funkci 37! a stopy funkce na hranici nosice
singuldrni interakce znacime ) |p+.

Odvodime asymptotické chovani diskrétniho spektra pro ptipad silné vazby,
tzn. [ — 0_, pro uzaviené kiivky a plochy. Rovnéz pro tuto situaci
spocteme esencidlni spektrum. Uvazujeme C* kiivky a plochy, kompaktni
i nekonecné. Pro nekonecné kiivky predpoklddame, Ze jsou asymptoticky
piimé a obdobné pro nekonecné plochy predpokladame, ze jsou asymptoticky
rovné. Pro tyto situace jsme schopni napsat prvni dva c¢leny asymptotického
rozvoje diskétnich vlastnich ¢isel, kde je druhy clen uréen Schrodingerovym
operatorem s potencialem zavislym na kfivosti nosic¢e singularni interakce.
Déle dokazeme, ze pro pripad slabé vazby, tzn. § — —o0, je diskrétni spek-
trum prazdné pro kazdou kompaktni neuzavienou varietu. Pro neuzaviené
krivky odvodime podminku postacujici na absenci diskrétniho spektra v
zavislosti na vazbové konstanté 5 a kiivosti kiivky.



Abstract

The thesis is devoted to studies of spectral properties of the Schrodinger
operators describing §’-interaction supported on curves and surfaces. These
operators are associated with the quadratic form

hs(¥) = (V¢ Vi )en + (B (@lry — ®lr-), ¢ley — - )r

where the constant 37! characterizes the coupling strength and |pL are
traces of the function at the boundaries of the interaction support.

We derive the asymptotic expression for the discrete spectrum in the strong
coupling limit, i.e.  — 0_, for closed curves and surfaces as well as for the
essential spectrum. We consider C* curves and surfaces, either compact or
infinite. We assume that the infinite curves are asymptotically straight and
the infinite surfaces are asymptotically planar. In this setting we derive the
first two terms of the asymptotic expansion of the discrete spectrum where
the second term is determined by Schrodinger type operator with effective
potential expressed in the means of the interaction support curvatures.

We also prove that in the weak coupling limit, i.e. § — —oo, the discrete
spectrum is empty for the case of compact non-closed manifolds. For the large
class of non-closed curves we derive sufficient conditions for the absence of the
discrete spectrum with respect to their coupling constant and the curvature
of the curve.
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Introduction

In this work we study the Schrodinger operators describing ¢’-interaction
supported by various hypersurfaces. We are interested in the dependence of
the spectrum on the geometry of the interaction support. The operators we
are working with are associated with the quadratic forms

hs(¥) = (Vo Vi )en + (B (@lry — ®lr-), ¢ley — 9l )r (1)

where 37! characterizes the coupling strength and |ry are traces of the
function at the boundaries of the interaction support.

In recent years the problem of quantum particles confined to curves,
graphs, tubes, surfaces, layers, and other geometrically nontrivial objects,
attracted a lot of attention. In physics they are used as models of various
nanostructures and at the same time they present many interesting problems
from a purely mathematical point of view. There are many ways how to treat
these systems. Models using singular interactions give answers to these prob-
lems for several decades now. Historically possibly the most influential paper
was [KP31], where the scattering of the electron on the crystal lattice was
done using J-interactions located at Z on a line. The great advantage of
the models with singular interactions is that they are exactly solvable in the
sense that their resolvents can be written explicitly and as a consequence
we are able to derive their spectrum, eigenfunctions as well as to solve the
corresponding scattering problem.

One possibility how to describe a quantum particle confined to a set
of nontrivial geometry is to use models of quantum graphs. There is a
wealth of literature studying such systems. We can mention few of them
[BK13, H00, KS99] or the review [KO08|. In this setting the configuration
space is a metric graph. The edges are equipped with differential operator



with boundary conditions at each vertex connecting wave functions. They
arise as simplifications of various models in mathematics, physics and chem-
istry. We can mention the motion of a free-electron in polymer conjugated
molecules, thin waveguides, photonic crystals and many others. This ap-
proach has several drawbacks. The first is the presence of ad hoc parameters
in the boundary conditions. Another one is that the particle is strictly con-
fined to graph edges and as a result the model neglects quantum tunneling
effects which can be important in real situations when the edges are close
to each other. Furthermore these systems neglect practically all geometric
properties and take into account only the length of the edges.

These drawbacks can be treated using more realistic models of the so-
called leaky quantum structures. The idea behind these models is to pre-
serve the whole space for the motion of the particle and to keep the particle
localized in the vicinity of the structure by an attractive singular potential.
For an attractive d-interaction it is described by a Hamiltonian which can be
formally written as

—A+ad(-—T)

with o < 0 where I is the interaction support. An exhaustive review of these
models was presented in [E08]. The main advantage of this approach is that
there is no ambiguous parameters at the vertices and also that the tunneling
between parts of the structure is possible.

One can try to use different singular interactions than the -interaction. If
we consider manifolds of codimension one we can implement various singular
interactions in the direction perpendicular to the manifold because in dimen-
sion one we have a larger variety of singular interactions. A prominent role
among them is played by the ¢’-interaction which is, in a sense, a counterpart
to d-interaction. At first glance the §’-interaction seems to be less “natural”,
however, it is not a mere mathematical construct because it can be estimated
by a “triple layer” potential as it was shown in [CS98|, which gives also in-
teresting physical meaning to it. When §’-interaction was used for the first
time, it was for the symmetric case of concentric spheres in [AGS87, S88|.
An elegant and rigorous definition for a general closed manifold was given in
[BLL13] using operators associated with quadratic forms (1). Later based on

this approach it was shown how to introduce ¢’-interaction on a non-closed
manifold in [JL16].
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This work is divided into three main parts. The first one is devoted to rig-
orous definition of operators and their basic properties. The second one is the
core of the thesis and contains a summary of published original results. We
present them with a reasonable completeness, leaving out just some purely
technical parts for which the reader is referred to the original papers included
in the appendix. The last chapter contains additional unpublished results.

In the Chapter 1 we summarize rigorous definitions and basic spectral
properties of the §’-interaction in various settings. We are interested in the
§-interaction supported by curves in R? and surfaces in R?. Locally §'-
interaction behaves as a one dimensional ¢’-interaction in the orthogonal
direction with respect to the interaction support. Due to this fact it is useful
to study also the one dimensional case. An extensive study of finite number
of ¢’-interactions supported by points on a line was given in [AGHHO05]. The
operator describing N ¢’-interactions on a line acts as

Hpy = —A,
D(Hpy) = {¢ € H*R\{Y ' (yi,-) = ¥'(wirr) = B ' (W) — ¥(vi-))}

where the interactions are located at sites y; with coupling constants ;. At
this point we note that a small negative S corresponds to the strong attrac-
tive coupling and a large negative 8 to the weak one. In several cases we
also use a more general one dimensional setting than a straight line. For a

general setting we can introduce §’-coupling on a quantum graph as it was
done in [E96].

For the description of ¢’-interaction supported by a manifold we can use
two basic equivalent approaches. One of them is making self-adjoint exten-
sions by adding appropriate boundary conditions at the points with a singular
interaction in the direction perpendicular to the interaction support. These
conditions are locally equivalent to the conditions for the one dimensional
case. the alternative way is to introduce our operator as an operator asso-
ciated with correct semi-bounded, symmetric quadratic form (1). Both of
these definitions are interchangeable if the support is sufficiently regular. We
further split the case of ¢’-interaction supported by hypersurface into two set-
tings namely for closed and non-closed interaction supports. The situations
for closed manifolds were studied in [BLL13]. The case of non-closed support

11



is more complex because we have to treat the endpoints. In [JL16] it was
solved by taking the quadratic form corresponding to the interaction sup-
ported by a closed manifold and restricting the domain to functions which
are continuous at the point where we do not want the interaction. Alter-
native approach was derived in [MPS16] where it was solved via boundary
condition of a self-adjoint operator.

The main results of the thesis, presented in Chapter 2, were published
in the papers [EJ13, EJ14, J15] and [JL16]. The first three papers [EJ13,
EJ14, J15] describe spectral behavior of the operator associated with the
form (1) for a strong coupling limit, i.e. 8 — 0_, where the manifold I"
is a closed curve or a surface. A similar problem was treated in [EY02]
where the authors derived the spectral asymptotics of strong d-interaction
supported by Jordan C* curve in R2. The spectral asymptotics of strong
d-interaction supported by a C* surface was treated in [EK03]. We assume
that the manifold is at least C* with a neighborhood of finite thickness which
do not cross itself. Furthermore for the case of infinite manifold we need
to assume that the curves are asymptotically straight and that the surface
is asymptotically planar. This asymptotic condition is added because it
guarantees the existence of a discrete spectrum. For example the spectrum
of strong d-interaction supported by a periodic curve has a band structure
without discrete eigenvalues as shown in [EYO01]. The essential spectrum of
our system is either

Uess(HB,F) =R*

for the case of a compact manifold which is true for any coupling strength or

ae(Har) = [(8),00) . €(8) >~
for infinite manifolds in the asymptotic limit which holds for the strong cou-
pling limit, i.e  — 0_. The limit infimum value of the essential spectrum
—% corresponds to the one dimensional ground state of one ¢’-interaction on
a line. We derive the first two terms of the asymptotic expansion of the dis-
crete spectrum. The first term is manifold independent diverging for § — 0_
and the second term encodes the geometry of the manifold. The discrete
eigenvalues admit an asymptotic expansion in the form
4
Ai = gttt OB n(|51))

12



where we added the error term and p; are the eigenvalues with multiplicity
taken into account of the following operators

S = 04 — 17(3)2 for curves ,
1
S=-Ar— Z(lﬁ — ky)?  for surfaces

where ~(s) is the signed curvature of the curve, k; are the principal curvatures
of the surface and —Ar is the Laplace-Bertrami operator of the surface. We
note that the technique used for the estimation of the eigenvalues could be in
principle with few modification used also for the estimation of eigenvalues of
0’-interaction supported on non-closed manifolds. For the case of a compact
curve we also derive the number of discrete eigenvalues

2L

—%%—O(lnw).

This asymptotic estimate is dominated by a natural Weyl-type term.

In the paper [JL16] we studied the behavior of ¢’-interaction supported
on a non-closed curve in the weak coupling regime. It can be shown by a
variational approach, in the same way as in [BEL13], that the ¢’-interaction
supported by a closed compact curve I' has always at least one negative
eigenvalue estimated from above by ﬁ% where L is a length of the curve
[' and S is an area enclosed by that curve. However this is not true for
non-closed curves. We show that for a certain class of curves there are no
negative discrete eigenvalues for a sufficiently weak coupling, i.e. S negative
and large enough. This behavior of an attractive potential was previously
unknown in R2. It is a result of the fact that §’-interaction is strongly sin-
gular and behaves differently from more regular potentials. Such behavior
is well known in the weak coupling regime for Schrodinger operators with
regular potentials in dimension d > 3, but not for d = 1,2 [S76]. This be-
havior is exhibited by d-interaction supported by either arbitrary compact
hypersurfaces in R?® which was shown in [EF09] or for non-closed curves in
R? as proved in [EK08|. However attractive d-interaction supported by any
compact curve in R? always has negative eigenvalues [ET04, KL16]. The
essential spectrum for ¢’-interaction supported on compact non-closed curve
is

Uess(H,B,F) = R+ .

13



For "monotone” curves (in the sense made precise below) parametrized as
[(r) = (rsin(¢(r)),rcos(¢p(r))), r € (0,L), L € R we can write the suf-
ficient condition for the absence of the discrete spectrum in the following

form
B(r) < =2mr\/1+ (r¢/'(r))?.

From this expression we see that bound states can arise from either bending
the curve or from making the coupling stronger. This behavior arises from
the fact that ¢’-interaction on a loop of length d have a critical value for which
the system have no negative eigenvalues, explicitly —f < d. One can check
that for a sufficiently strong coupling our system has at least one negative
discrete eigenvalue. For a straight line of length L we can estimate a critical

value of ( as

2L
—— < <0,
N

which is a sufficient condition for the existence of the bound state for con-
stant . The absence of the discrete spectrum in the weak coupling regime
is present also for the ¢’-interaction supported by hypersurfaces in higher
dimensions.

The last chapter summarizes several unpublished results and work in
progress. The chapter presents four new results. The first one treats a prob-
lem of §’-interaction supported on a sharp angle. A similar problem, namely
solving the spectrum for d-interaction supported on sharp angle, was studied
in [DR14]. We show that for a sufficiently small angle 6§ we can estimate the
operator by a one-dimensional operator with Coulomb-like potential in the
form 1/(p6r). The approach for this problem is based on results derived for
two ¢’-interactions on a loop.

The second result is an optimization of the lowest eigenvalue with respect
to the position of N ¢’-interactions on a loop. We show that for the case of
even number of interactions, the optimal position with maximal lowest eigen-
value is for the totally symmetric case with the equal distance between the
interactions. Studying these easier models can be very useful because the
obtained results can be used quite often in treating more complicated prob-
lems in higher dimension.

The third result is a generalization of the result presented in [JL16]. The

14



main theorem of [JL16] requires the interaction support to be a ”monotone”
curve, i.e. curve which "moves” away from one endpoint. This result was
in the paper [JL16] generalized to a class of curves which are obtained by
a linear fractional maps from monotone curves. We can further enlarge the
class of curves for which the statement about the absence of negative eigen-
values for the weak coupling holds. We do not use linear fractional maps but
any conformal maps from the unit disc to a different subset of R2. The only
restriction is that our curve, before the transformation, has to connect the
center of the unit disc to the boundary and be monotone.

The fourth and last presented result follows an idea due to Monique Dauge
[D16]. It allows us to show that ¢’-interaction supported by an arbitrary
compact non-closed manifold in an arbitrary dimension d > 2 has no discrete
eigenvalues in the weak coupling regime. A drawback of this approach is that
it does not give an explicit lower bound for 5.

15



1. Theoretical Background

In this section we summarize definitions of ¢’-interactions in various settings
as well as their basic properties. At the end of this chapter we give a short
summary of some properties of conformal maps which are needed for the
proofs of Theorems 2.4.4 and 3.3.1 in the chapters to follow.

1.1 ¢'-Interaction in 1D

The ¢’-interaction is by its nature a one-dimensional effect. In higher di-
mensions it is always introduced as an effect supported by a manifold of
codimension 1. That is the reason why we study the 1D situation first. An
extensive study of ¢’-interactions on the line was given in [AGHHO05]. The
approach used for ¢’-interaction on the line is based on self-adjoint exten-
sions of an appropriate symmetric operator. A different approach based on
operators associated with quadratic forms is employed later for the case of
an interaction localized on closed and non-closed manifolds. However we can
use both definitions in any setting.

1.1.1 One ¢-Interaction on Line
We start by introducing a closed, nonnegative operator, which acts as
Hyp(z) = —=Adp(x)

with the domain D(H,) = HZ(R \ {y}) where y € R. The adjoint of this
operator can be easily shown to be

Hib(x) = —At(a)

with the domain D(H) = H*(R \ {y}) where y € R. A simple direct calcu-
lation shows that H,, has deficiency indices (2,2). This implies that H, has

16



a four-parameter family of self-adjoint extensions. It contains some subfam-
ilies of particular importance. One consists of the well-known d-interaction
[AGHHO05]. Another one, which is of importance for the present thesis, cor-
responds to ¢'-interaction. The ¢’-interaction is described by the following
operator

—Ayp(x) = —AyY(z) (1.1)

with the domain D(—A,5) = {¥ € H2(®\ {yDl'(y-) = ¥'(y,), B/ (y;) =
Y(y+) — ¥ (y—)}, where [ is a fixed real number. A particular case is § = 0
which is understood as the absence of the interaction, i.e. —A,( coincides
with the kinetic energy Hamiltonian on the line. The family of self-adjoint
extensions contain also the case which can be identified with f = oo and
which corresponds to the Neumann boundary condition at y decoupling the
line into two halflines.

The resolvent of —A, 3 can be expressed by means of Krein’s formula. Its
explicit form is given by the following theorem [AGHHO5]:

Theorem 1.1.1. The resolvent of —A, 3 is given by

(—Ays— k)" = Gp — 2BK*(2 — i) (Gil(- — y),))Gil- — )

where k* € p(=A,p), Sk > 0, —oo < f < oo, y € R. Furthermore,
Gr(z — ') = & exp(ik|z — 2'|) is the resolvent kernel of the free Laplacian
and

. i ’
Gulr —y) = o exp(ik(z —y)), 2>y,
Grlz —v) :—ﬁexp(ik(y—ﬂﬂ))7 r>y, Sk>0.

The spectral properties —A, g are summarized in the following theorem.

Theorem 1.1.2. Let —c0 < f < 00, y € R. Then the essential spectrum of
—A, 5 1s purely absolutely continuous and covers the nonnegative real axis

‘7683(_Ay75) = UaC(_Ayﬁ) = Rara USC<_Ay76) =10.

If —oo < B <0, =Ay 3 has precisely one negative, simple eigenvalue

s (4]

17



with the normalized eigenfunction

U(x) = \/—»gexp (%(x—y)), T >y,
¥(z) Z—\/gexp (%@-@), r<y.

For 3> 0 or 8 =00, —Ay 3 has no eigenvalues
op(—Ay5) = 0.

From the previous theorem we can conclude that f > 0 corresponds to
the repulsive interaction and § < 0 to the attractive one. Furthermore, the
strong coupling limit is § — 0_.

1.1.2 Finitely Many ¢'-Interaction on Line

The concept from the previous section can be extended to finitely many 6’-
interactions on the real line. Proofs and a more detailed discussion can
be found in [AGHHO05]. We start with the set of N € N points YV =
{y1,...,yn} C RY. We again introduce the closed, nonnegative minimal
operator

Hy(z) = —Adp(x)
with the domain D(Hy) = HZ(R\ Y). The adjoint of this operator is

Hyb(a) = —Ad(x)

with the domain D(Hy) = H?*(R\ Y). A direct calculation shows that this
operator has deficiency indices (2NV,2N). This means that there is a 4/N>-
parameter family of self-adjoint extensions. In particular, we are interested
in families with local boundary conditions, i.e. the boundary conditions that
couple the function values from left and right and the values of its derivatives
always at one point. There is an N parameter family corresponding to N
d-interactions on the line and a different NV parameter family corresponding
to N ¢-interactions. The family corresponding to N ¢’-interaction is the
following

—Ayp(z) = —AY(x) (1.2)

with the domain D(—Ayp) = {¢) € H*(R\Y)|¢'(y;-) = ¥'(y;+), B (yj4) =
Y(yjv) — Y (y;—)} where B = {1, ..., Bn} is the parameter family which has

18



the meaning of coupling parameters. The particular case of 8; = 0 leads
to the absence of the interaction at the point y;. The case 3; = oo leads
to Neumann boundary condition at y; decoupling the line into two halflines
with j — 1 and N — j ¢’-interactions with Neumann boundary condition at
the endpoint.

The following theorems describe some basic properties of these operators,
namely their resolvents and spectra. The resolvent is obtained again by
Krein’s formula and has the following form [AGHHO05]:

Theorem 1.1.3. Let 3; # 0 for all j € N = {1,...,N}. Then the resolvent
of =Ay g can be written as

(—Ayp — k) =G - Z Ly, ()] (Gel- = y7), ) Grl- = ;)

J.J'EN

where k* € p(—Ay.g), Sk >0, —0o < ; <00, 3; #0,y; €Y forallj € N.
Gr(z — 2') = & exp(ik|z — 2'|) is the resolvent of free Laplacian on the line,
the matriz [Ty g(k)];; can be written as

[Cy.s(k)]j = —(B;k*) 655 + Grly; — yy)

and the function Gy(x — ) is

. i '
Gr(x —y) = 2% exp(ik(x —y)), x>y,

~ i
Gr(x —y) = —%exp(ik(y—x)), r<y, Sk>0.
The next theorem describes the spectrum of the operator —Ay . As in
the case of single interaction case, the discrete spectrum is associated with
the kernel of the matrix [I'y (k)]

Theorem 1.1.4. Let —oo < 3; < 00, y; € Y for j € N . If at most
one parameter corresponds to separating boundary condition, i.e. B, = oo,
then the point spectrum consists of at most N negative, simple eigenvalues.
If at least two parameters lead to separating boundary conditions, then the
point spectrum consists of at most N negative eigenvalues and infinitely many
eigenvalues embedded in [0, 00) accumulating at co. In particular

k2 € 0)(—Ay.p) N (—00,0) <=> det[Ty (k)] =0, Sk >0,

19



and the multiplicity of the eigenvalue k* < 0 equals to multiplicity of the
eigenvalue 0 of the matriz [Ty g(k)]. For an eigenvalue Ey = k3 of the
operator —Ay g corresponding eigenfunctions are in the form

Z C]Gko %ko >0
7j=1
where (c1,...,cn) is an eigenvector of the matriz [I'y g(ko)| corresponding to

the eigenvalue 0.
The remaining part of the spectrum is purely absolutely continuous and covers
the nonnegative real axis

Uess(_AY,B) - Uac<_AY,B) = R(J)r > Jsc(_AY,B) = @ .

1.1.3 ¢’-coupling on Graph

It is possible to introduce ¢’-interaction in a more general setting than con-
necting the endpoints of two intervals. To introduce ¢’-coupling on a graph
we need a metric graph equipped with a differential operator on its edges,
typically a multiple of the Laplacian, and appropriate boundary conditions
at the vertices. This setting is usually called ”quantum graph”. We work
only with connected graphs because the spectrum of two disjoint graphs is
union of the spectra for disjoint parts. We also limit ourselves for the sake
of simplicity to graphs with a finite number of edges.

We consider a graph G constructed from p vertices and ¢ edges where
p,q € N. The lengths of the edges are represented by the vector L = (I;]i € q)
where [; € RTU{oco} because we allow finite and semi-finite edges. The space
L*(G) is composed of all square integrable functions on each edge, i.e. it is
possible to write them as orthogonal direct sum of L?((0,1;)) spaces on edges

Our operator is constructed in an analogous way to the previous case from
an appropriate symmetric operator by finding its self-adjoint extensions. We
take the symmetric operator to act as

HgYy = =Av;, i€q.
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with the domain ¥ € {+; € HZ((0,1;))|i € ¢}. The adjoint operator to Hg is
Hepy = =Ady, 1 €q.

with the domain ¥ € {; € H?((0,;))|7 € ¢}. This operator has deficiency
indices (2m + k,2m + k), where m is the number of finite edges and & is
the number of semi-infinite ones; in other words 2m + k is the number of
endpoints of all edges. To make it self-adjoint we need to choose a subset in
the domain of H¢, by imposing appropriate boundary conditions. According
to [GGI1, HO0, KS99] the general conditions can be written in the following
way
AV + BY =0

where U is a vector composed of function boundary values at the endpoints

of edges, U’ is a vector composed of outgoing function derivatives at the
endpoints of edges, A, B € C*"+*2m+k and they fulfill

rank(A|B) =2m + k,
AB™ is self-adjoint.

It can be easily shown that the choice of matrices A, B is not unique,
e.g. for any regular matrix C' € C*™+52m+F the matrix pairs (CA, CB) and
(A, B) generate the same boundary conditions. There is a nice way how to
get rid of this ambiguity. We can write matrices A, B as functions of one
unitary matrix U € C?™%2m+k in the following way [KS00, HOO]

A=U-1,
B=iU+1I).

This is a rather large class of possible boundary conditions even if we re-
strict ourselves to local boundary conditions at each vertex. By local bound-
ary conditions we mean conditions, which couple only boundary values of
functions from the endpoints of the edges located to the same vertex. For
such a case we obtain the matrix U in the block diagonal form. We are able to
write the conditions for each vertex in the form of (1.3) with a ”smaller” uni-
tary matrix U € C, where [ is number of edges connected to the concrete
vertex. We want to choose those generalizing ¢’-interaction. The correct
conditions for branched vertices are the following [E96]

> wi04) =0,
5 i€l (1.4)

¥i(04) — ¥;(04) + §(¢§(0+> —i(+)) =0, i,j¢€ l

(1.3)
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where the vertex in question has [ edges. One can easily check that these
conditions coincide with conditions of §’-interaction on a line for the case
[ = 2. The operator describing ¢’-interactions on the graph G is denoted by
—Ag,p. It acts as a free Laplacian on each edge

—Ag g = =)
with the domain U € {¢; € H?((0,1;))|i € ¢}, where ¥ satisfy conditions
(1.4) for each vertex and B = (1, -, 3,) denotes coupling parameters at

the vertices. The basic spectral properties of the operator —Ag p are given
in [BEHO0S].

Theorem 1.1.5. Let —Ag g be defined as above. If lengths of all edges are
finite l; < oo then o(—Ag p) is purely discrete. If at least one edge is infinite
lj = 00 then 0ess(—Ag ) = RT.

There is also a similar boundary condition corresponding to symmetrized
version of §'-interaction [E96]. This interaction has similar properties as
d’-interaction. A simple example is one d.-interaction on the line, whose
conditions are

P'(0-) +4'(04) =0,
(04) +(0-) =<¥'(04), <€eR.

This interaction has one eigenvalue —;12 for ¢ < 0 and has up to a sign
the same reflection and transmission amplitudes for a plane wave as the ¢§'-
interaction. The vertex conditions for ¢, coupling for general vertex are

04 = u(04) =0, ijel
D wi(04) = < ((04).

iel

where the vertex in question has [ edges.

1.2 ¢’-interaction Supported on Manifold of
Codimension One

For the situations where the ¢’-interaction is supported by non-trivial hy-
persurfaces in higher dimensions we use a different approach than for the
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case on the line. We define our operator via the first representation theo-
rem, i.e. as an operator associated with semi-bounded, symmetric, densely-
defined sesquilinear form. The case for closed manifolds was discussed to
a large extent in [BLL13]. The situation for non-closed curves was treated
in [JL16]. The procedure employed in [JL16] is applicable also for higher
dimensions. We note that the approach via boundary conditions is possible
as well [BLL13, MPS16].

1.2.1 {¢’-interaction Supported by Closed Manifold

By a closed manifold we mean a manifold without a free boundary, i.e. either
a closed manifold or an infinite one. Before we introduce the needed quadratic
form we state several auxiliary results which were derived and proved in

[BEL13].

Theorem 1.2.1. Let 2 C R™ be a Lipschitz domain. Then for any e > 0
there exists a constant C(€) > 0 such that

[¥loallde < el VYI[E + Cle)l]E
holds for ¢ € H' ().

We assume that our manifold I' separates R"™ into two Lipschitz subsets
Q0,0 CR"and T' = 99, = 0Q_. We can write H/(R" \T') 3 ¢ =
vy ®Y_ € HY(Q,)® H (). We introduce the notation [¢]r = ¢|ry —9|r_,
where 1|ry and t¥|r_ denotes traces of the functions at the boundary of T
Now we can state the next auxiliary result.

Theorem 1.2.2. Let Q. C R™ be a Lipschitz domain and R™\ 0, = Q_.
Then for any € > 0 there exists a constant C(e) > 0 such that

IIellE < el Vel + Ce)llv I
holds for ¢ € H'(R™\ T).

We are ready to introduce the quadratic form which defines the operator
describing a ¢’-interaction on the manifold I

h5 (W) = VY[l + (87 [¥lr, [Wlr)r (1.5)

where $71(z) € L>°(T',R) with the domain H*(R™\ T'). Using the previous
theorem and employing properties of the form ||V |3, we get that the form
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hjy is semi-bounded, symmetric and densely-defined on H'(R™\T'). We define
the operator —Ar g corresponding to the quadratic form hg(w) via the first
representation theorem. The operator —Ar 5 acts as

~Argi(z) = —Ad(),
D(~Aryg) = { € HY*(R"\ 1)
aF+¢|F+ = —8F—?/J|F—>ﬁar+¢|r+ = ¢|F+ - ¢|F—}

where Or+1|r+ are normal derivatives with respect to I and Hi/ (R*\T) =
{¢p € H3?(R"\ I|AY € L>(R™\ I')}. The authors in [BLL13] derived
that if we restrict the coupling function to Sobolev space of order one of
L>=(T',R) functions, i.e. f7'(z) € Wh(T') the domain of —Ar g satisfies
D(—Arp) C H*(R™\ T). The behavior of the spectrum was studied in
[BLL13].

Theorem 1.2.3. Let —Ar g be defined as above and let the manifold I' be
compact and closed. Then oess(—Arg) = RT. Furthermore if f < 0 then

oa(—Arp) # 0.

1.2.2 {¢’-interaction Supported by Non-closed Manifold

The approach which we use for §’-interaction supported by a non-closed mani-
fold was introduced in [JL.16], where it was applied to ¢’-interaction supported
by a non-closed curve. An alternative definition of the operator was given
in [MPS16] using boundary conditions. We start with the same setting as
in the previous section. We take a connected but not necessarily bounded
subset A C I and introduce the linear space

Fy:={¢ € D(Q) ® D(Q-)|[¢)]Jr\a = 0}

where D(2) := {¢Y]q|tb € D(R™)}. It can be checked that F)j is a subspace of
the Hilbert space H'(Q2,)® H'(2_). The closure of Fj in H'(Q,)® H' ()

H'R"\ A) := F

is a Hilbert space. For the definition of the quadratic form we need the
following estimate, which can be derived in the same way as in [JL16].
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Theorem 1.2.4. Let I') A C R™ and 2+ C R™ be as above. Then the follow-
ing statements hold:

1) [Ylra =0V € HY(R™\ A)

ii) Ve > 0 3C(e) > 0

HLIAlR < elVYllgn + Cellt g
holds for ¢ € H'(R™\ A).

Now we are ready to introduce the quadratic form

W5 (@) = VYl + (87 []rs []r)a (1.6)

where S7!(x) € L>*(A,R) with the domain H'(R"\ A). The basic properties
of this form were proved in [JL16].

Theorem 1.2.5. Let A C R", 7 (z) € L®(A,R) and F, be as above.
Then the quadratic form hg\ 1s closed, densely defined, symmetric and lower-
semibounded in Hilbert space L*(R™). Moreover, F)y C dom hg is a core for
this form.

By the first representation theorem we define the operator —A, 3 to the
quadratic form hg (1) which describes the ¢’-interaction supported by a non-
closed manifold.

The alternative approach presented in [MPS16] is based on the self-adjoint
extension of a symmetric operator. We start by introducing the symmetric
operator corresponding to a free Laplacian on R™ with omitted closed sym-
metric hypersurface. Next we introduce trace operators at the outer and
inner boundary of the hypersurface. The domain of the self-adjoint opera-
tor is obtain by imposing proper boundary conditions. At the parts of the
boundary where we want to have the §’-interaction we introduce conditions
corresponding to the ¢’-interaction and at the other parts we impose condi-
tions leading to sufficient smoothness of the functions.

In [MPS16] the authors used this approach for a ¢§'-interaction supported
by an open subset A of a bounded closed manifold I" which is the boundary
of a subset _ C R™. The set Q_ is assumed to be of the class C*!, k > 0,
i.e. local maps describing the manifold I" are Lipschitz continuous together
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with their inverse up to the order k. For the definition of our operator we
need to introduce two auxiliary operators. The operators on €24 act as

—84y" = —Alpage)
D(—-AFH) == {r € L ()] — Avy € L*(Q4)} .

We denote one sided, zero-order, trace operators of co-normal derivative at
the boundary of Q4 by 0q,v|oq, and one sided, zero-order, trace opera-
tors at the boundary of Qi by ¥|aq. — ¥]sq.. Furthermore we need a set
of functions Dgya = {¢ € {v € Hz(T)|suppyy C A}|((—% + 3(0a, Yoo,
+00_1loa )DL)p)|a € H2(A)} where we use shorthand DL := DL,, with

1

Ao > 0. The double layer operator DL, is defined as DL, : H 2(I') —
L*(R™) and is related to —A as (DL, 0)2rny := (¥, 71(—A+Z)710)
with # € L?(R™). The linear operator defined as

—App = (A" ® —AGY) [ D(—an )

11
2'2

D(~Ayy) = {¢ € H R\ B) N (D(—AL™) & D(—AZ™))

(Y]aa, —¥|oa_) € DN,

(5%(3ﬁ+¢|89+ +0a_vloa ) — (Yloa, — 1/)|aﬂ)) = 0}
A

describes a §’-interaction localized on non-closed curve A.

1.3 Conformal Mappings

For a later use we define conformal mappings and state several useful prop-
erties. For a complete review we refer the reader to any good text-book on
complex variable e.g. [K99]. These transformations of the coordinates map
a subset S; of the complex plane to a generally different subset S;. The
conformal mapping M : S; — 95 acts as

ry = R(M(z +iy)),  yu = S(M(z +iy))

where ¢ is the complex unit and M is the analytic complex bijective function.
The analyticity of the function M implies

axxM = ayyMa

a$yM = _ayxM

(1.7)
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where we used shorthand 0, = 8%. These equalities are in fact Cauchy-

Riemann conditions. There is the famous Riemann mapping theorem which
we use later on.

Theorem 1.3.1. Let U be any simple connected open compact subset of C.
Then there exists such a conformal map M(z) : U — C that MU = D
where D is the open unit disc centered around 0 in C. Furthermore M is a
homeomorphic continuous bijection between U and D.

We also want to map the whole complex plane onto itself. We introduce
the notation for the extended complex plane C = CU{oo}. The special class
of conformal maps defined on C is called linear fractional transformation.

These maps M : C — C act as
az+b
M(z) = —— d—bc#0.
(Z) Cy‘i_d, a C#

The next theorem summarizes basic properties of the linear fractional trans-
formations.

Theorem 1.3.2. Any linear fractional transformation M : C — C is home-
omorphism with respect to the standard topology on C and its inverse M~}
s also a linear fractional transformation. The composition My o My of two
linear fractional transformations My, My is also a linear fractional transfor-
mation.

Using equalities (1.7) we obtain the Jacobian Jy; of the mapping M as
Ju = (0ear)? + (Oyznr)® = (Ouynr)? + (Oyynr)?
Furthermore equalities (1.7) yield the following relation
(Van, Vyn) = 0o2n0xyns + Oy a0yyns =0,

i.e. vectors Vx,, Vyy are orthogonal to each other. Now we state the
auxiliary lemma needed for the transformation of the quadratic forms corre-
sponding to the free Laplacian.

Lemma 1.3.1. Let M be an conformal map with the Jacobian Jy;. Then for
any v € R?, x # M~ (c0) and any function u : dom(M) — C differentiable
at the point M (x)

(Vo) (@) = [(Vu) (M ()] Tar(2)
holds with v =wuwo M.
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Proof. Using the expression for the Jacobian Jy;, along with the orthogonal-
ity of the vectors Vs, Vyyr and the chain rule for differentiation we obtain

(Vo) (@) = [(th 0 M)yizas + (y 0 M)Dyyur|?

(s 0 M)Byas + (th 0 M)D,y

— (It 0 MP + [y 0 M) Juy + 2R [(tyui5) o (M) - (Varag, Vigar)
— (It 0 MP + uy 0 MP) Jay = |(Vu) 0 MP iy

which completes the proof. O]

28



2. Results

In this chapter we summarize the main results of the thesis. Most of them
were published in [EJ13, EJ14, J15, JL16]. Each paper is discussed in one
section. The first three papers describe spectral asymptotics of a strong
0’-interaction localized on closed curves and closed surfaces. The approach
used in these works can be employed also for non-closed manifolds, but the
approximating operators for the longitudinal part would be more complex.
In [EJ13] we give the spectral asymptotics for the ¢’-interaction localized
on a closed compact curve as well as the asymptotics of the number of the
negative eigenvalues. In [EJ14] we described spectral asymptotics for the ¢’
interaction localized on either an infinite surface or a closed compact one. In
[J15] we derived the spectral asymptotics for the ¢’-interaction localized on
the infinite curve. The last paper [JL16] discusses the absence of the discrete
spectrum for the §’-interaction localized on non-closed compact curves.

2.1 Spectral asymptotics of a strong ¢’ inter-
action on a planar loop

In this section we discuss the spectrum of a ¢’-interaction localized on a closed
compact curve in a plane. In the strong coupling regime 5 — 0_ we pro-
vide the asymptotic expansion of the eigenvalues as well as the asymptotic
expression for the number of eigenvalues. The first two terms of the eigenval-
ues are a curve-independent term diverging as § — 0_ and the appropriate
eigenvalues of a one-dimensional Schrodinger operator with effective poten-
tial depending on the geometry of the interaction support. The asymptotic
expression for the number of eigenvalues is dominated by a natural Weyl-type
term.
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2.1.1 Formulation of Problem

We take a C* Jordan curve, i.e. closed and without self-intersections. We
parametrize it by its arc length as

[:[0,L] = R*, s— ([y(s),[(s))

where T'y(s),T2(s) € C*(R). The operator we are interested in is associated
with the quadratic form (1.5) which we rewrite in the following form

) = (V0,90 +570 [ Wlids, Db () = HERT)

where we used the natural parametrization for the curve I' in the integral.
The operator associated with the form hg is explicitly

—Ars(¥) = -Ay,
D(—Arg) = {¢ € H*(R*\T)|B0|r+¢(2)|ry = —Blr—t(z)|r— = [¢(x)]r} .

For the statement of our theorems we need to introduce an auxiliary operator

)

SF ) )
0s? 4
D(Sr) = {¥ € H*((0, L)) [(04) = (L), ¢'(04) = ¢'(L-)}

where v is the signed curvature, i.e. ~y(s) = (I'/T"y, — I'sT")(s). We denote
the eigenvalues of the operator Sr by p; with the multiplicity of eigenvalues
taken into account. Now we are ready to state two main theorems of the
paper [EJ13]. We state each theorem in a separate subsection, where we also
include sketches of the proofs.

2.1.2 Asymptotics of Discrete Spectrum

Theorem 2.1.1. Let ' be a C* Jordan curve. For any n € N there exists
Bn < 0 such that

|gisc(—Arg)| > n holds for 8 € (8,,0).

For any such B we denote by \;() the j-th eigenvalue of —Ar 5 counted with

multiplicity taken into account. The asymptotic expansion for  — 0_ is
4 N
A (B) =—@+M+O(ﬁln(|ﬁ!)), jE.
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The proof of this theorem is based on Dirichlet and Neumann bracketing.
We estimate our operator from above and from below by suitable operators.
To be able to do so, we need several auxiliary results. We start by introducing
curvilinear coordinates s, u in the vicinity of the curve as

(z,y) = (F1(s) + ul'y(s), Ta(s) — uly(s)) . (2.1)

The regularity of the coordinates for small u is guaranteed by the fact that I’
is a C* Jordan curve; for the details we refer the reader to [EY02]. We choose
a strip neighborhood €, = {z € R?|dist(z,T’) < a}. The neighborhood is
chosen in such a way that the coordinates (2.1) are injective. We define
two approximating operators to —Ar g with imposed Neumann boundary
condition and Dirichlet boundary condition at the boundary of €2,

N,a D,a

The operators —A?’gN’a have the same differential expression as —Ar g but
different domains D(—Agg) = {Y € D(—Arp)|Y(s,a) = ¢Y(s,—a) = 0}
and D(-Arg) = {¢ € HX(R?\ (I' U 090,)|B041(5,04) = BOutb(s,0-) =
[¥(s,0)]r, 0wt (s,a) = 0yip(s,—a) = 0} where we used curvilinear coordi-
nates. The operators —AggN’a can be written as direct sums of operators
acting on parts of the plane separated by the boundary of €,. For the
study of the negative discrete spectrum we can neglect the parts acting on
R2\ Q, due to the positivity of free Laplacian on these subsets. The parts
corresponding to the strip neighborhood €2, are associated with the following
quadratic forms

W (@) = IV, + 57" / “ulids,
D(hyp (1)) = { € H'(Q)|¢(x)[o0, = 0},
hin (W) = Ve [g, + 87" / “ulkds
D(hjy () = H' (2 \T).

The next step is rewriting these forms by means of curvilinear coordinates
(2.1) which was done in [EJ13].

31



Lemma 2.1.1. Quadratic forms hg”“D and hg‘}\, are unitarily equivalent to

quadratic forms qg’aD and qgf\,

.||
;’” T l0ul3, + (. Vi),

Qa

500 = |

7 [ s+ 5 [ A0 00F = 00 ds
D) = (v € H'((0, 1) x (~a,0) \ {OD)[$(0,u) = v(L,w)
¢(S> a) = w(sa _a) = O} )

G (W) = qyp() — /0 mw&,a)ﬁds

k 7(s) s a)2ds
“ ) Tt agt .

Ta
D<q,8,N) = {1/} € Hl((oa L) X ((—CL, CL) \ {O}))W(Oa’“) = w(L7u)}
w u~y’ 2 2
where we use shorthands V (s, u) = 2'; — % — 22 and g(s,u) == 1+uy(s).
The quadratic forms qg% /v are not simple enough to be handled easily
so we replace the previous estimate by a cruder one. As an upper bound we
introduce the operator associated with the quadratic form qgi

B0 = P o, + o

16 / s + & / () (W(s, 0.4 = (s, 0)[2)ds

I'a T'a
D(Q5,+) = D(Qﬁ,D)
a(~"" 2
where we used shorthands V7 (s) = 2(1(_7(17)1)/32— e J+ = max, |f(z)]
and we omitted the non-positive term _3Y)”  The operator corresponding
4g

to the form qgi can be written as

52
F,CL F,[l Fa
QL = Ut ®I+/(OL)Tﬁ+( s)ds

where the operator TﬁF ' (s) is associated with the form

[t5.5 ()](®) = [0ut Ity + B~ [ (01) =0 (0-) P+ 7( ) ([ (0)] =1 (0-) ).
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The operator T/; L (s) itself acts as

T (s) (V) =~
DTS4 (5)) = { v € H2((~a,) \ {0})| () = v:(~a) =0,

W(0-) = ¥'(02) = 57w(0.) - B0-) + L (w(0,) + 50}

We are interested only in the negative part of the spectrum, which is inde-
pendent of s [EJ13].

Lemma 2.1.2. Let § > 2. Then the operator Tﬁrfr‘(s) has exactly one nega-

tie eigenvalue ty = —k7% independent of s where
2 4
Ky = 3 + Bexp(éla/ﬁ) +0 (M) as B —0_.

In a snnilar fashion we find a lower bound. We introduce the quadratic
form qﬁ * defined as

1015,
(1 +avyy)?

e / s — / () ([, 0 ) — [e(s, 0_))ds

g5 (v) = +10ul6, + (. V P)a,

- / (G5, @) + [(s, —a)P)ds
D5™) = {1 € HY(0, L) x ((—ara) \ {0})| (0, u) = ¢(L.u)}

a(~" a(~' 2 2
where V= (s) = —2(1(_“’;1)3 - Z((l(jai))él — Tz Lhe operator QB asso-

ciated with the quadratic form qgf(@b) can be written in the same fashion
as
®
Qg’i =U eI +/ Tg’f(s)ds.
b (07L) b
Again we need to estimate the negative part of the spectrum of the operator
T; “(s) corresponding to the transversal part [EJ13].
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Lemma 2.1.3. Let % > .. Then for B — 0_ the operator Tﬁrf(s) has

exactly one negative eigenvalue t_ = —r? independent of s where
2 42+ By, 4(2+ﬁ’y+)2
ke =———————exp(4a/B)+O | = =——] exp(8a/pB) | .
B B2— Py 4a/6) B\2— v+ (8a/6)

The spectrum of the operators Ui’“ corresponding to the longitudinal
variable s can be approximated by the spectrum of the operator Sr in the
same way as in [EJ13].

Lemma 2.1.4. There is a positive C independent of a and j such that

i (a) — py| < Caj?

1
27+

operators UL“, respectively, with the multiplicity taken into account.

holds for j € N and 0 < a < , where ujc(a) are the eigenvalues of the

Now we have all we need to prove the first theorem. We define a(f3)

318|In(|B]). We denote the eigenvalues of the operators T (6 )( ) as tg:i(,?)
with the multiplicity taken into account We already estabhshed that for 3

small enough exactly one eigenvalue t5 i(ﬁ )(s) is negative, i.e. the first one

tg i(f)( ) = t+ which is independent of s. The estimates we employed before

can be written together as

Q5" ® —Afg, < —AFFY < —Arg < —AZSY < QP @ — AR,
(2.2)

where Agg/@a is Dirichlet or Neumann Laplacian on R? \ Q,, respectively.
[a(B)

The eigenvalues of ani( can be written as t57" + @ (a(B)) with j, k € N.
We can write the following estimate

t5 9% 1 i (a(B)) = pi (a(B)) = + OB(|B]), j>1.

This estimate allows us to focus only on eigenvalues with 7 = 1. We denote
Ta
Wtk = tg,i(ﬁ) + iz (a(B)) -

Using the choice of a(ﬁ) we obtain
Wtk = 52 + e+ O(B5 In(|8]))  for B —0_.
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Combining the two previous expression we obtain that for each n € N there
exists #(n) < 0 such that

Fa Ta _
Wt S0, wan <507 4 (@(B)), wamn < 85+ pi (a(8))
holds for 0 > 8 > (n), j > 1 and k > 1. Thus the operators Qg:ai(ﬂ) have
the eigenvalues wg 1 counting multiplicity for k£ < n for f(n) < 8 < 0. We
denote the eigenvalues of —AggN’“ as &g 4 i, respectively. From the min-max

principle and (2.2) we obtain

w137_7k S 557_7k ) 557+7k S wﬁ7+7k

for k € n which also implies that &g, < 0. Using the min-max principle
we can conclude that our operator —Ar g has at least n eigenvalues in the
interval (—o0,&g+,) and for all k € n

§p—k < A < &p otk

holds which completes the proof.

2.1.3 Number of Eigenvalues with Respect to

Theorem 2.1.2. Let I' be a C* Jordan curve. Then the counting function
B = #|oaise(—Arg)| of the operator —Ar 5 admits asymptotic expansion in
the form

Houise(~Ar5)] = —% +O(I(B)) as B0,

where L is the length of the curve T'.

For the proof of this theorem we need two auxiliary results. First we
introduce two notations. For a self-adjoint operator A with inf o.s(A) = 0
we denote the number of negative eigenvalues as N~ (A) := #|o4(A) NR™|.
We also introduce Kéc = {k € N|wg+, < 0}. The following estimate was
derived in [EJ13].

Lemma 2.1.5. Let the operators ngi(ﬁ) be defined as above. Then for  —

0_ we have .
2
K| = ﬁﬂt(?(lln(lﬁ\)l)-
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For the proof we need to estimate the second eigenvalue of the operator
TE (s) .
67_

Lemma 2.1.6. Let Tﬁrf(s) defined as above, let s € [0, L) be fized and let
0 < —fB < 2a. Then there are no eigenvalues of the operator Tgf(s) in the

interval [0 min { o, (47;)2}>

From (2.2) we can estimate the number of negative eigenvalues in the
following way

N7(Q527) < N7 (=Ar5”) < N7 (=Arg) < N (A7) < N (@17,
Using the results of Lemmata 2.1.4 and 2.1.5 we can obtain that for small
enough (3 we have K (QF a(B) ). This implies that
_ _ F,a _
Kf < loa(~Arg)| = N"(=Arp) < N(Q5"7) = K;

which completes the proof.

2.2 Spectral asymptotics of a strong ¢’ inter-
action supported by a surface

In this section we describe the spectrum of ¢’-interaction localized on a closed
surface in the strong coupling regime. We study two settings - a closed
compact surface and an infinite asymptotically planar surface. For both
situations we derive the asymptotic expansions of the discrete spectrum.
The second term of the discrete spectrum is determined by a Schrodinger
type operator with an effective potential dependent on the curvatures of the
interaction support. For an infinite surface we calculate the threshold of the
essential spectrum.

2.2.1 Formulation of Problem

The operator, which we are interested in, is associated with the quadratic
form (1.5), namely

h() = [ VY|Es + B[]l

Due to the nature of the proofs we need to employ some additional conditions
concerning the surface I'. For the infinite one we assume the following;:
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(al) T is C* smooth and allows a global normal parametrization with uni-
formly bounded elliptic tensor,

(a2) T can be enclosed in a symmetric layer neighborhood of a finite thick-
ness with no self-intersections,

(a3) T is asymptotically planar, i.e. curvatures of the surface vanishes as
the geodetic distance from one fixed point tends to the infinity and

(a4) T is not a plane.

By the last assumption we exclude the trivial case because it can be solved
exactly by separation of variables. The case of finite surfaces is simpler than
the case of infinite ones due to the compactness. For compact surfaces we
require the absence of a free boundary:

(b) T is a C* smooth surface of finite genus.

For a closed finite surface we have no global parametrization. A finite surface
I' can be described by an atlas of maps representing normal parameteriza-
tions with a uniformly bounded elliptic tensor.

Now we recall various needed facts about the geometry of the surface and its
neighborhoods. For a complete analysis we refer the reader to any good text-
book on differential geometry, e.g. [F11]. We start with the infinite surface.
We introduce normal coordinates on I' by extending a local exponential map
v : T,I' = U, with the origin o € I' to the neighborhood Uj of the point o.
These normal coordinates are given by

s = (s1,52) = exp, (Z Siez‘(O)) (2.3)

i

where we denoted the orthonormal basis of T,I" as (e1(0), e2(0)). Using the
assumption (al) we can find a point o € I" such that the map (2.3) can be
extended to a global parametrization of I' from T,I’ = R? to I'. In these
coordinates the metric tensor of the surface I' can be expressed as g, =
Y4 Vv The inverse of the metric tensor is ¢g"” = (g,,)~'. The invariant
surface element is denoted by dI' = | /gds ds; = det(g,,)dsidss. The normal

vector n(s) can be calculated using the tangent vectors v, as n(s) = miz; :
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We denote the Weingarten tensor as hf := —n ,-v,g°*. The Gauss curvature
K and mean curvature M are calculated as

K= det(hZ) = klkg,
1 1

The eigenvalues of the Weingarten tensor ko are called principal curva-
tures. By a direct calculation one can check the following identity K — M? =
—i(kl — ko).

We need to parametrize the neighborhood of the surface I'.  Using the
parametrization (2.3) we define the following mapping of a layer neighbor-
hood €2, of the surface I'; where d > 0 is the halfwidth of the layer

L:Dyg={(s,u)|s € R* u € (—d,d)} = v(s) +un(s). (2.4)
The assumption (a2) can be rephrased as

(a2) there is such dy > 0 that the mapping (2.4) is injective for any 0 < d <
dp.

Using (al) we can conclude that £ is diffeomorphism. We can regard the
layer € as a manifold with a boundary. In parametrization (2.4) the metric

tensor is expressed as
G 0
éo= (%)

where G, = (07 — uh?)(65 — uhf)g,,. We use the convention that Latin
letters indices run through 1,2, 3 corresponding to coordinates (s1, s2, u) and
Greek letters indices run through 1,2 corresponding to the variables on the
surface. The volume element in the layer is d§2; = VGdsidssdu with G =
det(Gyj) = g[(1 — uky)(1 — uks)]? = g(1 — 2Mu + Ku?)?. Tt is useful to
introduce the shorthand £(s,u) = 1 — 2M(s)u + K(s)u?. Using the notion
of curvatures we can express the assumption (a3) as

(a3) K, M — 0 for \/s? + s2 — o0

There are several useful estimates which are the corollaries of the conditions
(al) — (a3) [DEKO1]. We have uniformly bounded principal curvatures k;
and ky. We denote p = The critical halfwidth introduced

1
max{|[k1|oo,[[k2loc } *
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in (a2) is always smaller than p > dy. For the values d < p the following
inequalities hold in the layer neighborhood 2, of '

C_(d) < &(s,u) < C1(d),
C(d) g < Gy < Co(d) Gy (2.5)

2
where CL(d) = (1 + %) . From the fact that the metric tensor is uniformly

elliptic we also have
C- 0 < G < 40 (2.6)

as a matrix inequality for some positive c.

For closed finite surfaces we need to replace the global parametrization by
a finite atlas A of maps. In each map M; we introduce normal coordinates
in the same way as done for the infinite case operator. The latter of each
part ran(M;) is described by the map M, for given halfwidth of the layer
d>0 as

M : Dig={(s,u)|s € dom(M,),u € (—d,d)} — ~(s) + un(s).

Due to assumption (b) we have a critical value of dy > 0 such that every
map Ml : D; g — Qg4 from the atlas A is injective provided that d < dy and
a diffeomorphism. Also M, (s;, u;) = M;(s;,u;) implies M;(s;) = M,(s;).
The estimates of the metric tensor remain the same also for the case of finite
surface I'.

Similarly as for the case of the §’-interaction supported by a closed curve
we need a comparison operator. The comparison operator can be written as

Sl" - —AF - i(kl - ]fg)z - —AF+K— M2

where Ap is the Laplace-Bertrami operator on the surface I' and k5 are
the principal curvatures of the surface I'. For the case of a compact surface
I' the spectrum of the operator Sr is purely discrete. For the case of a
non-compact surface I' with the potential vanishing at the infinity we have
Oess(ST) = [0,00). Unless the infinite surface I' is a plane, which is excluded
by (a4), the discrete spectrum of Sr is non-empty. We denote the eigenvalues
of the operator Sr by p; in ascending order with the multiplicity taken into
account.
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2.2.2 Behavior of Essential Spectrum

First we calculate the essential spectrum. The case of the compact sur-
face I' was treated in [BEL13]. For such a case the essential spectrum is
Oess(—Ar ) = [0,00). The excluded case of I" being a plane can be calcu-
lated by separation of variables. For such a case we obtain oes(—Arg) =
[—%, oo) We show that under the assumption (a3) the essential spectrum

remains the same at least in the considered limit.

Theorem 2.2.1. Let an infinite surface I satisfy the assumptions (al)-(a4).
Then the essential spectrum satisfies oess(—Ar.g) C [€(8), 00), where €(f) =

—% +0 <6Xp (%)) holds as B — 0_ for some constant ¢ > 0.

The proof of this theorem is based on the Neumann bracketing. We intro-
duce the operator with added Neumann boundary condition at the boundary
of the layer €2;. Such an operator can be written as a direct sum of two op-
erators

N —,d
—Bpsg, & Hgp < —Arg

where —Agg\ﬂd is Neumann Laplacian on the set R®\ Q4 and the operator

Hy ’Fd is associated with the following quadratic form

Ba) = VeI, + 8- 1B

with the domain D(hg,’lii) = H'(Q4 \T). Due to the fact, that the free
Laplacian is positive, all the information about the negative spectrum is
encoded in the operator H/;Fl. The inclusion oess(—Arg) C [e(f5), 00) is
equivalent to

inf o.es(—Arg) > €(B) .
This inequality is satisfied if inf oes(H g 9 > e(B) for d < dy < p. Next
we divide the surface I into two parts, namely ' = {s € I'l|s| < 7} and
[e*t = T'\ T, The corresponding layer neighborhoods of Qg are DY =
{(s,u)|ls € T u € (—=d,d)} and D§" = Dy \ Di*. The operators with

the Neumann boundary conditions on the boundary of the sets DZZ:/ ! are

denoted by Hy ifl, ﬁ"t/ “*' These operators are associated with the forms

2
Fint/ezt
pa

—,d,int/ex i 1
(¢, H@’l“ol,;— t/ tw)Djin:/emt = (611,/}, Gjajw)D;n:/ext + B”[YMF
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with the domains H' (D), mt/ ert\ Tt 1)), respectively. Neumann bracket-
ing yields the following
,d d znt —,d,ext
Hyp 2 Hoppw @ Hgplw

The set D" is compact hence the spectrum of the operator H 3, ’Fd ’Tmt is purely
discrete. The min-max principle implies

inf 0'835<HB s ) > inf aess(Hgﬁfﬂ) )

Now it is sufficient to check that the expression inf .. (Hpy ﬁf“) can not be
smaller then ¢(f). By neglecting some positive terms we have the following

G H e Do = [ Jowoa 5 [ 0s1,5,04) = 001,50, 0P
2 Sy

/8 Dezt

1
> m;d ‘8317“ dl'du + — ﬁ |w(81,82,0+) —w(Sl,SQ,O,)PdF
Dizt Dezt

2 g, 41000 ()

_l’_ o — o . .
where m; = sup gt §and m_, = inf Dt &. To prove the last inequality one

Dezt

has to use Lemma [EJ13, 3.3]. It implies, in particular,
d
1 4 16 4d
[ @i 5002 w008 > (<5 - gow (5 ) ) 191
—d B gz B
which holds for sufficiently small g satisfying —5 < 2d. The fact that 7 can
be chosen arbitrarily large and lim,_, mf_fd = 1 imply

2 (4 Eem(2)

which completes the proof.

2.2.3 Asymptotics of Discrete Spectrum

In this part we present two theorems describing the spectrum of the operator
—Ar . The first theorem corresponds to an infinite surface and the second
one to a compact surface. Both of them are proved in a similar fashion as it
was done for the asymptotics of the spectrum in [EJ13, EKO03].
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Theorem 2.2.2. Let the infinite surface I satisfy the assumptions (al)-(a4).
Then the operator —Ar g has at least one isolated negative eigenvalue below
the threshold of the essential spectrum for all negative 8 with | 5| small enough
and the j-th eigenvalue behaves in the limit f — 0_ as

4
A =gt 0B8],

The proof is based on Dirichlet and Neumann bracketing. We estimate
our operator from above and below by operators with added either Dirichlet
or Neumann boundary condition at the boundary of {2;. This can be written
as

N —d D +.d
_AR3\Qd D HB,F < _AF,B < _A]R?’\Qd D Hﬁ,F
where —Aﬂ%\gd is Dirichlet Laplacian on the set R®\ €; and the operator

H;”lij is associated with the following quadratic form

hEE) = IVolI3, + 874 [l |12

with the domain D(h}7) = {¥ € H'(Q \ T)[¥)(z)]og, = 0}. Due to the fact
that the Dirichlet and the Neumann Laplacian are positive, all the informa-
tion about the negative spectrum is encoded in the spectra of the operators
H;;i . The next step is to transform these operators into curvilinear coordi-
nates. First we use unitary transformation in the form

Uly(z,y)] = ¥(s1, s9,u) : L*(Q) — L*(Dg, dS) .

The transformed operators U Hécrd U~1 are associated with the quadratic
forms

W5 () = Wsg(U™) = (00, GY0;0) 0 + 67 [}
with the domains D(ﬁgfl) = HY(Dy\ T,d2) and D(ﬁ;ff) ={y € H (D4 \
I, dQ)|y(x)]sq, = 0}. Next we switch from the metric d€2 to dI'du. This can
be done by another unitary transformation [DEKO1]

Ut = \/€(s1, $2,u) : L*(Dy, d) — L*((Dg, dTdu)) .
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The transformed operators F ; 4 — U Hiifl U-U! are associated with the
quadratic forms

C;,ifl(@/]) = (0,9, G" 0,9) pyarau + (¥, (Vi + V2)¥) py.arau + 1039 D, drau

1 2 2 2
+5 01l - / M(J(s, 0 ) — (s, 0_)[2)dT
Gi) = Clw) + / (s, )|t (s, d)[2T" — / (5, —d)|th(s, —d)PdT

M—-—Ku
3

where ¢(s,u) = and curvature induced potentials are

Vi=g72(g2g" ] ), + .G,

K — M?
VZ:T

with J = % The domains of the quadratic forms Ci’lfl are D(Cg”rd) = HY(D4\
I', dI'du) and D(CE#) = {¢ € H'(D,\TI,dUdu)|v(z)|sp, = 0}. The operators
F ;fd are not yet suitable for our proof because they do not separate the
transverse and surface variables, hence we make a slightly cruder estimates.

We approximate the curvature induced potentials V; 5 using inequalities (2.5)
and (2.6) in the following way

é,dé ‘/1 < E+d7

K-M _ . K-
S P AP
c? c

where ¢y are appropriate constants, d < dy < p, and Cy are the same
constants as in (2.5). Now we are ready to introduce the cruder estimate

operators Dﬁi,’lfl. Then the operators F Bi ILd satisfy

&)
Ug#@]—f—/r Tﬁifd<8)dr — Db_’,fj < F,B_,f‘d < _AF,B
® (2.7)
—Arg < Fi < DI =Uji oI+ /F T (s)dl

where the operators T’ Bi 1fl(s) correspond to the transversal part and the op-

erators U ;[ 4 correspond to the motion on the surface I'. The operators U ;E 4

act as
_Ag2

K-M -
U,ei,i:iw = —CiAry + . + Cxd
+
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with the domains D(U, ; ) = L*(R?,dI"). The operators T; () are explicitly

Ty (s) = —A¢
with the domains
D(T;(s)) = {f € H(~d,d) \ {0})| (d) = f(~d) = 0,
1

f1(0-) = f(04) = B(f(0+) — f(0-)) + M(f(04) + f(O—))}

[M]loo + Al Kloo
C_

FO-) = £102) = 5(02) = F0) + M(F(0:) + F0-)}.

The discrete spectrum of the operators U Bi ifl was solved in [EK03] with the
following result.

D(T;(5) = {f € H(~d. )\ {0})| ¥ (k) = (),

Lemma 2.2.1. The cigenvalues ,uzc(d) of the operators Ug}d satisfy
(i (d) = p; + Crd+ O(d®) for d— 0.,

where [ is the j-th eigenvalue of the operator Sr and the constants C’;E are
independent on d.

The spectrum of the operators Tgf “(s) was discussed in [EJ13] and sum-
marized in Lemmata 2.1.2 and 2.1.3. We rephrase them to obtain the sym-
metric estimate from above and below.

Lemma 2.2.2. Let % > 2 and B(||M||oo + d||K||oo) < 1. Then the operators

Tg}d(s) have ezactly one negative eigenvalue denoted by to(d, B) respectively.
For negative 8 with |B| small enough these eigenvalues satisfy

4 16 4d 4 4 16 4d
—— ——=exp|— | <t (d,f) < —— <t (d,f) < ——= + = ex (—) .
Fogee(y)st@ns-gun g+ gen(3

Using the previous two Lemmata we are able to write down the discrete
spectrum of the operators D;Ejlii as t4(d, B) —I—,ujt(d). Choosing d(5) = f1n |3
we obtain the spectra of the operators Di’g explicitly as

4
te(d(B), B) + pj (d(B)) = Tt O(Bn|a]).
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Using the min-max principle in combination with the inequalities (2.7) com-
pletes the proof of Theorem 2.2.2.

The next theorem describes the discrete spectrum for the situation of a
compact surface.

Theorem 2.2.3. Let the compact surface ' satisfy the assumption (b). Then
the operator —Ar g has at least one isolated negative eigenvalue below the
threshold of the essential spectrum for all B < 0 and the j-th eigenvalue
behaves in the limit f — 0_ as

4
Aj = —@+uj+(ﬁlnlﬁ|)-

The existence of the negative eigenvalue for all negative 3 can be done
by a variational argument as in [BEL13]. We take a test function & in the
form of the characteristic function of the volume enclosed in I". This gives
us an upper estimate of the ground state energy in the following form

hp(€) S

<2l —
= el BV

where S is the area of the surface I', V' is the enclosed volume by the surface
[' and f is negative. The eigenvalue asymptotics is obtained in the same
fashion as for the infinite surface with only minor changes so we omit the
details.

2.3 Spectral asymptotics for ¢’ interaction
supported by a infinite curve

In this section we describe the spectral asymptotics of the essential and dis-
crete spectrum for ¢ interaction supported by an infinite curve. We study
the strong coupling regime, where 8 — 0_. We show that for the situation of
asymptotically straight curves the essential spectrum remains at least asymp-
totically the same as for the case of the straight line. The first two terms
of the asymptotic expansion of the discrete spectrum in the strong coupling
limit are the following, the first one corresponds to ¢’-interaction on the line
and the other one corresponds to the longitudinal variable around the curve.
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2.3.1 Formulation of Problem

The operator, which we are working with is associated with the quadratic
form (1.5), i.e.

hg(¥) = |VYllzs + B N[ lF -
The proof of the theorems requires to impose several additional conditions
onto the curve I

(c1) T is C* smooth,

(c2) T can be enclosed in a symmetric strip neighborhood of finite width
with no self-intersections,

(c3) T is asymptotically straight, i.e. curvature of the curve vanishes as the
distance from one fixed point tends to the infinity and

(c4) T is not a straight line.

The last assumption excludes the trivial case of a straight line because
its spectral problem can be solved exactly by separation of variables. We
parametrize the curve I' by its arc length

I''R—=R*:s— (['(s),T2s)).

We also need coordinates in the strip neighborhood Q4 = {z € R?|dist(z,T") <
d}. We introduce curvelinear coordinates around the curve I' as

(z,y) = (T (s) + ul'y(s), Ta(s) — ul'y (s)) .

Due to the conditions (c1) and (c2) there exists such a positive constant
po > 0 that the coordinates (s, u) are injective in the strip neighborhood of
thickness d < py.

For the statement about the discrete spectrum we need an auxiliary op-
erator Sr which acts as
&y A(s)?
Srp = —— —
with the domain D(Sr) = H?*(R) where 7(s) = (I'{T5 — I'\T'5)(s) is a signed
curvature. We denote the eigenvalues of the operator Sr by p; with the
multiplicity taken into the account. The main results of [J15] are presented
with sketches of the proofs in the following subsections. For complete proofs
we refer the reader to the mentioned paper.
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2.3.2 Behavior of Essential Spectrum

We start with the behavior of the essential spectrum.

Theorem 2.3.1. Let an infinite curve I' satisfy conditions (c1)-(c3), then

Oess(—Ar,) = [€(8), 00)
where €(3) — —% holds for B — 0O_.
The trivial case of a straight line can be solved by separation of variables.
We obtain that oess(—Arg) = —%,

The proof for the non-trivial case is based on Neumann bracketing estimates
of the operator —Ar 5. The inclusion oess(—Ar g) = [€(5), 00) can be rewrit-
ten as

).

inf o.ss(—Arg) > €(B) .
We introduce the operator with added Neumann boundary condition at the
boundary of €2; where d < p. The new operator satisfies

N.d
—Ars > —Agng, ® Hy

where —A&\Qd is the Neumann Laplacian on the set R?\ Q4 and the operator

H év ’Fd is associated with the form

WY w) = IVel3, + 87 [l

with the domain D(hjﬂ\f’l‘f) = H'(Q4\T). The Neumann Laplacian is positive
and as a result all the information about the negative spectrum is encoded
in the operator H Nd. Using the previous inequality it is sufﬁcient to check

inf o (HY ﬂr) > 6(5). We rewrite the quadratic form h “ to the unitarily
equivalent form in the curvilinear coordinates which can be done in the same
way as it was done in [EJ13]

Lemma 2.3.1. The quadratic form hg{’rd 15 unitarily equivalent to the quadratic
form

.||
f’ 10015, + (6, Vib)a,

Qq

i) = |

70 [ 100000) = (5.0 )P+ 5 [ ()00 = i, 0-) P

o L S 2ds L s. —d)|2ds
Az(1+d7<5))lw( d)|*d +/RQ(1_CM(S))W( ,—d)[*d
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where the geometrically induced potential is

and g(s,u) =14 wy(s) with the domain D(qgf) = H' R x ((—d,d) \ {0})).

Next we divide the strip neighborhood into two parts. We take the curve
[ and split it into two parts. We define them as ' = {T'(s)|S < 7} and
Ie*t = '\ T'int, The corresponding strip neighborhoods are Qi = {x(s,u) €
Qqls < 7} and QF = Qq \@ We introduce the operators ng’mt/ ! with
added Neumann boundary condition at the boundary of Q4% and Qg%. These
operators are associated with the following forms

2

int/ex (95

qé\fﬁ;’ g t(w) = ‘ _w int/ + ”8uw’ éint/ewt + (w, Vw)Qint/ezt

ng: ext d, d,r
[ 00 = (s, 0 P

]-—":_nt ext
1

#5 [ 0,07 = (5,0 s

(s) ) / +(s) )
- - |¥(s,d)|"ds + ———|(s, —d)|*ds

/FiTm/ext 2(1 + d,.y(s))| ( )| pint/eat 2(1 _ d7<s>>’ ( )‘

with the domains D(qg[ﬁ miferty — g(QPe respectively. Neumann brack-

eting implies
—.d N,d,int N.d,ext
Hyp > Qur" ©Qury
The spectrum of the operator Qg”lf{’im is purely discrete. The min-max prin-
ciple implies that

inf s (H3 1) > inf oes (QF ™) -

We denote the infimum of the potential as V; 4 = inf|s~7ue(—d,a) V (s, u). The
assumption (c3) implies that

lim M—,d =0.

T—00
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Now using the estimates derived in [EJ14] we can write

G () < 10 e + Via [ g
1
7 [ 0000 = (s 0P s+ 5 [ A 10(5,0.0F = [0(50-) P

F‘c;_act 2

- L S 23 L 5. — 28
L a3 a e P+ [ s s~

4 16 4d
s@a—@—@mqﬁ))w

where we omitted some positive terms in the first inequality. The fact that
we can choose 7 arbitrarily large completes the proof.

2
ext
Q(i,T

2.3.3 Asymptotics of Discrete Spectrum
In this subsection we derive the behavior of the discrete spectrum for the
strong coupling limit.

Theorem 2.3.2. Let an infinite curve I' satisfy assumptions (c1)-(c4), then
the operator —Arp g has at least one isolated eigenvalue below the threshold
of the essential spectrum for all negative B with |B| small enough. The j-th
eigenvalue behaves in the strong coupling regime 3 — 0_ as

M=—%+M+mewy

The proof of this theorem is based on Dirichlet and Neumann bracketing.
We estimate our operator from above and from below in the following way

~Aghg, ® Hyf' < —Ary <© — Afng, @ HyY

where —Ag,, is Dirichlet Laplacian on the set R? \ €4 and the operator

H [? ’Fd is associated with the quadratic form

gy () = [Vel8, + 87 [l
with the domain D(hgy) = {¢ € H'(Q \ T)|t(2)]oe, = 0}. All the in-

formation about the negative spectrum is encoded in the operators Hé)éN’d
because Neumann and Dirichlet Laplacian are positive. The form hg’lfl can

be rewritten in the curvilinear coordinates similarly as the form hlﬁvlfl
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Lemma 2.3.2. The quadratic form hg,’lii 1s unitarily equivalent to the quad-
ratic form

SR
g

Qq

) = |

+ 10ullg, + (&, Vib)a,

#57 [ 0(0.0.) = 05,00 ds 4 5 [ () (05, 00)F = s, 0-) Py

R

where g =R x {(—d,0) U (0,d)}, the geometrically induced potential is

and g(s,u) = 1+ uy(s) with the domain D(qﬁi’fi) = H' (Q4\ ).

We also need cruder estimates. For this purpose we introduce the opera-
tors Qg[”lfl which are associated with the forms qﬁif and satisfy

—,d N, D,d +,d
Qﬁ,r < QB,F < _AF,B < Q@r < Q@r‘

These forms can be written as follows

(X0
G = g g 10N, + (Ve
L 1 b
+B_1/0 W)(S)O-l—) - 77Z)(S70—>|2d8 + 5 0 7(d>(|¢(870+>|2 - |¢(370—)|2>d8
D(qs1) = Dlgsr)

where the estimating potential is V' (s) = Q(Cf(jélg:)g ~ 1 ﬁ;w)g with f, =
max, |f(x)| and

a0, o

q,@,F(¢> (1+d ) +|| u¢||Qd (wa w)ﬂd

#07 [ 1006,00) = 0,00 =5 [ 2610600 — (s, 0- )

- / (6(s, )P + (s, ~d)|P)ds.
Dg5) = H'(Q\T)
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where V= (s) = — 4000+ S(dy )+) The operators Qﬁ ~ can be

C2(1=dyy)® A(l—dy)t 41— dwf)
rewritten as the sums of the operators in the following way

(&)
Qit=U"eI+ /R T3 (s)ds,

. (2.8)
Qﬁ&ﬂfd®f+/ T4 (s)ds

R

where the operators corresponding to the transversal part are

ﬁﬂ)() W' (),
D(T3{(5)) = {v € H(=d, &)\ {O})[v(d) = v(~d) = 0,
wm>=wmn=@*wma—mo»+¥}<o++ﬁ 0.

TE () = =" ().
D(T}(s)) = { € H3(~d, d) \ {O})| F 7 () = v/ (),
(s)

P(00) = 9(0) = B 0(04) = A0) + L2 ((04) + 5(0-)
and the operators describing the longitudinal part are
UE(5) = 1l V(s
D(UL) = H(R).
rd _ V(s) -
UZ () = =Tt 4V ($0s).

DU = H*(R).

The spectrum of the operators T[l; ’i(s) was already described in Lemma 2.2.2.

The spectrum of the operators Ui’d can be derived step by step as done in

[EJ13).

Lemma 2.3.3. Let 0 < d < i then there is a positive constant C indepen-
dent of d and j such that

| (d) — pi| < Cdj?

holds for all j € N where ,u;-t(d) are the eigenvalues of Ui’d, respectively, with
the multiplicity taken into account.
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Now we put d(3) = 281In(|8|). Using the explicit form of the opera-

tors Q;#(B ) and previous Lemmata we obtain the discrete spectrum of the

)

operators Qg’ﬁ(ﬂ in the following form

Ny = ta(d(B). B) + 15 (d(B)) = — = + 1y + O(BTn(|B])) .

32
The proof is completed by using the inequality (2.8) and the min-max prin-
ciple.

2.4 On absence of bound states for weakly at-
tractive ¢'-interactions supported on non-
closed curves in R?

In this section we study ¢’-interaction supported by either a bound curve with
two free endpoints or an unbounded one with one free endpoint. We give the
description of the essential spectrum. We show that for a weak coupling, i.e.
[ — —o0o, there is no negative discrete eigenvalues below the threshold of
the essential spectrum. We also derive explicit sufficient condition on 3 for
the absence of the negative spectrum. The presented approach is applicable
also for a manifolds in higher dimensions. For the details of the reasoning in
this section including proofs we refer the reader to [JL16].

2.4.1 Formulation of Problem

We consider a piecewise-C! curve I' defined by the following injective map-
ping 7 )

V() I =R (s) = (nl(s)ne(s), 1=(0,L)
where L € (0, 00] and ~; are piecewise-C''. Moreover if |7/(s)| = 1 for almost
all s, we say that ~ is a natural parametrization of the curve T

The operator —Ar g, which we study, is associated with the quadratic
form (1.6), i.e.

h(W) = IVYlIE: + (B [Wr, [¥r)r -
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where 7! € L>®(T') and [¢]r = ¥|r; — ¢|r_ with ¢¥|p; and ¥|r_ denoting
traces of the functions at the boundary of I'.

We also need to introduce the concept of monotone curves. We say that
the curve is monotone if it can be parametrized in the following way

(1) = 20 + (rcos(p(r)), rsin(o(r))), zo€R?*, re(0,R), R (0,)]
where ¢(r) is a piecewise-C' mapping ¢(r) : (0, R) — R. We can say that
these curves go away from the starting point.

2.4.2 Essential Spectrum

We define the quasi-conical domain in the standard way [G66]. We say that
a domain 2 C R™ is quasi-conical if for any n € N there exists z,, € R™ such
that the disc D, (x,) of radius n centered around z,, is subset of 2.

Theorem 2.4.1. Let the curve I' be a non-closed and piecewise-C' and let
R?*\ T be quasi-conical. Then the spectrum of the operator —Ar g satisfies

Uess(_AF,B) 2 [07 OO) .

Theorem 2.4.2. Let the non-closed curve I be bounded. Then the spectrum
of the operator —Ar g satisfies

Uess(_AF,B) = [0, OO) .

Proof of the first theorem can be done in the standard way using well
chosen series of the test functions in the same way as in [JL16]. The second
theorem is proved with the help of bracketing.

2.4.3 Positivity of Operator for Monotone Curves

We derive the sufficient condition under which the operator —Ar g is positive.
The complete proof is presented in [JL16].

Theorem 2.4.3. Let a curve I' C R? be monotone piecewise-Ct. Then

o(—Arg) CR"Y for B(r) < =2ar\/1+4 (r¢/(r))?, re(0,R). (2.9)

Furthermore if R*\ T is quasi-conical, then o(—Ar ) = RY.
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For the proof of this theorem we need to introduce the operator T} g
describing one §’-interaction with coupling constant 5 on a loop of length d.
This operator acts as free Laplacian on the interval

Tup = —A
with the domain D(Ty5) = {¢ € H*((0,d))[¢'(04) = ¢¥'(d-), By (04) =
(04) —(d-)}. The quadratic form corresponding to the operator Ty g is

1
tap(v) = (V),V, ) + BW(OH —(d-)[*
with the domain D(tq5) = H'((0,d)). The next lemma is proved in [JL16]
and it gives the condition for the positivity of Ty s.

Lemma 2.4.1. Let (8 satisfy —1 < %. Then the operator Tyg and the
quadratic form ty g are non-negative.

With this result in mind we start rewriting and estimating the quadratic
form hg. We show that the form hg is positive for any function from its

core for f < —27r\/1+ (r¢/(r))?. The gradient can be expressed in polar
coordinates as

(Vu)(z, )] = [(0ru) (r, 9)” + %I(%U)(T, P

The part of the form hg corresponding to the gradient can be estimated in
the following way

|(Vu)(x,y ||R2 / / |(V)(r, §)|*r dr de
R+ 0,27)

=[S ew >|2d¢) ir

where we omitted positive term |(d,u)(r, ¢)|? and R is the same as in (2.9).

Next using the estimate on [ we rewrite the second term in the form hg as
(6~ ulr, [u]r)r = / B (s)|[u]r|ds =
[ B s 60) w6 T g P
0,R

1 2
< —/(OR)—| e (1, 6(r)) — u_(r, $(r))

2rr
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We introduce the shorthand
S0)= [ 10— 5 s r.907) — .60

where 7 € (0, R). Due to the choice of u from the core of the form hg we
are able to identify the function u for fixed r with the piecewise-C! function
¥, on the interval (0,27). Using this identity we obtain the relation S(r) =
tor—2:(1). Using Lemma 2.4.1 we obtain that S(r) > 0 for all r € (0, R).
Finally we arrive at

hg(u) > / S(r)d'r >0
or T

which completes the proof.

A direct consequence of the previous theorem for a constant coupling
parameter (3 is the following

Corollary 2.4.1. Let a monotone bounded piecewise-C' curve I' C R? and

B*(I') = inf,co,r) —2mr\/1 4 (r¢/(1))%. Then

o(~Arg) =R* for f<p(I).

2.4.4 Positivity of Operator-Generalization

Theorem 2.4.3 can be extended to curves, which can be obtain from monotone
curves via linear fractional transformations introduced in Section 1.3.

Theorem 2.4.4. Let I' C R? be a bounded piecewise-Ct curve. Suppose that
there exists a linear fractional transformation M such that M (oo), M~1(o0) ¢
I and curve M—Y(T) is monotone. Then

o(=Arp) = [0,00)

for all B < B*(I') sup,er v/ Ja(2).

The proof is based on the transformation of the form hg via a linear frac-
tional transformation and careful analysis of the result. Next two Lemmata
were proved in [JL16]. They describe transformation of the form correspond-
ing to the operator —Ar 3.
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Lemma 2.4.2. Let A C R? be a bounded Lipschitz curve, let the set Q) satisfy
A C Q C R? and let M be a conformal mappmg with D(M) = Q. Further-
more let the conformal mapping M satisfy M~ (c0) = 0 or M~(c0) ¢ A.
Then for any uw € H'(Q\ A)

/|Vu|2dx:/|Vv|2d:c
Q Q

Lemma 2.4.3. Let A C Q C R? be a bounded Lipschitz curve parametrized
by the mapping X : (0,L) — R? and let M be a conformal mapping with
D(M) = Q. Furthermore let the conformal mapping M satisfy M~ (co) = 0)
or M~1(00) ¢ A and also 37 € L°(A,R). Then for any u € H'(Q\ A)

holds with v =uo M.

(B~ [ula, [ula)a = (87" [v]r, [v]r)r

holds with v = wo M, T' = M~*A), v = Mt o )X and 571(7(3)) =
BTSNV I (v(s)), s € (0, L).

Using Lemmata 2.4.2 and 2.4.3 we obtain

h(¥) = [Vullg + (87 ula, [ula)a = [Vl + (87 ulr, [ulr)r
= [Vllb, + (B [ulr, [ule)r + VO[22, = IVlID, + (87 [ulr, [u]r)r
where Dpg is a disc with the curve I' starting at the center, ending at the

boundary and v = v o M. Using the same procedure as in the last part of
the proof for Theorem 2.4.3 gives us the desired result.

2.4.5 Examples

Let us present two examples given in [JL16]. The first one is an §’-interaction
supported by a line segment and the second one by a circle arc.

Corollary 2.4.2. Let a curve I' be a line segment of length L. Then the
operator —Ar 5 has no negative eigenvalues if B < —nL. Furthermore if
—% S ﬁ S 0 then O'd(—Apﬂ) NR™ 7é Q)

The absence of the negative spectrum for § < —27L is the direct result of

Theorem 2.4.3. This estimate can be improved in the following way. We write
the curve I' as I' = {(/,0)|l € (0,L)}. We take the operator —Ar g and add
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Neumann boundary condition at the points on the circles centered around
the endpoints of the curve I' with the diameter of % Adding Neumann
boundary condition splits the operator into 3 parts

N.D £ ((0,0)) N.D g ((L,0))

N
—Arg & —Br\p, (00)upy (10 D TR

The Neumann Laplacian —AQQ\[DL((O 0))UD 1, (1,0))] is positive by definition.

It can be shown that the remaining two parts are positive in the same way
as it was done in the proof of Theorem 2.4.3. Using the Neumann bracketing
we obtain the desired result
N.D 1 ((0,0)) N N.D g ((L,0))
~Brg O —Ar\(0 (00)n (o) © TArg < —Arg.

The existence of the negative spectrum can be done with help of Dirich-
let bracketing. We add Dirichlet boundary conditions at two lines L; =
{(0,z)|zr € R} and Ly = {(L, )|z € R}. These lines split R? into three sets

leR_XR, QQZ(O,L)XR, QgZ(L,OO)X]R.

The operator with added Dirichlet boundary can be written as an orthogonal
sum of three operators

~AL @ —Aﬁg’z e A .

Dirichlet Laplacians —Agl and —A53 are positive by definition and its spec-
tra are o(—Af ) = 0(=Ag,) = [0,00). We show that the operator —Aggb
has at least one negative eigenvalue. We solve the spectral problem for the op-
erator —Af—?’gb by separation of variables. It consists of two one-dimensional
operators. One is the Dirichlet Laplacian on the line segment of the length L
and the second one is a particle on the line with added ¢’-interaction at the
point 0. In particular we obtain the lowest eigenvalue in the following form
2
D,Q m 4
)\1(_AF,,82> — 7z @
The eigenvalue is negative for sufficiently small negative (3, explicitly —% <
£ < 0. Dirichlet bracketing completes the proof
DO
—Arp < —Af & —ALG? & —Af .
The next example illustrates the use of the conformal maps for the situ-
ation of ¢’-interaction supported by a circle arc.
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Corollary 2.4.3. Let a curve I' be parametrized as

L {(Rcos¢, R(1 —sing))|p € (¢,2r —€)}, ReRT.

8TR
tan g :

Then the operator —Ar_ g is positive if f < —

The proof of this corollary is based on Theorem 2.4.4. We consider linear
fractional transformation M(z) = . One can check by direct calculation
that the transformed coordinates x,; and y;; and the Jacobian of the trans-

formation J,; are

. X
I‘M:%M(l"i‘ly): $2+y2,
e =SM (o +iy) = = s
1
JM(fcyy):m-

The inverse of the mapping M is M~ = é By mapping the curve I' we
obtain a line segment

I'=MNI)= { (g; —%)

The coupling parameter is transformed as 57! = Bt/ Jy(z). Using The-
orem 2.4.4 we obtain that the operator —Ar_z has no negative eigenvalues
for

2] <

2Rtan§} '

€
tan 5

" SRr

1
~<
5=
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3. Unpublished Results

In this chapter we summarize various unpublished results. The first section
describes a toy model of two ¢’-interaction on the line and on the circle.
The results from this toy model are used for the description of the spectral
asymptotics for ¢’-interaction supported on a sharp angle. We also derive
the configuration with maximal ground state energy for 2n §’-interactions
on a loop. The next section generalize the result of [JL16] using conformal
mapping from a unit disc to a different subset of C. In the last section we
prove that sufficiently weak ¢’-interaction supported on non-closed compact
manifold has no negative discrete eigenvalues.

3.1 Spectrum of §-interaction on Sharp An-
gle

We are interested in the behavior of the spectrum for the system where the
d’-interaction is supported by a line broken at a sharp angle. We study the
relation between the angle and the discrete spectrum. A similar problem
was studied for d-interaction in [DR14], where the estimate on the number
of eigenvalues and eigenvalues itself were given with respect to the angle.
Cruder estimate on the number of eigenvalues for d-interaction was also given

in [EN03].

3.1.1 Warmup: Two ¢’ Interactions on Line

We start with the spectral asymptotics for the case of two merging §'-
interactions on the line and we use these results later on. We consider the
operator

_Aﬁl,ﬁz,dw = _AB,Y (3.1)
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where B = (01, 2) and Y = (—d,d). The operator (3.1) is associated with
the quadratic form

G pod[] = (V0 V) + B (=dy) — (=d)* + By v (dy) — (d-)[”

with the domain H'(R\{—d, d}). We are interested in the spectral properties
for the limiting cases when d is either small or large. According to [AGHHO05]
the essential spectrum of the operator (3.1) is gess(—Ap, 5,.4) = [0,00) and
the discrete spectrum og;s.(—Ag, g,.4) is composed from at most 2 negative
eigenvalues depending on the values of parameters 3y, 3. The solution of
the eigenvalue equation

—Ap, pyath = =K,

where k > 0, can be described by the secular equation in the form

‘( ﬁ%—i iexp(—?&d})‘zo
i exp(—2kd) Lo+ %

B2k

This is equivalent to the following equation

2
1 1 1 1 4
5 mT \/(5— + E) ~ mg (1 — exp(—4rd))
’ 1 — exp(—4kd) '

For d — oo we can simplify the previous expression by taking the first term
of the Taylor expansion with respect to exp(—4xd) as
_ _|_ R

11 (1 L )2 4 L1,
Kig = ——7 — & -+t =] = ==+
b B B B i B P2 B Do
Depending on the sign of the parameters 3; we obtain either two negative
eigenvalues, one negative eigenvalue or no negative eigenvalues due to the

fact, that the eigenvalues correspond to x > 0. These solutions can be
written explicitly as

1 1

. (3.2)

2
/43172 = _ﬁ_ .
1,2

This corresponds to the ground state energy of one ¢’ interaction on the line
with coupling constant ;. The situation for d — 0+ is more complicated.

60



The right-hand side of equation (3.2) can be estimated by the first terms of
the Taylor expansion for small d as
A+ VA2 N AV A2+ (A% + B)
4rkd 24/ A2
A VA2 A2B? 2(A’B* + B?

Ri2 =

2 72
3 DA A5 wd
where we used the following shorthands A = —% — Biz and B = —ﬁ. With-

out loss of generality we assume that 51 < (5. In general there are 4 possible
situations which are summarized in the following table:

Situation | a) b) c) d)
A A>0 A>0 A<O A<O
B B <0 B >0 B >0 B <0
o B <0 pr <0 B <0 B >0
Bo fa <0 | Bo>0,]51] <|Bo| | B2 >0,|B1] > |B2| | B2 >0
|Udisc| 2 1 1 0

The eigenvalue asymptotics can be written for various situations as follows.

a) The spectrum for two attractive ¢'-interactions consists of two discrete

eigenvalues:
A _1y2y Pt B —1/2
E, = 2d+(’)(d )_2d5162+0(d ),
B? 4
Ey=——4+0d) =————=+0().
2 4 A2 () (ﬁ1+ﬁ2)2 ()

The first eigenvalue escapes to —oo as d — 04 and the second one con-
verges to the eigenvalue of one attractive ¢’ interaction with interaction
strength 31 + fs.

b) This situation corresponds to one attractive and one repulsive ¢’-interaction
where attractive interaction is stronger in the sense of quadratic forms
1/]81| > 1/|52|. Such system has one eigenvalue

__é _1/2y _ Bt B —1/2
E = 2d+(9(d )_—Qdﬁlﬂg+0<d ).

The eigenvalue escapes to —oo as d — 0+ and disappears.
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c) This situation is again one attractive and one repulsive ¢’ interaction but
now the repulsive one is stronger. This system has again one negative
eigenvalue which can be written as

4
EF=———F——=+0(@).
A
The eigenvalue —m corresponds to eigenvalue of one attractive ¢’

interaction 37 + fs.

d) For the case of two repulsive ¢’-interactions there is no negative eigenval-
ues.

Next we show that by "merging” two ¢’-interactions with coupling con-
stants B and [ we obtain one ¢’-interaction with the coupling parameter
equal to ;1 + (2. Furthermore we show that these operators converge in
the norm resolvent sense. The operator —Ag s describing one ¢’-interaction
localized at 0 was introduced by (1.1).

Theorem 3.1.1. The operator —Ag, g, a converges to —Ag g, +p, in the norm
resolvent sense for d — 0.

Proof. The form of the resolvents for the operators —Ag, g, 4 and —Ag g, 44,
were given in Theorem 1.1.3. We need to show that the second term in the
resolvents converge to each other. This can be checked by direct calculation.
It is not hard to see that

lim G (z —y;) = G(z).
y;—0

From this follows that we need to calculate the following limit
2

(111_{% [Fﬂl,ﬂmd(’{)]itjl
3,7=1

2(B1482)K>

and show that it is equal to Sir(BIiFD)

we get

Writing the inverse matrix explicitly

1 ( Caimalk)lze —[Lapa(k)]2n ) _

Us pa(k)] \ — Lsisa(F)] 1o [Tsipa(r)]ia
1 1 exp(—2kd)
1 BT —omo >

T -1 _
[ ,317/32701(’%)]@] det[




Taking the limit d — 0 we obtain

And finally we sum the entries in the matrix and we obtain the desired
result. ]

3.1.2 Merging of 2 §'-interactions on Loop

The study of two ¢’-interaction gives us an idea how the merging of two inter-
actions work. As the next step we show that we encounter similar behavior
for two d0’-interactions on a loop. With the idea of attractive interaction on
an angle in mind we work only with two attractive ¢’-interactions on a unit
circle. We note that the scaling of coupling parameter § can be rephrased
to the changing the length of the loop. We introduce the operator via a
quadratic form in the following way

cgo = (Vi), V) + Blvo(—04) — ¥(=0-)* + Bl (0+) — v(0-)|*
with the domain H'((—m, ), (—n) = v(nx)). The operator associated with
this quadratic form can be written as
Cpp=—A,
D(Cpp) = {v € H*((=m,m) \ {0, 0P (=) = (), ¢/ (=7) = ¢/ (m),
W(0:) =0'(0-) = B (W (01) — ¥(0-)),
U(—01) = ¢ (—0-) = 571 ((=0;) — ¥(—0-))}.
The next Lemma gives the estimate on the eigenvalues of the operator Cs .
Lemma 3.1.1. Let Cgp be the operator describing two attractive &'-inter-

actions on the unit circle and let —m < 8 < 0. Then the negative eigenvalues
can be in the limit 6 — 04 written as

)\1_%7
\ (m+ 5)
TP+ (-0



Proof. The negative spectrum of the operator Csy is determined by the fol-
lowing secular equations

—kf = coth(k(m — 0)) + coth(k@) , (3.3)
—kf = tanh(k(m — 0)) + tanh(x0) . (3.4)

These equation are obtainable by a straightforward computation from bound-
ary conditions of ¢'-interaction at either 6 or —6. For the later purposes we
need the limit cases for 5 — 0_, —oo and # — 0. For both equations (3.3)
and (3.4) the situation corresponding to 5 — 0_ leads in the limit to k = —%
as long as k@ > 1 which is equivalent to 26 > —f3. For equation (3.3) the
cases # — —oo and 6 — 0 can be treated simultaneously in the following
way due to the fact that 8 — —oo corresponds to the weak coupling and as

a result we have 0 < k < 1. For 0 < k6 < 1 we can estimate
coth(k(m — 0)) + coth(k0) 1
—B8= ~ .
K Ok
1

This can be rewritten as k2 = — 9 The condition for which the estimate

0 < k0 < 1 holds is —g<<1.

The equation (3.4) has no solution for the case f — —oo due to the fact
that
_ tanh(k(m — 0)) + tanh(x6) o
K
Also from the previous inequality we can see that our system has a second
negative eigenvalue only for —7m < f < 0. For the case § — 0+ we can
rewrite the expression (3.4) as

0

(x0)° _ (u(x — )
3 3

As a result we obtain k? = %. O

—Br = tanh(k(m — 0)) + tanh(k0) ~ kT —

3.1.3 Spectral Asymptotics

We want to calculate the spectrum of the system where the §-interaction is
supported by a broken line I' with the angle 20 < 7 between the lines. The
operator can be defined by its quadratic form (1.5)

her(¥) = (Vi Vi)gn + (87 [¥]r, [¥]r)r
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with the domain H'(R?\T).

Theorem 3.1.2. Let I be a broken line with the angle 20 < m. Then the
operator —Ar g can be estimated from below by the operator —A +V (r) with
the domain H?*(RT) where

1 1

-
V(r) 47’2+7’59 or r— 0,
1 4
V(T):E_@ for r— 0.

Proof. Rewriting the quadratic form hgr in polar coordinates we obtain the

following
a 2
() = [ (WP et arag
R+ x (—m,m)

A MY TR

¢p=—0,0

with the domain H'(R x (=, 7),¢(r, —m) = 1(r, ), dr dp). We transform
the quadratic form hgp using the unitary transformation i = \% as

~ 2 2
har(v) = /R " )|8rw|2 |w\ + “jff‘ dr d
AP / Ho(r,04) — (6. dr

with the domain H*(R X (=7, 7),¢(r, —7) = 9 (r,m),dr dp). This is equiva-
lent to the following form

h = .| Wd d
,B,F(w) - R+ x( )| MN rae

i " 2 —1 1 . 2
+/R+ > (/_Wrawr dp + ¢§ﬁ/+rlw(r,¢+) w<r,¢>1)dr

- o0+ Les () d
- T 80_'_ 2C[3 e(w) r
Rt x(—m,m) R+ T

T

65



where c; , is a quadratic form describing 2 ¢’-interactions localized on a unit
circle. We can estimate this quadratic form from below as

472 2w

2

~ 1

hg (V] 2/ |5T1/J]2 + [¥] drdgp—l—/ — infes 4(¢) dr.
Rt x(—m,m) R

From the previous section we have that inf; cs 4(¢) behaves for small 7 as g5

and for the large r as —46%2. Using this we can estimate the spectrum using
an operator on the halfline with the potential

1 1
V(T’)ZR—FT‘TQ fOI' 7”%04»,

1 4
V(T):E_@ for r— 0.

]

We note that the operator —A + ﬁ on the halfline is critical. Further-
more it can be checked by direct calculation that the essential spectrum for

the setting of §'-interaction supported by a broken line is —Ap g = —%, o ).

The operator by which we estimate acts as a free Laplacian with an added
Coulomb interaction. We can estimate the spectrum by the number of eigen-
values of such operator which are smaller than —4/32.

3.2 Spectrum of §'-interactions Supported by
Star Graph

We consider an operator describing ¢’-interaction supported by a star graph.
We are interested in the setting with maximal infimum of the spectrum. For
this purpose we study a toy model of finite number of §’-interactions on a
loop of the length d. We used this model later on for a special setting with
strength of ¢’-interaction decaying as 1/r.

3.2.1 Even Number of §'-interactions on Loop

We define an operator describing m ¢’-interactions on the loop. We take
a metric graph composed of m edges connected by appropriate boundary
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conditions. At each edge our operator acts as a second derivative
Captr(z) =Y (x) forall =€ (0,dy),k€m

where d = {d;}J2, are the lengths of the edges and 1)}, is the function on the
k-th edge. The domain of our operator is

1
g
1

5%i04) = ¥ya(djr,) for (= 1) € m =T}

The boundary conditions can be rewritten in the matrix form as

D(Cap) = {v € P H((0,d)))[¥(04) = 1, (dm-) = 520(0+) = Um(dm,-),

Pi(04) =iy (djr-) =

AT + BTy =0,

Fw = {wl(OJr)a wl(dl,f)a s 7wWL(O+)7 wm(dm,*)}T )
F/w = {wll <0+)7 _wll (dlﬁ)> s 7w;n(0+)7 _zﬁ;n(dm,*)}T
where A, B are appropriate 2m X 2m matrices. The matrices A, B can be
expressed as

1 0 0 -1
0 a O 0
A — )
0O - 0 a 0
-1 0 0 1
B=-BI
where a = ( _11 _11 ) and [ is the identity matrix. According to [BL10] we

have I, = M (k)I't,, where 1), is the eigenfunction of Cq g corresponding
to the eigenvalue —x? and



Furthermore we have the following
—K? € 0,(Cap) & 0€ad(A+ M(k)B).

We denote X (d, k) = A+ M(x)B. The ground state energy of the operator
Ca s corresponds to the highest eigenvalue of the matrix Cq g. In the following
lemma we treat the situation for even number of edges. We note that the
situation with odd number of edges is more complicated because the lowest
eigenvalue of the matrix X (d, x) has no symmetry. This lack of symmetry
makes the proof used here inapplicable.

Lemma 3.2.1. Let Cqp be an operator defined above with 2n edges and
21221 d; = L. The maximal value of the ground state energy of this operator
is obtained for the situation d; = d = L/2n.

Proof. First we show that the eigenvector Cy = (=1, —1,1,1,...,—1,—1,1,1)T
corresponds to the highest eigenvalue of the matrix X (d, k) for the symmet-
ric case, i.e. all the edges with the same length d = d; = d;. It is easy to
check by direct calculation that it is an eigenvector. We know the following

CoX(d,k)Co=4n+2)  kBcoth(kd;) +2)  kBsinh ™ (kd;).

i=1 =1

We are interested in the value s for which CTX(d,x)Cy = 0, ie. 2+
k3 coth(kd) — kBsinh ™ (kd) = 0. Now we calculate C7 X (d, k)C for a gen-
eral vector C' and show that it is always nonpositive which implies that the
vector Cy corresponds to the highest eigenvalue of the matrix X (d, k). Direct
calculation shows

n—1

CTX(d, K)C = ’Cl — an‘Z + Z ‘CQZ' — 02i+1‘2
=1

+ Z[—/ﬁ:/@ coth(kd)(|c3;| + |cai1]?)

=1
—kBsinh ™ (kd) (|cai + coi1|® — |eail® — |cai1]?)] .

We substitute —2 + % = —kf coth(kd) into the previous expression and

68



we obtain

n—1

CTX(d, K})C = |Cl — an|2 + Z ‘CQZ' — 022'4_1’2

1=1

—2Z|cl|2+z —kBsinh ™ (kd)(|cas + c2i1]? — 2|eai]? = 2]z |?)] -

=1 =1

One can check that |a + b|* < 2|a|* + 2|b|? for arbitrary a,b and as a direct
result we obtain CTX(d, k)C < 0.

Now we will show that CT X (d, k)Cy < CE X (d', k)Cp for any positive vectors
d’ and that the equality holds only for d = d’. We take CI X(d, k)Cj as a
function of d; and we find the minimum with the help of Lagrange multipliers
with the condition Y  d; = L. We obtain the following equations for the

d;
2n
a, (C’TX(d/{CO— (Zd— )):o, > di-L=0.
=1

These equations are equivalent to

1 — cosh(kd;)
A= -2k [p—F di—L=0.
b sinh?(kd;) Z
The functions % are monotonous with respect to d; which along with
the latter implies that the minimum is obtained for d; = % ]

3.2.2 Optimal Geometry for Maximum of Spectrum

For the special situation of a star graph with even number of edges with de-
caying ¢’-interaction we are able to show that the maximum of the spectrum
is obtained for the symmetric case.

Theorem 3.2.1. Let I' be a star graph with 2n edges and let the 5(r) = —g
with C € RY and r being the distance from the center of the star graph T.
Let 0; denote the angle between the edge i-th and i@ + 1-th of the star graph
I'. Then the mazimum of the discrete spectrum maxy, {inf [ad (_AF,B(T))}}

is obtained for 0; = = for alli € 2n.
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Proof. We start by rewriting the form (1.5) in polar coordinates in the same
way as in the previous section

\W \MP

+ ———drdy

o) = /R( )I@W
?9:. - W (1, $1.4) — (r, ¢i )2 dr

with the domain H'(R x (—m,7), ¥ (r, —m) = ¢(r,7),dr dp). This is equiva-
lent to the following form

h - ERIE Wd d
5,r(¢)— R x( )’ rw’ rayp

1
+/R+ ¥ (/ |a¢w\2dgo+§ j 5 ZH(r614) = 0, @-,)P) dr
Y2 1
- /R+><(—7r,7r) |a’“w|2 | | ar ng * /+ ﬁCG,BOp) ar

where we used shorthand ¢y s with 6 = {6;]i € 2n} for the quadratic form
corresponding to the operator Cpg. Using Lemma 3.2.1 we obtain that the
effective potential in the form hﬁJ“ has a maximum for ¢; = = for all ¢ € 2n
which completes the proof. ]

3.3 Conformal Maps of Unit Disc

In this section we present one possible generalization of the result presented
n [JL16]. We are able to generalize Theorem 2.4.4 using conformal maps
from the unit disc to a general subset of C. In this way we are able to cover
a much larger set of curves because limiting oneself to linear fractional trans-
formations is quite restrictive. Using Riemann mapping theorem we are able
to map the unit disc to any subset of C. The only question which remains
to solve is how precisely the interior of the disc is mapped.

We consider curves I satisfying the following conditions:

(cm1) T is a compact piecewise C'!' smooth curve,
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(cm2) T' is obtainable by a conformal mapping M from a curve [. The
conformal map M transforms the unit disc D to a different subset of
C. Furthermore the preimage I' of the curve I' is a monotone curve
parametrized as

['(r) = (rcoso(r),rsing(r)) for r e (0,1)

with the endpoints at the boundary of the unit disc D and the center
of the disc D.

Theorem 3.3.1. Let the curve I' C R? satisfy (¢cmi) and (cm2). Then

o(=Ars) = [0,00)

for all B(z) < —2mr\/1+ (r¢/(r))2\/Ja(2) where v is related to T
Proof. We start with the operator defined on the unit disc D as
_Af,B,D =—A,
D(-At 5 p) = { € B (D\TD)|
aF+¢|I‘+ = —ar—wlr—aﬁar+w|r+ = 1/1‘F+ - ¢|Ff}-

Using the same technique as in the proof of Theorem 2.4.3 we obtain that
there is no negative eigenvalues of the operator —Ay 5, as long as B(r) <

—27mry/1 + (r¢/(r))?. Now using the conformal mapping M we rewrite the
the quadratic form hf\’ 5D associated with the operator —Aﬁ 5.p As

hi g.p(¥) = (Vu, Vu)h + (87 ulp, [ulp)r

hr g.au(p) (¥) = (Y, V)i py + (87 [ulr, [u]r)r
where 571 = 57'\/Jy(2). We denote the operator associated with the
quadratic form hr g py as —Ar g (). We introduce a new operator de-
fined as a direct sum of the operator —Ar g (p) and Neumann Laplacian
—AQQ\M(D) on a set R? \ M (D). Both of these operators are positive and

its sum corresponds to the operator —Ar g with added Neumann boundary
condition at the boundary of M (D). Using Neumann bracketing

0 < —Arpgnm) ® —Agappy < —Arp

we complete the proof. O
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3.4 Absence of Negative Eigenvalues for Non-
closed Hypersurface

In this section we prove that for a sufficiently small coupling ¢’-interaction
supported by a non-closed compact manifold has no negative discrete eigen-
values. The result is similar to one presented in Theorem 3.3.1 and 2.4.4,
where it was proved for a certain class of curves with the estimate on the cou-
pling strength. The advantage of the following theorem is, that it works for
any non-closed compact manifold; the price we pay is that we do not obtain
a quantitative estimate. The idea of the proof was suggested by Monique
Dauge [D16].

We consider the operator —A, s associated with the quadratic form (1.6),
ie.
hg () = (Vi Vib)gw + (87 W], [¥]a)
where 71 (z) € L®(A,R) with the domain H'(R™\ A).

Theorem 3.4.1. Let A be a non-closed compact Lipschitz manifold of the
codimension 1. Then there exists 5y such that the operator —Ay g is positive
as long as B < By. Furthermore the spectrum is 0(—Apg) = Oess(—Ap ) =
R*.

Proof. The proof of the fact g.ss(—Ap ) C RT can be done in the same way
as in [JL16]. We show that the operator —A, 3 is non-negative. First we
take a subset B C R" such that A C B and B\ A is connected. We introduce
a new operator with the added Neumann boundary condition. This operator
can be written as a direct sum of Neumann Laplacian —Aﬁn\ ponaset R"\ B

and the operator —Af 5 associated with the following form

hg (W) = (Voo, Vo), + (87 [Wla, [¥]a)

with the domain H'(B\ A). Using Neumann bracketing we obtain, in the
sense of ordering forms,

The Neumann Laplacian is positive and as a result it is sufficient to check
that the operator —Af’ﬁ is positive. We show that the form hg’B is positive
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for sufficiently large negative 5. We use the inequality

0 < [I[Ialli < Iela+llz + 0]a-lif < CUVENE +I113) (3.5)

which is a direct result of [GMO08, Lemma 2.5]. We introduce the notation
v=/ B\A Y(z)dx for the average of the function . Direct calculation shows
that

Now we estimate the norm ||¢» — ¢||% in the following way

MY =0l < IV -9z

where /\j-v denotes j-th eigenvalue including the multiplicity of Neumann
Laplacian on set B\ A. The previous inequality holds due to the fact that the
constant function is the eigenfunction corresponding to the lowest eigenvalue
of the Neumann Laplacian and 1) — 1) is an orthogonal projection of the
function 1 with respect to the ground state of the Neumann Laplacian. Now
we rewrite the inequality (3.5) for the function ¢ — v as follows

H[IalR = N[ = 1Al < CUVE = D)5 + 1Y = 25),

~ — __ 2 ~
< (1vw -l + M) <o (14 o) 19wl
2 2

These inequalities imply that

Ial3 < =BIVYIE

holds for —f > C (1 + A%) Rewriting the latter we obtain
2

1
OSHVM@+BMMMﬂ

which completes the proof. O
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Summary

In this thesis we studied spectral properties of Schrodinger operators de-
scribing §’-interactions supported by curves and surfaces. The results can
be divided into two main groups. One is concerned with the strong coupling
limit asymptotics of the spectrum and the second one with the absence of the
discrete spectrum for §’-interaction supported by a non-closed hypersurfaces.
The first terms in the asymptotic expansion for the discrete eigenvalues in a
strong coupling limit can be written as

4
A= g T+ OB mS)

where 7! corresponds to the interaction strength and u; depends on the
geometry of the interaction support. The essential spectrum is either positive
real line axis

Oess(Hr,g) = [0,00)
for the case of a compact manifold I" and for an infinite manifold I' with
a sufficiently fast decaying interaction. For the case of a constant coupling
strength and an infinite manifold which is asymptotically flat the essential
spectrum behaves as

Geas(Hr p) = [e,50).
where € — —%. The most interesting property of the spectrum studied and
proved in this work is the absence of the negative spectrum for sufficiently
weak d’-interaction supported by a non-closed manifold. Such behavior was
previously unknown for attractive potential in R?2. We can rephrase the result
in a way that there exists a critical value g* such that for any f < * the
discrete spectrum is empty. If we consider a curve we can show that bending
the curve results in the effective decrease of the value of 5*.
There are several open questions to be addressed. Among them we can list
the optimization of the support shape with respect to the discrete spectrum
or the challenging question of determining the precise value of 5* for a general
non-closed manifold.
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Abstract

We consider a generalized Schrodinger operator in L?(R?) with an attractive
strongly singular interaction of §’ type characterized by the coupling parameter
B > 0 and supported by a C* smooth closed curve I" of length L without self-
intersections. It is shown that in the strong-coupling limit, 8 — 0, the number
of eigenvalues behaves as % +O(|In B|), and furthermore, that the asymptotic
behavior of the jth eigenvalue in the same limit is —% + u;+ O(Blngl),
where p; is the jth eigenvalue of the Schrodinger operator on L*(0, L) with
periodic boundary conditions and the potential —iyz, where y is the signed
curvature of I".

PACS numbers: 03.65.Db, 03.65.Ge
Mathematics Subject Classification: 81Q10, 35J10, 35P15

1. Introduction

Schrédinger operators with singular interactions supported by manifolds of a lower dimension
have been studied for several decades beginning with the early works [Ku78, BT92]. In recent
years they have attracted attention as a model of a quantum particle confined to sets of nontrivial
geometry and a possible alternative to usual quantum graphs [BK13], having two advantages
over the latter. The first is that they lack the abundance of free parameters associated with the
vertex coupling. The second, perhaps physically more important, is that the confinement is not
strict and certain tunneling between parts of the graph is allowed. One usually speaks about
‘leaky’ quantum graphs and describes them using Hamiltonians which can be formally written
as —A —ad(- —T), a > 0, where I' is the support of the attractive singular interaction. A
discussion of such operators and a survey of their properties can be found in [Ex08].

One can think of the singular interaction as a § potential in the direction perpendicular to I",
atleast at the points where the manifold supporting the interaction is smooth. If the codimension

1751-8113/13/345201+12$33.00 © 2013 IOP Publishing Ltd Printed in the UK & the USA 1
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of T" is one, however, there are other singular interactions which can be considered, a prime
example being the one coming from the one-dimensional §’ interaction [AGHO5], that is,
operators which can be formally written as

H=-A-p71%(-0).

The formal expression has to be taken with a substantial pinch of salt, of course,
because in contrast to the § interaction, which can be approximated by naturally scaled
regular potentials, the problem of approximating 8’ is considerably more complicated*—see
[§e86, CS98, ENZ01] and also [CAZ03+, GH10]. What is important for our present purpose,
however, is that irrespective of the meaning of such an interaction, there is a mathematically
sound way of defining the above operator through boundary conditions, and moreover, one
can also specify it using the associated quadratic form [BLL13].

Apart from the definition, one is naturally interested in spectral properties of such
operators, in particular, in relation to the geometry of I'. In the case of the §-type singular
interaction, we know, for instance, that I' in the form of a broken or bent line gives rise to a
nontrivial discrete spectrum [EIO1] and a similar result can also be proven for the 8’ interaction
[BEL13]. In this paper we want to demonstrate another manifestation of the relation between
eigenvalues of H and the shape of I'. It is inspired by [EY02] in which it was shown how the
eigenvalues coming from a § interaction supported by a C* Jordan curve I'" behave in the strong-
coupling regime, &« — 00, namely, that after a renormalization consisting of subtracting the
I'-independent divergent term they are in the leading order given by the respective eigenvalue
of a one-dimensional Schrodinger operator with a potential determined by the curvature of T.

Here we are going to show that in the §’ case, where the strong-coupling limit is 8 — 0,
we have an analogous result, namely that the asymptotic expansion of the eigenvalues starts
from a I'-independent divergent term followed by the appropriate eigenvalues of a one-
dimensional Schrodinger operator, the same as in the § case. We will also be able to derive an
asymptotic expression for the number of eigenvalues dominated by a natural Weyl-type term.
In the next section we state the problem properly and formulate the indicated results; the next
two sections are devoted to the proofs. The technique is similar to that of [EY02], however, the
argument is slightly more complicated because the present form of the associated quadratic
form does not allow one to estimate the operator in question using operators with separated
variables. In conclusion, we shall comment briefly on possible extensions of the results.

2. Formulation of the problem and main results

We consider a closed curve I" without self-intersections identified with the graph of
P [0.L] =R s> (Ti(s), Ta(s),

with the component functions ', I'; € C*(R). We assume conventionally that the curve is
parameterized by its arc length, in other words, I'? + I} = 1. The operator we are interested
in acts as the Laplacian outside the interaction support,

(Hpr) (x) = = (AY) (x)

for x € R?>\ T, and its domain is D(Hp) = {¢ € H>R2\T) | O W (x) = 0_, ¥ (x) =
VX)) |r, —BY ®)|r = ¥ x)ls,r — ¥ ()]s r}, where nr is normal to I', which for definiteness
4 It is important to bear in mind that 8’ is not approximated by squeezed potentials of zero mean [CAZ03+, GH10]
which illustrates that the name, invented originally by Grossmann, Hgegh-Krohn, and Mebhkhout, is unfortunate and

can lead a reader unfamiliar with the concept to false conclusions. Some authors proposed alternative terms, see e.g.
[CS99], but the name stuck and we shall use it, keeping in mind that §’ is nor a distributional potential.
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is supposed to be the outer one, and v (x)|s,.r are the traces of the function ¥ in the regions
separated by the curve. The quadratic form associated with this operator is well known [BLL13,
proposition 3.15]; it is bounded from below for any 8 > 0. In order to write it, we employ
the locally orthogonal curvilinear coordinates (s, «) in the vicinity of the curve introduced in
relation (3.1) below. With an abuse of notation we write the value of a function ¥ € H' (R*\TI)
as Y (s, u); then we have

hgly] = ||Wf||2—ﬂ—‘fr|w<s, 04) — ¥ (s, 0-)]*ds.

To state our main theorem we introduce the following operator:

? 1,
- _ 2.1
AN @1
where y denotes the signed curvature of the loop, y (s) := (I'/T', — I';T}) (s). The domain of
this operator is D(S) = {¥ € H*>(0,L) | ¥ (0) = ¥ (L), ¥'(0) = ¥'(L)}. We denote by M

the jth eigenvalue of S with the multiplicity taken into account.

Theorem 2.1. One has 0. (Hg) = [0, 00) and to any n € N there is a B, > 0 such that
#ogisc(Hg) = n holds for B € (0, B,).

For any such B we denote by A ;(B) the jth eigenvalue of Hg, again counted with its multiplicity.
Then the asymptotic expansions

4
rj(B) = —p—i-uj-i-(’)(ﬁllnﬂl), J=1....n

are valid in the limit § — 0,. The error term here depends on j and the eigenvalues of the
two operators are numbered in ascending order.

Theorem 2.2. The counting function B > #o4isc (Hg) admits the asymptotic expansion

2L
#Hogise (Hpg) = B +O(Ingl) as g — 0.

3. Proof of theorem 2.1

The essential spectrum of Hp is found in [BLL13, theorem 3.16]. To prove the claim about
the discrete one we first need a few auxiliary results. To begin with, we introduce locally
orthogonal curvilinear coordinates s and # which allow us to write points (xj, x;) in the
vicinity of the curve as

(1, x2) = (L1 (s) — ul5(s), Ta(s) + ul’} (5)). (3.1

Since T is supposed to be a C* smooth closed Jordan curve, it is not difficult to establish that
the map (3.1) is injective for all # small enough; for a detailed proof see [EY02].

We choose a strip neighborhood €, := {x € R? : dist (x,I") < a} of I" with the half-
width a small enough to ensure the injectivity of (3.1) on €2,, and use bracketing to get a
two-sided estimate of the operator Hg by imposing the Dirichlet and Neumann conditions at
the boundary of €2,, i.e.

Hy(B) < Hp < Hp(B), (3.2)

where both the estimating operators correspond to the same differential expression and
DHyB)) = {y € DHp) | 0, ¥(s,a) = 9, ¥ (s,—a) = 0}, while the other is
D(Hp(B)) ={y¥ € D(Hp) | ¥ (s,a) = ¥ (s, —a) = 0}. The operators Hp(B) and Hy(pB) are
obviously direct sums of operators corresponding to the parts of the plane separated by the
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boundary conditions, and since their parts referring to R? \ @, are positive, we can neglect
them when considering the discrete spectrum. The parts of Hy(8) and Hp(B) referring to the
strip €2, are associated with the following quadratic forms,

hyplf1=IIVFI* =" fr |£(s,04) — f(s,0_) > ds,
hp sl f1=IVfII? - B~ fr |f(s,04) — f(s,0_)|*ds,

respectively, the former being defined on H'(Q, \ T), the latter on I:I(} (22, \ T') understood as
a set of functions which are locally H' and vanish at the boundary of . Our first task is to
rewrite these forms in terms of the curvilinear coordinates s and u.

Lemma 3.1. Quadratic forms hy g, hp g are unitarily equivalent to quadratic forms qy,g and
qp,p which can be written as

osf 112 [t
;ng ISR+ £V — B 1/0 £6.00) — £5. 0 ds

golfl= ‘

1 L
+5 /0 y ()(1£(s, 02 — If(s,0)?) ds

L L
avlf] = qolf] — f YO i )P ds + [ YO | rs, —a)Pds

0 21 +ay(s) o 2(1—ay(s)
defined on Ijl(i (0, L) x ((—a, 0)U (0, a))) and H' ((0, L) x ((—a, 0) U (0, a))), respectively,
with periodic boundary conditions in the variabge s. The geometrically induced potential in
uy’ Sy’ v

these formulce is given by V = 2 T ag - T i@ with g(s, u) := 1 + uy (s), and we employ

here the conventional shorthands, 9, = 5 efc.

Proof. We express 9, and 9, as linear combinations of d,, and 9, with the coefficients
Oxy = I} —ul'y, dxp = Iy, +ul'], 9,4y = T}, and 9,x, = —TI'}. Working out the inverse
coordinate transformation we get

Oy =g (=3 — Ty +ul')dy), 8y =g ' (=T30 + (I} — ul'))d,),
where g = (T — ul'))I"] + (I'y + ul'{)T, = 1 + uy because F/lz + Fg = 1 holds by
assumption. The last relation gives I';T"Y + I';I"} = 0 which in turn implies > = I'/? + I'}2.
Using these identities we can check by a direct computation [ES89] that

q;plUS1 = hjplf]
where (Uf)(s, u) := /1 +uy(s) f(x1(s, u), x2(s, u)) holds for j = D, N and all functions
f € D(hjg), which proves the claim. O

The forms gy p and gp g are still not easy to handle and we are going to replace the
estimate (3.2) by a cruder one in terms of the following forms associated with operators. As
for the upper bound, we introduce the quadratic form q;; 8 acting as

gl 1= 18,17 + (1 = ally o) 1011 + (f. V' £)
L 1 L
_’371/0 (s 04) = (5. 0-) s + 5/0 Y (5)(1f (s, 0P =1 (5.0-) ) ds.

-+ .— ay _ y?
where VI = s o7 — a5l ie

given by the standard convention, fy := %(| f1 £ f); we have neglected here the non-positive
term —%(uy’)zg*“. In contrast to the argument used in the § interaction case [EYO02] the

77 with vy = (¥")+ and the positive (negative) part

4
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operator Q; 8 associated with this form does not have separated variables, however, one can

write it as QI s =U, TRI+ f[fi I Tjﬂ (s) ds and we are going to show that the spectrum of the

second part associated with the form

1
B
is independent of s. The operator itself acts as Tafﬁ (s)f = —f” with the domain

D(T,}4(5)) = {f € H*((—a,a) \ {0}) | f(a) = f(—a) =0,
02 = f(00) = =B (f(04) — F0-)) + 3y () (f(04) + FO_)}.

+ N 2 _ _ 2 l 2_ 2
L g O = 111 1f(04) = FOI" + Sy () f (s, 01" = 1f (. 0-)1)

Lemma 3.2. The operator T:ﬂ (s) has exactly one negative eigenvalue t, = —K}r provided
% > 2 which is independent of s and such that
2 4
Ky = E — 56_4[1/'3 +0B e3Py holdsas B — 0.

Proof. An eigenfunction corresponding to the eigenvalue —«? and obeying the conditions
f(£a) = 0and f/(0_) = f/(0,) is, up to a multiplicative constant, equal to sinh(k (x F a))
for £x € (0, a). The function is odd, hence f(0_) = —f(0,) and the s-dependent term does
not influence the eigenvalue; the spectral condition is easily seen to be

K= %tanh(/ca). 3.3)

We are interested in the asymptotic behavior of the solution as 8 — 0. Let us rewrite the
condition as = % tanh(xa); since the right-hand side is monotonous as a function of ¥ > 0
it is clear that there is at most one eigenvalue and that this happens if 8 < 2a. Furthermore,
the right-hand side is less that % which means that ¥ < 287! and the inequality turns to an
equality as § — 0 and k — oo. Next we employ the Taylor expansion

% tanh(ka) = %(1 —2enay peia | O(ee)),

2

and since k — 5

as B — 0, relation (3.3) yields the sought result. O

Next we estimate in a similar fashion the operator with the Neumann boundary condition
which we need to get a lower bound. To this aim we employ the quadratic form ¢, 4, defined
as

Gy gl 1= 10.f17 + A+ aly o) 18,517 + (f, V)

L 1 L
—5_1/0 £ (s,04) = f(s,0-)*ds — 5/0 Y (&) (1f (s, 00) P = £ (s, 00)*) ds

L L
—||y||oo/0 |f(s,a)|2ds—||y||oo/0 (s, —a)l ds,

- _ ay) Syt %
where V™ = — iy T #0alylof T —alyTe?

with the quadratic form can be written as Q- p=U; QI+ f[?f L T, 5(s) ds, where the operator
T&, (s) referring to the transverse variable acts for any s € [0, L) as ]:1,_,‘3 (s)f = —f" with the
domain

As before, the operator associated
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D(T, () = {f € H*((=a, ) \ {O)) | Flylloof (Fa) = f'(a),
F10-) = £105) = =71 (£(01) = £(0-)) + 37 () (f(01) + £(0-))}. (3.4)

We are going to estimate the spectrum of 7, 4 (s) and check its independence of s.

Lemma 3.3. The operator T_, wp () has exactly one negative eigenvalue t_ = —«> for any p
small enough; the latter is mdependent of s and for B — 0 we have

2
. 2 L+ 42— BllYllso —4a/ﬂ+0 (2_/3||7/||oo> e—8a/B |
AN PRI B2+ BVl
Proof. The function satisfying f” (x) = «2f (x) for x # 0 together with the boundary conditions
FlIY loof (£a) = f'(Fa), which has its derivative continuous at x = 0, is of the form
Ae* +Be ™ if xe (—a,0)

FO=Vcer L Do it xe (0.0

The constant A is arbitrary, while for the others the requirements imply B = AZ e~ with

Z:= :Am:” and D = —A, C = —B. The remaining property from (3.4) leads to

K(A—B)Z%(A+B—C—D)+%J/(S)(A+B+C+D),

and since the last term vanishes we can rewrite the spectral condition as
21+Ze e
= B1—ze e
As before, we are interested in the regime B — 0,. Note that as long as Z > 0 we have
k > 287! hence « is large and £ = Ze 2% is small and the expansion

_ 2148 2
—(1

=51 = g HOUHELE+OEN)
yields the stated behavior of x as B — 0. Since we are interested in the strong-coupling
situation, we may assume Z > O without loss of generality. This assumption is satisfied for
287" > |7l and the uniqueness of the eigenvalue is a consequence of the above spectral
condition and the monotonicity of the function k > % }J_’g::z which can be checked by a
direct computation. O

Next we estimate the eigenvalues of the operators U=, referring to the longitudinal part in
the expressions for Qa P in a similar way to [EYO2] they correspond to the second and third
terms in the definition of the quadratic forms q W

Lemma 3.4. There is a positive C independent of a and j such that
w7 (@) — pyl < Caj?

holds for j € Nand 0 < a < ﬁ, where ,uj# (a) are the eigenvalues of Uai, respectively,
with the multiplicity taken into account.

Proof. We employ the operator Sy = —d? with the periodic boundary conditions, i.e. the
domain D(Sp) = {f € Lz((O L)) | f(0) = f(L), f/(0) = f'(L)}; its eigenvalues, counting
multiplicity, are 4[ 1? ”7 ,j=1,2,..., where[-] as usual denotes the entire part. Its difference

from our comparison operator (2. 1) on L2 (0, L) is easily estimated,

IS = Soll < 3l %,
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and consequently, by the min—max principle we have

jT 2
M“‘H 3

for j € N. Next we can use another simple estimate,

1 ay y? y?

Ut — S = - + ,
“ (I =dalylle)? 2(1 —allyll)® 4l +alylla)?* 41 —alylle)?

and since the last two terms combine to a||y ||y (1 — a?||y ||%,) "2, we infer that
+ Hj

[ e —
P (I =allylle)?

holds for some ¢y > 0 and any j € N. Combining now (3.5) and (3.6) we get

M 1— (1 —alylle)?
(1 —allylleo)? (1 —allylleo)?
< coa+ cralu;| < Caj?

1 2
< zIvis (3.5)

< coa 3.6)

i =l < | — + Il -

with suitable constants. The second inequality is checked in a similar way: we use

U- 1 P ay} 5a*(v})?
“ (A talylie)? 2(I—allylle)? 4 —alylle)*
ally llso

)/ s
T —alylle)?( +allyllx)?
which implies
U- 1
“ (A talylie)?
where in the second inequality we employed the fact that a is bounded. With help of the
min—max principle we then get
o — M
7 (T+alylie)?
hence finally we arrive at the inequality

S’ < &oa + &1a* € ca,

< a,

1 - (1 +allylls)?

(I +allylle)?
valid for a suitable C which completes the proof. U

Iy — i)l < c2a + |ujl < ca+ csalp;| < Caj?

Now we are ready to prove our first main result.

We define a(B) = ——ﬁ In 8 and denote the eigenvalues of the operators T= u(p).p 38 t 1 p
respectively, taking their mu1t1p11c1t1e$ into account. From Lemmata 3.2 and 3.3 we know that
’i, p =1+ for small enough g, while ti’ P > 0 holds for j > 1. Collecting the estimates worked
out above we have

®

[$3]
<Hp(B) < Ujy, ®I+/ T, () ds = Qi) 5 G3.7)

and the eigenvalues of the operators Qa(ﬂ) P
Schrodinger operator Hg are naturally ik 1p T I %(a(B)) with k, j € N. Those with k >
and j € N are uniformly bounded from below in v1ew of the inequality

th g+ 15 @(B) > uia(B)) = p + OB ), (3.8)

7

between which we squeeze our singu]ar
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hence we can focus on k = 1 only. For j € N we denote
W) g =1h s+ 15 @(p)).

With our choice of a(8) we have e #“ = 83, so from the above lemmata we get k. = %—i—@ B)
and ;L;t (a(B)) differ from u; by O(—B?1n B); putting these estimates together we can
conclude that

: 4
Wpp = gttt O(=Bmlp) as p— 04 (3.9)

with the error term in general dependent on j. Combining (3.8) and (3.9) we can conclude that
to any n € N there is a 8(n) > 0 such that

Wl <0, oy <t g+uf@p) and o 4 <tt g+ p;a(p))

holds for B < B(n), k > 2, and j > 1. Hence the jth eigenvalue of Qj(ﬁ),ﬂ, counting
multiplicity, is wi_ P forall j < nand B < B(n). Furthermore, for 8 < B(n) we denote & i B)

and Ei (B) as the jth eigenvalue of Hp(B) and Hy(B), respectively; then from (3.7) and the
min—max principle we obtain

oy <ELB), ELB) <y

for j = 1,2,...,n, which in particular implies £} (8) < 0. Using the min-max principle
once again we conclude that Hpg has at leasp n eigenvalues in the interval (—oo, £} (8)) and
for any 1 < j < nwe have £/ (8) < A; < &/(8) which completes the proof.

4. Proof of theorem 2.2

For a self-adjoint operator A with inf gess(A) = 0 we put N~ (A) := #{o,(A) N (—0o0, 0)}. In
view of (3.7) the eigenvalue number of Hg can be estimated as

N7(Q, ) <N~ (Hy(B)) < #ou(Hp) < N~ (Hp(B)) < N (Q5 ). 4.1
In order to use this estimate we define

Ky ={jeNw}, <0}
and derive the following asymptotic expansions of these quantities.

Lemma 4.1. In the strong-coupling limit, § — 0, we have

2L
#Kﬁi = <5 + O(|In B)). 4.2)

Proof. We choose K such that 87! > K > 0and (87' —K)®> < 72— 48 — 16’1||y||§o; this
can be obviously done for all sufficiently small 8. With the preceding proof in mind we can
write

Ki ={jeNt g+ uf@p) <0}
Lemma 3.2 allows us to make the following estimate,
16 4

. , 4 i
Ky > {JeNiuj+Ca(ﬁ>ﬁ<E—@e 4“9)/5:@—165};
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using further (3.5) and the indicated choice of K we infer that
2

.92
+ . J T ) 4 1 2
Ky 3{J€N|4|:2i| E"‘Ca(ﬁ)J <IB2—16,3—4||V||00}

x> 3 1 2
. 2 2
D{JGN’] T~ 7CBInp; <4(E—K> }

) ) 1 72 3 12

We employ the Taylor expansion (M + x)~"/2 = M~1/2 — L xM=3/> 4 O(x?); since we are
interested in the asymptotics 8 — 0., we rewrite the right-hand side of the last inequality as

(L k) (3 _%~21 )L 3epmp (LY
(5-%) (F-3eme) =2(5-1) |7 +500ms(7) |

which allows us to infer that
2L
#KS > — 4+ O(|In ) (4.3)
np
holds as B — 0. In a similar way we estimate #K . First we choose a number K” satisfying
0<K <4+ %)1/2 and note that # +48 + % < (% + K’)2. Then we have

. . 4 162 =Byl —aapyp
ClieNuj=CaB)j* < o5+ 57— e
{ ‘ Jj :32 ,322+,3||y“oo
| 3 4 2Bl
CljeN|uj+CBMB < 5 +1685— =1t
: i+ RS T TN

With the help of the fact that 2(j — 1) > j for j > 1 we further have

_ . (G—-Dr\> 3 . 4 Iy 1I%,
Kﬁc{l}U[]>2| <T> +ZCﬂlnﬂ(1—l)2<E+l6ﬂ+ 1 ]
2 —1
c U [j>2| =1y < (%Jr 168 + HVJ“’) ((%)ZJF%cmnﬂ) ]

, . 1 N\ [(/m\2 3 -2
C{I}U[]>2|]<l+2<ﬂ+K><(L>+4C,31nﬁ> ]

Now we can estimate the expression on the right-hand side of the last inequality in the
asymptotic regime § — 0 as

1 N\ [(/m\* 3 )
2<E+K><(Z) —i—ZCﬂlnﬁ) = 5 OB,

In combination with the above inclusions this leads to
_ 21
#Kﬂ < —+0(Ing) 4.4)
B

as B — 0. Finally, we know that t}r, s < tl’ P which implies K; C K3, and this together with
(4.3) and (4.4) concludes the proof. O

We also need to estimate the second eigenvalue of the operators T.6)p (s).
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Lemma 4.2. Ta,_ﬁ (s) with a fixed s € [0,L) has no eigenvalues in [0, min {%, (f—a)z})
provided 0 < < 2a.

Proof. Let us check first that zero is not an eigenvalue. The corresponding eigenfunction
should have to be linear and the conditions F ||y |cof(£a) = f'(£a) and f/(0_) = f'(0,)
would require f(x) = AF|Y looX + 1 + || [loa) for £x € (0, @), and as in lemma 3.3 the
spectral condition would read — ||y |l = %(1 + ||y llco@) Which cannot be true because the
right-hand side is positive. Furthermore, the spectral condition for an eigenvalue k* > 0 is
found again as in lemma 3.3; after a simple calculation we find that it reads

1,3 _ 1yl tanka + k
27 7 k1Y llee — ktanka’
The right-hand side can be estimated by m% provided that ka < 5 and at the same time

IV lloo — ktanka > 0; by finding the value for which this expression equals % B we would
obviously get a lower bound to k. Rewriting the condition as

2
—ka* = (1 + ||y||ooa>B — 17l

we see that the left-hand side is negative while the right-hand side is positive under
our assumption, hence one has to determine the restriction coming from the condition
l¥llco — ktanka > 0. In particular, for ka < in this is true provided ||y ||loc — 2k%a > 0,
which means that the spectral problem has no solution if k> is smaller than either % or

( %)2, which concludes the argument. O

Now we are ready to prove our second main result.
We begin by showing that the relation

Ni(Q;(ﬁ)ﬂ) = #K,; 4.5)

holds for any sufficiently small 8 > 0. We know that all the eigenvalues of Q can be

) a(p).p
written as {t/ p T (a(B))}jken with the multiplicity taken into account. From the previous

Hyzljf", (%)2 } which together with [x; (a) — p;] < Caj? implies

lemma we have IE. 5> min{
the existence of a By such that

! g+ g (@(B)) > 0
holds for j > 1, k > 1,and B8 € (0, By). This implies
N~ Qg 5) = #l(k, ) € N £ 4 + 17 @(B)) < 0)
=#j €Nt 4+ 7 @) < 0) = Kj,
i.e. the relation (4.5); combining it with (4.1) we obtain
#K] < #ou(Hy) <N™(Q, ) = #Kj,

which by virtue of lemma 4.1 concludes the proof.

5. Concluding remarks

We have seen that, despite very different eigenfunctions, the 8" ‘leaky loops’ behave in the
strong-coupling regime similarly to their § counterparts: the number of negative eigenvalues
is given in the leading order by a Weyl-type term, and the eigenvalues themselves are after
a natural renormalization determined by the one-dimensional Schrédinger operator with the
known curvature-induced potential.

10
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The question is whether and how the current results can be extended. The bracketing
technique we used would work for infinite smooth curves I' without ends, provided that
suitable regularity assumptions were imposed. If, on the other hand, the curve is finite or
semi-infinite the situation becomes more complicated because one has to impose appropriate
boundary conditions at the endpoints of the interval on which the comparison operator (2.1) is
defined. One can modify the present argument to get an estimate on the number of eigenvalues
because there those boundary conditions play no role, the counting functions in the Dirichlet
and Neumann case differing by an O(1) term. For an eigenvalue position estimate, on the
other hand, this is not sufficient and one conjectures that the Dirichlet comparison operator
has to be used. For a two-dimensional open arc I" supporting a § interaction this conjecture
has recently been proved [EP12]; the argument is more complicated because one cannot use
operators with separated variables. We believe that the same method could work in the §’ case
too—however, the question is not simple and we postpone discussing it to another paper.

On the other hand, finding the asymptotics in the case when I' is not smooth, or even has
branching points, represents a much harder problem and the answer is not known even in the
§ case, although some inspiration can be found in the squeezing limits of Dirichlet tubes; see,
e.g., [CEO07].
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1. Introduction

Quantum mechanics of particles confined to curves, graphs,
tubes, surfaces, layers, and other geometrically nontrivial objects
is a rich and inspirative subject. On one hand it is useful physi-
cally, in particular, to describe various nanostructures, and at the
same time it offers numerous interesting mathematical problems.
Models of “leaky” structures [1] in which the confinement is real-
ized by an attractive potential have the advantage that they take
quantum tunneling into account. The potential is often taken sin-
gular, of the § type, because it is easier to handle [2].

Very recently also more singular couplings of the §’ type at-
tracted attention. The corresponding Hamiltonians can be formally
written as

Hp=—-A—-B71'(-— D), (n

where I' is a smooth surface supporting the interaction. Some pre-
fer to write the interaction term as 8~ 1(8'(- — I'), )8'(- — I') to
stress that the interaction is invariant with respect to mirror reflec-
tion. What is important, however, is that either of the expressions
is purely formal. A proper definition which employs the standard
8’ concept [3] will be given below, here we only note that we write
B~ to underline that a strong 8 interaction corresponds to small
values of the parameter 8. We also note that investigation of such
8’ interactions is not just a mathematical exercise. Due to a sem-
inal idea of Cheon and Shigehara [4] made rigorous in [5,6] they

* Corresponding author at: Nuclear Physics Institute ASCR, 25068 ReZ near Prague,
Czech Republic.
E-mail addresses: exner@ujf.cas.cz (P. Exner), jexmicha@fjfi.cvut.cz (M. Jex).

http://dx.doi.org/10.1016/j.physleta.2014.06.017
0375-9601/© 2014 Elsevier B.V. All rights reserved.

can be approximated by a scaled “tripple-layer” potential combina-
tion. The possibility of forming such systems with barriers which
become more opaque as the energy increases is no doubt physi-
cally attractive.

The subject of this letter is the strong coupling asymptotics of
bound states of operators (1) with an attractive §' interaction sup-
ported by a finite or infinite surface in R3. The analogous problem
for § interaction supported by infinite surface was solved in [7]. As
in this case, we are going to show that the asymptotics is deter-
mined by the geometry of I'. As a byproduct, we will demonstrate
the existence of bound states for sufficiently small 8 for non-
planar infinite surfaces which are asymptotically planar, in a way
alternative to the argument proposed recently in [8].

2. The Hamiltonian

The first thing to do is to define properly the operator (1). It
acts, of course, as Laplacian outside of the surface I

(Hp)(x) = =(Ay) (%)

for x € R3\ I" and the interaction will be expressed through suit-
able boundary conditions on the surface which, in accord with [3],
would include continuity of the normal derivative together with
a jump of the function value. Specifically, the domain of the oper-
ator will be

D(Hp) = {y e H*(R*\ I") | 0, ¥ (%) = 0 Y (%) =1 ¥/ ()| 1,
—BY' @) =¥ @], p— V@],
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where nr is the normal to I and v (x)|p, are the appropri-
ate traces of the function i; all these quantities exist in view
of the Sobolev embedding theorem. Being interested in the at-
tractive &' interactions, we choose the above form of boundary
conditions with 8 > 0. Another way to define the operator Hg
is by the means of the associated quadratic form as discussed
in [2]. Its domain is H'(R3\ I") and the form value for a func-
tion ¢ € HI(R3\ I') is given by

Rl = IVY I = Bl - — vl - (2)

As indicated we are interested in the spectrum of Hg in the
strong-coupling regime, 8 — 0.4, for two kinds of surfaces I'. The
first is an infinite surface of which we assume that:

(a1) I' is C* smooth and allows a global normal parametrization
with uniformly bounded elliptic tensor,

(a2) I' has no “near self-intersections”, i.e. there exists its sym-
metric layer neighborhood of a finite thickness which does
not intersect with itself,

(a3) I' is asymptotically planar in the sense that its curvatures
vanish as the geodetic distance from a fixed point tends to
infinity,

and finally
(a4) trivial case is excluded, I" is not a plane.

In fact, the assumption (al) can be weakened in a way similar to
[9], however, for the sake of simplicity we stick to the existence of
a global normal parametrization. The second class to consider are
finite surfaces. The compactness makes the assumptions simpler
in this case, on the other hand, we have to require additionally
absence of a boundary:

(b) I' is a closed C* smooth surface of a finite genus.

In this case no global parametrization exists, of course, but the
geometry of I" can be described by an atlas of maps representing
normal parameterizations with a uniformly bounded elliptic tensor.

3. Geometric preliminaries

Let us collect now some needed facts about the geometry of the
surface and its neighborhoods; for a more complete information
we refer, e.g., to [10]. We consider infinite surfaces first and we in-
troduce normal coordinates on I" starting from a local exponential
map y : T,I" — U, with the origin o € I" to the neighborhood U,
of the point o; the coordinates s are given by

5= (51,52) — €Xp, (Zsiei(0)> (3)

where {e1(0), e2(0)} is an orthonormal basis of T,I". By assump-
tion (al1) one can find a point o € I such that the map (3) can be
extended to a global diffeomorphism from T,I" ~R? to I".

Using these coordinates, we express components of the surface
metric tensor gy as guv = Y, - ¥,v and denote ghV = (gw)‘l.
The invariant surface element is denoted as dI" = g%dzs where
g :=detg,,. The unit normal n(s) is defined as the cross product

of the linearly independent tangent vectors y,,, i.e. n(s) = h):: QZI

The Gauss curvature K and mean curvature M can be calculated by
means of the Weingarten tensor h), := —n - y,08°",

1
I(Zdeth,‘iZkﬂ(z, M =

1
= 5 Trh, = 5 (k1 + ko).

We recall that the eigenvalues of h;‘i are the principal curvatures
ki2 and that the identity K — M? = — % (k; — k2)? holds.

We also need neighborhoods of the surface I'. A layer £2; of
halfwidth d > 0 will be defined as the image of Dy :={(s,u):s €
R?,u € (—d, d)} by the map

L: Dg>q=(s,u) = y(s)+un(s) (4)

This definition provides at the same time a parametrization of £2q,
and the assumption (a2) can be rephrased as

(a2) there is a dg > 0 such that the map (4) is injective for any
d < dp.

Moreover, in view of (al) such an £ is a diffeomorphism, which
will be crucial for the considerations to follow. The layer £24 can be
regarded as a manifold with a boundary and characterized by the
metric tensor which can be expressed in the parametrization (4)
as

Gu) O
Gij:((g) 1>,

where G, = (6,‘1 — uhZ)((Sg - uhg)gpv. We use here the conven-
tion in which the Latin indices run through 1, 2, 3, numbering the
coordinates (s1, Sz, 1) in £24, and the Greek ones through 1, 2. The
volume element of the manifold £24 can be written in the form
d2q := /G d?sdu with

G :=detGyj = g[(1 — uk))(1 — ukp)]* = g(1 — 2Mu + Ku?)?;

with the future purpose in mind we introduce a shorthand for the
last factor, £(s, u) := 1 — 2M(s)u + K(s)u2. The curvatures also al-
low us to express more explicitly the next assumption:

(a3) K,M — 0 as |s| :=,/s? + 53 — oo.

Recall next a few useful estimates made possible by the as-
sumption (a3), cf. [11]. In combination with (a1) and (a2) it implies
that the principal curvatures k; and k, are uniformly bounded. We
set

p 1= (max{ [k . Izl oc})

note that p > dp holds for the critical halfwidth of assumption
(a2). It can be checked easily that for a given d < p the follow-
ing inequalities are satisfied in the layer neighborhood £24 of I,

C_(d)=<§=Ci ), (5)

where Cy := (1+dp~1)?2, and this in turn implies

C_(d)guv <Guy =C(d)guv- (6)

Since the metric tensor g, uniformly elliptic by assumption, we
also have

C-8uy < guv <y (d)dpy (7)

as a matrix inequality for some positive constants c.

Let us briefly describe modifications needed if we pass to closed
surfaces. As we have indicated a global parametrization is replaced
now by a finite atlas .A of maps; in each part M; we introduce
normal coordinates and define layer neighborhoods by the maps
M;on D;q:={(s,u): sedomM;,u € (—d,d)} with a given d > 0,

M,-: Did>q=(s,u) — yi(s) +un(s) (8)

In view of assumption (b) there is a critical do > 0 such that ev-
ery map M, : D; g — £2¢4 from A is injective provided d < dp and
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a diffeomorphism. Furthermore, Mi(s,-,ui) = Mj(sj,uj) implies
Mi(sij) = M(s;j). The above estimates of the metric tensor re-
mains valid also for compact I".

4. The results

As in the case of a § interaction supported by a surface, the
asymptotics is determined by the geometry of I'. To state the re-
sults, we introduce the following comparison operator,

1
S=—4r— 4k —k)?=—Ar 4K — M2, 9)

where A is the Laplace-Bertrami operator on the surface I and
k12 are the principal curvatures of I'. The spectrum of S is purely
discrete if I" is compact. In the noncompact case the potential
vanishes at infinity and has negative values unless I" is a plane
which is, however, excluded by assumption (a4). Consequently,
Oess(S) = [0, 00) and the discrete spectrum is nonempty. We de-
note the eigenvalues of S, arranged in the ascending order with
the multiplicity taken into account, as ;.

First we inspect the essential spectrum in the strong-coupling
regime:

Theorem 1. Let an infinite surface I" satisfy assumptions (al)-(a4), then
Tess(Hp) S [€(B). 00), where €(8) = — 75 + O(e~“/F) holds as § —
0. for some constant ¢ > 0.

We note that in case of a compact I we have oess(Hg) = [0, 00);
a proof can be found in [8]. The next two theorems describe the
asymptotics of the negative point spectrum of Hg.

Theorem 2. Let an infinite surface I" satisfy assumptions (al)-(a4),
then Hg has at least one isolated eigenvalue below the threshold of the
essential spectrum for all sufficiently small 8 > 0, and the j-th eigen-
value behaves in the limit 8 — 04 as

4
3j= =gz +Hj+OpInp).

Theorem 3. Let a compact surface I" satisfy assumption (b), then Hg
has at least one isolated eigenvalue below the threshold of the essential
spectrum for all B > 0, and the j-th eigenvalue behaves in the limit 8 —
04 as

4

5. Bracketing estimates

The basic idea is analogous to the one used in [7], namely to
estimate the operator Hg from above and below, in a tight enough
manner, by suitable operators for which we are able to calcu-
late the spectrum directly. The starting point for such estimates
is the bracketing trick, that is, imposing additional Dirichlet/Neu-
mann conditions at the boundary of the neighborhood £2; of the
surface I". We introduce quadratic forms h;; and h[;, both of them
given by the formula

IV — 87 [ 196,00~ w500 ar
r

with the domains D(h}) = Al(24\ ') and D(hy) =H'(24\ D),
respectively, the former being understood as a set of functions
which are locally H! and vanish at the boundary of §2,. We denote
the self-adjoined operators associated with these forms as H/jst. By
the standard bracketing argument we get

N - D +
_AR3\Qd®Hﬂ SHﬁS_A]RB;\Qd@H s (10)
where —Aﬂggql 2 is the Dirichlet-Laplacian and Neumann-Laplacian
respectively on the set R3\ £2,. The operators —ADD%;Q’ o, are pos-

itive, hence all the information about the negative spectrum is
encoded in the operators H;.

The next step is to transform the operators Hg into the curvi-
linear coordinates (s,u). This is done by means of the unitary
transformation

Uy =y o L:L*(2q) — L*>(Dg, dR2).

By (-, )¢ we denote the scalar product in L%(Dg, d§2). The opera-
tors UHECU*1 acting on this space are associated with the forms

hg(U—W)

= @v.GTa)g — 57" [|0s.00) = wis.0f ar
r

having the domains H}(Dg \ I'.d$2) and H'(Dg4\ I', d$2), respec-
tively. Next we employ another unitary transformation, inspired
by [11], with the aim to get rid of the transverse coordinate de-
pendence, i.e. switch from the metric d2 to dI" du by

Oy =&2y 1 12(Dg, d$2) — L2(Dg, dI"du).

Similarly as before, we denote the scalar product in L*(Dg, dI"du)
as (-, -)g and consider the operators

. g —17-1
Fﬂ .—UUHﬂU U

which act in L?(Dg4, dI"du). The quadratic forms gét associated
with F;E can be calculated as h?f(fﬁ1 U~1y) with the result

f 11 = (0¥, GV ouy) g + (¥, (Vi + V2)¥) , + 1359 | g

57 196,00~ vis.00 P ar
r
—/M(|1/f(s,o+)yz— lw(s,00)})dr
r

;,;[wlzq,;*[w]+/g(s,d>}w(s, d)*dr

r
—/g(s, —d)|y (s, —d)|*dr,
r

where ¢ = M=K the two curvature-induced potentials are

v K — M2
2 =
;)_—2

with | = 1"7‘5 The corresponding form domains are Ha(Dd \ T,
dIdu) and H'(Dg \ I, dI"du), respectively.

Vi=g 3 (g2CM I ) )+ LGt I o,

6. Proof of Theorem 1

In the excluded case when I' is a plane, the spectrum is easily
found by separation of variables. Since a 8’ interaction in one di-
mension has a single eigenvalue equal to —;—2. cf. [3, Sec. 1.4], we
get 0 (Hg) = Oess(Hpg) = —/34—2, o0). We want to show that under
the assumption (a3) the essential spectrum does not change, at
least asymptotically. We employ an estimate which follows from
Lemma 4 that we will prove below, namely
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2
du— B~ F(0) — FO)[

d af
J|
—d

4 16 4d
(Rl e

As we shall see the inequality holds for sufficiently small 8 and
% > 2. The inclusion oess(Hg) € [€(B), 00) is equivalent to

inerss(Hﬂ) = E(ﬁ)

which will be satisfied if infoess(HE) > €(B) for HE acting in
L2(82y) for d < gg < p. This is obvious from inequalities (10)
and the fact that the operator —Ag3\9d is positive and cannot
thus contribute to the negative part of the spectrum. In the next
step we divide the surface I' into two parts, namely '™ := {s ¢
lr(s) <t} and I =T\ rint, The layer neighborhoods cor-
responding to '™ and I'* are DM = {(s,u) € Dg|s € I'"} and

Dt =Dy \ DN We introduce the Neumann operators on respec-
tive neighborhoods, HETZ for z =int, ext associated with the forms

(000 GTay0)g — 57" [ 0500 = ws. 0 ar

r?

defined on H'! (DZ\ I',d£2). Using once more Neumann bracketing

we get Hy > HE";m ® H;’Tw. The inner part is compact, hence the

,int

¢ is purely discrete. Consequently, the min-max

spectrum of H/;
principle implies

infoess(Hy) > infoess(H 1),

and it is sufficient to check that the right-hand side cannot be
smaller than e(8). The quantities m} := sup pext § and m; =
infre« & tend to one as T — oo in view of assumption (a3). We
have the following estimate,

(. Hy &) = / 050 (@)'d2

D?(t
_ 2
5 [ .00 - w0 far
1—~Text
>m; [ |ow@ards
D%Xt
_ 2
57 [ .00 - w0 far
FTEXI
> ! [ 4 —16ex ( 4d>]
= pPmim; P\
2
x / lv ()| de,
Dgxt
and since 7 is arbitrary, we obtain €(8) > —,;iz — ;—‘3 exp(—%d).

7. Proof of Theorem 2

To prove the second theorem, we will need several auxiliary re-
sults. The operators FF are still not suitable to work with and so
we replace them with a slightly cruder bounds. First we estimate
the values of the potentials V1 and V,. With the help of inequali-
ties (5)-(7) we are able to check that

dv- <Vy<dvt

holds for suitable numbers v* and d < dg < p. On the other hand,
V5 can be estimated as

C2(K = M?) < Vo < C2(K — M?),

where C. are the same as in (5). This allows us to replace (10)
with the estimates using operators Djst,

D
Dy :=Ug®1+/T;ﬁ(s)d1“ngsHﬁ
r

D
Hﬁngijg)I—f—/TIﬂ(s)dF:: Dy (12)
r

where
UF =—CsAr +C3%(K — M%) +vid

with the domain D(UY) = L2(R?,dI") and the transverse part acts
as

Ty, =—Ay

with the domains

D(T,4(s)) = {f € H*((—a,0) \{0}) | f(a@) = f(~a) =0,
f10-) = f(03)==B71(f(04) — f(0))
+ M(f(05)+ f(02))}
and

IMlloo + dlIK]l0o

a f&Ea)

D(T; 4(5)) = {f € H((—a. )\ (0)) |
= f'(xa),
f10-) = f'01)=-p71(f(04) - f(0L))
+M(f(04)+ f(of))},

respectively. The negative spectrum is described by the following
result the proof of which can be found in [12].

Lemma 4. Each of the operators Ti 5 (s) has exactly one negative eigen-

value ty(d, B), respectively, which is independent of s provided that

% > 2 and B(IM|lco + d||K|lsc) < 1. For all B > 0 sufficiently small

these eigenvalues satisfy the inequalities

4 16 4d 4

—E—ﬁeXP(—F>ft—(d”B)f—ﬁfﬁ-(d,ﬁ)
<_1+Eex <_ﬂ)
=TT e\ )

On the other hand, the spectrum of the operators Uét has the
asymptotic expansion governed by the operator S which we can
adopt from [7]:

Lemma 5. The eigenvalues of U;t satisfy the relations
th(d) =uj+ C;.Ed +0(d*) ford— 0,

where (1] is the j-th eigenvalue of the operator S and the constants Cji
are independent on d.
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With these prerequisites we are ready to prove the second the-
orem. We put d(8) = —BInpB. Using the fact that each of the
operators Tdiﬁ (s) has exactly one negative eigenvalue t.(d(8), B)

together with the explicit form of D;E p We can write their spectra
as t+(d(B), B) + p,}b(d(ﬂ)), where ;L}E are the eigenvalues of the

operators Uff. Using now Lemmata 4 and 5 we are able to rewrite
this as

4
t+(d(B), B) + 15 (d(B) = g2 T3+ O(BInB).
hence the min-max principle in combination with inequalities (12)
conclude the argument.

8. Proof of Theorem 3

The existence of isolated eigenvalues can be checked variation-
ally as in [8]. For a test function & one chooses characteristic
function of the volume enclosed by the surface I'; this yields an
estimate of the ground state energy from above,

he6) S
A - =
=g =Py

where hg is quadratic (2), S is the area of the surface I" and V is
the volume enclosed by I'. The proof of the asymptotic expansion
proceed with minimum modifications as for the infinite surface,
hence we omit the details.

(13)
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We consider a generalized Schrédinger operator in L2(R2) describing an attractive ¢
interaction in a strong coupling limit. ¢’ interaction is characterized by a coupling
parameter 3 and it is supported by a C*-smooth infinite asymptotically straight curve
I" without self-intersections. It is shown that in the strong coupling limit, 5 — 04, the
eigenvalues for a non-straight curve behave as _[3;42 + pj + O(B|In B|), where p; is the
j-th eigenvalue of the Schrédinger operator on L2?(R) with the potential —i’yQ where
is the signed curvature of T'.

Keywords: §' interaction, quantum graphs, spectral theory

1. Introduction

The quantum mechanics describing the particle confined to various manifolds is
studied quite extensively. It is very useful for describing various nanostructures
in physics but it also offers a large variety of interesting problems from the purely
mathematical point of view. Systems where the confinement is realized by a singular
attractive potential, so called 'leaky’ quantum graphs [1], have the advantage that
they take quantum tunneling effects into account in contrast to quantum graphs
[2]. The confining potential is often taken to be of the ¢ type. One can think also
about more singular types of potentials namely §’ type based on the concept of ¢’
interaction in one dimension [3].

We are interested in the spectrum of the operator which can be formally written
as

H=-A-31(-T)

where ¢’ interaction is supported by an infinite curve I' in R2. We are interested in
the strong coupling regime which corresponds to small values of the parameter [3.
We derive spectral asymptotics of discrete and essential spectra. As a byproduct
we obtain that for a non-straight curve the bound state arises for sufficiently small
[ in an alternative way to one presented in [4].

page 1
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2. Formulation of the Problem and Results

We consider a curve I' parameterized by its arc length
I':R—=R?, s (Ti(s),a(s)),

where T';(s),T2(s) € C*(R) are component functions. We denote signed curvature
as y(s) := (TYTL, — T\ T%)(s). We introduce several conditions for the curve I as:
(I'1) T is C* smooth curve,

(I'2) T has no “near self-intersections”, i.e. there exists its strip neighborhood of a
finite thickness which does not intersect with itself,

(I'3) T is asymptotically straight in the sense that lim; o v(s) = 0 and

(T'4) T is not a straight line.

The operator, we are interested in, acts as a free Laplacian outside of the inter-
action support

(Hpy)(x) = —(Ay)(z)
for 2 € R?\ T with the domain which can be written as D(Hg) = {1 € H*(R2\T) |
Onp () = O—pp () = Y'(2)|r, =AY (@)|r = (2)la, r —9()|o_r}. The vector np
denotes the normal to I" and ¢ (z)|s,  are the appropriate traces of the function .
For the purpose of the proofs we introduce curvelinear coordinates (s, u) along the
curve in the same way as done in [6], i.e.

(z,y) = (T1(s) + ul'y(s), a(s) — ul'y(s)) . (1)
As a result of the conditions (I'l) and (I'2) it can be shown that the map (1) is
injective for all u small enough. We denote d as a maximum for which the map

(1) is injective. A strip neighborhood around T' of thickness a < d is denoted by
Qo = {x € R?: dist (z,T) < a}.

The quadratic form associated with the operator Hg was derived in [5] and it
can be written as

hﬂ¢r:Hv¢u2—ﬂ—1/W¢wa0+>f¢4ao_nzda
R

where we used the curvelinear coordinates in the strip neighborhood of the curve T’
for the functions ¢ € C(R?) N HY(R2\T) as 1(s,u). We also need to introduce the
operator defined on the line as
2

§= g = 1A, )
with the domain D(S) = H?(R). The eigenvalues of the operator S are denoted by
p; with the multiplicity taken into account. Now we are ready to write down the
main results of our paper.

Theorem 2.1. Let an infinite curve T satisfy conditions (I'1)~(T'3), then
Oess(Hg) C [e(8),00), where e(8) — f% holds as f — 0.
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Theorem 2.2. Let an infinite curve I' satisfy assumptions (I'1) (I'4), then Hg has
at least one isolated eigenvalue below the threshold of the essential spectrum for all
sufficiently small B > 0, and the j-th eigenvalue behaves in the strong coupling limit
B — 04 as

A = = + 5+ O(=BIn(3)).

3. Bracketing estimates

For the proofs of both theorems we will need estimates of our operator Hg via
Dirichlet and Neumann bracketing as done in [7]. We introduce the operators with
added either Dirichlet or Neummann boundary conditions at the boundary of the
strip neighborhood 2, of I'. We introduce quadratic forms hz,' and hg on the strip
neighborhood of T" which can be written as

BEW] = [Vl - 57 / (5,04 — (s, 0_) 2 ds

with the domains D(h?;) = H} (9, \T) and D(hg) = H'(Q, \T). The operators
associated with the quadratic forms h?; are denoted by HZ, respectively. With the
help of Dirichlet-Neumann bracketing we are able to write the following inequality

— Ao, ® Hy < Hg < —Afag, © HY (3)

where —Agg\DQa denotes either Neumann or Dirichlet Laplacian on R? \ , respec-
tively. Neumann Laplacian and Dirichlet Laplacian are positive and as a result all
the information about the negative spectrum, which we are interested in, is encoded
in the operators Hﬁi

Now we rewrite the quadratic forms h? in the curvelinear coordinates (1). We
obtain expression which are analogical to those obtained in [6], i.e.

Lemma 3.1. Quadratic forms h;, hg are unitarily equivalent to quadratic forms
q; and 45 which can be written as

7t = ||8;7f\|2 F9ufI2 + (1, V) - B / F(5,04) — (s, 0_) ds

43 [ A0 = (5.0 ds

o B ~(s) (s )2 ds 7(s) (s —a) |2 ds
0l = ola)— | il afas+ [ gt R

defined on H(R x ((—a,0) U (0,a))) and H'(R x ((—a,0) U (0,a))), respectively.
The geometrically induced potential in these formule is given by

with g(s,u) := 14 uy(s).
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The proof of this lemma can be done step by step as done in [6] so we omit the
details.

We will also need cruder estimates by quadratic forms béﬁ [f] which satisfy
bs[f1 < a7 [f] < hglf] < q*[f] < b;[f]. The quadratic form b;[f] can be writ-

ten as
DAL = 0ufI* + (1 = av ) 2(10u 17 + (£, VD )
_ 1
=7 [ 175,00 = 0 Ps + 5 [ 2(6) (17000 = (5,0 s
where V() .= (‘i( ;',3”3 - 4(13;”2 and fi := maxsep |f| denotes maximum of

|f|- The quadratic form b [f] can be written as
b5 ] = 10uf 1> + (1 + avy) 20 FI” + (£, V)
o /R [£(5,04) = f(s,0-)*ds % /Rv(s>(|f<s, 04)* = 1£(s,0-)) ds

- / F(s,0) ds — 74 / (5, —a)? ds

a 12 a ’ 2 2 .
where V(=) = 2(1(1353 — Z((l (Vak% -1 VGW)Q The operators Bgt associated

with b [f] can be written as BBi =UfeIl+ f]R h /3 (s) ds where UF corresponds
to the longltudlnal variable s and T 5(s) corresponds to the transversal variable w.
The operators T 5(s) act as T, 5( )f = —f” with the domains

D(T}4(s) = {f € H*((=a,a) \ {0}) | f(a) = f(~a) =0,

)

F(0) = £04) = =87(F(04) ~ F0)) + 57()(F(04) + F(0-)}

D(T, 5(5)) = {f € H*((—a,a) \ {0}) | F7+f(%a) = f'(+a),
f10-) = f(0 )=—B*I(f(0+)—f(0—))+%W(8)(f(0+)+f(0—))}-

The operators UL act as UL f = —(1Fayy) 2"+ V) f with the domain D(UF) =
H?%(R). The operators T(fﬁ(s) depend on the variable s, however, their negative

spectrum is independent of s. Now we state two lemmata estimating the eigenvalues
of operators Taiﬂ(s) and UZF. Their proofs can be found in [6] so we omit the details.

Lemma 3.2. Each of the operators Tiﬂ(s) has exactly one negative eigenvalue
t+(a,B), respectively, which is independent of s provided that % > 2 and % > vy
For all B > 0 sufficiently small these eigenvalues satisfy the inequalities

4 16 4 4 4 16 4
B EGXP <—§> <t_(d,p) < 2 <t(d, B) < 3 + @e (_g) .

Lemma 3.3. There is a positive C' independent of a and j such that

|17 (a) = py] < Cag®
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holds for j € N and 0 < a < ﬁ, where ,uji(a) are the eigenvalues of UX, respec-
tively, with the multiplicity taken into account.

Now we are ready to prove our main theorems.

4. Proof of Theorem 2.1

First we prove the trivial case for the straight line. By separation of variables the
spectrum is o(Hg) = 0ess(Hp) = | — %, 0).

The case for non-straight curve is done similarly as for the singular interaction
supported by nonplanar surfaces in [8, 9]. The inclusion oess(Hg) C [e(8), 00) can
be rewritten as

inf oess (Hg) > €(B) .

The inequality Hg > Hy & —Aﬂgfz\m implies that it is sufficient to check
infoess(Hg) > €(B) in L2(Q,) for a < d because the operator —Af{s\ﬂd is posi-
tive. Next we divide the curve T into two parts. First part is defined as I'int :=
{T'(s)|s < 7} and the second one I'*** := '\ T'int. The corresponding strip neighbor-
hoods are defined as Q" = {z(s,u) € Qs < 7} and Q& := {x(s,u) € Qu|s > 7}.
We introduce Neumann decoupled operators on QIntext ag

—.,int —,ext
Hﬁ,f @ HB,T ’

The operators H 5, . w = int, ext are associated with quadratic forms hgf which
can be written as

hg ' = ||6;f||2 FN0uFIP + (V) =57 | 17(5:04) = F(s,0-) ds
43 [ (5,00 = 1750207 s
v(s) 2 7(s) 2
~ Jre 201+ ar(s 5a)l a8 re 2(1 —ay(s @) as
/, el >d+/f sl (s~

with the domains H'(Q%). Neumann bracketing implies that H 5.r = Hg lrim &
,int

™ is purely discrete [10] and as a result

Hngt. The spectrum of the operator Hg

min-max principle implies that
inf Uess(H[;T) > inf O’ess(Hﬁ_’th) .

We denote the following expression V. := inf |5~ ye(—a,a) V(5,1). The assumption
(I'2) gives us that

lim V. =0

T—00
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With the help of Lemma 3.2 we can write the following estimates

W 2 101+ VA FIE =57 [ 17(00) = £(s0) P s
o3 [ A0 = 10 ) ds

- & s,a)|?ds L s —a)l2ds
/1;?‘ 2+ ey +/F3xt 20—y &l

4 16 4
> (vT - e (7@)) T

Because we can choose 7 arbitrarily large we obtain the the desired result.

5. Proof of Theorem 2.2

For the proof of the second theorem we use the inequalities (3) and Lemmata 3.2
and 3.3. First we put a(f5) = —%Bln . Now with the explicit form of B;E in mind
and the fact that T;‘fﬁ(s) have exactly one negative eigenvalue we have that the
spectra of B?,[ can be written as t4(d(8),8) + ,uji (d(B)). Using Lemmata 3.2 and
3.3 we obtain

1 (a(B). ) + 1 @(B) = 5 + 15 + O3/ n ).

The min-max principle along with the inequality (3) completes the proof.
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Let A c R? be a non-closed piecewise-C! curve, which is either bounded with two
free endpoints or unbounded with one free endpoint. Let u.|, € L*(A) be the traces of
a function u in the Sobolev space H'(R?\ A) onto two faces of A. We prove that for a
wide class of shapes of A the Schrodinger operator HA with §’-interaction supported
on A of strength w € L*(A;R) associated with the quadratic form H'(R?\ A) 3
s [oo|Vu’dx — [, wlusls —u_|s’ds has no negative spectrum provided that w
is pointwise majorized by a strictly positive function explicitly expressed in terms
of A. If, additionally, the domain RZ\ A is quasi-conical, we show that o-(Hi‘\)) =
[0,+00). For a bounded curve A in our class and non-varying interaction strength
w € R, we derive existence of a constant w, > 0 such that o-(H2) = [0, +c0) for all
w € (—oo,w,]; informally speaking, bound states are absent in the weak coupling
regime. © 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4939749]

Il. INTRODUCTION
In this paper, we study the self-adjoint operator corresponding to the formal differential expression
-A—wd'(-—A), onR?,

with the ¢’-interaction supported on a non-closed piecewise-C! curve A C R?, which is either
bounded with two free endpoints or unbounded with one free endpoint, here w € L*(A;R) is called
the strength of the interaction. More precisely, for any function u in the Sobolev space H'(R?\ A)
its traces u.|, onto two faces of A turn out to be well-defined as functions in L%(A), and employing
the shorthand notation [u] = u|s — u_|p we introduce the following symmetric sesquilinear form:

aMu,v] = (Vu, Vo) a2y — (@[u]as [0]a) L2(0)

1.1
dom af}, = H(R*\ A), (-1

which is closed, densely defined, and semibounded in the Hilbert space L*(R?); see Proposition 3.1.
Let HA be defined as the unique self-adjoint operator representing the form a2 in the usual manner.
We regard H2 as the Schrddinger operator with &'-interaction of strength w supported on A.

The aim of this paper is to demonstrate a peculiar spectral property of HA. Namely, we show
absence of negative spectrum for H2 under not too restrictive assumptions on the shape of A and
assuming that the strength w is pointwise majorized by a strictly positive function explicitly expressed
in terms of the shape of A. The important point to note here is that the discovered phenomenon is
non-emergent for ¢’-interactions supported on loops in R?, cf., [Ref. 3, Theorem 4.4].

Djexmicha@fjfi.cvut.cz
)lotoreichik@ujf.cas.cz
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The basic geometric ingredient in our paper is the concept of monotone curves. A non-closed
piecewise-C! curve A c R? is monotone if it can be parametrized via the piecewise-C' mapping
¢: (0,R) > R, R € (0,+c0], as

A = {Xo + (r cos ¢(r),r sin g(r)) € R*: r € (0,R)}, (1.2)

here, Xo € R? is fixed. For example, a circular arc subtending an angle 6 < 7 is monotone, whereas a
circular arc subtending an angle § > 7 is not.

In the next theorem, which is the first main result of our paper, we provide a condition on w
ensuring absence of negative spectrum for the operator H2 with A being monotone. The statement
of Theorem A below is contained in Theorem 4.2, in Subsection IV B.

Theorem A. Let a monotone piecewise-C' curve A C R? be parametrized as in (1.2) via ¢:
(0,R) — R, R € (0,+00]. Then the spectrum of H satisfies
1
2ﬂr\/T<p’(r))2 ’

If w is majorized as above and, additionally, the domain R*\ A is quasi-conical, then o(H2) =
[0, +c0).

O'(Hﬁ) C [0,400) if w(r)< for r e (0,R).

Roughly speaking, a domain Q c R? is quasi-conical if it contains a disc of arbitrary large
radius; see Subsection III B for details. In Proposition 4.7, we demonstrate that, in general, the
operator HX may have negative spectrum if the ¢’-interaction is “sufficiently strong.”

Operators H2 with non-varying strengths w € R are of special interest. One can derive from
Theorem A that for a bounded monotone A one can find a constant w, > 0 such that

o (H) = [0,+c0), for all w € (—o0,w,]. (1.3)

In other words, there are no bound states in the weak coupling regime. Computation of the largest
constant w, > 0 such that (1.3) still holds presents a more delicate problem, which will be consid-
ered elsewhere.

In the formulation of the second main result of the paper we use the notion of a linear frac-
tional transformation (LFT). The complex plane C can be extended up to the Riemann sphere
C:=Cu {o0} with a suitable topology and for a,b,c,d € C such that ad — bc # 0 one defines the
LFT as
az+b
cz+d’

M:CT—-C, M():=

with the exception of the points z = co and z = —d/c if ¢ # 0, which have to be treated separately;
see Subsection II C. The next theorem generalizes Theorem A to the case of curves, which are im-
ages of monotone curves under LFTs; the statement of this theorem is contained in Theorem 4.12,
in Subsection IV C. Here, we confine ourselves to non-varying interaction strengths only.

Theorem B. Let A C R? be a bounded piecewise-C' curve. Suppose that there exists a LFT
M : C — C such that M(co), M~ (c0) ¢ A and that M~'(A) is monotone. Then there exists a con-
stant w,, > 0 such that

o(H) = [0, +0), forall w € (—o0,w,].

In the main body of the paper also an explicit formula for w, in the above theorem is provided.
Using Theorem B we can treat, e.g., any circular arc, since it can be mapped via a suitable LFT
to a subinterval of the straight line in R?; see Example 4.13. One may even conjecture that for any
bounded A there exists an w, > 0 such that o-(H2) = [0, +c0), for all w € (-0, w,].

Our proofs rely on the min-max principle applied to the form a2 in (1.1) on a suitable core.
A further important ingredient in our analysis is careful investigation of a model one-dimensional
problem with a point ¢’-interaction on the loop.

The results of this paper contribute to a prominent topic in spectral theory: existence/non-
existence of weakly coupled bound states for Schrodinger-type operators. Absence of bound states
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in the weak coupling regime holds for Schrodinger operators with regular potentials in space
dimensions d > 3 (but not for d = 1,2!); see Ref. 38. Also such an effect occurs for d-interactions
supported on arbitrary compact hypersurfaces in R? (see Ref. 13) and for §-interactions on compact
non-closed curves in R? (see Ref. 17). However, for ¢-interactions in R? supported on arbitrary
compact curves such an effect is non-existent.'%2

Schrodinger operators with ¢’-interactions supported on hypersurfaces are attractive from
physical point of view, because they exhibit rather unusual scattering properties, cf., [Ref. 1, Chap.
1.4]. These operators are also physically relevant in photonic crystals theory.”’’ As a mathematical
abstraction they were perhaps first studied in Refs. 2 and 37, where interactions were supported on
spheres. A rigorous definition of such operators with interactions supported on general hypersur-
faces has been posed in [Ref. 12, Section 7.2] as an open question. Such Hamiltonians with inter-
actions supported on closed hypersurfaces without free boundaries have been rigorously defined
in Ref. 5 using two approaches: via the theory of self-adjoint extensions of symmetric operators
and by means of form methods. Spectral properties of them were investigated in several subsequent
works >*14-162432 [ the recent preprint®® Schrodinger operators with ¢’-interactions supported
on non-closed curves and surfaces are defined via the theory of self-adjoint extensions and their
scattering properties are discussed.

Let us briefly outline the structure of the paper. Section II presents some preliminaries: Sobolev
spaces, geometry of curves, linear fractional transformations, and a model one-dimensional spectral
problem. Section III provides a rigorous definition of the operator HA and a characterisation of its
essential spectrum. Section I'V contains proofs of our main results, formulated in Theorems A and B, as
well as some related results and examples. In Section V, final remarks are given and two open questions
are posed. A couple of standard proofs of identities related to LFTs are outsourced to the Appendix.

A. Notations

By Dg(X) = {x € R?: |x — Xo| < R}, we denote the open disc of the radius R > 0 with the
center Xo € R2. If such a disc is centered at the origin, we use the shorthand notation Dg := Dg(0).
By definition, we set D, := R%. For a self-adjoint operator T, we denote by o s(T), 04(T), and
o(T) its essential, discrete, and full spectra, respectively. For an open set Q c R?, the space of
smooth compactly supported functions and the first order Sobolev space are denoted by D(Q2) and
by H'(Q), respectively.

Il. PRELIMINARIES

This section contains some preliminary material that will be used in the main part of this paper.
In Subsection IT A, we provide basic facts on the Sobolev space H!, in particular, we define the
Sobolev space H'(R?\ A) for a non-closed Lipschitz curve A. In Subsection II B, we introduce
the notions of a piecewise-C' curve and of a monotone curve. The concept of the linear fractional
transformation is discussed in Subsection II C. A model spectral problem for one-dimensional
Schrodinger operator with one-center ¢’-interaction on a loop is considered in Subsection II D and a
sufficient condition for absence of negative eigenvalues in this spectral problem is established.

A. Sobolev spaces

Let Q c R? be a simply connected Lipschitz domain from the class described in [Ref. 39,
Chap. VI]. This class of Lipschitz domains includes (as a subclass) Lipschitz domains with compact
boundaries as in [Ref. 35, Chap. 3], hypographs of uniformly Lipschitz functions, and some
other domains with non-compact boundaries. In what follows the Hilbert spaces L*(Q2), L*(Q; C?),
L*(0Q), and H'(Q) are defined as usual; see, e.g., [Ref. 35, Chap. 3] and Ref. 34. For the sake of
brevity, we denote the scalar products in both L*(Q) and L*(Q;C?) by (-,-)q without any danger
of confusion. The scalar product in L*(9Q) is abbreviated by (-,-)aq. The space of functions on Q
smooths up to the boundary 0€ is defined as
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D(Q) = {ulg: u € DRY}.

By [Ref. 35, Theorem 3.29], see also Refs. 34 and 39, the space D(Q) is dense in both LX) and
H'(Q). The natural restriction mapping D(Q) 5 u - ulgo € LAHQ) can be extended by continuity
up to the whole space H!(Q); see, e.g., [Ref. 35, Theorem 3.37] and Ref. 34. The corresponding
extension by continuity H'(Q) 3 u  ul|sq € L*(0Q) is called the trace mapping. The statement of
the first lemma in this subsection appears in several monographs and papers in various forms; see,
e.g., [Ref. 3, Lemma 2.6] and [Ref. 21, Lemma 2.5] for two different proofs of this statement.

Lemma 2.1. Let Q ¢ R? be a Lipschitz domain. Then for any & > 0 there exists a constant
C(g) > O such that

2
lulaallsq < ellVullg + Cle)llullg
holds for all u € H'(Q).
The following hypothesis will be used throughout the paper.

Hypothesis 2.1. Let Q, c R* be a simply connected Lipschitz domain from the above class,
whose complement Q_ = R2\ Q, is a Lipschitz domain from the same class. Set ¥ := dQ, = dQ_
and suppose that A C T is a connected subarc of X, which is not necessarily bounded if X is
unbounded.

Obviously, the orthogonal sum H'(Q,) ® H'(Q_) is a Hilbert space with respect to the scalar
product

(uy ®u_,v, ®v); = (uy, v+)H1(Q+) + (u_,v_)H1(Q_), us,v. € H'(Q).
The norm associated to this scalar product is denoted by || - ||;. Let us define the jump of the trace as
[u]s = uyls —u_|s, u=u, ®u_c H(Q,) e H'(Q.).
The Hilbert space L*(X) can be decomposed into the orthogonal sum
LYZ) = LA(A) @ LXZ \ A).

The scalar products in L%(A) and L*(X \ A) will further be denoted by (-,-)5 and (-,-)s\s. Clearly
enough, the restrictions of u.|s for a u, € H'(Q.) to the arcs £ \ A and A satisfy Usls\a € L*(Z\ A)
and u. |5 € L*(A). Let us also introduce the notations

[wle = ule—utley @=AZ\A, u=u,®u € H(Q)®H Q).
The linear space
Fui={ue DQ,)®DQ): [ulsia = 0} (2.1
is a subspace of the Hilbert space H'(Q,) ® H'(Q_), and its closure in H'(Q,) ® H'(Q_)

H'(R*\ A) = Fy (2.2)
is itself a Hilbert space with respect to the same scalar product (-,-);.
Remark 2.2. The above construction of the space H'(R?\ A) can easily be translated to the

higher space dimensions, in which case A will be a hypersurface with free boundary (open hyper-
surface).

Remark 2.3. The space H'(R?\ A) can also be defined in an alternative way. The set R?\ A
is an open subset of R%. Hence, one can define for any u € L?(R?) its weak partial derivatives 0ju
and 0,u by means of the test functions in D(R?\ A); see, e.g., [Ref. 35, Chap. 3]. Then the space
H'(R?\ A) is given by

H'R*\ A) = {u € L*(R?): dyu,0ou € L*(R)}.

We are not aiming to provide here an argumentation that this new definition gives rise to the same
space as in (2.2). It is only important here that the equivalence of these definitions automatically
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implies that the space H'(R?\ A) is independent of the continuation of the arc A up to X. Another
way of verifying the independence of the space H'(R?\ A) from a continuation of A can be found
in Ref. 9.

Next proposition collects some useful properties of the traces of functions in H'(R?\ A) onto
2 \ A and onto A.

Proposition 2.4. Let the curves £,A C R? and the domains Q. c R? be as in Hypothesis 2.1.
Let the Hilbert space (H'(R?\ A),(-,-)1) be as in (2.2). Then the following statements hold.

(i) [uls\a =0, forallu € H'(R?\ A).
(ii)  For any & > 0O there exists a constant C(g) > 0 such that

Illally < ellVull?, + Cle)lull,

forallu € H'(R?\ A).

Proof. (i) It can be easily checked that the continuity of the trace mappings
H'(Qu) 3 us = uils € L(2)
implies that the mapping
H'(Q) @ H'(Q) 3 u > [ulsia € LAE\ A)

is well-defined and continuous. Note that for any u € H'(R?\ A) there exists an approximating
sequence (uy), C Fa (cf., (2.2)) such that ||u, — u||; = 0 as n — co. Hence, we obtain

[uls\a = r}i_I)lgo[”n]Z\A =0.
(ii) By Lemma 2.1 for any & > 0 there exist constants C.(g) > 0 such that
luslslls < (£/2)1Vuslld, + Co(e)lluly,, (2.3)

for all u € H'(Q,) ® H'(Q_). Set then C(g) := max{2C,(g),2C_(g)}. Using the result of item (i)
and bounds (2.3) we obtain that for any &£ >0 and any u = u, ®u_ € H'(R*>\ A) c H'(Q,) ®
H'(Q_) holds
2 2
(leelally = lledslls < 2Muelslls + 2llu-lsll3
< &||Vullg, + ellVu_llg_ +2C(&)llusllg, +2C(e)llu-llg_
< &l Vull?, + C(@)llull2.

O

Remark 2.5. For wi,w; € L*(A;R) by writing w; < w, we will always implicitly mean that
W, — w1 = 0 almost everywhere.

B. On curves in R?

We begin this subsection by defining the notion of a piecewise-C! curve. It should be empha-
sized that, especially for unbounded curves, definition of a piecewise-C'! curve is non-unique in the
mathematical literature.

Definition 2.6. A non-closed curve A C R satisfying Hypothesis 2.1 is called piecewise-C" if it
can be parametrized via a piecewise-C' mapping

A:1->R% A(s) = (A1(5), A2(s)), 1:=(0,L), L € (0,+00], (2.4)

such that A(I) = A and A is injective. If, moreover, |A'(s)| = 1 for almost all s € I, then such a
parametrization is called natural and L is then called the length of A.
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We require in the above definition, that the curve A satisfies Hypothesis 2.1, to avoid increasing
oscillations at infinity for unbounded curves.

Further, we proceed to define a (non-standard) concept of a monotone curve. The authors have
not succeeded to find a common name for this concept in the literature on geometry.

Definition 2.7. A piecewise-C' curve A C R? is called monotone if it can be parametrized via a
piecewise-C! mapping ¢: (0,R) — R with R € (0,+00] such that

A = {Xo + (r cos ¢(r),r sin p(r)) € R*: r € (0,R)},
with some fixed X, € R

Informally speaking, a curve A is monotone if the distance (measured in R?) from one of its
endpoints is always increasing when travelling along A from this endpoint towards another endpoint
or towards infinity.

Remark 2.8. For a curve A C R? as in Definition 2.7 any function w € L®(A) can be viewed as
a function of the argument » € (0, R).

C. Linear fractional transformations

For later purposes we introduce LFTs and state several useful properties of them. To work with
LFT it is more convenient to deal with the extended complex plane (Riemann sphere) C:=CuU {0}
rather than the usual complex plane. The complex plane itself as a subset of C can be naturally
identified with the Euclidean plane R? and occasionally we will use this identification.

For the purpose of convenience the extended complex plane C is endowed with a suitable
topology: a sequence (z,), € C converges to 7 € C if one of the following conditions holds:

(i) z = oo and there exists N € N such that z,, = co foralln > N;
(i) z = oo and any infinite subsequence (z,, )x C C of (z,,), satisfies klim [Zn, | = 003

(iii)) z € C, there exists N € N such that z,, # oo for all » > N, and lim z,, = z in the sense of

convergence in C. o
This definition of topology can also be easily reformulated in terms of open sets. The above topol-
ogy on Cis equivalent to the topology of S? (unit sphere in R?). A natural homeomorphism between
C and S?is called stereographic projection; see, e.g., [Ref. 29, Sectlon 6.2.3].
For a,b,c,d € C such that ad — bc # 0 the mapping M : C — C is a LFT if one of the two
conditions holds:

i) ¢=0,d#0,M(c0):=00,and M(z) := (a/d)z + (b/d) for z € C.
(i) ¢ #0, M(0):=ajc, M(—d/c) := oo, and M(z) := %=L for 7 € C, z # —d/c.

cz+d

The following statement can be found in [Ref. 29, Section 6.2.3].

_Proposition 2.9. Any LFT M : C—Cisa homeomorphism with respect to the above topology
on C and its inverse M~ is also a LFT. The composition M, o M, of two LFTs M\,M, is a LFT as
well.

It is convenient to introduce Mi(x,y) :=Re M(x +iy) and My(x,y) := Im M(x +iy). Then
Cauchy-Riemann equations

OMy = d,My, DMy = —3,M,, (2.5)

hold pointwise in R? except the point M~'(c0). In view of these equations the Jacobian Jy; of the
mapping M can be computed (again except the point M~!(c0)) by the formulae

Ju = (B:M1)? + (9, M1)* = (0:M2)* + (0, Mo, (2.6)
also the following relation turns out to be useful:
<VM1,VM2> = aleaxMz + 6_,,M16_,,M2 = O, (27)
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i.e., the vectors VM, and VM, are orthogonal to each other.
Next, auxiliary lemma is of purely technical nature and is proven for convenience of the reader.

Lemma 2.10. Let M be a LFT with the Jacobian Jys. Then for any x € R?, x # M~'(c0), and
any function u: R?> ~ C — C differentiable at the point M(x)

(Vo)) = [(Vu)(M (%)) pr(x)
holds withv =uo M.

Proof. Using relations (2.6), (2.7), and the chain rule for differentiation we obtain
’ ’ 2 ’ ’ 2
IVol? = |(u, 0 M)A M, + (u, 0 M)O M| + |(u © M)3, My + (u, 0 M)d, M)
= (u} o M + |uj, 0 M*)Jps + 2Re [((u;u;,) o M)- <VM1,VM2>]
= (I} o MI* + |}, 0 M*)dps = |(Vae) 0 M.

The claim is thus shown. ]

D. Point §’-interaction on a loop

In this subsection, we introduce an auxiliary self-adjoint Schrodinger operator T, acting in
the Hilbert space (L*(I),(-,-);) with I := (0,d) and corresponding to a point ¢’-interaction on the
one-dimensional loop of length d > 0. Employing the following shorthand notation:

[Wlar = w(d-)—w(0+), ¢ € HXI),

we define

Taop =—¢", domTa, = {y € H(I): ¢/(0+) = ¢'(d-) = w[¢]ar}, (2.8)

where w € R; see Refs. 1, 7, 10, 18, 23, and 27 for the investigations of more general operators
of this type. Note that w = 0 corresponds to Neumann boundary conditions at the endpoints. Next
proposition states a spectral property of T4, ,, Which is useful for our purposes.

Proposition 2.11. The self-adjoint operator T 4, in the Hilbert space L*(I), defined in (2.8), is
non-negative if dw < 1.

Proof. We prove this proposition via construction of an explicit condition for the negative
spectrum of T4, and its analysis. Obviously, the spectrum of T4, is discrete (due to the compact
embedding of H?(I) into L*(I)). An eigenfunction of T, which corresponds to a negative eigen-

value 1 = —«k? < 0 (x > 0) is characterized by the following two conditions:
—¢"(x) =~ (x), (2.9a)
Y'(0+) = ¥'(d-) = wlY]oar- (2.9b)

Condition (2.9a) is satisfied by a function, which can be represented in the form
W(x) = Aexp(kx) + Bexp(—«kx), x € (0,d),

with some constants A, B € C. Simple computations yield

W(0+) = A+ B, W(d-) = Aexp(kd) + Bexp(—«d),
W'(0+) = kA — kB, W'(d-) = kAexp(kd) — kB exp(—«d).
The above identities and condition (2.9b) together imply
1 — exp(—«d)
=—"> B, 2.10
1 — exp(kd) (2.102)

kA - kB = w(A(exp(kd) — 1) + B(exp(-kd) — 1)). (2.10b)
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Substituting formula (2.10a) into (2.10b), we arrive at
1 — exp(—«d)
1 — exp(kd)

that is equivalent to

- 1) = w( — B(1 — exp(—«d)) + B(exp(—«d) — 1))

2
exp(—kd) — exp(kd) = “ (1 - exp(—Kd)) (1 - exp(Kd)).
K
Making several steps further in the computations, we obtain
_ 2w (1 —exp(=«d))(1 — exp(kd)) _ 2w exp(kd) — 1
~ k exp(kd)(exp(=2kd) — 1)  « exp(kd)(exp(—«kd) + 1)
_2wl- exp(—«d)
ok 1 +exp(—«d)

Define then the following function:

2w 1 — exp(—«d)
Ou(k) = ———F—, 0.
() k 1+ exp(—«d) =

Hence, the point 1 = —«? is a negative eigenvalue of T, if and only if ®,(x) = 1. Let us consider

the following auxiliary function:

l—e™
= ) Z Os
fx) 1+e> *
which is clearly continuously differentiable, and whose derivative is given by
2
') = ——55 x> 0.

(ex/2 + e—x/2)2’

Hence, using the standard inequality a + 1/a > 2, a € (0,+0), a # 1, we get f'(x) < 1/2 for all
x > 0. Applying the mean value theorem to f, we obtain

) = O + f(&)x = 0) = f(E)x < 5,
here, & € (0, x). Finally, note that
0<0,k) = 27wf(/<d) < dw.
Thus, for dw < 1 the equation ®,,(x) = 1 has no positive roots and the claim follows. O

According to, e.g., Ref. 28, the operator T4, represents the sesquilinear form

agwltr, el = W', o) — wlvlalelar, domagy,, = H'(I), (2.11)

and we can derive the following simple corollary of Proposition 2.11.

Corollary 2.12. Let the sesquilinear form a4, be as in (2.11). If dw < 1, then ag ,[y] = 0 for
ally € H\(I).

Remark 2.13. Consider the non-negative symmetric operator

Sy = -y, dom S := H(I),

in L*(I). The operator S is known to have deficiency indices (2,2). One may consider self-adjoint
extensions of S in L*(I). The self-adjoint operator T, with dw = 1 turns to be the Krein-von
Neumann extension of S (the “smallest” non-negative self-adjoint extension of §), i.e., for any other
non-negative self-adjoint extension 7" of S

(T+a)'< (Taw+ a)™!

holds for all a > 0; see, e.g., [Ref. 36, Corollary 10.13, Theorem 14.25, Example 14.14].
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lll. DEFINITION OF THE OPERATOR AND ITS ESSENTIAL SPECTRUM

In this section, we rigorously define using form methods Schrodinger operators with §'-
interactions supported on non-closed curves as in Hypothesis 2.1 and characterise their essential
spectra. In the latter characterisation the notion of a quasi-conical domain plays an essential role.

A. Definition of the operator via its sesquilinear form

Schrodinger operators with ¢’-interactions supported on closed hypersurfaces were defined
and investigated in Refs. 2, 3, 5, and 14-16. The goal of this subsection is to define rigorously
Schrodinger operator with ¢’-interactions supported on a non-closed curve A satisfying Hypoth-
esis 2.1. In the case of a bounded C?!-smooth curve A our definition of the operator agrees with
the one in the recent preprint,*® where this Hamiltonian is defined using the theory of self-adjoint
extensions of symmetric operators.

Let w € L*(A;R) and denote by ||w||w its sup-norm. Recall the definition of the sesquilinear
form a2 in (1.1)

au,v] = (Vu, Vo)ga — (wlu]p, [0]a)As doma? = H'(R*\ A). (3.1

If w = 0, we occasionally write af instead of aZ}.

Proposition 3.1. Let A C R? be as in Hypothesis 2.1, let w € L*(A;R), and let the linear space
F) be as in (2.1). Then the sesquilinear form o’ in (3.1) is closed, densely defined, symmetric, and
lower-semibounded in the Hilbert space LA(R?). Moreover, Fx C dom a2 is a core for this form.

Proof. Since a[u,u] € R for all u € doma?, the form a2 is, clearly, symmetric. It is straight-

forward to see the chain of inclusions D(R?) ¢ Fx C dom a’. Density of dom a2 in L2(R?) follows
thus from the density of D(R?) in L2(R?); for the latter see, e.g., [Ref. 35, Corollary 3.5].

The norm induced in the conventional way by the form aI’\\I on its domain H'(R?\ A) is easily
seen to be equivalent to the norm || - ||; introduced in Subsection II A. Hence, the form aI’\\I is closed
and the space Fj, being dense in H'(R?\ A), is a core for it, cf., [Ref. 36, Dfn. 10.2]. Let us then

introduce an auxiliary form
a'[u,0] = (@[ula,[v]a)a,  doma’ = H'(R*\ A).

Using Proposition 2.4 (ii) we get for all £ > 0 the following bound:

2

A
lo’[u,u]l < & llwlleay[u, u] + C(&)llwlleollull,

with some C(g) > 0. Choosing & < m in the above bound, we obtain that a’ is relatively bounded

with respect to aﬁ with form bound <1. Hence, by [Ref. 36, Theorem 10.21] (KLMN theorem) the
form a} = a; + o’ is closed and the space Fj is a core for it. m

Definition 3.2. The self-adjoint operator HY in LX(R?) corresponding to the form aX via the
first representation theorem (see, e.g., Ref. 25, Chap. VI, Theorem 2.1]) is called Schrodinger
operator with §’-interaction of strength w supported on A.

If w is a non-negative function, then we occasionally say that the respective ¢’-interaction is
attractive.

B. Essential spectrum

In this subsection, we characterise the essential spectrum of the operator H2. To this aim, we
require the following auxiliary lemma.

Lemma 3.3. Let the self-adjoint operator HX be as in Definition 3.2. Then for any u € D(R*\
A) holds

u € domH? and HAu=-Au. (3.2)
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Proof. Let £ and Q. be as in Hypothesis 2.1. Let u € D(R*\ A) € Fp € doma? and v €
dom al‘}). Define u, = u | Q. and v; := v | Q.. With these notations in hands we get

ai\)[u,v] = (Vuy, Voo, + (Vu_,Vo_)a ,

where the boundary term in (3.1) vanished due to the choice of u. Applying the first Green identity
(see, e.g. [Ref. 35, Lemma 4.1] and also [Ref. 3, Sec. 2]) to the above formula, we get

aé\)[u, v] = (—Aus,v)q, + (—Au_,v)q_

+ (O, usls\a + aw“—lZ\Aa”lE\A)Z\A
+ (6V+M+|A9 U+|A)A + (ay_l/l_l/\, v—|A)A = (_Au’ U)st
where we employed that 0, u.|s = 0, that d,,u.|s\a + 0,_u_|s\ao = 0, and that [v]z\a = 0; for the
latter, cf., Proposition 2.4 (i). Finally, the first representation theorem yields (3.2). O

Next, we define the notion of the quasi-conical domain; see Ref. 22 and also [Ref. 11,
Def. X.6.1].

Definition 3.4. A domain Q C R? is called quasi-conical if for any n € N there exists x,, € R?
such that D,(x,) C Q. Recall that here D,(x,) is the disc of radius n with the center x,,.

Using this notion, we prove that positive semi-axis lies inside the spectrum of H2 if the domain
R?\ A is quasi-conical. The technique of this proof is rather standard.

Proposition 3.5. Let the curve A € R? as in Hypotheses 2.1 be such that the domain R? \ A is
quasi-conical. Then the spectrum of the self-adjoint operator HY in Definition 3.2 satisfies

o (HA) 2 [0, +0). (3.3)

Proof. First, for any k € R?, define the sequence
un(x) = va(x)el ™, n €N,
where v,(x) := n”'v(n"'x), n € N, and v is a non-trivial function in D(R?) with suppv c D; and
such that ||v||z2 = 1. The prefactor in the definition of v,, is chosen in such a way that also each v,
satisfies ||v,||lg2 = 1. In fact, we have (by direct computations)

1Vollg [|AD Iz
loallz =1, IVoullg2 = o Avllpe = ——. (3.4)
n n
Second, we set
Wn(X) = up(x — xp), neN,

with x,, corresponding to the quasi-conical domain R?\ A according to Definition 3.4. Hence, we
get

supp w, C D, (x,) € R*\ A,

and therefore w, € D(R?\ A) for all n € N. It is clear in view of Lemma 3.3 that each w,, belongs to
domHA > DR?\ A).
A direct computation yields

| = Aw,, — [k[Pw,|* < 2|Av, > + 4]k - Vo, |* < 2|Av, > + 4|k - [Vu,|*.
Using (3.4) and Lemma 3.3, we therefore have
2
IHAwn = [kPwallz = | = Awn = [kPwal2, < 20|Av|12, + 41k PIVoal2, > 0, n— oo,

Since the choice of k € R? was arbitrary, we conclude applying Weyl’s criterion (see [Ref. 41,
Sec. 7.4] and also [Ref. 30, Theorem 4]) that [0, +c0) C o(H2). O

We emphasize that not for every non-closed curve A ¢ R? the domain R? \ A is quasi-conical;
e.g., for the Archimedean spiral, defined in polar coordinates (r, ¢) by the equation r(¢) = a + by,
¢ € Ry, a,b > 0, the domain RZ\ A is not of this type.
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In the case of bounded curves, we show that the essential spectrum of H(’}) coincides with the set
[0, +00).

Proposition 3.6. Let the bounded curve A C R? be as in Hypothesis 2.1 and let the self-adjoint
operator HX be as in Definition 3.2. Then its essential spectrum is characterised as

Tess(Hgy) = [0, +00).

Proof. Let the curve ¥ c R? and the domains Q. c R? be as in Hypothesis 2.1, in particular,
A C Z. Letus also set ¢ = ||wl|. Consider the sesquilinear form

aZ[u,v] = (Vut, Voo = e([uls, [0]s)s,

35
doma>:= H'(Q,) ® H'(Q.). 3-2)

According to [Ref. 3, Prop. 3.1] the form aZ is closed, densely defined, symmetric, and lower-
semibounded in L*(R?). The self-adjoint operator HZ in L?(R?) representing the form aZ, satisfies

O'ess(HE) = [O, +°°)’ (3.6)

see [Ref. 3, Theorem 4.2] and also [Ref. 5, Theorem 3.16]. The sesquilinear forms a and aZ in (3.1)
and (3.5), respectively, naturally satisfy the ordering

a;<aA

C w

in the sense of [Ref. 25, Section VI.2.5], see also [Ref. 6, Section 10.2.3]. Indeed, first, dom af}) -
dom aZ and second, for any u € dom a} the inequality a*[u,u] < a’\[u,u] holds due to the choice of
the constant ¢ > 0. Hence, using (3.6) and [Ref. 6, Section 10.2, Theorem 4] we arrive at

0 = inf ess(H2) < inf oess(HS).
Therefore, we end up with the following inclusion:
Tess(Hgy) € [0, +00). 3.7)

Moreover, for simple geometric reasons for any bounded curve A the domain R?\ A is quasi-
conical and hence by Proposition 3.5 the opposite inclusion

Tess(H}) 2 [0, +00) (3.8)

holds as well. The claim then follows from these two inclusions ((3.7) and (3.8)). O

IV. NON-NEGATIVITY OF HA

This section plays the central role in the present paper. We obtain various sufficient conditions
for the operator HA to be non-negative. Under additional assumptions, we also show that positive
spectrum of HA comprises the whole positive real axis and thus the operator HA has no bound
states. In the proofs, we use the min-max principle for self-adjoint operators, a reduction to the
one-dimensional model problem discussed in Subsection II D, and some insights from geometry
and complex analysis.

A. An auxiliary lemma

In this subsection, we prove a lemma, based on which we show non-negativity of the operators
HA under certain assumptions on w. For the formulation of this lemma, we require the following
hypothesis, the assumptions of which are grouped in three logical blocks labelled by capital latin
letters.

Hypothesis 4.1. (A) Let a monotone piecewise-C' curve A C R? be parametrized via the mapp-
ing ¢: (0,R) = R, R € (0,+c0], as in Definition 2.7 with Xy = 0.
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(B) Suppose that piecewise-C' domains G, C Dr satisfy the following conditions:
G.NG-=@, Drg=G,UG-, and AcG,nG-.

SetY:=G,NG_.In particular, the inclusion A C X holds.
(C) Let the function w € L*(A;R) as a function of the distance r from the origin satisfy

w(r) < ! for r € (0,R). 4.1)

2ry/1 + (re’(r))? '

We further deal with the space H'(G,) ® H'(G_) ¢ L*(Dg). Let us introduce also the follow-
ing notations:

[]e = ts]le—u_le, ®=AorZ\A, u=u,®u_cH(G,)®H(G.).

Clearly, one can define polar coordinates (r,¢) on Dg, which are connected with the usual Carte-
sian coordinates via standard relations x = rcos¢ and y = rsing. The points (r,¢ + 27k) with
k € Z are identified with each other. The disc Dg in the polar coordinate system is given by
Dgr ={(r,¢): r € [0,R), ¢ € [0,27)}.

For the substantial simplification of further computations we make use of the following short-
hand notation:

D polt] = 1Vullp, — (@l [ul)a,  u € DGL) & D(Go), 4.2)

where all the objects are as in Hypothesis 4.1. Now, we formulate and prove the following lemma.

Lemma 4.1. Assume that Hypothesis 4.1 holds. Then ng’w[u] > 0 forallu € D(G,) & D(G-)
such that [u]s\a = 0.

Proof. Letu € D(G,) ® D(G-) be such that [u]s\a = 0. The proof of i [u] > 0is then split
in three steps.

Step 1. For any (x,y) € Dg \ £ the value |(Vu)(x, y)|> can be expressed in polar coordinates
(r,p) as

(V) (x, y)I* = [(Bu)(r, @) + %I(élpu)(r, o).

Using the above expression for the gradient, we obtain the following estimate:

2 R R 1 2
1Vl = / / (V) (r ) rdrd < / o / (@, 9o, @3)
0 0 o \Jo

in which we have thrown away a positive term in the second step. Interchanging of the integrals in
the above computation can be justified by Fubini’s theorem (see, e.g., [Ref. 40, Chap. 2, Theorem
3.1]).

Step 2. Using the mapping ¢: (0,R) — R as in Hypothesis 4.1 (A) we define the following

auxiliary function:
i(r) =1+ @re'(n)?,  re(O.R).

The curvilinear integral along A in (4.2) can be rewritten in terms of the mapping ¢: (0, R) — R and
the function j in the conventional way and then further estimated with the help of assumption (4.1)

R
(wlula, [u]ln)a = / w(N)i(r)|we(r, o(r)) = u(r,o(r))|"dr
0 (4.4)

R
< [ selutre) - utprfar

Step 3. Define the following function:

2
$0) = [ @000 = 5 rgtr) =0 (45)
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where r € (0,R). Thanks to the choice of u, for all r € (0,R) the function [0,27) 3 ¢ — u(r,¢)
can naturally be identified with the piecewise-C! function i, on the interval I = (0,2x), which
by [Ref. 36, App. E] belongs to H'(I). Moreover, the relation S(r) = a4, [, ] holds with the form
a4 asin (2.11), where d = 2w and w = 1/2x. In particular, dw = 2n/2n = 1 and by Corollary 2.12
we obtain

S(r) =0, forall r € (0,R).
Finally, using (4.3), (4.4) and non-negativity of S(r) we arrive at

R
TIA)R,w[u] > / —S(r)dr > 0.
0

r

B. Non-negativity of HA for monotone A

In this subsection, we obtain various explicit sufficient conditions on w ensuring non-negativity
of HA assuming that A is monotone. General results are illustrated with two examples: an
Archimedean spiral and a subinterval of the straight line in R

Theorem 4.2. Let a monotone piecewise-C' curve A C R? be parametrized via ¢: (0,R) — R,
R € (0,+0), as in Definition 2.7. Let the self-adjoint operator H2 be as in Definition 3.2 with
w € L*(A;R). Then

1
2nr+/1 + (rgo’(r))z’

If w is majorized as above, and additionally, the domain R?\ A is quasi-conical, then o-(H) =
[0, +00).

oHY) c[0,40)  if w(r) < for re(O,R).

Proof. Let ¥ and Q. be as in Hypothesis 2.1. Without loss of generality, we assume that Xo = 0
in Definition 2.7.

Let us define the complement Q, := R2\ D of the disc Dpg, the curve T := £NDg, and the
domains G. = Q.NDg. It is straightforward to see that the tuple {Dg,G.,G_,A,w} satisfies
Hypothesis 4.1.

Letu € Fp anddefine ug := u | Dg, uc := u | Q.. Then it holds that

ug € D(G,) ® D(G-) and [ur]r\a = 0.

Hence, using Lemma 4.1 we get

aMluul = 13, k] + 19Ul > T3, o[ug] = 0.

Since F, is a core for the form a2, we get by [Ref. 8, Theorem 4.5.3] that the self-adjoint operator
HA is non-negative. If, additionally, the domain R? \ A is quasi-conical, Proposition 3.6 implies that

a(H) = [0,+c0).

Example 4.3. Let the piecewise-C' curve A C R? be defined as
A = {(rcos(r),rsin(r)) € R*: r e R,}.
Obviously, this curve is monotone in the sense of Definition 2.7 with Xo =0 and ¢(r) ==r, r €

(0,+00). The curve A is a special case of an Archimedean spiral. Theorem 4.2 yields that

a(H) € [0, +00) if w(r)< for r>0.

1
20rV1 + 72
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The case of a non-varying interaction strength w is of special interest. In the rest of this
subsection, we assume for the sake of demonstrativeness that w € R is a constant. Define also the
following characteristic of a bounded monotone piecewise-C! curve A C R? (parametrized as in
Definition 2.7):

w«(A) == inf ! (4.6)

reO.R) 2T+ (rg’(r)?
It is not difficult to see that 0 < w.(A) < +oo.
The following corollary is a direct consequence of Theorem 4.2, Proposition 3.6, and simple
geometric argumentation.

Corollary 4.4. Let A C R? be a bounded monotone piecewise-C' curve and let the self-adjoint
operator HX be as in Definition 3.2 with non-varying strength w € R. Then

a(HY) = [0, +c0), Sforall w € (—oo,w.],
with w,. = w«(A) > 0 defined in (4.6).
To illustrate this corollary we provide an example.

Example 4.5. Consider the interval of length L > 0 in the plane:
A={(x,00eR>:0<x<L}. 4.7)

Clearly, the interval A is monotone in the sense of Definition 2.7 with Xo =0 and ¢(r) =0,
r € (0,L). Then we get from Corollary 4.4, using formula (4.6), that

c(HS) = [0.400)  forallw e (~ oo, 507

Remark 4.6. Let A be as in (4.7). It is worth noting that the result of the above example can be
improved in the following way. Define the points Xy = (0,0), X; = (0, L), the intervals

Ao ={(x,0) e R*: 0 < x < L/2}, A ={(x,00eR*: L/2 <x <L},
the discs D /2(Xo), Dr;2(X1), and the complement
Q¢ = R*\ (D /2(X0) U Drja(X1))

of the closure of their union. Let u € F and define ux :=u | Dp,»(Xk), k =0,1, uc:=u | Q..
Assuming that w € (—oo, ﬁ], we get by Lemma 4.1 that

[ug] + T2

1
Dy p(x)w

oA u,u] =

0 2
Dy, /2(xp),w [u1] + ||Vuc||QC > 0.

Thus, the operator H2 is non-negative and by Proposition 3.6 we get o-(H2) = [0, +0).

One may expect that for a sufficiently large coupling constant w > O or for a sufficiently long
curve A negative spectrum of the self-adjoint operator H2 is non-empty. In the next proposition, we
confirm this expectation via an example.

Proposition4.7. Let A C R? be as in (4.7) and the self-adjoint operator HY be as in Defini-
tion 3.2 with non-varying strength w € R. Then

oaHY) N (=0,0) =@,  forallw € (£, +).

Proof. Let us split the plane R? into three domains
Q= (-0,0) xR,  Q:=(0,L)xR,  Q3:=(L,+c0)xR,
via straight lines
II; :== {0} xR, I, = {L} xR,

as indicated in Figure 1.
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T, 1T,

FIG. 1. Splitting of R2 into three domains {Qy }z: I

Consider the sesquilinear form
af plu,v] = ab[u,v],  domal = {u € domaf): uln, =0, k = 1,2}.

It is not difficult to check that the sesquilinear form ai\) p is closed, symmetric, densely defined,

and semibounded in L?(R?). This form induces via the first representation theorem the self-adjoint
operator HQ’D in L*(R?), which can be represented as the orthogonal sum H; ® H, @ Hs with respect
to the decomposition LA(R?) = &, _ L*(Q;). Note that H; and Hj are both non-negative and their
spectra are given by the set [0, +c0). The spectrum of H, can be computed via separation of variables
in the strip €. In particular, the ground state of H, corresponds to the eigenvalue

7'[2

A1(H2) = T~ 4%,

where we used that the one-dimensional Schrodinger operator on the full-line with one-center point
¢’-interaction of strength w > 0 has the lowest eigenvalue —4w?, cf., [Ref. 1, Chap. 1.4], where not
w, but § = 1/w is called the strength of ¢’-interaction.

If the assumption in the formulation of the proposition holds, then 1;(H,) < 0 and the operator
Hf})’ b has at least one negative eigenvalue.

It remains to note that by Proposition 3.6 we have oes(H2) = [0,+00) and that the form
ordering

A A
a, < aw,D

can easily be verified, which yields by [Ref. 6, Section 10.2, Theorem 4] that the operator H2 has at
least one negative eigenvalue. O

C. Absence of bound states for H} and LFTs

In this subsection, we show absence of bound states in the weak coupling regime for a class
of bounded non-monotone piecewise-C! curves, which are (with minor restrictions) images of
bounded monotone curves under LFTs. Since the identical transform M(z) = z is a LFT, this class is
certainly larger than the class of bounded monotone curves. As an example, we treat §’-interaction
supported on a circular arc subtending an angle 6 > .

First, we provide for convenience of the reader two standard claims on change of variables
under LFT. The proofs of them are outsourced to the Appendix.

Lemma4.8. Let A CAR2 be a bounded curve as in Hypothesis 2.1, let the space Fy be as
in(2.1), and let M : C — C be a LFT such that M(co), M~'(c0) ¢ A. Then for any u € Fx

/ |Vu|*dx = / |Vo|*dx (4.8)
R2 R2
holds withv :=uo M.

Remark 4.9. The function v itself in the formulation of the above lemma is continuous and
piecewise smooth, but it is not necessarily compactly supported or square-integrable.
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Lemma 4.10. Let A C R? be a bounded piecewise-C' curve, parametrized via the mapping
A1 —->RYT ::A(O’L,)z as in Definition 2.6, let the space Fp be as in (2.1) and let w € L*(A;R).
For a LFT M: C — C with Jy; as in (2.6) and such that M(c0), M~'(c0) ¢ A define T := M~'(A),
y:=M"'odand

w(y(s) = w(A($))Iuy(s),  sel (4.9)

Then the relation

([ulns [ula) 4 = (@[0]r [v]r);
holds foranyu € Fyandv :==uo M.

Remark 4.11. Note that the function v in the formulation of the above lemma does not belong
to Fr in general. However, v, == v I M~Y(Q.) with Q. as in Hypothesis 2.1 are well-defined
and continuous up to I'. Hence, the restrictions v.|r are meaningful and [v]r = vy|r —v-|r is
well-defined.

Now, we can formulate the key result of this subsection, whose proof with all the above
preparations is rather short.

Theorem 4.12. Let A C R? be a bounded piecewise-C' curve and let the self-adjoint operator
Hf}, in L*(R?) be as in Definition 3.2 with non-varying strength w € R. Suppose that there exists a
LFT M: C — C such that

(a) M(c0),M'(c0) & A,
(b) T := M~ (A) is monotone.

Let the constant w.(I") > 0 be associated to T via (4.6). Then it holds that

U(HZ\)) =[0,+00) forall w € (—o0,w.],

w(T)

supzer VI (2) '

where w, =

Proof. Step 1. Suppose that the curve A is parametrized via the mapping A: (0,L) — R? (as in
Definition 2.6). Define the mapping y := M~! o A. Due to assumption (a) the curve I is bounded
and the mapping y parametrizes it. Without loss of generality suppose that the curve I' is monotone
in the sense of Definition 2.7 with Xy = y(0) = 0 and with ¢: (0,R) = R, R = |y(L)|. Consider the
complement Q_ := R?\ Dr, of the disc Dg. Let the curve T and the domains Q. be associated to A
as in Hypothesis 2.1.

Define auxiliary domains G. := M~'(Q.) N Dg. Thus, the splitting

Dr=G,UM\(Z)UG_
holds. Let w be defined via the formula (4.9) in Lemma 4.10. Hence, we obtain

W < wsup /Ju(2) < wisup /I (z) = w(T).
zel zel

Summarizing, the tuple {Dg,G,,G_,T,w} fulfils Hypothesis 4.1.
Step 2. Let u € Fp with F, as in (2.1) and define the composition v := u o M. Setvg :=v [ Dg
and ve :=v [ Q.. Using Lemmas 4.8 and 4.10 we obtain

aSlu,ul = 1Vull, = @[l [ul)a = 19012, - @0l [o]0)r

) ~ ) r (4.10)
= Vgl — @lorle.[orlo)r + Vel = 5 olor,ve] = 0,

where we applied Lemma 4.1 in the last step. Hence, the operator H2 is non-negative.
Step 3. Since the curve A is bounded, Proposition 3.6 applies, and we arrive at oes(H2) =
[0, +00). The results of Step 2 and Step 3 imply the claim. O
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To conclude this subsection, we show that a model of sufficiently weak &’-interaction of
non-varying strength supported on a circular arc subtending the angle 27 — 2¢ (¢ € (0,7)) has no
bound states in the weak coupling regime. We emphasize that circular arcs subtending angles 6 > &
are non-monotone and the results of the previous subsection do not apply to them.

Example 4.13. The circular arc (see Figure 2) can be efficiently parametrized as follows:
A = {(Rsing,R(1 — cos ¢)) € R*: ¢ € (g,27 — &)}, 4.11)

where € € (0,7) and R > 0 is the radius of the underlying circle. Consider the LFT M(z) := 1/z.
One easily sees that

M](X,y) = ReM(x+ |y) = m,

and according to (2.6) the Jacobian J,, of this LFT is given by the formula
JM(X’ .l/) = ((6XM1)2 + (ayMl)z)(x7 y)
B (x* = y?)? 4xy? B 1 (4.12)
2yt (2t (P D)
Next observe that M(c0) = M~!(c0) = 0 ¢ A. Moreover, this LFT is inverse to itself and under the
LFT M~'(z) = 1/z the arc A c R? is mapped onto the interval

I:=M"(A) ={(x,—5%) € R*: |x] < cot(¢/2)/(2R)},

which is obviously monotone in the sense of Definition 2.7. Compute further w.(I") defined in (4.6)

. 1 1 R

inf — = = ,
re,r) 2ir - 2x|I| 2w cot(e/2)
here |I'| in the length of . Moreover, we obtain from (4.12) that

w() =

sup A/Jp(z) = 4R%.

zel

YA

FIG. 2. The circular arc of radius R > 0 subtending the angle 27 —2¢& with £ € (0, 7).
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Hence, Theorem 4.12 implies that
a'(Hf)) = [0, +00), forall w € (— 00,(87R)™! tan(s/Z)].

V. REMARKS AND OPEN QUESTIONS

In the present paper, we have analysed from various perspectives a new effect of absence of the
negative spectrum for Hamiltonians with ¢’-interaction supported on non-closed curves in R%. Quite
a few questions remain open and we wish to formulate two of them.

Comparing Example 4.5 and Proposition 4.7 one may pose the following question.

Open Question A. Let the constant L > 0 be fixed and the interval A be as in (4.7). The prob-
lem is to find the critical strength w. (L) > 0 such that the operator HY is non-negative if and only if
w € R satisfies w < we(L).

The same question as above can be asked for other shapes of A, but the authors do not expect
that an exact formula for the critical strength can be found.

On one hand, our method of the proof does not allow to cover curves of generic shape. On the
other hand, despite many attempts, we have not found out any example of a bounded non-closed
curve, for which bound states in the weak coupling regime do exist. A general open question can be
posed.

Open Question B. Is it true that for any bounded sufficiently smooth non-closed curve A C R?
there exists a constant w, > 0 such that o-(H2) = [0, +00) for all w € (—c0,w,]?

It is worth noting that the program carried out in Subsection IV C for linear fractional trans-
formations can be generalized by means of Neumann bracketing to arbitrary conformal maps. This
could be a possible way to answer Question B.

Finally, we mention that several assumptions play only technical role and can be removed with
additional efforts. Namely, assuming that A is a subarc of the boundary of a Lipschitz domain is
technical as well assuming that the curve A is piecewise-C! in some of the formulations instead of
just being Lipschitz.
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APPENDIX: PROOFS OF LEMMAS 4.8 AND 4.10
Proof of Lemma 4.8. Consider the following two open sets:
E =R*\ ({M(0)} UM(A)) and F =R>*\A.

By the formula in Lemma 2.10 and using that R? \ E is a null set, we get

/ |Vv|2dx=/|Vv|2dx=/|(Vu)0M|2Jde.
R2 E E

According to Proposition 2.9, we have that M~!: E — F is a bijection which is additionally every-
where differentiable in E, cf., (2.5). Hence, we can apply the substitution rule for Lebesgue integrals



022101-19 M. Jex and V. Lotoreichik J. Math. Phys. 57, 022101 (2016)

(e.g., [Ref. 31, Theorem 8.21, Corollary 8.22]) and get

/ |Vv|2dx = / |(Vu) o M o M’1|2JM(JM)"dx
R2 F

:/quIzdx=/ |Vul*dx,
F R2

where in the last step we employed that R? \ F is a null set. O

Proof of Lemma 4.10. Observe first that by definition of the curvilinear integral we have

(@

L
[v]r. [o]r); = /0 (Y (sDIo+(y(9)) = v-(y ()Y (s)lds. (AD)
Using elementary composition rules, we also note

0:(¥(8)) = v-(¥(5)) = (s 0 M o M~ 0 A)(s) = (-0 M o M~ 0 )(s)
u(A(s)) = u-(A(s)),

where u. = u [ Q. and v, = v | M~'(Q.). Observe also that 1 = M o y. Using (2.6) and (2.7), we
obtain

(A2)

)P = (VM1 0 7)(5) - ()" + (TM2 0 )(s) - ¥ (5))’
= [(VMy 0 y)(s)I* - y'(s)[Pcos® @ + (VM 0 y)(s) - |y'(s)’sin’ @
= Jdu((s) - Y ()P,
where « is the angle between VM, and y’. Thanks to (A1) and using (A2), we arrive at

L
(@[vIr [o]r); = /0 B(y())Ne+(y(s)) = v-(A)) [y(s)lds

Loy ()

N NAVTE)

Finally, employing (4.9) we end up with the desired relation

(G[U]r, [U]r)r = (U)[u]A» [M]A)A-

14+ (A(5)) = u-(A(s))[* |2’(5)|ds.

O
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