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Introduction

One type of special functions corresponding to Weyl groups and their root systems, called E-
functions, are introduced firstly in [8]. The results of the paper [2], which contains detailed
explanation of discrete Fourier calculus of orbit functions, are extended to this type of E-
functions in [3]. Additional five types of E-functions for root systems with two different
lengths of roots are introduced and studied in detail for simple Lie algebras of rank two
in [1]. In the present thesis we study these six types of E-functions for simple Lie algebras
of rank three and verify if the properties that are valid in [1] are also valid for simple Lie
algebras of rank three. Especially, the discrete orthogonality relations of these functions are
of interest.

With further analysis of E-functions, made in [1, 3, 6], the following important prop-
erties have been described. E-functions depend on n variables, with n being the rank of
the corresponding Lie algebra, and are periodic in various ways in the Euclidean space R

n.
Moreover, each pair of the same type of E-functions is orthogonal when integrated over their
(bounded) fundamental region in R

n. This property represents continuous orthogonality of
E-functions. Similarly, discrete orthogonality also holds — each pair of the same type of E-
functions is orthogonal when their values are summed over a discrete lattice of any density
in the fundamental region. The symmetry of the lattice is defined by the given Weyl group.

One of the motivations for constructing E-functions is their utilization in processing
digitally given data. Each type of E-functions is orthogonal in a region of different shape
and therefore might be more suitable for processing specific type of data. This should, in
return, increase the processing speed for that specific type of data.

Chapters one, two and three review already known results, except for the last part of
chapter two, where for the purpose of discrete calculus of E-functions the description of the
fundamental domains is reformulated. Chapter four contains original results concerning
the form and orthogonality of E-functions of rank three, except for the basic properties of
simple Lie algebras B3 and C3 taken from [10].

The thesis is organized as follows. In the first chapter, Weyl groups in general are stud-
ied. We define their root systems and classify crystallographic irreducible root systems.
From Weyl groups we create affine Weyl groups and discuss their fundamental domains.

In the second chapter, we find three types of subgroups of Weyl groups of index two
called even subgroups. We discuss the fundamental domains of these subgroups and define
E-functions based on the orbits of these subgroups. We also discuss the properties of these
E-functions: their symmetries, orthogonality and product decomposition.

In the third chapter, we summarize the general properties of Weyl groups of type C2 and
G2 and we review the results of [1] by explicitly stating the E-functions corresponding to
the Weyl groups of type C2 and G2.

In the fourth chapter, we summarize the general properties of Weyl groups of type B3,
C3 and explicitly state their E-functions. Also, we verify if they have the same properties as
E-functions of Weyl groups of rank two.
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Chapter 1

Weyl groups

In this chapter we study Weyl groups in general. We review nomenclature from [1, 2, 4]
needed for further definition of E-functions. For a more detailed study of Weyl groups and
Coxeter groups see [4].

1.1 Finite reflection groups and root systems

Consider an Euclidian space R
n with an inner product 〈 , 〉 : Rn ×Rn 7→R. The reflection

rα over the hyperplane Hα with α being the normal vector of the hyperplane is defined as

rαλ = λ− 2〈λ,α〉
〈α,α〉

α.

A finite group generated by reflections is a finite reflection group.
Let Φ be a finite set of nonzero vectors in R

n satisfying these conditions:

• (∀α ∈ Φ)(Φ ∩R ·α = {α,−α})

• (∀α ∈ Φ)(rαΦ = Φ)

and let W be the group generated by {rα | α ∈ Φ}. Then the set Φ is a root system with the
associated reflection group W and elements α ∈ Φ are called roots.

Let Φ be a root system of a finite reflection group W . Then a subset ∆ ⊂ Φ with the
properties:

• ∆ is the basis of span
R

(Φ)

• for each α ∈ Φ in ∆ basis the coefficients all have the same sign (all nonnegative or all
nonpositive)

is a simple system of group W. From now on, the notation for the simple system ∆ =
{α1, ...αn} is used, where n is the dimension of the space R

n. The vectors αi ∈ ∆ are called
simple roots. The reflections corresponding to the simple roots are called simple reflec-
tions and are denoted

rαi ≡ ri , αi ∈ ∆.

Example 1.1.1. The reflection group of type Bn (n ≥ 3), denoted byWBn , is defined as follows.
Let {ei | i ∈ {1, ...,n}} be the standard basis in R

n. From now on, this notation of the standard
basis is used. Then the group WBn consists of all permutations and all sign changes of the
coordinates in the standard basis. This group can be generated by transpositions of the
coordinates and one sign change — a sign change on only one coordinate. These generators
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are clearly orthogonal transformations from O(n). All sign changes are isomorphic to the
quotient group (Z/2Z)n and all permutations are isomorphic to the permutation group Sn;
therefore, the number of elements of WBn is∣∣∣WBn

∣∣∣ = 2nn!.

Considering all combinations of signs, the root system of WBn is

ΦBn = {±ei ± ej | i, j ∈ {1, ...,n}, i , j} ∪ {±ei | i ∈ {1, ...,n}}.

The simple system of WBn is

∆Bn = {ei + ei+1 | i ∈ {1, ...,n− 1}} ∪ {en}.

We denote the simple roots αi = ei + ei+1, for i ∈ {1, ...,n− 1}, and αn = en.

Let Φ be a root system and ∆ its simple system then the set

Φ∨ =
{
α∨ | α ∈ Φ

}
is the dual root system to the root system Φ and roots α∨ = 2α

〈α,α〉 are called dual roots
(coroots). The set

∆∨ = {α∨1 , ...,α
∨
n },

where α∨i = 2αi
〈αi ,αi〉 , is the dual simple system to the simple system ∆ and α∨i are called dual

simple roots (simple coroots).
A root system Φ is crystallographic if it satisfies

(∀α,β ∈ Φ)
(

2〈α,β〉
〈β,β〉

∈Z
)
.

The integers 2〈α,β〉
〈β,β〉 are called Cartan integers. The elements Cij =

2〈αi ,αj〉
〈αi ,αi〉 , where αi ,αj ∈ ∆,

form the Cartan matrix.
Let Φ be a crystallographic root system then the group W generated by rα(α ∈ Φ) is

called the Weyl group of Φ .
The root lattice and the dual root lattice are defined as follows:

Q = Zα1 + ...+Zαn , Q∨ = Zα∨1 + ...+Zα∨n .

We also use the following notations for the subsets of Q and Q∨,

Q+ = Z
+
0α1 + ...+Z

+
0αn, Q++ = Nα1 + ...+Nαn

Q∨+ = Z
+
0α
∨
1 + ...+Z

+
0α
∨
n , Q∨++ = Nα∨1 + ...+Nα∨1 .

1.2 Fundamental weights

Let {ω1, ...,ωn} be a basis of Rn such that

(∀i, j ∈ {1, ...,n})(〈ωi ,α∨j 〉 = δij).

Then {ω1, ...,ωn} is called the basis of fundamental weights and the vectors ωi are called
weights.
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Let ω∨i = 2ωi
〈αi ,αi〉 , then trivially it holds that

(∀i, j ∈ {1, ...,n})(〈ω∨i ,αj〉 = δij).

The basis {ω∨1 , ...,ω∨n } is called the basis of dual weights and ω∨i are called dual weights
(coweights). The notations for these bases are:

∆ = {α1, . . . ,αn} , ∆∨ = {α∨1 , . . . ,α
∨
n }

Ω = {ω1, . . . ,ωn} , Ω∨ = {ω∨1 , . . . ,ω
∨
n }.

Representations of a vector in ∆, ∆∨,Ω,Ω∨ bases are denoted as

(a1, . . . , an)∆ =
n∑
i=1

aiαi ,

(a1, . . . , an)∆∨ =
n∑
i=1

aiα
∨
i ,

(a1, . . . , an)Ω =
n∑
i=1

aiωi ,

(a1, . . . , an)Ω∨ =
n∑
i=1

aiω
∨
i .

The weight lattice and the dual weight lattice are defined as follows

P = Zω1 + ...+Zωn , P ∨ = Zω∨1 + ...+Zω∨n .

We also use the following notations for the subsets of P and P ∨,

P + = Z
+
0ω1 + +...+Z

+
0ωn , P ++ = Nω1 + ...+Nωn

P ∨+ = Z
+
0ω
∨
1 + ...+Z

+
0ω
∨
n , P ∨++ = Nω∨1 + ...+Nω∨1 .

1.3 Classification of irreducible crystallographic reflection
groups

Let Φ be a crystallographic root system and let α,β ∈ Φ . Then the order of rαrβ is denoted
m(α,β), therefore

(∀α,β ∈ Φ)((rαrβ)m(α,β) = 1).

The Coxeter–Dynkin diagram of the Weyl group W with the simple system ∆ = {α1, . . . ,αn}
is constructed as follows:

• the vertices are indexed 1 to n for each simple root,

• a vertix is blank for long roots and full for short roots (if there are two root lengths),

• when m(αi ,αj) ≥ 3 then there is an edge connecting vertices i and j,
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• the value of the vertix is m(αi ,αj), in the diagram the value m(αi ,αj) = 3 is denoted by
one line, the value m(αi ,αj) = 4 is denoted by two lines and the value m(αi ,αj) = 6 is
denoted by three lines.

Example 1.3.1. The Coxeter–Dynkin diagram of WBn is

Bn g1 g2 gn−1 wn· · · .

Theorem 1.3.2. Let W, W̃ be Weyl groups with the same Coxeter–Dynkin diagram then W ,
W̃ are conjugate in O(n).
For proof see [4].

A Weyl group is irreducible if its Coxeter–Dynkin diagram is connected. Irreducible
Weyl groups can be classified by their Coxeter–Dynkin diagrams; these Coxeter–Dynkin
diagrams also classify all possible complex simple Lie algebras. The standard notation for
the types of all possible Coxeter–Dynkin diagrams of irreducible Weyl groups is

An (n ≥ 1), Bn (n ≥ 3), Cn (n ≥ 2), Dn (n ≥ 4), E6, E7, E8, F4, G2.

The corresponding diagrams, taken from [5], are of the following form

An g1 g2 g3 gn· · ·

Bn g1 g2 gn−1 wn· · ·

Cn w1 w2 wn−1 gn· · ·

Dn g1 g2 gn−3 g
n−2

gn−1gn
· · ·

E6 g1 g2 g
3

g4 g5g6

E7 g1 g2 g
3

g4 g5 g6g7
E8 g1 g2 g3 g4 g

5
g6 g7g8

F4 g1 g2 w3 w4 G2
g1 w2 .

1.4 Affine Weyl Groups

The affine Weyl group W aff is defined as the semidirect product of the Abelian group of
translations of the coroot lattice Q∨ and of the Weyl group W ,

W aff =Q∨ oW,

and the dual affine Weyl group is defined as the semidirect product of the Abelian group
of translations of the coroot lattice Q and of the Weyl group W ,

Ŵ aff =QoW.

The highest root ξ of the affine Weyl group W aff can be expressed, see e. g. [5], as follows

ξ =
n∑
i=1

miαi .
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The coefficients mi ∈N can be viewed as attached to the i-th vertix of the Coxeter–Dynkin
diagram of W — they are called marks. The form of the highest root ξ is for all cases the
following:

Bn : ξ = α1 + 2α2 + 2α3 + · · ·+ 2αn ,
Cn : ξ = 2α1 + 2α2 + · · ·+ 2αn−1 +αn ,
F4 : ξ = 2α1 + 3α2 + 4α3 + 2α4,

G2 : ξ = 2α1 + 3α2 ,

An : ξ = α1 +α2 + · · ·+αn ,
Dn : ξ = α1 + 2α2 + · · ·+ 2αn−2 +αn−1 +αn ,
E6 : ξ = α1 + 2α2 + 3α3 + 2α4 +α5 + 2α6 ,

E7 : ξ = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 +α6 + 2α7 ,

E8 : ξ = 2α1 + 3α2 + 4α3 + 5α4 + 6α5 + 4α6 + 2α7 + 3α8 .

The highest dual root η of the dual affine Weyl group Ŵ aff can be expressed, see e. g. [2],
as follows

η =
n∑
i=1

m∨i α
∨
i

and the coefficients m∨i ∈N are called dual marks. The form of the highest dual root η is
for all cases the following:

Bn : η = 2α∨1 + 2α∨2 + · · ·+ 2α∨n−1 +α∨n ,
Cn : η = α∨1 + 2α∨2 + 2α∨3 + · · ·+ 2α∨n ,
F4 : η = 2α∨1 + 4α∨2 + 3α∨3 + 2α∨4 ,
G2 : η = 3α∨1 + 2α∨2 ,
An : η = α∨1 +α∨2 + · · ·+α∨n ,
Dn : η = α∨1 + 2α∨2 + · · ·+ 2α∨n−2 +α∨n−1 +α∨n ,
E6 : η = α∨1 + 2α∨2 + 3α∨3 + 2α∨4 +α∨5 + 2α∨6 ,
E7 : η = 2α∨1 + 3α∨2 + 4α∨3 + 3α∨4 + 2α∨5 +α∨6 + 2α∨7 ,
E8 : η = 2α∨1 + 3α∨2 + 4α∨3 + 5α∨4 + 6α∨5 + 4α∨6 + 2α∨7 + 3α∨8 .

The reflection r0 is an affine reflection over the hyperplane {χ ∈Rn | 〈χ,ξ〉 = 1}, which is
defined as

(∀χ ∈Rn)
(
r0χ = rξχ+

2ξ
〈ξ,ξ〉

)
.

The reflection r∨0 is an affine reflection over the hyperplane
{
χ ∈Rn | 〈χ,η〉 = 1

}
, which is

defined as

(∀χ ∈Rn)
(
r∨0 χ = rηχ+

2η
〈η,η〉

)
.

Theorem 1.4.1. The affine Weyl group W aff is generated by {ri | i ∈ 1, ...,n} ∪ {r0}.
For proof see [4].

Let W be a Weyl group and ∆ its simple system then the extended Coxeter–Dynkin
diagram of the affine Weyl group W aff is the Coxeter–Dynkin diagram of W with the root
α0 ≡ −ξ added to the diagram. The vertex representing the root α0 is indexed with the value
0. Analogously, the extended Coxeter–Dynkin diagram of the dual affine Weyl group Ŵ aff

is the Coxeter–Dynkin diagram of W with the dual root α∨0 ≡ −η added to the diagram. The
vertex representing the dual root α∨0 is indexed with the value 0.
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Example 1.4.2. The extended Coxeter–Dynkin diagrams of the Weyl groups of types Bn and
Cn are

g0

Bn g1 g2 gn−1 wn· · ·

Cn
0g w1 w2 wn−1 gn· · · .

The extended Coxeter–Dynkin diagram ofW aff
Bn

is the same as the extended Coxeter–Dynkin

diagram of Ŵ aff
Cn

. The extended Coxeter–Dynkin diagram ofW aff
Cn

is the same as the extended

Coxeter–Dynkin diagram of Ŵ aff
Bn

. These diagrams are dual to each other.

1.5 Fundamental domain

The fundamental domain of a group G is the smallest, in terms of inclusion, connected set
D ⊂R

n such that the action of G on D is the whole space R
n.

Theorem 1.5.1. The fundamental domain D of the Weyl Group W is

D = {λ ∈Rn|(∀α ∈ ∆)(〈λ,α〉 ≥ 0)}.

For proof see [4].

Theorem 1.5.2. The fundamental domain F of the affine Weyl Group W aff is

F =D ∩ {λ ∈Rn | 〈λ,ξ〉 ≤ 1} .

For proof see [4].

The fundamental domain F is equivavently the convex hull of the points
{
0, ω

∨
1

m1
, · · · , ω

∨
n

mn

}
and the fundamental domain F∨ of Ŵ aff is the convex hull of the points

{
0, ω1
m∨1
, ..., ωn

m∨n

}
.

Let W be a Weyl group and ∆ its simple system and let {Xi | i ∈ {1, . . . ,n}} denote the
’mirrors’ of reflections of the simple reflections ri ,

Xi = {χ ∈Rn | 〈χ,αi〉 = 0} .

The ’mirror’ X0 of the affine reflection r0 is

X0 = {χ ∈Rn | 〈χ,ξ〉 = 1}

and its dual counterpart X∨0 is

X∨0 =
{
χ ∈Rn | 〈χ,η〉 = 1

}
.

The intersections of the ’mirrors’ with the fundamental domain F are denoted Yi and Y0

Yi = Xi ∩F , Y0 = X0 ∩F.

The intersections of the ’mirrors’ with the fundamental domain F∨ are analogously denoted
Y ∨i and Y ∨0

Y ∨i = Xi ∩F∨, Y ∨0 = X∨0 ∩F
∨.
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Chapter 2

E-functions

In this chapter we find three types of normal subgroups of Weyl groups using sign homo-
morphisms [7]. Using orbits of these subgroups, we define even orbit functions (abbreviated
E-functions), and discuss their properties. For a more detailed study see [1, 3, 6].

2.1 Even subgroups

A sign homomorphism is a homomorphism σ : W 7−→ {1,−1}, where {1,−1} is the multi-
plicative group containing elements 1 and −1. One obvious choice of a sign homomorphism
is σe defined as

(∀w ∈W )(σe(w) = det(w)).

Even subgroupsW σ of a Weyl groupW are the kernels of non-trivial sign homomorphisms

W σ = kerσ = {w ∈W | σ (w) = 1} .

The corresponding affine groups are defined as

W aff
σ =Q∨ oW σ .

The maps σl and σs are sign homomorphisms of a Weyl groupW with a simple system ∆.
Since simple reflections generate W, it is sufficient to define σs and σl on simple reflections.
They are defined as follows [7]

σs(rs) = −1 , σs(rl) = 1,
σl(rs) = 1 , σl(rl) = −1,

where rs are simple reflections over short roots and rl are simple reflections over long roots.
Even subgroups W e, W s, W l are the kernels of sign homomorphisms σe, σs, σl , respectively,

W e = kerσe , W s = kerσs , W l = kerσl .

Their corresponding affine groups are

W aff
e =Q∨ oW e, W aff

s =Q∨ oW s, W aff
l =Q∨ oW l .

Let Ỹs denote the union of all ’mirrors’ of short roots intersected with the fundamental
domain and Ỹl is the union of all ’mirrors’ of long roots intersected with the fundamental
domain

Ỹs = X̃s ∩F=
⋃

X
(s)
i ∩F, (2.1)

Ỹl = X̃l ∩F=
⋃

X
(l)
i ∩F, (2.2)
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where X(s)
i represent ’mirrors’ of short roots and X(l)

i represent ’mirrors’ of long roots. The

notation Ỹl
∨

= X̃l ∩F∨ and Ỹs
∨

= X̃s ∩F∨ is also used.
The fundamental domains of the affine groups are denoted Fe+, Fs+ Fl+ (+ sign notation

will be clearer later) and their explicit form is

Fe+ = F ∪ rF◦, Fs+ = F ∪ rs(F \ Ỹs), Fl+ = F ∪ rl(F \ (Ỹl ∪Y0)).

The subsets of weight lattice corresponding to the even subgroups are

Pe+ = P + ∪ r(P ++), Ps+ = P + ∪ rs(P + \ X̃s), Pl+ = P + ∪ rl(P + \ X̃l),

where r, rs, rl are each an arbitrary, but fixed, simple, short simple, long simple reflections
respectively.

The stabilizer of λ ∈Rn of a group G is defined as

StabG(λ) = {g ∈ G | gλ = λ} .

The coefficients deλ, dsλ, dlλ denote the orders of stabilizers of W e, W s, W l , respectively,

deλ = |StabW e(λ)|, dsλ = |StabW s(λ)|, dlλ = |StabW l (λ)|.

2.2 Maximal torus and its orbits

In this section we define notions needed for the discrete calculus of E-functions. One arbi-
trary natural number M, which controls the density of the grids appearing in this calculus,
is chosen.

Let � be an equivalence defined as

(∀χ,γ ∈Rn)(χ � γ)⇔ (∃q∨ ∈Q∨)(χ = γ + q∨),

the quotient space R
n/ � is the maximal torus, denoted R

n/Q∨. The quotient space R
n/Q

is defined analogously. For M ∈ N the sets 1
M P
∨/Q∨ and P /MQ are finite grids. Their in-

tersections with fundamental domain F and the magnified dual fundamental domain MF∨,
respectively, are denoted as

FM =
1
M
P ∨/Q∨ ∩F, ΛM = P /MQ∩MF∨.

The grid FM is explicitly given in [3] as

FM =

u1

M
ω∨1 + · · ·+ un

M
ω∨n | u0,u1, . . . ,un ∈Z+

0 , u0 +
n∑
i=1

uimi =M

 . (2.3)

The grid ΛM is explicitly given in [3] as

ΛM =

t1ω1 + · · ·+ tnωn | t0, t1, . . . , tn ∈Z+
0 , t0 +

n∑
i=1

tim
∨
i =M

 . (2.4)

For χ ∈ FM the orders of the stabilizers in the space R
n/Q∨ for each type of even subgroup

are denoted as
heχ = |Stabeχ| , hsχ = |Stabsχ| , hlχ = |Stablχ|.
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and the orders of the orbits are denoted as

εe(χ) = |W eχ| , εs(χ) = |W sχ| , εl(χ) = |W lχ|.

Of course, the orbit–stabilizer theorem states that

εe(χ) =
|W e|
heχ

, εs(χ) =
|W s|
hsχ

, εl(χ) =
|W l |
hlχ

.

For λ ∈ ΛM the orders of the stabilizers in the space R
n/Q for each type of even subgroup

are denoted as
h∨eλ = |Stab∨eλ| , h∨sλ = |Stab∨sλ| , h∨lλ = |Stab∨l(λ)|.

Finally, using the notation from 2.1, the grids in R
n/Q∨ for each type of even subgroup are,

Fe+M = FM ∪ rF◦M , Fs+M = FM ∪ rs(FM \ Ỹs), Fl+M = FM ∪ rl(FM \ (Ỹl ∪Y0)),

where F◦M denotes 1
M P
∨/Q∨ ∩F◦. Their dual counterparts are grids in R

n/Q defined as

Λe+
M = ΛM ∪ rΛ◦M , Λs+

M = ΛM ∪ rs(ΛM \ (MỸ ∨s ∪MY ∨0 )), Λl+
M = ΛM ∪ rl(ΛM \MỸ ∨l ),

where Λ◦M denotes P /MQ∩MF∨◦.

2.2.1 Algorithm for calculating orders of stabilizers

Calculating the orders of stabilizers from their definition is not an easy task, but there exists
a simple algorithm for calculating the orders of stabilizers using extended Coxeter-Dynkin
diagrams [2, 3].

The calculation procedure of hχ ≡ |StabW aff(χ)| and also ε(χ) = |W |hχ for any χ ∈ FM uses the

extended Coxeter-Dynkin diagrams of W aff. The calculation procedure of h∨λ ≡ |StabŴ aff(λ)|
for any λ ∈ΛM uses the dual extended Coxeter-Dynkin diagrams of Ŵ aff.

Consider a point χ ∈ FM .

1. Let [u0, . . . ,un] be the corresponding coordinates of χ ∈ FM (from 2.3). If u0, . . . ,un are
all non-zero, then hχ = 1.

2. If some of the coordinates [u0, . . . ,un] are zero then consider such a subgraph Ũ of the
extended Coxeter–Dynkin diagram of the affine Weyl group W aff consisting only of
those nodes i for which ui = 0, i = 0, . . . ,n. The subgraph Ũ represents a Weyl group U
(non-extended). Take the order of this Weyl group |U |. Then it holds that

hχ = |U |.

We proceed similarly to determine h∨λ when considering a point λ ∈ΛM .

1. Let [t0, . . . , tn] be the corresponding coordinates of λ ∈ΛM (from 2.4). If t0, . . . , tn are all
non-zero then h∨λ = 1.

2. If some of the coordinates [t0, . . . , tn] are zero then consider such a subgraph Û of the
extended Coxeter–Dynkin diagram of the dual affine Weyl group Ŵ aff consisting only
of those nodes i for which ti = 0, i = 0, . . . ,n. The subgraph Û represents a Weyl group
U ′ (non-extended). Take the order of the Weyl group |U ′ |. Then it holds that

h∨λ = |U ′ |.
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To calculate heχ, h
s
χ, h

l
χ the following relations are used.

For χ ∈ FM

heχ =
{
hχ if hχ = 1
1
2hχ otherwise

hsχ =
{

1
2hχ if χ ∈ Ỹs
hχ otherwise

hlχ =
{

1
2hχ if χ ∈ Ỹl ∪Y0
hχ otherwise.

Similar relations are used to calculate h∨eλ , h
∨s
λ , h

∨l
λ .

For λ ∈ΛM

h∨eλ =
{
h∨λ if h∨λ = 1
1
2h
∨
λ otherwise

h∨sλ =
{

1
2h
∨
λ if χ ∈ Ỹs

∨ ∪Y ∨0
h∨λ otherwise

h∨lλ =
{

1
2h
∨
λ if χ ∈ Ỹl

∨

h∨λ otherwise

The relations for χ ∈ FM allow the calculation of the remaining χ ∈ Fe+M \FM , F
s+
M \FM , F

l+
M \FM ,

respectively, as
herχ = heχ , hsrsχ = hsχ , hlrlχ = hlχ,

and the relations for λ ∈ ΛM allow the calculation of the remaining λ ∈ Λe+
M \ΛM ,Λ

s+
M \

ΛM ,Λ
l+
M \ΛM , respectively, as

h∨erλ = h∨eλ , h∨srsλ = h∨sλ , h∨lrlλ = h∨lλ .

2.3 Even orbit functions

In this section we discuss the properties of even orbit functions. The continuous orthogonal-
ity relations stated are valid for Weyl groups of rank 2. The discrete orthogonality relations
stated are valid for Weyl groups of rank 2 and rank 3.

Let σ be a sign homomorphism then the even orbit function of even subgroup W σ and
λ ∈ P , Ψ σ

λ : Rn 7−→ C is defined as

(∀χ ∈ Rn)

Ψ σ
λ (χ) =

∑
w∈W σ

e2πi〈wλ,χ〉

 .
These functions are invariant with respect to the action of w ∈W σ

Ψ σ
wλ(χ) = Ψ σ

λ (χ)
Ψ σ
λ (wχ) = Ψ σ

λ (χ)

and invariant with respect to the action of the Abelian group of translations Q∨,

(∀q∨ ∈Q∨)(Ψ σ
λ (χ+ q∨) = Ψ σ

λ (χ)).
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2.3.1 Ξe+ – functions

ForW σ =W e, the even orbit functions are denoted Ξe+ and their explicit form, parametrized
by λ ∈ Pe+, is

Ξe+λ (χ) = Ψ
σe
λ (χ) =

∑
w∈W e

e2πi〈wλ,χ〉, χ ∈ Fe+,λ ∈ Pe+.

Continuous orthogonality and Ξe+– transforms

For all λ,λ’ ∈ Pe+ it holds that∫
Fe+

Ξe+λ (χ)Ξe+λ’ (χ) dχ = |W e| |Fe+| deλ δλλ’, (2.5)

where |W e| is the order of the even subgroup W e and |Fe+| is the volume of the fundamental
domain. Therefore the set of functions{

Ξe+λ | λ ∈ Pe+
}

is orthogonal. Let f ∈ C1(Rn) be invariant to the affine even subgroup W aff
e

(∀χ ∈Rn)(∀w ∈W e)(∀q∨ ∈Q∨)(f (wχ+ q∨) = f (χ)). (2.6)

Then the Ξe+ – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Pe+

ce+λ Ξe+λ (χ) , where ce+λ =
1

|W e| |Fe+| deλ

∫
Fe+
f (χ)Ξe+λ (χ)dχ.

Discrete orthogonality and Ξe+ – interpolation

For all λ,λ’ ∈Λe+
M it holds that∑

χ∈Fe+M

εe(χ)Ξe+λ (χ)Ξe+λ (χ) = |W e|Mn det(C) h∨eλ δλλ’, (2.7)

where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n.

Let g : Rn 7→ C be invariant to the affine even subgroup W aff
e (as in 2.6). Then the Ξe+ –

interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λe+

M

ke+λ Ξe+λ (χ) , where ke+λ =
1

|W e|Mn det(C) h∨eλ

∑
χ∈Fe+M

εe(χ)f (χ)Ξe+λ’ (χ).

For χ ∈ Fe+M the interpolation function gM and the function g have the same value

(∀χ ∈ Fe+M )(gM(χ) = g(χ)).

2.3.2 Ξs+ – functions

ForW σ =W s, the even orbit functions are denoted Ξs+ and their explicit form, parametrized
by λ ∈ Ps+, is

Ξs+λ (χ) = Ψ
σs
λ (χ) =

∑
w∈W s

e2πi〈wλ,χ〉, χ ∈ Fs+,λ ∈ Ps+.
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Continuous orthogonality and Ξs+– transforms

For all λ,λ’ ∈ Ps+ it holds that∫
Fs+

Ξs+λ (χ)Ξs+λ’ (χ) dχ = |W s| |Fs+| dsλ δλλ’, (2.8)

where |W s| is the order of the even subgroup W s and |Fs+| is the volume of the fundamental
domain. Therefore the set of functions {

Ξs+λ | λ ∈ Ps+
}

is orthogonal. Let f ∈ C1(Rn) be invariant to the affine even subgroup W aff
s (as in 2.6). Then

the Ξs+ – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Ps+

cs+λ Ξs+λ (χ) , where cs+λ =
1

|W s| |Fs+| dsλ

∫
Fs+
f (χ)Ξs+λ (χ)dχ.

Discrete orthogonality and Ξs+– interpolation

For all λ,λ’ ∈Λs+
M it holds that∑

χ∈Fs+M

εs(χ)Ξs+λ (χ)Ξs+λ’ (χ) = |W s|Mn det(C) h∨sλ δλλ’, (2.9)

where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n.

Let g : Rn 7→ C be invariant to the affine even subgroup W aff
s (as in 2.6). Then the Ξs+ –

interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λs+

M

ks+λ Ξs+λ (χ) , where ks+λ =
1

|W s|Mn det(C) h∨sλ

∑
χ∈Fs+M

εs(χ)f (χ)Ξs+λ (χ).

For χ ∈ Fs+M the interpolation function gM and the function g have the same value

(∀χ ∈ Fs+M )(gM(χ) = g(χ)).

2.3.3 Ξl+ – functions

ForW σ =W l , the even orbit functions are denoted Ξl+ and their explicit form, parametrized
by λ ∈ Pl+, is

Ξl+λ (χ) = Ψ
σl
λ (χ) =

∑
w∈W l

e2πi〈wλ,χ〉, χ ∈ Fl+,λ ∈ Pl+.

Continuous orthogonality and Ξl+– transforms

For all λ,λ’ ∈ Pl+ it holds that∫
Fl+

Ξl+λ (χ)Ξl+λ’(χ) dχ = |W l | |Fl+| dlλ δλλ’, (2.10)

where |W l | is the order of the even subgroup W l and |Fl+| is the volume of the fundamental
domain. Therefore the set of functions {

Ξl+λ | λ ∈ Pl+
}
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is orthogonal. Let f ∈ C1(Rn) be invariant to the affine even subgroup W aff
l (as in 2.6). Then

the Ξl+ – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Pl+

cl+λ Ξl+λ (χ) , where cl+λ =
1

|W l | |Fl+| dlλ

∫
Fl+
f (χ)Ξl+λ (χ)dχ.

Discrete orthogonality and Ξl+– interpolation

For all λ,λ’ ∈Λl+
M it holds that∑

χ∈Fl+M

εl(χ)Ξl+λ (χ)Ξl+λ’(χ) = |W l |Mn det(C) h∨lλ δλλ’, (2.11)

where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n.

Let g : Rn 7→ C be invariant to the affine even subgroup W aff
l (as in 2.6). Then the Ξl+ –

interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λl+

M

kl+λ Ξl+λ (χ) , where kl+λ =
1

|W l |Mn det(C) h∨lλ

∑
χ∈Fl+M

εl(χ)f (χ)Ξl+λ (χ)

For χ ∈ Fl+M the interpolation function gM and the function g have the same value

(∀χ ∈ Fl+M )(gM(χ) = g(χ)).

2.4 Mixed even orbit functions

In this section we discuss the properties of mixed even orbit functions. The continuous
orthogonality relations stated are valid for Weyl groups of rank 2. The discrete orthogonality
relations stated are valid for Weyl groups of rank 2 and rank 3.

Let σ, σ̃ be two different sign homomorphisms then the mixed orbit function of even
subgroup W σ and of homomorphism σ̃ , Ψ σ,σ̃

λ : Rn 7−→ C is

(∀χ ∈ Rn)

Ψ σ,σ̃
λ (χ) =

∑
w∈kerσ

σ̃ (w)e2πi〈wλ,χ〉

 .
These functions are invariant or anti-invariant with respect to the action of w ∈W σ

Ψ
σ,σ̃
λ (wχ) = σ̃ (w)Ψ σ,σ̃

λ (χ),

Ψ
σ,σ̃
wλ (χ) = σ̃ (w)Ψ σ,σ̃

λ (χ).

This property is called σ̃ -invariance. Mixed even orbit functions are invariant with respect
to the action of the Abelian group of translations Q∨

(∀q∨ ∈Q∨)(Ψ σ,σ̃
λ (χ+ q∨) = Ψ

σ,σ̃
λ (χ)).
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2.4.1 Ξe− – functions

The mixed even orbit functions Ξe− are given by the relation Ξe−λ = Ψ
σe,σs
λ = Ψ

σe,σl
λ ,where λ ∈

P . The σs-invariance implies the following zero points

Ξe−λ (χ) = 0 , χ ∈ (Y0 ∪ Ỹl)∩ Ỹs.

Some of these functions are also zero

Ξe−λ ≡ 0 , λ ∈ P ∩ ((X0 ∪ X̃l)∩ X̃s).

Therefore the domain and the weight lattice have to be changed to

Fe− = (F \ ((Y0 ∪ Ỹl)∩ Ỹs))∪ rsF◦,
Pe− = (P + \ ((X0 ∪ X̃l)∩ X̃s))∪ rsP ++.

Therefore Ξe− functions, parametrized by λ ∈ Pe−, in explict form are

Ξe−λ (χ) =
∑
w∈W e

σs(w)e2πi〈wλ,χ〉, χ ∈ Fe−, λ ∈ Pe−.

Continuous orthogonality and Ξe−– transforms

For all λ,λ’ ∈ Pe− it holds that∫
Fe−

Ξe−λ (χ)Ξe−λ’ (χ) dχ = |W e| |Fe−| deλ δλλ’, (2.12)

where |W e| is the order of the even subgroup W eand |Fe−| is the volume of the fundamental
domain. Therefore the set of functions {

Ξe−λ | λ ∈ Pe−
}

is orthogonal. Let f ∈ C1(Rn) be σs-invariant to the affine even subgroup W aff
e

(∀χ ∈Rn)(∀w ∈W e)(∀q∨ ∈Q∨)(f (wχ+ q∨) = σs(w)f (χ)). (2.13)

Then the Ξe− – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Pe−

ce−λ Ξe−λ (χ) , where ce−λ =
1

|W e| |Fe−| deλ

∫
Fe−
f (χ)Ξe−λ (χ)dχ.

Discrete orthogonality and Ξe−– interpolation

Due to zero points and zero functions, the grids are changed in the following way

Fe−M = (FM \ ((Y0 ∪ Ỹl)∩ Ỹs))∪ rsF◦M ,

Λe−
M = (ΛM \ ((MY ∨0 ∪MỸl

∨
)∩MỸs

∨
))∪ rsΛ◦M .

For all λ,λ’ ∈Λe−
M it holds that∑

χ∈Fe−M

εe(χ)Ξe−λ (χ)Ξe−λ (χ) = |W e|Mn det(C) h∨e
λ δλλ’, (2.14)
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where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n.

Let g : Rn 7→C be σs-invariant to the affine even subgroupW aff
e (as in 2.13). Then the Ξe−

– interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λe−

M

ke−λ Ξe−λ (χ) , where ke−λ =
1

|W e|Mn det(C) h∨e
λ

∑
χ∈Fe−M

εe(χ)f (χ)Ξe−λ’ (χ).

For χ ∈ Fe−M the interpolation function gM and the function g have the same value

(∀χ ∈ Fe−M )(gM(χ) = g(χ)).

2.4.2 Ξs− – functions

The mixed even orbit functions Ξs− are given by the relation Ξs−λ = Ψ
σs,σl
λ = Ψ

σs,σe
λ ,where λ ∈

P . The σl-invariance implies the following zero points

Ξs−λ (χ) = 0 , χ ∈ (Y0 ∪ Ỹl).

Some of these functions are also zero

Ξs−λ ≡ 0 , λ ∈ P ∩ (X0 ∪ X̃l).

Therefore the domain and the weight lattice has to be changed to

Fs− = (F \ (Y0 ∪ Ỹl))∪ rsF◦,
Ps− = (P + \ X̃l)∪ rsP ++.

Therefore Ξs− functions, parametrized by λ ∈ Ps−, in explict form are

Ξs−λ (χ) =
∑
w∈W s

σl(w)e2πi〈wλ,χ〉, χ ∈ Fs−, λ ∈ Ps−.

Continuous orthogonality and Ξs−– transforms

For all λ,λ’ ∈ Ps− it holds that∫
Fs−

Ξs−λ (χ)Ξs−λ’ (χ) dχ = |W s| |Fs−| dsλ δλλ’, (2.15)

where |W s| is the order of the even subgroup W s and |Fs−| is the volume of the fundamental
domain. Therefore the set of functions {

Ξe−λ | λ ∈ Ps−
}

is orthogonal. Let f ∈ C1(Rn) be σl-invariant to the affine even subgroup W aff
s (as in 2.13).

Then the Ξs− – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Ps−

cs−λ Ξs−λ (χ) , where cs−λ =
1

|W s| |Fs−| dsλ

∫
Fs−
f (χ)Ξe−λ (χ)dχ.
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Discrete orthogonality and Ξs−– interpolation

Due to zero points and zero functions the grids are changed in the following way

Fs−M = (FM \ (Y0 ∪ Ỹl))∪ rsF◦M ,

Λs−
M = (ΛM \MỸl

∨
)∪ rsΛ◦M .

For all λ,λ’ ∈Λs−
M it holds that∑

χ∈Fs−M

εs(χ)Ξs−λ (χ)Ξs−λ (χ) = |W s|Mn det(C) h∨s
λ δλλ’, (2.16)

where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n. Let g : Rn 7→ C be σl-invariant to the affine even subgroup W aff

s (as in 2.13). Then the
Ξs− – interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λs−

M

ks−λ Ξs−λ (χ) , where ks−λ =
1

|W s|Mn det(C) h∨s
λ

∑
χ∈Fs−M

εs(χ)f (χ)Ξs−λ’ (χ).

For χ ∈ Fs−M the interpolation function gM and the function g have the same value

(∀χ ∈ Fs−M )(gM(χ) = g(χ)).

2.4.3 Ξl− – functions

The mixed even orbit functions Ξl− are given by the relation Ξl−λ = Ψ
σl ,σs
λ = Ψ

σl ,σe
λ ,where λ ∈

P . The σs-invariance implies the following zero points

Ξl−λ (χ) = 0 , χ ∈ Ỹs.
Some of these functions are also zero

Ξl−λ ≡ 0 , λ ∈ P ∩ X̃s.
Therefore the domain and the weight lattice has to be changed to

Fl− = (F \ Ỹs)∪ rlF◦,
Pl− = (P + \ X̃s)∪ rlP ++.

Therefore Ξl− functions, parametrized by λ ∈ Pl−, in explict form are

Ξl−λ (χ) =
∑
w∈W l

σs(w)e2πi〈wλ,χ〉, χ ∈ Fl−, λ ∈ Pl−.

Continuous orthogonality and Ξl−– transforms

For all λ,λ’ ∈ Pl− it holds that∫
Fl−

Ξl−λ (χ)Ξl−λ’(χ) dχ = |W l | |Fl−| dsλ δλλ’, (2.17)

where |W l | is the order of the even subgroup W l and |Fl−| is the volume of the fundamental
domain. Therefore the set of functions {

Ξl−λ | λ ∈ Pl−
}

is orthogonal. Let f ∈ C1(Rn) be σs-invariant to the affine even subgroup W aff
l (as in 2.13).

Then the Ξl− – transform of f converges to f and in point χ ∈Rn is defined as∑
λ∈Pl−

cl−λ Ξl−λ (χ) , where cl−λ =
1

|W l | |Fl−| dlλ

∫
Fl−
f (χ)Ξl−λ (χ)dχ.
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Discrete orthogonality and discrete Ξl−– transforms

Due to zero points and zero functions the grids are changed in the following way

Fl−M = (FM \ Ỹs)∪ rlF◦M ,

Λl−
M = (ΛM \ (MỸs

∨ ∪MY ∨0 ))∪ rlΛ◦M .

For all λ,λ’ ∈Λl−
M it holds that∑

χ∈Fl−M

εl(χ)Ξl−λ (χ)Ξl−λ (χ) = |W l |Mn det(C) h∨l
λ δλλ’, (2.18)

where det(C) is the determinant of the Cartan matrix and n is the dimension of the space
R
n. Let g : Rn 7→ C be σs-invariant to the affine even subgroup W aff

l (as in 2.13). Then the
Ξl− – interpolation of g, denoted gM (depends on the density of the grid), in point χ ∈Rn is

gM(χ) =
∑
λ∈Λl−

M

kl−λ Ξl−λ (χ) , where kl−λ =
1

|W l |Mn det(C) h∨l
λ

∑
χ∈Fl−M

εl(χ)f (χ)Ξl−λ’(χ).

For χ ∈ Fs−M the interpolation function gM and the function g have the same value

(∀χ ∈ Fs−M )(gM(χ) = g(χ)).

2.5 Product decomposition of even orbit functions

Different products of E-functions can be decomposed into the sum of E-functions. These
relations are valid for Weyl groups of rank 2. For more details see [1].

Decomposition of Ξe± ·Ξe±

The product of two Ξe+− functions decomposes into the sum of Ξe+− functions with the
signs of the summands all positive. Two Ξe−− functions decompose into the sum of Ξe+−
functions with the signs of the summands relative to the sign homomorphism σs. The gen-
eral formula of these decompositions, which hold for any λ,λ′ ∈ P and χ ∈R2, is

Ξe+λ (χ) ·Ξe+λ′ (χ) =
∑
w∈W e

Ξe+λ+wλ′ (χ), Ξe−λ (χ) ·Ξe−λ′ (χ) =
∑
w∈W e

σs(w)Ξe+λ+wλ′ (χ). (2.19)

The mixed product of Ξe+− and Ξe−− functions decomposes into the sum of Ξe−− functions
with the signs of the summands relative to the sign homomorphism σs,

Ξe+λ (χ) ·Ξe−λ′ (χ) =
∑
w∈W e

σs(w)Ξe−λ+wλ′ (χ). (2.20)

Decomposition of Ξs± ·Ξs±

The product of two Ξs+− functions decomposes into the sum of Ξs+− functions with the signs
of the summands all positive. Two Ξs−− functions decompose into the sum of Ξs−− functions
with the signs of the summands relative to the sign homomorphism σl . The general formula
of these decompositions, which hold for any λ,λ′ ∈ P and χ ∈R2, is

Ξs+λ (χ) ·Ξs+λ′ (χ) =
∑
w∈W s

Ξs+λ+wλ′ (χ), Ξs−λ (χ) ·Ξs−λ′ (χ) =
∑
w∈W s

σl(w)Ξs+λ+wλ′ (χ). (2.21)
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The mixed product of Ξs+− and Ξs−− functions decomposes into the sum of Ξs−− functions
with the signs of the summands relative to the sign homomorphism σl ,

Ξs+λ (χ) ·Ξs−λ′ (χ) =
∑
w∈W s

σl(w)Ξs−λ+wλ′ (χ). (2.22)

Decomposition of Ξl± ·Ξl±

The product of two Ξl+− functions decomposes into the sum of Ξl+− functions with the signs
of the summands all positive. Two Ξl−− functions decompose into the sum of Ξl−− functions
with the signs of the summands relative to the sign homomorphism σs. The general formula
of these decompositions, which hold for any λ,λ′ ∈ P and χ ∈R2, is

Ξl+λ (χ) ·Ξl+λ′ (χ) =
∑
w∈W l

Ξl+λ+wλ′ (χ), Ξl−λ (χ) ·Ξl−λ′ (χ) =
∑
w∈W l

σs(w)Ξl+λ+wλ′ (χ). (2.23)

The mixed product of Ξl+− and Ξl−−functions decomposes into the sum of Ξl−−functions
with the signs of the summands relative to the sign homomorphism σs,

Ξl+λ (χ) ·Ξl−λ′ (χ) =
∑
w∈W l

σs(w)Ξl−λ+wλ′ (χ). (2.24)
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Chapter 3

E-functions of rank 2

In this chapter we review explicitly Weyl groups of rank two with two different root lengths
– of type C2 and G2 – and their E-functions [1, 3, 10].

3.1 Weyl group and Affine Weyl group of type C2

3.1.1 Basic properties of the Weyl group of type C2

The Coxeter–Dynkin diagram (numbers are marks mi) and Cartan matrix with its inverse
are the following,

2y
α1

1i
α2

C =
(

2 −1
−2 2

)
, C−1 = 1

2

(
2 1
2 2

)
.

Hence α1 is the short root, α2 is the long root. The bases of simple roots and fundamental
weights are thus related by

α1 = 2ω1 −ω2, ω1 = α1 + 1
2α2, α∨1 = 2α1, ω∨1 = 2ω1,

α2 = −2ω1 + 2ω2, ω2 = α1 +α2, α∨2 = α2, ω∨2 =ω2.

The four bases are

∆ = {α1,α2} , ∆∨ = {α∨1 ,α
∨
2 }

Ω = {ω1,ω2} , Ω∨ = {ω∨1 ,ω
∨
2 }.

In the orthonormal basis these vectors have the form

α1 = (0,1) = e2, ω1 = (1
2 ,

1
2 ) = 1

2e1 + 1
2e2, ω∨1 = (1,1),

α2 = (1,−1) = e1 − e2, ω2 = (1,0) = e1, ω∨2 = (1,0).

The highest root of W aff
C2

and the highest dual root of Ŵ aff
C2

are given by these formulas

ξ = 2α1 +α2 = (1,1), η = α∨1 + 2α∨2 = (2,0).

The extended Coxeter–Dynkin diagrams (numbers above vertices are the marks mi respec-
tively marks m∨i ) of W aff

C2
and Ŵ aff

C2
are

0i
α0

2y
α1

1i
α2

1i
α∨1

2y
α∨2

0i
α∨0

.
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Table 3.1: The coefficients for discrete calculus of C2. Positive values of u0,u1,u2 > 0 and
t0, t1, t2 > 0 are assumed.

χ ∈ FM(C2) ε(χ) εe(χ) εs(χ) εl(χ)
[u0,u1,u2] 8 4 4 4
[0,u1,u2] 4 4 2 4
[u0,0,u2] 4 4 4 2
[u0,u1,0] 4 4 2 4
[0,0,u2] 1 1 1 1
[0,u1,0] 2 2 1 2
[u0,0,0] 1 1 1 1

λ ∈ΛM(C2) h∨λ he∨λ hs∨λ hl∨λ
[t0, t1, t2] 1 1 1 1
[0, t1, t2] 2 1 1 2
[t0,0, t2] 2 1 1 2
[t0, t1,0] 2 1 2 1
[0,0, t2] 4 2 2 4
[0, t1,0] 8 4 4 4
[t0,0,0] 8 4 4 4

3.1.2 E-functions of C2

In the explicit form of E-functions, the vector from the weight lattice will be in Ω basis and
the variable will be in ∆∨ basis, denoted (a,b)Ω and (x,y)∆∨ . The coefficients for discrete
calculus of C2 – assuming u0,u1,u2 > 0, t0, t1, t2 > 0 – are shown in Table (3.1).

Ξe+ – function of C2

The explicit form of Ξe+ of C2 is

Ξe+(a,b)Ω
(x,y)∆∨ = 2 cos(2πb (x − y)) + 2 cos(2π (ax − ay + bx − by)) ,

where (a,b)Ω ∈ Pe+ and (x,y)∆∨ ∈ Fe+. The continuous (2.5) and discrete (2.7) orthogonal
relations hold. The product decomposition relation (2.19) holds.

Ξs+ – function of C2

The explicit form of Ξs+ of C2 is

Ξs+(a,b)Ω
(x,y)∆∨ = 2[cos(2π(ax+ by)) + cos(2π((a+ 2b)x − by))],

where (a,b)Ω ∈ Ps+ and (x,y)∆∨ ∈ Fs+. The continuous (2.8) and discrete (2.9) othogonal
relations hold. The product decomposition relation (2.21) holds.

Ξl+ – function of C2

The explicit form of Ξl+ of C2 is

Ξl+(a,b)Ω
(x,y)∆∨ = 2 {cos(2π(ax+ by)) + cos(2π(ax − (a+ b)y))} ,

where (a,b)Ω ∈ Pl+ and (x,y)∆∨ ∈ Fl+. The continuous (2.10) and discrete (2.11) othogonal
relations hold. The product decomposition relation (2.23) holds.

Ξe− – function of C2

The explicit form of Ξe− of C2 is

Ξe−(a,b)Ω
(x,y)∆∨ = 2 {cos(2π(ax+ by))− cos(2π((a+ 2b)x − (a+ b)y))} ,

where (a,b)Ω ∈ Pe− and (x,y)∆∨ ∈ Fe−. The continuous (2.12) and discrete (2.14) othogonal
relations hold. The product decomposition relations (2.19), (2.20) hold.
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Ξs− – function of C2

The explicit form of Ξs− of C2 is

Ξs−(a,b)Ω
(x,y)∆∨ = 2 {cos(2π(ax+ by))− cos(2π((a+ 2b)x − by))} ,

where (a,b)Ω ∈ Ps− and (x,y)∆∨ ∈ Fs−. The continuous (2.15) and discrete (2.16) othogonal
relations hold. The product decomposition relations (2.21), (2.22) hold.

Ξl− – function of C2

The explicit form of Ξl− of C2 is

Ξl−(a,b)Ω
(x,y)∆∨ = 2 {cos(2π(ax+ by))− cos(2π(ax − (a+ b)y))} ,

where (a,b)Ω ∈ Pl− and (x,y)∆∨ ∈ Fl−. The continuous (2.17) and discrete (2.18) othogonal
relations hold. The product decomposition relations (2.23), (2.24) hold.

3.2 Weyl group and Affine Weyl group of type G2

3.2.1 Basic properties of the Weyl group of type G2

The Coxeter–Dynkin diagrams (numbers are marks mi) and Cartan matrix with its inverse
are the following,

2i
α1

3y
α2

C =
(

2 −3
−1 2

)
, C−1 =

(
2 3
1 2

)
.

Hence α2 is the short root and α1 the long root. The relative lengths of the simple roots are
set as 〈α2,α2〉 = 2

3 and 〈α1,α1〉 = 2. The basis of simple roots and fundamental weights are
thus related by

α1 = 2ω1 − 3ω2, ω1 = 2α1 + 3α2, α∨1 = α1, ω∨1 =ω1,
α2 = −ω1 + 2ω2, ω2 = α1 + 2α2, α∨2 = 3α2, ω∨2 = 3ω2.

The four bases are

∆ = {α1,α2} , ∆∨ = {α∨1 ,α
∨
2 }

Ω = {ω1,ω2} , Ω∨ = {ω∨1 ,ω
∨
2 }.

Relative to the orthonormal basis these vectors have the form

α1 = (
√

2,0) =
√

2e1, ω1 = ( 1√
2
,
√

3√
2
) = 1√

2
e1 +

√
3√
2
e2, ω∨1 = ( 1√

2
,
√

3√
2
),

α2 = (− 1√
2
, 1√

6
) = − 1√

2
e1 + 1√

6
e2, ω2 = (0,

√
2√
3
) =

√
2√
3
e2, ω∨2 = (0,

√
6).

The highest root of W aff
G2

and the highest dual root of Ŵ aff
G2

are given by these formulas

ξ = 2α1 + 3α2 =

√
2

2
(1,
√

3) , η = 3α∨1 + 2α∨2 = (0,
√

6).

The extended Coxeter–Dynkin diagrams (numbers above vertices are the marks mi respec-
tively marks m∨i ) of W aff

G2
and Ŵ aff

G2
are

0i
α0

2i
α1

3y
α2

3y
α∨1

2i
α∨2

0i
α∨0

.
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3.2.2 E-functions of G2

In the explicit form of E-functions, the vector from the weight lattice will be in Ω basis and
the variable will be in ∆∨ basis, denoted (a,b)Ω and (x,y)∆∨ . The coefficients for discrete
calculus of G2 –assuming u0,u1,u2 > 0, t0, t1, t2 > 0 – are shown in Table (3.2).

Table 3.2: The coefficients for discrete calculus of G2. Positive values of u0,u1,u2 > 0 and
t0, t1, t2 > 0 are assumed.

χ ∈ FM(G2) ε(χ) εe(χ) εs(χ) εl(χ)
[u0,u1,u2] 12 6 6 6
[0,u1,u2] 6 6 3 6
[u0,0,u2] 6 6 6 3
[u0,u1,0] 6 6 3 6
[0,0,u2] 1 1 1 1
[0,u1,0] 2 2 1 2
[u0,0,0] 3 3 3 3

λ ∈ΛM(G2) h∨λ he∨λ hs∨λ hl∨λ
[t0, t1, t2] 1 1 1 1
[0, t1, t2] 2 1 1 2
[t0,0, t2] 2 1 2 1
[t0, t1,0] 2 1 1 2
[0,0, t2] 4 2 2 2
[0, t1,0] 6 3 3 6
[t0,0,0] 12 6 6 6

Ξe+– function of G2

The explicit form of Ξe+ of G2 is

Ξe+(a,b)Ω
(x,y)∆∨ = 2 cos(π (ax+ by)) ,

where (a,b)Ω ∈ Pe+ and (x,y)∆∨ ∈ Fe+. The continuous (2.5) and discrete (2.7) othogonal
relations hold. The product decomposition relation (2.19) holds.

Ξs+ – function of G2

The explicit form of Ξs+ of G2 is

Ξs+(a,b)Ω
(x,y)∆∨ =e2πi(ax+by) + e2πi(−ax+(3a+b)y) + e2πi((2a+b)x−(3a+2b)y)

+ e2πi((a+b)x−(3a+2b)y) + e2πi(−(2a+b)x+(3a+b)y) + e2πi(−(a+b)x+by),

where (a,b)Ω ∈ Ps+ and (x,y)∆∨ ∈ Fs+. The continuous (2.8) and discrete (2.9) othogonal
relations hold. The product decomposition relation (2.21) holds.

Ξl+ – function of G2

The explicit form of Ξl+ of G2 is

Ξl+(a,b)Ω
(x,y)∆∨ =e2πi(ax+by) + e2πi((a+b)x−by) + e2πi(−(2a+b)x+(3a+2b)y)

+ e2πi((a+b)x−(3a+2b)y) + e2πi(−(2a+b)x+(3a+b)y) + e2πi(ax−(3a+b)y),

where (a,b)Ω ∈ Pl+ and (x,y)∆∨ ∈ Fl+. The continuous (2.10) and discrete (2.11) othogonal
relations hold. The product decomposition relation (2.23) holds.
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Ξe− – function of G2

The explicit form of Ξe− of G2 is

Ξe−(a,b)Ω
(x,y)∆∨ =2i{sin(2π(ax+ by)) + sin(2π((3a+ b)y)− (2a+ b)x)

+ sin(2π((a+ b)x − (3a+ 2b)x))},

where (a,b)Ω ∈ Pe− and (x,y)∆∨ ∈ Fe−. The continuous (2.12) and discrete (2.14) othogonal
relations hold. The product decomposition relations (2.19), (2.20) hold.

Ξs− – function of G2

The explicit form of Ξs− of G2 is

Ξs−(a,b)Ω
(x,y)∆∨ =e2πi(ax+by) − e2πi(−ax+(3a+b)y) − e2πi((2a+b)x−(3a+2b)y)

+ e2πi((a+b)x−(3a+2b)y) + e2πi(−(2a+b)x+(3a+b)y) − e2πi(−(a+b)x+by),

where (a,b)Ω ∈ Ps− and (x,y)∆∨ ∈ Fs−. The continuous (2.15) and discrete (2.16) othogonal
relations hold. The product decomposition relations (2.21), (2.22) hold.

Ξl− – function of G2

The explicit form of Ξs− of G2 is

Ξl−(a,b)Ω
(x,y)∆∨ =e2πi(ax+by) − e2πi((a+b)x−by) − e2πi(−(2a+b)x+(3a+2b)y)

+ e2πi((a+b)x−(3a+2b)y) + e2πi(−(2a+b)x+(3a+b)y) − e2πi(ax−(3a+b)y),

where (a,b)Ω ∈ Pl− and (x,y)∆∨ ∈ Fl−. The continuous (2.17) and discrete (2.18) othogonal
relations hold. The product decomposition relations (2.23), (2.24) hold.
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Chapter 4

E-functions of rank 3

In this chapter we review explicitly Weyl groups of rank three with two different roots
lengths – of type B3 and C3 – and their E-functions. Basic properties of these groups are
from [10].

4.1 Weyl group and Affine Weyl group of type B3

4.1.1 Basic properties of the Weyl group of type B3

The Coxeter–Dynkin diagram (numbers are marks mi) and Cartan matrix with its inverse
are the following,

1i
α1

2i
α2

2y
α3

C =
(

2 −1 0
−1 2 −2
0 −1 2

)
, C−1 = 1

2

(
2 2 2
2 4 4
1 2 3

)
.

Hence α3 is a short root and α2, α1 are long roots. The relative lengths of the simple roots
are set as 〈α3,α3〉 = 1 and 〈α1,α1〉 = 〈α2,α2〉 = 2.

The bases of simple roots and fundamental weights are thus related by

α1 = 2ω1 −ω2, ω1 = α1 +α2 +α3, α∨1 = α1, ω∨1 =ω1,
α2 = −ω1 + 2ω2 − 2ω3, ω2 = α1 + 2α2 + 2α3, α∨2 = α2, ω∨2 =ω2,
α3 = −ω2 + 2ω3, ω3 = 1

2α1 +α2 + 3
2α3, α∨3 = 2α3, ω∨3 = 2ω3.

The four bases are

∆ = {α1,α2,α3} , ∆∨ = {α∨1 ,α
∨
2 ,α

∨
3 }

Ω = {ω1,ω2,ω3} , Ω∨ = {ω∨1 ,ω
∨
2 ,ω

∨
3 }.

Relative to the orthonormal basis the vectors are of the form

α1 = (1,−1,0) = e1 − e2, ω1 = (1,0,0) = e1, ω∨1 = (1,0,0) = e1,
α2 = (0,1,−1) = e2 − e3, ω2 = (1,1,0) = e1 + e2, ω∨2 = (1,1,0) = e1 + e2,
α3 = (0,0,1) = e3, ω3 = (1

2 ,
1
2 ,

1
2 ) = 1

2(e1 + e2 + e3), ω∨3 = (1,1,1) = e1 + e2 + e3.

The highest root of W aff
B3

and the highest dual root of Ŵ aff
B3

are given by these formulas

ξ = α1 + 2α2 + 2α3 = (1,1,0) , η = 2α∨1 + 2α∨2 +α∨3 = (2,0,0).

The extended Coxeter–Dynkin diagrams (numbers above vertices are the marks mi respec-
tively marks m∨i ) of W aff

B3
and Ŵ aff

B3
are

1i
α1

2 i
α2

i0 α02y
α3

0i
α∨0

2y
α∨1

2y
α∨2

1i
α∨3

.
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4.1.2 E-functions of B3

In the explicit form of E-functions, the vector from the weight lattice will be in Ω basis and
the variable will be in ∆∨ basis, denoted (a,b,c)Ω and (x,y,z)∆∨ .

For M = 5, the grid F5 has 20 elements and its explicit form is

F5 =
{1

5
(0,0,0,5),

1
5

(0,0,1,3),
1
5

(0,0,2,1),
1
5

(0,1,0,3),
1
5

(0,1,1,1),
1
5

(0,2,0,1),
1
5

(1,0,0,4) ,

1
5

(1,0,1,2),
1
5

(1,0,2,0),
1
5

(1,1,0,2),
1
5

(1,1,1,0),
1
5

(1,2,0,0),
1
5

(2,0,0,3),
1
5

(2,0,1,1),

1
5

(2,1,0,1),
1
5

(3,0,0,2),
1
5

(3,0,1,0),
1
5

(3,1,0,0),
1
5

(4,0,0,1),
1
5

(5,0,0,0)
}
.

For M = 5, the grid Λ5 has 20 elements and its explicit form is

Λ5 = {(0,0,0,5), (0,0,1,4), (0,0,2,3), (0,0,3,2), (0,0,4,1), (0,0,5,0), (0,1,0,3),
(0,1,1,2), (0,1,2,1), (0,1,3,0), (0,2,0,1), (0,2,1,0), (1,0,0,3), (1,0,1,2),
(1,0,2,1), (1,0,3,0), (1,1,0,1), (1,1,1,0), (2,0,0,1), (2,0,1,0)} .

Table 4.1: The coefficients for discrete calculus of B3. Positive values of u0,u1,u2,u3 > 0 and
t0, t1, t2, t3 > 0 are assumed.

χ ∈ FM(B3) ε(χ) εe(χ) εs(χ) εl(χ)
[u0,u1,u2,u3] 48 24 24 24
[u0,u1,u2,0] 24 24 24 12
[u0,u1,0,u3] 24 24 12 24
[u0,0,u2,u3] 24 24 12 24
[0,u1,u2,u3] 24 24 12 24
[u0,u1,0,0] 6 6 6 6
[u0,0,u2,0] 12 12 12 12
[0,u1,u2,0] 12 12 12 12
[u0,0,0,u3] 8 8 4 8
[0,u1,0,u3] 8 8 4 8
[0,0,u2,u3] 12 12 6 12
[u0,0,0,0] 1 1 1 1
[0,0,u2,0] 6 6 6 6
[0,u1,0,0] 1 1 1 1
[0,0,0,u3] 2 2 1 2

λ ∈ΛM(B3) h∨λ he∨λ hs∨λ hl∨λ
[t0, t1, t2, t3] 1 1 1 1
[t0, t1, t2,0] 2 1 1 2
[t0, t1,0, t3] 2 1 2 1
[t0,0, t2, t3] 2 1 2 1
[0, t1, t2, t3] 2 1 1 2
[t0, t1,0,0] 8 4 4 4
[t0,0, t2,0] 4 2 4 2
[0, t1, t2,0] 4 2 2 4
[t0,0,0, t3] 6 3 6 3
[0, t1,0, t3] 4 2 2 2
[0,0, t2, t3] 8 4 4 4
[t0,0,0,0] 48 24 24 24
[0,0, t2,0] 16 8 8 8
[0, t1,0,0] 16 8 8 8
[0,0,0, t3] 48 24 24 24
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Ξe+ – function of B3

The explicit form of Ξe+ of B3 is

Ξe+(a,b,c)Ω
(x,y,z)∆∨ = e−2iπ (−ax−2bx−cx+by+c z) + e2iπ (bx−2az−2bz−c z+ay) + e2iπ (ay+by+cy−ax−c z)+

+ e2iπ (−cx+ay+2by+cy−ax−bx−2bz−c z) + e−2iπ (−bx−2az−2bz−c z+ay+by)+

+ e−2iπ (ay+2by+cy−ax−bx−2bz−c z) + e2iπ (−ax−bx−2bz−c z+by)+

+ e2iπ (2by+cy−bx−2az−2bz−c z+ay) + e2iπ (ax+bx+cy−2bz−c z+by)+

+ e−2iπ (−ax−bx−cx+cy−2bz−c z+by) + e−2iπ (ax+by+cy−c z) + e−2iπ (ay+by−ax+c z)+

+ e−2iπ (−cx+ay−ax−bx+2bz+c z) + e2iπ (ax+by+c z) + e−2iπ (cx+bx−2az−2bz−c z+ay)+

+ e2iπ (−bx−cx+cy−2az−2bz−c z+ay+by) + e2iπ (ay−ax−bx+2bz+c z)+

+ e2iπ (−ax−2bx−cx+by+cy−c z) + e2iπ (−2bx−cx+ay+by−ax+c z)+

+ e−2iπ (−cx+2by+cy−bx−2az−2bz−c z+ay) + e−2iπ (ax+bx+cx−2bz−c z+by)+

+ e−2iπ (−2bx−cx+ay+by+cy−ax−c z) + e2iπ (bx+cx−2az−2bz−c z+ay+by)+

+ e−2iπ (bx+cy−2az−2bz−c z+ay+by),

where (a,b,c)Ω ∈ Pe+ and (x,y,z)∆∨ ∈ Fe+.
The explicit form of the grid Fe+M for any natural M is

Fe+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + a+ 2b+ 2c =M

}
∪

{
a
M
ω∨1 +

b+ 2c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λe+
M for any natural M is

Λe+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + 2a+ 2b+ c =M
}

∪ {aω1 + (b+ c)ω2 − cω3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M} .

The discrete (2.7) othogonal relations hold.

Ξs+ – function of B3

The explicit form of Ξs+ of B3 is

Ξs+(a,b,c)Ω
(x,y,z)∆∨ = 2[cos(π (−bx − cx+ az+ bz+ c z − ay − by))+

+ cos(π (ax+ bx+ cx − by − cy + c z))+
+ cos(π (cx − ay − by − cy + ax+ bx+ bz+ c z))+
+ cos(π (−ax − by − cy + c z)) + +cos(π (bx+ az+ bz+ c z − ay − by))+
+ cos(π (ay − ax − bx+ bz+ c z)) + cos(π (ax+ by + c z))+
+ cos(π (−bx − cy + az+ bz+ c z − ay − by))+
+ cos(π (−ay − by − cy + ax+ bx+ bz+ c z))+
+ cos(π (−ax − bx − cx+ by + c z)) + cos(π (−cx+ ay − ax − bx+ bz+ c z))+
+ cos(π (bx+ cx − cy + az+ bz+ c z − ay − by))],

where (a,b,c)Ω ∈ Ps+ and (x,y,z)∆∨ ∈ Fs+.
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The explicit form of the grid Fs+M for any natural M is

Fs+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + a+ 2b+ 2c =M

}
∪

{
a
M
ω∨1 +

b+ 2c
M

ω∨2 −
c
M
ω∨3 | a,b,d ∈Z

+
0 , c ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λs+
M for any natural M is

Λs+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + 2a+ 2b+ c =M
}

∪
{
aω1 + (b+ c)ω2 − cω3 | a,b ∈Z+

0 , c,d ∈N, d + 2a+ 2b+ c =M
}
.

The discrete (2.9)) othogonal relations hold.

Ξl+ – function of B3

The explicit form of Ξl+ of B3 is

Ξl+(a,b,c)Ω
(x,y,z)∆∨ = 2[cos(π (−bx − cx+ az+ bz+ c z − ay − by))+

+ cos(π (ax+ bx+ cx − by − cy + c z))+
+ cos(π (cx − ay − by − cy + ax+ bx+ bz+ c z))+
+ cos(π (−ax − by − cy + c z)) + cos(π (bx+ az+ bz+ c z − ay − by))+
+ cos(π (ay − ax − bx+ bz+ c z))+
+ cos(π (bx+ cx − cy + az+ bz+ c z − ay − by))+
+ cos(π (ax+ by + c z)) + cos(π (−bx − cy + az+ bz+ c z − ay − by))+
+ cos(π (−ay − by − cy + ax+ bx+ bz+ c z))+
+ cos(π (−ax − bx − cx+ by + c z)) + cos(π (−cx+ ay − ax − bx+ bz+ c z))],

where (a,b,c)Ω ∈ Pl+ and (x,y,z)∆∨ ∈ Fl+.
The explicit form of the grid Fl+M for any natural M is

Fl+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + a+ 2b+ 2c =M

}
∪

{
−a
M
ω∨1 +

a+ b
M

ω∨2 +
c
M
ω∨3 | c ∈Z

+
0 , a,b,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λl+
M for any natural M is

Λl+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + 2a+ 2b+ c =M
}

∪
{
−aω1 + (a+ b)ω2 + cω3 | c,d ∈Z+

0 , a,b ∈N, d + 2a+ 2b+ c =M
}
.

The discrete (2.11) othogonal relations hold.
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Ξe− – function of B3

The explicit form of Ξe− of B3 is

Ξe−(a,b,c)Ω(x,y,z)∆∨ = e−2iπ (−ax−2bx−cx+by+c z) − e2iπ (bx−2az−2bz−c z+ay) − e2iπ (ay+by+cy−ax−c z)+

+ e2iπ (−cx+ay+2by+cy−ax−bx−2bz−c z) + e−2iπ (−bx−2az−2bz−c z+ay+by)+

+ e−2iπ (ay+2by+cy−ax−bx−2bz−c z) − e2iπ (−ax−bx−2bz−c z+by)−
− e2iπ (2by+cy−bx−2az−2bz−c z+ay) − e2iπ (ax+bx+cy−2bz−c z+by)−
− e−2iπ (−ax−bx−cx+cy−2bz−c z+by) + e−2iπ (ax+by+cy−c z) − e−2iπ (ay+by−ax+c z)+

+ e−2iπ (−cx+ay−ax−bx+2bz+c z) + e2iπ (ax+by+c z) − e−2iπ (cx+bx−2az−2bz−c z+ay)+

+ e2iπ (−bx−cx+cy−2az−2bz−c z+ay+by) + e2iπ (ay−ax−bx+2bz+c z)+

+ e2iπ (−ax−2bx−cx+by+cy−c z) − e2iπ (−2bx−cx+ay+by−ax+c z)−
− e−2iπ (−cx+2by+cy−bx−2az−2bz−c z+ay) − e−2iπ (ax+bx+cx−2bz−c z+by)−
− e−2iπ (−2bx−cx+ay+by+cy−ax−c z) + e2iπ (bx+cx−2az−2bz−c z+ay+by)+

+ e−2iπ (bx+cy−2az−2bz−c z+ay+by),

where (a,b,c)Ω ∈ Pe− and (x,y,z)∆∨ ∈ Fe−.
The explicit form of the grid Fe−M for any natural M is

Fe−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , (a+ b+ c) · (c+ d) , 0, d + a+ 2b+ 2c =M

}
∪

{
a
M
ω∨1 +

b+ 2c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λe−
M for any natural M is

Λe−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , (a+ b+ c) · (c+ d) , 0, d + 2a+ 2b+ c =M
}

∪ {aω1 + (b+ c)ω2 − cω3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M} .

The discrete (2.14) othogonal relations hold.

Ξs− – function of B3

The explicit form of Ξs− of B3 is

Ξs−(a,b,c)Ω(x,y,z)∆∨ = e−2iπ (−ax−2bx−cx+by+c z) − e2iπ (ay+by−ax+c z) − e−2iπ (ay+by+cy−ax−c z)−

− e2iπ (cx+bx−2az−2bz−c z+ay) + e2iπ (−cx+ay+2by+cy−ax−bx−2bz−c z)+

+ e−2iπ (−bx−2az−2bz−c z+ay+by) + e−2iπ (ay+2by+cy−ax−bx−2bz−c z)−

− e−2iπ (2by+cy−bx−2az−2bz−c z+ay) − e2iπ (−2bx−cx+ay+by+cy−ax−c z)+

+ e−2iπ (ax+by+cy−c z) − e2iπ (ax+bx+cx−2bz−c z+by) + e−2iπ (−cx+ay−ax−bx+2bz+c z)+

+ e2iπ (ax+by+c z) − e−2iπ (−2bx−cx+ay+by−ax+c z) − e−2iπ (bx−2az−2bz−c z+ay)+

+ e2iπ (−bx−cx+cy−2az−2bz−c z+ay+by) + e2iπ (ay−ax−bx+2bz+c z) + e2iπ (−ax−2bx−cx+by+cy−c z)−

− e2iπ (−ax−bx−cx+cy−2bz−c z+by) − e−2iπ (−ax−bx−2bz−c z+by)−

− e2iπ (−cx+2by+cy−bx−2az−2bz−c z+ay) + e2iπ (bx+cx−2az−2bz−c z+ay+by)+

+ e−2iπ (bx+cy−2az−2bz−c z+ay+by) − e−2iπ (ax+bx+cy−2bz−c z+by),

where (a,b,c)Ω ∈ Ps− and (x,y,z)∆∨ ∈ Fs−.
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The explicit form of the grid Fs−M for any natural M is

Fs−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , (a+ b) · d , 0, d + a+ 2b+ 2c =M

}
∪

{
a
M
ω∨1 +

b+ 2c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λs−
M for any natural M is

Λs−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , (a+ b) , 0, d + 2a+ 2b+ c =M
}

∪ {aω1 + (b+ c)ω2 − cω3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M} .

The discrete (2.16) othogonal relations hold.

Ξl− – function of B3

The explicit form of Ξl− of B3 is

Ξl−(a,b,c)Ω(x,y,z)∆∨ = 2i[−sin(2π (ax+ 2bx+ cx − by − cy + c z))−

− sin(2π (−bx − 2az − 2bz − c z+ ay + by)) + sin(2π (ax+ 2bx+ cx − by − c z))−
− sin(2π (bx+ cy − 2az − 2bz − c z+ ay + by)) + sin(2π (ax+ by + c z))+

+ sin(2π (−cx+ ay + 2by + cy − ax − bx − 2bz − c z))+

+ sin(2π (−bx − cx+ cy − 2az − 2bz − c z+ ay + by))−
− sin(2π (−cx+ ay − ax − bx+ 2bz+ c z))− sin(2π (ax+ by + cy − c z))+

+ sin(2π (bx+ cx − 2az − 2z,b − c z+ ay + by)) + sin(2π (ay − ax − bx+ 2bz+ c z))−
− sin(2π (ay + 2by + cy − ax − bx − 2bz − c z))],

where (a,b,c)Ω ∈ Pl− and (x,y,z)∆∨ ∈ Fl−.
The explicit form of the grid Fl−M for any natural M is

Fl−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , c , 0, d + a+ 2b+ 2c =M

}
∪

{
−a
M
ω∨1 +

a+ b
M

ω∨2 +
c
M
ω∨3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λl−
M for any natural M is

Λl−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , c+ d , 0, d + 2a+ 2b+ c =M
}

∪ {−aω1 + (a+ b)ω2 + cω3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M} .

The discrete (2.18) othogonal relations hold.

4.2 Weyl group and Affine Weyl group of type C3

4.2.1 Basic properties of the Weyl group of type C3

The Coxeter–Dynkin diagram (numbers are marks mi) and Cartan matrix with its inverse
are the following

2y
α1

2y
α2

1i
α3

C =
(

2 −1 0
−1 2 −1
0 −2 2

)
, C−1 = 1

2

(
2 2 1
2 4 2
2 4 3

)
.
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Hence α3 is the long root and α1 , α2 are short roots. The relative lengths of the simple roots
are set as 〈α1,α1〉 = 〈α2,α2〉 = 1 and 〈α3,α3〉 = 2. The bases of simple roots and fundamental
weights are thus related by

α1 = 2ω1 −ω2, ω1 = α1 +α2 + 1
2α3, α∨1 = 2α1, ω∨1 = 2ω1,

α2 = −ω1 + 2ω2 −ω3, ω2 = α1 + 2α2 +α3, α∨2 = 2α2, ω∨2 = 2ω2,
α3 = −2ω1 + 2ω3, ω3 = α1 + 2α2 + 3

2α3, α∨3 = α3, ω∨3 =ω3.

The four bases are

∆ = {α1,α2,α3} , ∆∨ = {α∨1 ,α
∨
2 ,α

∨
3 }

Ω = {ω1,ω2,ω3} , Ω∨ = {ω∨1 ,ω
∨
2 ,ω

∨
3 }.

In the orthonormal basis these vectors have the form

α1 = ( 1√
2
,− 1√

2
,0) = 1√

2
(e1 − e2), ω1 = ( 1√

2
,0,0) = 1√

2
e1, ω∨1 = (

√
2,0,0),

α2 = (0, 1√
2
,− 1√

2
) = 1√

2
(e2 − e3), ω2 = ( 1√

2
, 1√

2
,0) = 1√

2
(e1 + e2), ω∨2 = (

√
2,
√

2,0),

α3 = (0,0,
√

2) =
√

2e3, ω3 = ( 1√
2
, 1√

2
, 1√

2
) = 1√

2
(e1 + e2 + e3), ω∨3 = ( 1√

2
, 1√

2
, 1√

2
).

The highest root of W aff
C3

and the highest dual root Ŵ aff
C3

are given by these formulas

ξ = 2α1 + 2α2 +α3 = (
√

2,0,0), η = α∨1 + 2α∨2 + 2α∨3 = (
√

2,
√

2,0).

The extended Coxeter–Dynkin diagrams (numbers above vertices are the marks mi respec-
tively marks m∨i ) of W aff

C3
and Ŵ aff

C3
are

0i
α0

2y
α1

2y
α2

1i
α3

1i
α∨1

2 i
α∨2

i0 α∨02y
α∨3

.

4.2.2 E-functions of C3

In the explicit form of E-functions, the vector from the weight lattice will be in Ω basis and
the variable will be in ∆∨ basis, denoted (a,b,c)Ω and (x,y,z)∆∨

For M = 5, the grid F5 has 20 elements and its explicit form is

F5 =
{1

5
(0,0,0,5),

1
5

(0,0,1,4),
1
5

(0,0,2,3),
1
5

(0,0,3,2),
1
5

(0,0,4,1),
1
5

(0,0,5,0),
1
5

(0,1,0,3) ,

1
5

(0,1,1,2),
1
5

(0,1,2,1),
1
5

(0,1,3,0),
1
5

(0,2,0,1),
1
5

(0,2,1,0),
1
5

(1,0,0,3),
1
5

(1,0,1,2),

1
5

(1,0,2,1),
1
5

(1,0,3,0),
1
5

(1,1,0,1),
1
5

(1,1,1,0),
1
5

(2,0,0,1),
1
5

(2,0,1,0)
}
.

For M = 5, the grid Λ5 has 20 elements and its explicit form is

Λ5 = {(0,0,0,5), (0,0,1,3), (0,0,2,1), (0,1,0,3), (0,1,1,1), (0,2,0,1), (1,0,0,4),
(1,0,1,2), (1,0,2,0), (1,1,0,2), (1,1,1,0), (1,2,0,0), (2,0,0,3), (2,0,1,1),
(2,1,0,1), (3,0,0,2), (3,0,1,0), (3,1,0,0), (4,0,0,1), (5,0,0,0)} .
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Table 4.2: The coefficients for discrete calculus of C3. Positive values of u0,u1,u2,u3 > 0 and
t0, t1, t2, t3 > 0 are assumed.

χ ∈ FM(C3) ε(χ) εe(χ) εs(χ) εl(χ)
[u0,u1,u2,u3] 48 24 24 24
[u0,u1,u2,0] 24 24 12 12
[u0,u1,0,u3] 24 24 24 12
[u0,0,u2,u3] 24 24 24 24
[0,u1,u2,u3] 24 24 12 24
[u0,u1,0,0] 6 6 6 3
[u0,0,u2,0] 12 12 12 12
[0,u1,u2,0] 12 12 6 12
[u0,0,0,u3] 8 8 8 8
[0,u1,0,u3] 12 12 12 8
[0,0,u2,u3] 6 6 6 12
[u0,0,0,0] 1 1 1 1
[0,0,u2,0] 3 3 3 3
[0,u1,0,0] 3 3 3 3
[0,0,0,u3] 1 1 1 1

λ ∈ΛM(C3) h∨λ he∨λ hs∨λ hl∨λ
[t0, t1, t2, t3] 1 1 1 1
[t0, t1, t2,0] 2 1 1 2
[t0, t1,0, t3] 2 1 2 1
[t0,0, t2, t3] 2 1 2 1
[0, t1, t2, t3] 2 1 1 2
[t0, t1,0,0] 8 4 4 4
[t0,0, t2,0] 4 2 4 2
[0, t1, t2,0] 4 2 2 4
[t0,0,0, t3] 6 3 6 3
[0, t1,0, t3] 6 2 2 2
[0,0, t2, t3] 4 4 4 4
[t0,0,0,0] 48 24 24 24
[0,0, t2,0] 8 8 8 8
[0, t1,0,0] 48 8 8 8
[0,0,0, t3] 24 24 24 24

Ξe+ – function of C3

The explicit form of Ξe+ of C3 is

Ξe+(a,b,c)Ω
(x,y,z)∆∨ = e2iπ (ax+2bx+2cx−by−bz−2c z) + e2iπ (ay+by+2cy−ax+az+bz) + e−2iπ (ax+bx+2cx−2c z−bz+by)+

+ e−2iπ (ay+by−ax+az+bz+2c z) + e−2iπ (bx+2cx−2cy+az+bz−ay−by) + e2iπ (bx+2c z+az+bz−ay−by)+

+ e2iπ (2by+2cy−bx−az+ay) + e−2iπ (bx+2cy−az−bz+ay+by) + e2iπ (ax+bx+2cx−2cy+bz−by)+

+ e−2iπ (2cx−ay−2by−2cy+ax+bx−az) + e−2iπ (2bx+2cx−ay−by+ax−az−bz−2c z)+

+ e2iπ (bx+2cx−2c z−az−bz+ay+by) + e−2iπ (ax+by+2cy+bz) + e−2iπ (ax+bx+2c z+bz−by)+

+ e2iπ (2cx−2by−2cy+bx+az−ay) + e2iπ (2cx−ay+ax+bx−az−2bz−2c z)+

+ e−2iπ (ay+2by+2cy−ax−bx+az) + e−2iπ (−bx+2bz+2c z+az−ay) + e2iπ (ax+by+bz+2c z)+

+ e2iπ (ay−ax−bx+az+2bz+2c z) + e2iπ (ax+bx+2cy−bz+by) + e−2iπ (ax+2bx+2cx−by−2cy−bz)+

+ e−2iπ (2cx+bx−2bz−2c z−az+ay) + e2iπ (2bx+2cx−ay−by−2cy+ax−az−bz),

where (a,b,c)Ω ∈ Pe+ and (x,y,z)∆∨ ∈ Fe+.
The explicit form of the grid Fe+M for any natural M is

Fe+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + 2a+ 2b+ c =M

}
∪

{
a
M
ω∨1 +

b+ c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M

}
.

The explicit form of the grid Λe+
M for any natural M is

Λe+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + a+ 2b+ 2c =M
}

∪ {aω1 + (b+ 2c)ω2 − cω3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M} .

The discrete (2.7) othogonal relations hold.
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Ξs+ – function of C3

The explicit form of Ξs+ of C3 is

Ξs+(a,b,c)Ω
(x,y,z)∆∨ = e2iπ (ax+2bx+2cx−by−bz−2c z) + e2iπ (ay+by+2cy−ax+az+bz) + e−2iπ (ax+bx+2cx−2c z−bz+by)+

+ e−2iπ (ay+by−ax+az+bz+2c z) + e−2iπ (bx+2cx−2cy+az+bz−ay−by)+

+ e2iπ (bx+2c z+az+bz−ay−by) + e2iπ (2by+2cy−bx−az+ay) + e−2iπ (bx+2cy−az−bz+ay+by)+

+ e2iπ (ax+bx+2cx−2cy+bz−by) + e−2iπ (2cx−ay−2by−2cy+ax+bx−az)+

+ e−2iπ (2bx+2cx−ay−by+ax−az−bz−2c z) + e2iπ (bx+2cx−2c z−az−bz+ay+by)+

+ e−2iπ (ax+by+2cy+bz) + e−2iπ (ax+bx+2c z+bz−by) + e2iπ (2cx−2by−2cy+bx+az−ay)+

+ e2iπ (2cx−ay+ax+bx−az−2bz−2c z) + e−2iπ (ay+2by+2cy−ax−bx+az)+

+ e−2iπ (−bx+2bz+2c z+az−ay) + e2iπ (ax+by+bz+2c z) + e2iπ (ay−ax−bx+az+2bz+2c z)+

+ e2iπ (ax+bx+2cy−bz+by) + e−2iπ (ax+2bx+2cx−by−2cy−bz) + e−2iπ (2cx+bx−2bz−2c z−az+ay)+

+ e2iπ (2bx+2cx−ay−by−2cy+ax−az−bz),

where (a,b,c)Ω ∈ Ps+ and (x,y,z)∆∨ ∈ Fs+.
The explicit form of the grid Fs+M for any natural M is

Fs+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + a+ 2b+ 2c =M

}
∪

{
−a
M
ω∨1 +

a+ b
M

ω∨2 +
c
M
ω∨3 | c,d ∈Z

+
0 , a,b ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λs+
M for any natural M is

Λs+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + a+ 2b+ 2c =M
}

∪
{
−aω1 + (a+ b)ω2 + cω3 | c ∈Z+

0 , a,b,d ∈N, d + a+ 2b+ 2c =M
}
.

The discrete (2.9)) othogonal relations hold.

Ξl+ – function of C3

The explicit form of Ξl+ of C3 is

Ξl+(a,b,c)Ω
(x,y,z)∆∨ = e2iπ (ax+2bx+2cx−by−bz−2c z) + e2iπ (ay+by+2cy−ax+az+bz) + e−2iπ (ax+bx+2cx−2c z−bz+by)+

+ e−2iπ (ay+by−ax+az+bz+2c z) + e−2iπ (bx+2cx−2cy+az+bz−ay−by) + e2iπ (bx+2c z+az+bz−ay−by)+

+ e2iπ (2by+2cy−bx−az+ay) + e−2iπ (bx+2cy−az−bz+ay+by) + e2iπ (ax+bx+2cx−2cy+bz−by)+

+ e−2iπ (2cx−ay−2by−2cy+ax+bx−az) + e−2iπ (2bx+2cx−ay−by+ax−az−bz−2c z)+

+ e2iπ (bx+2cx−2c z−az−bz+ay+by) + e−2iπ (ax+by+2cy+bz) + e−2iπ (ax+bx+2c z+bz−by)+

+ e2iπ (2cx−2by−2cy+bx+az−ay) + e2iπ (2cx−ay+ax+bx−az−2bz−2c z)+

+ e−2iπ (ay+2by+2cy−ax−bx+az) + e−2iπ (−bx+2bz+2c z+az−ay) + e2iπ (ax+by+bz+2c z)+

+ e2iπ (ay−ax−bx+az+2bz+2c z) + e2iπ (ax+bx+2cy−bz+by) + e−2iπ (ax+2bx+2cx−by−2cy−bz)+

+ e−2iπ (2cx+bx−2bz−2c z−az+ay) + e2iπ (2bx+2cx−ay−by−2cy+ax−az−bz),

where (a,b,c)Ω ∈ Pl+ and (x,y,z)∆∨ ∈ Fl+.
The explicit form of the grid Fl+M for any natural M is

Fl+M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , d + 2a+ 2b+ c =M

}
∪

{
a
M
ω∨1 +

b+ c
M

ω∨2 −
c
M
ω∨3 | c,d ∈N, a,b ∈Z

+
0 , d + 2a+ 2b+ c =M

}
.
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The explicit form of the grid Λl+
M for any natural M is

Λl+
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , d + a+ 2b+ 2c =M
}

∪
{
aω1 + (b+ 2c)ω2 − cω3 | c ∈N, a,b,d ∈Z+

0 , d + a+ 2b+ 2c =M
}
.

The discrete (2.11) othogonal relations hold.

Ξe− – function of C3

The explicit form of Ξe− of C3 is

Ξe−(a,b,c)Ω(x,y,z)∆∨ = e−2iπ (−ax−2bx−2cx+by+bz+2c z) − e2iπ (ay+by+2cy−ax+az+bz) − e−2iπ (ax+bx+2cx−2c z−bz+by)−

− e−2iπ (ay+by−ax+az+bz+2c z) + e2iπ (−bx−2cx+2cy−az−bz+ay+by)+

+ e−2iπ (−bx−2c z−az−bz+ay+by) − e2iπ (2by+2cy−bx−az+ay) + e−2iπ (bx+2cy−az−bz+ay+by)−

− e−2iπ (−ax−bx−2cx+2cy−bz+by) + e2iπ (−2cx+ay+2by+2cy−ax−bx+az)−

− e2iπ (−2bx−2cx+ay+by−ax+az+bz+2c z) + e2iπ (bx+2cx−2c z−az−bz+ay+by)+

+ e−2iπ (ax+by+2cy+bz) − e2iπ (−ax−bx−2c z−bz+by) − e−2iπ (−2cx+2by+2cy−bx−az+ay)+

+ e−2iπ (−2cx+ay−ax−bx+az+2bz+2c z) + e−2iπ (ay+2by+2cy−ax−bx+az)−

− e2iπ (bx−2bz−2c z−az+ay) + e2iπ (ax+by+bz+2c z) + e2iπ (ay−ax−bx+az+2bz+2c z)−

− e2iπ (ax+bx+2cy−bz+by) + e2iπ (−ax−2bx−2cx+by+2cy+bz)−

− e−2iπ (2cx+bx−2bz−2c z−az+ay) − e−2iπ (−2bx−2cx+ay+by+2cy−ax+az+bz),

where (a,b,c)Ω ∈ Pe− and (x,y,z)∆∨ ∈ Fe−.
The explicit form of the grid Fe−M for any natural M is

Fe−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , ab+ cd , 0, d + 2a+ 2b+ c =M

}
∪

{
a
M
ω∨1 +

b+ c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M

}
.

The explicit form of the grid Λe−
M for any natural M is

Λe−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , ab+ cd , 0, d + a+ 2b+ 2c =M
}

∪ {aω1 + (b+ 2c)ω2 − cω3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M} .

The discrete (2.14) othogonal relations hold.

Ξs− – function of C3

The explicit form of Ξs− of C3 is

Ξs−(a,b,c)Ω(x,y,z)∆∨ = e−2iπ (ax+2bx+2cx−by−bz−2c z) − e−2iπ (ay+by+2cy−ax+az+bz)−

− e2iπ (ax+bx+2cx−2c z−bz+by) − e2iπ (ay+by−ax+az+bz+2c z) + e2iπ (bx+2cx−2cy+az+bz−ay−by)+

+ e−2iπ (bx+2c z+az+bz−ay−by) − e−2iπ (2by+2cy−bx−az+ay) + +e2iπ (bx+2cy−az−bz+ay+by)−

− e−2iπ (ax+bx+2cx−2cy+bz−by) + e2iπ (2cx−ay−2by−2cy+ax+bx−az)−

− e2iπ (2bx+2cx−ay−by+ax−az−bz−2c z) + e−2iπ (bx+2cx−2c z−az−bz+ay+by) + e2iπ (ax+by+2cy+bz)−

− e2iπ (ax+bx+2c z+bz−by) − e−2iπ (2cx−2by−2cy+bx+az−ay) + e−2iπ (2cx−ay+ax+bx−az−2bz−2c z)+

+ e2iπ (ay+2by+2cy−ax−bx+az) − e2iπ (−bx+2bz+2c z+az−ay) + e−2iπ (ax+by+bz+2c z)+

+ e−2iπ (ay−ax−bx+az+2bz+2c z) − e−2iπ (ax+bx+2cy−bz+by) + e2iπ (ax+2bx+2cx−by−2cy−bz)−

− e2iπ (2cx+bx−2bz−2c z−az+ay) − e−2iπ (2bx+2cx−ay−by−2cy+ax−az−bz),
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where (a,b,c)Ω ∈ Ps− and (x,y,z)∆∨ ∈ Fs−.
The explicit form of the grid Fs−M for any natural M is

Fs−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , cd , 0, d + a+ 2b+ 2c =M

}
∪

{
−a
M
ω∨1 +

a+ b
M

ω∨2 +
c
M
ω∨3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M

}
.

The explicit form of the grid Λs−
M for any natural M is

Λs−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , c , 0, d + a+ 2b+ 2c =M
}

∪ {−aω1 + (a+ b)ω2 + cω3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M} .

The discrete (2.16) othogonal relations hold.

Ξl− – function of C3

The explicit form of Ξs− of C3 is

Ξl−(a,b,c)Ω(x,y,z)∆∨ = 2i[−sin(2π (−2cx+ ay − ax − bx+ az+ 2bz+ 2c z))−

− sin(2π (bx+ 2cy − az − bz+ ay + by))+

+ sin(2π (−2cx+ ay + 2by + 2cy − ax − bx+ az))−
− sin(2π (ay + 2by + 2cy − ax − bx+ az)) + sin(2π (−ax − 2bx − 2cx+ by + 2cy + bz))+

+ sin(2π (bx+ 2c z+ az+ bz − ay − by))− sin(2π (−ax − 2bx − 2cx+ by + bz+ 2c z))−
− sin(2π (ax+ by + 2cy + bz))− sin(2π (−bx − 2cx+ 2c z+ az+ bz − ay − by))+

+ sin(2π (ay − ax − bx+ az+ 2bz+ 2c z)) + sin(2π (ax+ by + bz+ 2c z))+

+ sin(2π (−bx − 2cx+ 2cy − az − bz+ ay + by))],

where (a,b,c)Ω ∈ Pl− and (x,y,z)∆∨ ∈ Fl−.
The explicit form of the grid Fl−M for any natural M is

Fl−M =
{
a
M
ω∨1 +

b
M
ω∨2 +

c
M
ω∨3 | a,b,c,d ∈Z

+
0 , ab , 0, d + 2a+ 2b+ c =M

}
∪

{
a
M
ω∨1 +

b+ c
M

ω∨2 −
c
M
ω∨3 | a,b,c,d ∈N, d + 2a+ 2b+ c =M

}
.

The explicit form of the grid Λl+
M for any natural M is

Λl−
M =

{
aω1 + bω2 + cω3 | a,b,c,d ∈Z+

0 , abd , 0, d + a+ 2b+ 2c =M
}

∪ {aω1 + (b+ 2c)ω2 − cω3 | a,b,c,d ∈N, d + a+ 2b+ 2c =M} .

The discrete (2.18) othogonal relations hold.
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Conclusion

The properties of E-functions of rank two have been already proven in [1]. In the present
thesis, we succeeded in the verification of the useful properties of E-functions of rank three
generalized from E-functions of rank two, especially discrete orthogonality with its utiliza-
tion in data processing.

In addition, the present thesis raises new questions. First of all, it is unknown if the
properties of E-functions are valid for any rank in the same form as stated in chapter two,
especially taking the case of the special Weyl group of type F4. Another matter which re-
quires further study are the properties of E-functions indexed by a general point in R

n (not
from the weight lattice). Last but not least, it would be beneficial if we would know under
which conditions do the series of functions {gM}∞M=1, for any type of E-function, converge to
the functions g.

Potentially, the E-functions can be applied in data processing (image recognition). This
may help in data acqusition and data processing in physics (e. g. crystallography), medicine
(e. g. magnetic resonance imaging, MRI) and informatics (e. g. data compression and data
hiding).
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