CZECH TECHNICAL UNIVERSITY IN
PRAGUE

FACULTY OF NUCLEAR SCIENCES AND
PHYSICAL ENGINEERING

Department of Physics

(\
SOlgy §
AT

Spreading of the quantum walk

as a wave phenomenon

DIPLOMA THESIS

Author: Bece. Iva Bezdékova
Supervisor: Ing. Martin Stefangk, PhD.
Consultant: prof. Ing. Igor Jex, DrSc.

Year: 2012



Prohlaseni

Prohlasuji, ze jsem tuto diplomovou praci vypracovala samostatné a vyhradné
s pouzitim uvedené literatury.

Neméam zavazny duvod proti pouziti tohoto skolniho dila ve smyslu §60 Zakona
¢.121/2000 Sb., o pravu autorském, o pravech souvisejicich s pravem autorskym

a o zméné nékterych zdkonu (autorsky zakon).

Be. Iva Bezdékova

V Prazedne ....................



Acknowledgments

I would like to thank to my supervisor Ing. Martin Stefandk for suggesting
the topic, for his patience, countless hours of consultations and help. I would
also like to thank to my consultant prof. Igor Jex for his support and usefull

comments. Without them the work would never exist.



Title: Spreading of the quantum walk as a wave phenomenon
Specialization: Mathematical physics

Type of thesis: Diploma thesis

Supervisor: Ing. Martin Stefandk, PhD., FNSPE CTU in Prague
Consultant: prof. Ing. Igor Jex, DrSc., FNSPE CTU in Prague

Abstract: We study the spreading of quantum walks as a wave phenomenon. We
focus on the Grover walk where the particle has a non-zero probability of staying
at the origin. This is called the localization effect. We present a generalization of
the three-state Grover walk on a line and two generalizations of the Grover walk
on the square lattice. Each generalization is given by a one-parameter family
of coins which preserves the localization effect. We determine the velocities of
the probability peaks in dependence on the coin parameter and investigate the
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Ndzev: Siteni kvantové prochazky jako vlnovy jev

Abstrakt: Studujeme siteni kvantovych prochazek ve spojitosti s jejich vinovym
chovanim. Pfitom se zaméfujeme na Groverovu prochazku, kde castice zustava v
pocatku s nenulovou pravdépodobnosti. Tato vlastnost se nazyva efekt lokalizace.
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Introduction

This work is an introduction to quantum walks on a line and on the square lattice.
The work is focused on walks with Grover matrix as a coin operator. The Grover
coin walk exhibits a localization efffet which makes them particularly interesting.
We are interested in the spreading of the quantum walk as well as its long time
behavior. Another objective of the work is to find the place where the particle has
the highest probability to appear and calculate the velocity of the corresponding
peak.

The first chapter concentrates on one dimensional quantum walks. First,
we deal with two possible movements of the particle. Second, it describes the
extension of the walk. Except the motion to the left or to the right, the possibility
to stay on its current location is added. As a coin operator we use the Grover
matrix. It ensures the localization effect. Further the velocities of the highest
probability peaks are calculated.

The second chapter is focused on the generalization of the Grover walk on
the line which preserves the localization effect. The generalization is done by
adding a phase factor into the spectral decomposition of the Grover matrix. We
find a one-parameter family of one-dimensional walks with three possible moves.
We show, that the localization effect is preserved. At the end of the chapter we
calculate the velocities of the highest probability peaks depending on the added
phase factor.

Chapter three contains an introduction to the two-dimensional quantum walk.
As in the one-dimensional case, we describe how to find the highest peaks and
how to calculate their velocities. We find the velocities of the highest probability
peaks and analyze their long time behavior. The value of the probability for the
highest peaks decreases with an increasing number of steps. Using the method
of stationary phase we give a possible explanation of this decrease. At the end

of the chapter, we change the basis variables. It shows some other interesting



properties of the walk.

Penultimate fourth chapter is focused on one generalization of the Grover
walk in two dimensions. The generalization is based on the work of Inui et.al [6]
and exhibits the localization effect. As in the previous chapters, we calculate the
velocities of the highest probability peaks. Further we are interested in its be-
havior in dependence on the number of ssteps. We make a numerical simulations
depicting the situation. The end of the chapter is dedicated to the change of the
basis variables in which we can find another interesting properties of the walk.

The last chapter aims on the generalization of the two-dimensional Grover
walk according to the model given in the second chapter. We find the one-
parameter family of Grover walk, where the parameter is the added phase. Fur-
ther we find the velocities of the highest probability peaks and how the walk
spreads with increasing time. We report on a numerical simulation of the de-
creasing value of the highest probability peaks with increasing number of steps.
To uncover other interesting features, we introduce new variables and present the
propagation of the quantum walk wave-packet in terms of the group velocities.

A summary of our results and an outlook is given in the conclusion.



Chapter 1

Quantum walk on a line

Quantum walk can thought as a generalization of a classical random walk. The
simplest classical random walk is the walk, where a particle can move in each step
to the left or to the right with a given probability. Generalization of the walk
leads to the two-state quantum walk. The coin tossing is replaced by a coin. The
coin operator for a two state walk is represented by a U(2) matrix. In classical
walk the coin is firstly tossed and afterwards the walker moves according to the
tossing result. In analogy with that in quantum walk, first the coin operator
is applied, which superposes possible movements of the walker. Then a shift
operator, which moves the walker according to the resulting mixture of possible
movements, is applied.

The Hilbert space of the quantum walk is given by the tensor product of two
spaces

H=H,® Hc.

Here H, is the position space

H, = Span{|m),m € Z}.

Since the allowed movements of the quantum particle are to the left or to the

right, the coin space H¢ is two-dimensional and we can write
He = C* = Span{|L),|R)}.

Vectors |L), |R) forming the the standard basis of the coin space Ho correspond
to the steps to the left and to the right.
Each single step of the walk is then realized by the propagator U which is
given by
U=5,®C). (1.1)
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The coin operator C' acts only on the coin space Hq. The displacement operator

S acts on the tensor product H of both position and coin spaces and has the form
S= > (Im=1){m|@|L)(L|+ |m+ 1)(m| ® |R)(R]). (1.2)

The operator I, is the identity on the position space H).
Now we can show on an example how the walker propagates. The most studied

walk is the one with the coin operator given by the Hadamard matrix

1 1 1
-t (1), .

so that we select H as our coin operator. Let us start our walk at the origin with

the coin state going to the right or to the left. The initial state has the form

[(0)) = 10) @ |R) (1.4)
[4(0)) = 10) ® |L). (1.5)
The first step of the walk reads
0) @ |R) = f|0> (1L) - |R)) = 7 (I @[L) = [=1)IR)), (1.6)
alternatively for the second initial state
0) @ |L) )& (L) + [B) S —= (1) ® |L) + | - DIR)). (1.7)

70 V3

At time t, it means after ¢ steps, the state vector reads
=D Im) (e (m,1)[L) + ¥r(m, 1) R)) = U(#)|1(0)), (1.8)

where U(t) is a unitary propagator. The probability of finding the particle after ¢
steps at the position m is then given by the square of the norm of the probability

amplitudes vector

p(m,t) =[| &(m,t) |*= [fr(m, )] + [Yr(m, 1) (1.9)

We introduced the vector of probability amplitudes as
Y(m,t) = (Yr(m, 1), Yr(m,t))".
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Moreover, the vector evolves in time as

Yp(m,t+1) = %(é é)w(m+1,t)+%<(1] _(1)>¢(m—1,t)
= Hpy(m—+1,t)+ Hgp(m — 1,¢). (1.10)

Considerable simplification of the time evolution equation (1.8) can be achiev-
ed using the Fourier transformation. We switch from discrete position variable
to the more convenient continuous momentum variable.

Yk, t) = e*mp(m,t), k € (0,2n). (1.11)
meZ

This step leads to the equation
Dk, 1) = (k)b (k,t — 1) = O (k) (k, 0), (1.12)

where ©(k,0) stands for the Fourier transformation of the initial state. If the
particle begins the walk at the origin, the initial state in the momentum rep-

resentation remains unchanged and 9 (k,0) = 1(0,0) = 9. The time evolution

(k) = ( eoik ?k ) H, (1.13)

e

operator is formed by

and since it is unitary, it can be rewritten as spectral decomposition with the
power of t only for the eigenvalues. The resulting solution of the time evolution
equation (1.12) can be written as

2
Pk,t) = N(v(k), to)v; (k). (1.14)
j=1

Here \; are eigenvalues and v;(k) are eigenvectors of U(k). It is suitable to con-
sider the eigenvalues as an exponential with the phase dependent on the momen-

tum variable k,
(k) = e, (1.15)
Performing the inverse Fourier transformation we obtain the solution in the po-

sition representation

1 2

blmt) = oo | bk, t)e " dk

Y(m,t) = ii / e I o (8), ) () (1.16)
’ 2 = Jo TN TR '



1.1 Grover walk on a line and localization

In the previous text we have described the simplest walk in one dimension, the
two-state walk. Now, except of the two allowed shifts, we add another one. This
leads to the extension of the coin operator to a U(3) matrix and the coin space to
a Hy = C3. Let us add be the possibility for the particle to stay at its location.
The coin Hilbert space is given by

He = C? = Span{|L),|S), |R)}.

The displacement operator also changes, the final form reads

S= Y (Im=1)(m| @ |L)(L| +|m){m| ® [S)(S| + |m + 1)(m| © |R)(R]).
B (1.17)
The vector of probability amplitudes gains the form
iﬁ(m, t) = (dJL(mat)awS(mat)awR(ma t))T (118)
An interesting choice for the coin operator is the Grover matrix
| -1 2 2
C=G= 3 2 -1 2. (1.19)
2 2 -1

This is so because this matrix allows for the localization effect of the walk [1],
which cannot occur in the two-state walk. The particle has, except of two dom-
inant probability peaks traveling one to the left and one to the right with the
increasing number of steps, another probability peak localized at the origin. The
reason why the localization occurs is that the time evolution operator of the
walk U(k) has one eigenvalue independent of the momentum variable k. That

eigenvalue is equal to one. The localizing peak is illustrated on Fig. (1.1).

1.1.1 Velocities of the probability peaks

After the Fourier transformation in the momentum representation we obtain 3 x 3

time evolution operator

e 0 0
Uky=| o 1 0 |-G (1.20)
0 0 e*
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Figure 1.1: Probability distribution for the three-state quantum walk on a line
with the Grover coin G after t = 100 and the initial state of the walk is ¥y =
(0,1,0). The vertical lines indicate the calculated location of the dominant peaks

m = vg gy -t where vg = 0 and vg = j:\/ig.

The inverse Fourier transformation of the time evolution equation (1.14) leads us

for the three-state walk to the equation

lm,t) = - Z / ke O (1 (0), ) (1) (1.21)
) or 2 J, i\V), Yo) Uj(K). -

Square of norm of this integral gives us the probability of finding the particle at
the position m at time ¢t. The integral can be seen as an equation for the wave

packet. Let us denote the phase as
: (k) = w; (k) — ?k (1.22)

Following the stationary phase theory (see [3], [4] or appendices) we know that the
only significant contribution comes from the stationary points of @;(k). The main
idea of the method relies on the cancellation of the increments to the integral,
since the exponential is for large ¢ a rapidly oscillating function. In the neigh-
borhood of the stationary point of the phase factor, the exponential oscillates
less rapidly and the cancellation less significant. Thus the flatness of the phase

factor is crucial for the long time behavior. If @;(k) has no stationary point, the



integration by parts gives that the integral (1.21) decays faster than any inverse
power of ¢. If & (k) = 0 than the integral decays proportional to \/% It gives us
the inner part of the probability distribution. If &}(k2) = & (k2) = 0, the integral
decreases as t~3. Such a point ky defines the highest probability peak.

First we have to find the phases of the eigenvalues, these are

2 k
wi2(k) = TFarccos (—%),

wi(k) = 0. (1.23)

Vanishing derivatives lead us to the set of equations for the first two eigenvalues

din 2 (k) _ dwip(k) —m . sin k w0
dk dk t V3 — (2 + cosk)? ’
BPanp(k) dPwig(k) 8(sin %)4
A2 T AR (1= cosk)(5 + cos k)3

1 —cosk
= 49, /— " 0. 1.24
\/ (54 cosk)? (1.24)

Equations for the third eigenvalue are simple

k.t
d2u53(k;)
= 0. 1.25
e (1.25)
Let us first discuss the result for the nonzero phases wy o(k). The second equation
of (1.24) is satisfies for k = 2mn,n € Z. Provided that k ranges from 0 to 27 it

means that the second derivative vanishes for

ko = 0. (1.26)

The first equation from (1.24) gives the relation [2]

dWLQ o
m=— (ko) -t =w-t. (1.27)
Thus we can assign the velocities to the peaks and using (1.26) they are equal to
. dwl 1
v, = kl—g& %(k’) =T
. dWQ 1



The limit is needed because the first derivative of the phase w; in ky does not exist.
Now we can easily see that the equations (1.25) corresponds to the non-traveling

peak whose velocity
dw3

vs = (k) £ =0 (1.29)
for an arbitrary k € (0, 27).

In addition, we should point out the connection to the wave behavior. The
relation (1.21) is similar to an equation for the spreading of the wave packet. The
relation between the frequency of the motion and its wavenumber is called the
dispersion relation. Consider our momentum k as this awe number and w(k) as
the frequency. Then the first derivative of the frequency w(k) with respect to k
determines the group velocity of spreading of the wave packet, v = vy, = dw(k)/dk

[9]. Thus here the group velocity for the three-state Grover walk is

dwy 2(k) n sin k

— =0
dk V3= (2+ cosk)?

10



Chapter 2

Generalized Grover walk on a

line

Let us consider the Grover matrix. We know that the Grover walk exhibits the
localization effect. The question is, if there exist any other coins or even any
family of coins preserving the localization effect as well. In [7] it was shown that
such a family of coins exists.

The symmetry of the Grover matrix is such that any permutation of the basis
states does not change it. Thus we can find the shared eigenvalues of the Grover
matrix G and some permutation matrix Pg. One eigenvalue of Py and G corre-
sponding to the shared eigenvector differ by sign. The remaining two eigenvalues
are the same for both matrices. Adding a phase factor into the spectral decom-
position of G switches between these two sign, i.e. it switches between the Grover

and the permutation matrix. The only adequate 3 x 3 permutation matrix is

P, = (2.1)

_ O O
S = O
o O =

Consider the orthonormal basis formed by the shared eigenvectors of G' and
Pq

1
v, = —(—1,0,—1)7T,
1 \/5( )
1
vy, = —(—1,2, -7,
2 \/6( )
1
vy = 3(1,1,1)? (2.2)

11



The relevant eigenvalues are

Ayy = —1,-1,1
MG = —1,1,1. (2.3)
As we see, \§ = —\J€. For the original Grover matrix hold
G=—v] v —v3 vy +v-0s (2.4)

To switch between the eigenvalues S > AJ¢ we have to add a phase factor e

in front of the second member of the spectral decomposition
Gc) = —vl vy —e“v vy +vs -3

) -1 = eic 2(1 + eic) 5 — eic
= 5 2(1+€) 2(1—2e) 2(1+¢€*) |. (2.5)
5 — eic 2(1 + eic) -1 = eic
The choice of the phase ¢ = 0 leads to the original Grover coin. On the other

hand, the choice of the phase ¢ = 7 gives the permutation matrix

00 1
Gm)=|010|. (2.6)
100

As will be shown later, this one-parameter family of coins preserves the constant

eigenvalue of the time evolution operator U(k, c).

2.1 Velocities of the probability peaks

In this section we will determine the velocities of the highest probability peaks
of finding the particle. The time evolution operator for the one parameter family

of walks has the form

e—ik 0 0
Ukey=| 0 1 0 | -Glo) (2.7)
0 0 e
For its eigenvalues e (%)
c 1 c
wip(k,c) = 5 =+ arccos (§ oS (§> (2 + cos k)) 7
w3(ka C) = 0. (2.8)

12
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Figure 2.1: The probability distribution for the three-state quantum walk on
a line with Grover coin G(c), G(%). The number of steps is ¢ = 100 and the
initial state of the walk is ¢y = (0,1,0). The vertical lines correspond to the
calculated locations of the highest peaks m(c) = v(c) - t where vg(c) = 0 and
vrr(c) & £=(1 - 2).
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As we can see, one eigenvalue is as in the Grover walk independent of the mo-
mentum k. Thus there exists a probability peak with zero velocity.

For the two remaining eigenvalues we have to evaluate the appropriate veloci-
ties of the peaks. The first and the second derivatives of Wy 5(k, ¢) = w1 2(k, c)— Tk

are

din o(k, c) dwyo(k,c)  m cos 5 sin k
: = : —— =4 — v,
dk dk t /9 — (cos (2 + cos k))?
d*no(k,c)  dPwig(k,c) | cos§(9cosk — cos® §(3+ 5cosk + cos 2k))
dk? B dk? B (9 — cos? £(2 4 cosk)?)3/2
(2.9)
Both second derivatives vanish for
9 —5cos? £ — 3sin £,/9 — cos? £
ko = 2 arccos 2 2 2 ). (2.10)
4 cos? §
The group velocity of the walk is
dw (k. ¢) Cos § sin § (k. )
—(k,c) = — =v(k,c
dk /9 — cos? £(2 + cos k)?
(2.11)
and for the highest right and the left traveling peaks
duwr 3 —cos? § —sing,/9 —cos §
vp(c) = %(k/‘o,c) = —\/ 5 ,
dw
vr(c) = d—;(k:o, ¢) = —vp(c). (2.12)

Acquired velocities dependent on a phase ¢ are displayed on figure (2.1). As

we can see, the dependence is almost linear

vrlc) = —vp(c) ~ % (1 - %) . (2.13)

Further we find that from the one-parameter family of coins G(c¢) the original
Grover walk with G = G(0) is the fastest one. With increasing phase ¢ the walk

slows down until its velocity becomes zero for the phase ¢ = 7, i.e vg(m) = 0.

14
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Figure 2.2: Dependence of the highest probability peaks velocities (2.12) for the
Grover walk with phase G(c) on its phase c¢. Moreover, we show the difference
between the velocities and their linear approximations vg j =~ i\/lg(l — £). Ve-
locity of the right (left) traveling peak is plotted by black (red) full line and its
approximation by black (red) dashed line.
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Chapter 3

Grover walk on a square lattice

Let us extend the quantum walk on the line into the second dimension. Instead
of the line, the walk is now realized on the square lattice. In the classical case
one can imagine the walk on the square network as two connected walks on the
line. First, we decide which line to choose, horizontal or vertical. Second, we
move on the selected one according to the coin tossing. In the quantum case, the
coin operator mixes the states of both lattices into a superposition of the basis
states of the coin space.

As in the one-dimensional case, the walk takes place in the Hilbert space given
by the tensor product of position and coin space H = Hp ® H. The particle has
four possible movements, they are to the left, right, down or up. Thus for the

coin space holds
He = C* = span{|L), |R), |D), |U)}.

The position space Hp is now given by the tensor product of two one-dimensional
position spaces

Hp = span{|my,ma) ;mi2 € Z},

where ‘m) belongs to the position on the horizontal lattice, i.e. to the move to
the left or to the right and 'm/, belongs to the position on the vertical lattice, i.e.
to the move up or down.

Each single step is given by (1.1), nevertheless the shift operator S changes

16



to

o0

S = > (Im—1Ln)(mn|®|L)L|+ m+ 1,n)(m,n| @ |R)(R|

m,n=—00

+ |m,n—1){m,n|® |D)(D|+ |m,n+ 1)(m,n|®|U){U|).

(3.1)

The coin operator C' is a U(4) matrix. Subsequent description of the walk is

analogical to the one-dimensional case, thus we mention it only briefly. The wave

function or the vector of probability amplitudes on the coordinate m = (my, ms)

at time ¢ is composed of four components

Wﬁl’ t) = (wL (ﬁla t)v wR(mv t)v wDOﬁ? t)v wUOﬁ? t))T'

(3.2)

In this case there exists a coin leading to the localization effect. It is a four-

dimensional Grover coin. The localizing Grover coin can be constructed for each

higher dimension as follows. Let the state |z) denote the uniform superposition

over all states of the standard basis of some Hilbert space

1 <
|x>:\/_ﬁzzl|z>7

where N is the dimension of the space. Then the operator

11 1
11 1
2 111 . .
GN:2|x><x|—]:N - -1,

is the n-dimensional Grover matrix.

Consider as a coin operator the four-dimensional Grover matrix

Gy

17

(3.3)

(3.4)



The time evolution of the walk is

w(ma t) = ’lvb(mla ma, t+ 1) = G4L¢(m1 + 17m27t) + G4R¢(ml - 17 ma, t)

+  Gupp(ma,mo + 1,t) + Gy 0 (my, me — 1,1),

(3.5)
where
1111 0 000
1 0000 111 =111
G = = 7G =3 )
D) 0000 "ol o 00 0
0000 0 00 0
00 00 000 0
1| o0 00 1{ooo o
Gy =~ Gy =~ 3.6
ol 11 211 T2l 000 0 (36)
00 00 111 —1
The Fourier transformation
Gk, t) = hky, hayt) = Y (i, tefte™! (3.7)
mez?2

transforms the time evolution equation from the position representation into the
momentum representation. The vector is k = (k1, k2) and both k; o ranges from

—m to . The time evolution equation acquires the simplified form

Dk, t) = U(R)(k, t — 1) = U (k)d(k,0), (3.8)
and the time evolution operator in the momentum representation is given by

_efikl efikl e*’ikl e*ikl

I 1 eikl _eikl eikl eikl
Uk) = = . . 4 .
( ) 2 e—ZkQ e—ZkQ _e—zkg e—zkg
eik‘z eik‘g eikg eik‘g
ek 0 0
0 eh 0 0
_ R Gy (3.9)



The initial state in the Fourier picture is equal to the initial state in position
domain provided that the walk starts from the origin, &(E, 0) = ¢(0,0,0) = 1.
The spectral decomposition of the time evolution operator U (E) and subsequent
inverse Fourier transformation allows us to write the resulting form of the wave

function in position representation in the form

4

]_ g i il o\ mek - -

(27’(’)2 E / dkl/ dee( 5(k) t )t(Uj(k),w())Uj(k), (310)
jzl —T —T

(i, t) =

where j € {1,2,3,4}.

3.1 Velocities of the probability peaks

Analogously to the one-dimensional walk, we would like to determine the ve-
locities of the probability peaks. Using the same procedure as in the previous
sections we obtain the velocities of the highest peaks. The equation (3.10) is
now the generalized equation of the wave packet in two dimensions describing its
propagation. We can generalize the relation for the group velocity (1.27) in a

straightforward way as the gradient of the frequency
7 = Viw(k). (3.11)

We are looking for the velocities of the dominant peaks. These peaks occur
at the coordinates (mq, my) where the integral (3.10) contributes the most. Fol-
lowing the method of stationary phase the group velocity of the highest peaks
will be found in such a point k = ko, where (,DJ(E) = wj(E) — mTE in the (3.10) has
vanishing the first derivative with respect to k. As for the second derivatives the
Hessian matrix should be singular.

-,

The eigenvalues of the propagator (3.9) are ¢™*) and the frequencies read

- 1
wi2(k) = Farccos (—§(COS k1 + cos kQ)) ,

!

) = 0. (3.12)

w3,4(

Zero-valued frequencies lead to the stationary probability peak, thus for one ve-
locity
7, = 0. (3.13)



To find EO we have to determine when the Hessian matrix

Ruwi(k)  d?w;(k)

. Pk dkidke
H(w;(k)) = Py oD (3.14)
dkzdkr ke
is singular. The second derivatives of the frequencies (3.12) are
02wy (k) B 02w, (k) _ 1+ cos? k1) cos kg + (—3 + cos? ky) cos ky
Pk, %ky (2 — (cosk; + cosky))(2 + cos ki + cos ky)]3/2
02wy (k)  DPwn(k) (1 +cos®ky) cos ky + (=3 4 cos® k1) cos ks
Pky  %ky  [(2— (cosk; + cosky))(2 + cos ki + cos ky)]3/2
82w1,2(l;) _ 82w172(l‘5) L (cos ky + cos ko) sin ky sin ky
Ok10ky  OkeOky  [(2— (cosky + cosky))(2 + cos ky + cos ky)]3/2"
(3.15)
We solve the equation
det H (w;(k)) = 0, (3.16)
where (cos k )2
cos ki — cos ko
det H(w;) = . 3.17
ot H (w;) (—2 4 cos ky + cos ko)?(2 + cos ky + cos ks)? (3:17)
It is satisfied for
ke = k. (3.18)
Thus
ko = (1, £k1), (3.19)

and ki o ranges between (—m, 7).

Due to the equation (3.11) the velocity of the particle with momentum k is

given by
BF) = G, o E) = (220, 240), jer2  (320)
1 ) Y2 8k1 ’(‘91{:2 ) )
where
Owy o (k sin k -
1’2( ) = 4+ ! L = v§i)(k)7
Oky V(2 — (cos ky + cos kz)) (2 + cos ki + cos k)
Owy o(k sin k -
1.2(k) _ 4 2 = ol (k).
Ok V(2 — (cosky + cos k) (2 + cos ki + cos ky)
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and for the highest peaks

— —

- dw; dw;
P = (pHF Py = (d_kj(ko), d—k;(ko)) : (3.22)

The velocities of the highest moving peaks

1 1
17{{13 = ( 57 5)7

11
gt = ( 5,—5). (3.23)

This result for the highest peaks belongs to such a EO, where the Hessian
matrix is singular, but non-zero. Its rank is equal to one. From the numerical
simulation in the Fig. (3.1) we see that except the four highest peaks there is
also high probability of finding the particle on the border of the non-zero part of
the probability distribution. It should be noted that the range of the velocities

(3.21) form a circle
1

v+ vy < 5 (3.24)
One might think that the velocities on the boarder, where v? + v5 = 1/2, corre-
spond also to the singular Hessian matrix. Nevertheless solving the zero-valued
determinant of H(w,;) does not give such velocities. Moreover, as we will show
later, the second derivatives on the circle v +v3 = 1/2 are not defined. The rank
of the Hessian matrix is equal to one on condition k; = £k,, but it leads only to

the velocities (3.23).

3.2 Decrease of the highest probability peaks

According to the method of the stationary phase [3], [4], we can predict decreasing
behavior of the highest probability peaks depending on the type of the stationary
point of the phase w;.

As we can see from the numerical simulation in the Fig. (3.2), maximal peaks

of the probability distribution (3.1) decrease as an inverse value of the total
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0.00%

0.002
0.001

Pl Hg
0,00,

Figure 3.1: Probability distribution for the quantum walk on a square lattice
with Grover coin GG4. The number of steps is t = 100 and the initial state of the
walk is ¢ = %(1, 1,—1,—1). Using this initial state, the localization disappears.
The highest peaks travel with constant velocities ¥ = (£3, £3).
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Figure 3.2: Logarithmic plot illustrating the decrease off the value of the highest
probability peaks in (3.1) dependence on the number of steps t by black, in
comparison with its inverse value t~! by red. The initial state of the walk is
Yo = %(1, 1,—1,—1). The total number of steps ¢ on the = axis goes from 0 to
150. On the y axis is plotted maximal probability of finding the particle i.e. the
value of the highest peak in the probability distribution after ¢ steps. For the large
number of steps the value of the highest probability peaks decrease as an inverse
value of m. This property follows from the stationary phase approximation, since

the stationary points of the phase w; = w; — ¥ - k form a curve.
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number of steps ¢ i.e. t~1. Such a decrease occurs if the stationary points of the
phase @; form a curve (see Chap.9 in [3] or Appendices). The curve is formed by
points k; = £ky. The situation is illustrated on Fig. (3.3).

3.3 Change of the basis variables

Some properties of the walks can be found by changing the momentum variables
k = (ki, k2) to the velocities & = (vy,vs). This mapping is one-to-two (see for
example figure (3.3)).

Let us consider the Grover walk. Using v%)(l;, p) from equation (3.21) we find
momentum variables as a function of the velocities. It is sufficient to consider
only one of the velocities, for instance vg)(l;, p). Let us denote vﬁ;(%, p) = v1.
The resulting relation are

201y/1 — 2(v} + v3)

sinkl = s
V(1 +v2 + 1) (vg —va + 1) (vg +vg — 1)(vg —vg — 1)
cosk 3v? +v3 — 1
1 = 5
\/(1)1 + vy + 1)(1)1 — Uy + 1)(1)1 + U9 — 1)(1)1 — Vg — 1)
- 2094/1 — 2(v? + v2)
sinky, = )
\/(Ul + vy + 1)(1)1 — Vg + 1)(1)1 + vy — 1)(7)1 — Vg — 1)
2 2
-1
cosky = — vy + 305

\/(v1 + v+ 1)(vy —vg + 1)(vy +v9 — 1) (v; — vy — 1)'
(3.25)

The determinant of the Hessian matrix equals in the original momentum variables

equal to

(cosky — cos ko)?

det H(w;) =
et H(w) (—2 + cos k1 + cos kq)?(2 + cos k1 + cos ky)?

and the derivatives of the frequencies w;, j € {1,2} are from equation (3.15). We
were interested in such £ o, where the Hessian matrix is singular. The transfor-

mation to the velocity variables gives

det H(w;) = —i(vl + v+ 1) (v —vg+ 1) (v; + v —1)(v; —va —1).  (3.26)
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Figure 3.3: Contours lines giving the velocities v§i2)(E) in both directions (3.21)
equal to % The curve of stationary points is formed by k; = +ko and illustrated
by mixing solid lines with dashed lines. Blue and green line correspond to the

UY‘:)(E) = 1, red and black dashed line corresponds to the véi)(l;) = 1. Top figure
shows the velocities v%)(lg) from (3.21) and is well seen that contour plot cuts

this figure at the velocity %
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Thus the matrix is singular only if

‘/Ul—i—/l]g‘ =1

vl —wy| = 1. (3.27)

Considering the region covered by the walk, the only reasonable result is that the

matrix is singular for

1
V12 = :i:i (328)

It is equivalent to the velocities of the highest peak and corresponds to the results
obtained in the momentum variable (3.23). The situation is illustrated in the Fig.
(3.3). The walk covers the points of the circle. We can try to explain, why there
does not exist any velocities that gives the singular Hessian matrix and correspond
to the smaller peaks of the walk. The smaller peaks are located on the boarder
of the walk region where v? + v3 = 1. The second derivatives of the frequencies

from equation (3.15) can be using (3.25) transfered into the new variables as

Pwiy  —1+v3+0v7(3+ 205 —207)
2 - )
O CNER R
D?w vV (V3 — v?)

8k18k2 \/5 % o ’U% o ’U%

8;;:3 _ _—1~|—vf+v§(3+2vf—2v§). (3.29)
: NN

2

Also for the smaller peaks (where % — v} —v3 = 0) the second derivatives do not

exist.
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Figure 3.4: Parametric figure of the velocities U%)(E) from equation (3.21) on

the right. The thick black lines correspond to the singular Hessian matrix in the
velocity variable (equation (3.26)). The grid lines in the position vy 2 = £3 depict
the velocities of the highest peaks and j:\/L5 depict the maximal velocities in each
direction. The thick black lines touch the velocity region in the points belonging
to the velocities of the highest probability peaks. The left figure illustrates the

boundary of the velocity region with the grid lines in the same positions.
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Chapter 4

Generalized Grover walk on a

square lattice with parameter p

In [6] Inui et al. introduced a one-parameter family of quantum coins as a gener-

alization of the Grover coin. It is

—p q /Pq4 /Pq
_ ¢ —p P1 /pa _
G(p) = VB JF —q b , ptg=1 (4.1)
VPa4 /P4 P —q

and
p,q€(0,1).

The special case p = % results in the Grover walk.
The time evolution operator in the momentum variables k= (k1, ko) is given
by
e~ 0 0 0
ik
oEn - | o e | (4.2
0 0 0 ik
As the evolution operator for the original Grover walk, it also has eigenvalues

independent of the wavenumbers ki, ks. The eigenvalues are
Ao = eiw1,2(k1,k2,P)’ Agq = *1.

The behavior of this generalized Grover walk was studied in [5].The authors

have determined pseudovelocity of the particle and studied its long-time behavior
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depending on the parameter p of the quantum coin and the initial state of the
walk. In the following sections we will focus on the properties of the highest peaks
in the probability distribution. We show that their velocities and decay rates can

be obtained in a similar way as for the Grover walk.

4.1 Velocities of the highest probability peaks

To find the velocities of the highest probability peaks for the generalized type of
Grover walk in two dimensions we need to find the frequencies wj(lg, p) belonging
to the eigenvalues \; = ei(Ep) of the time evolution operator (4.2). Note that
A4 = %1, ie. wss = 0, indicate the existence of the central peak with zero

velocity, s = 0. The remaining frequencies are

—

wi2(k,p) = Farccos (—(pcosk; + gcosks)), ¢=1—p. (4.3)

The group velocity of the walk is given by the gradient of frequency with respect

to the wave vector k

. Ow; - Ow; -
7= <U§:|:)pjvéi)p> _ (_JU{;’p), _J(k,p)>

Ok, Oko
and
U(i)p B psin kl
! V(1= (pcosky + qcosks))(1 + pcosk + gcosks)’
in k
Uéi)p = =+ qom qg=1-—p.

V(1 — (pcosky + qcosky))(1 + pcosk + gcosks)’
(4.4)

The search for the velocities of the highest peaks requires solving the equation

for the singular non-zero Hessian matrix

d?w; (E,p) d?w; (E,p)

- d?kq dkidko .
H(w;(k, = . . , 17=1,2 4.5
(w;(k, p)) Posn) (i) Jj (4.5)
dkodky d2ko
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where

82w172(lg, p) L, 08 k(1 — (pcosky + qcosky)?) — psin? ki (pcos ki + q cos ky)
0%k - P (1 — (pcosky + qcosks)) (1 + pcosky + qcos ky)]3/2
82w172(l_5, p) 4,008 ko(1 — (pcos ky + qcos ky)?) — gsin® ky(pcosky + qcos k)
Pky 1 [(1— (pcosky + qcosks))(1 + pcosky + qcos ky)]3/2
82w172(l_c), p) (pcosky + qcosks) sin ky sin ko
Ok10ky :qu[(l — (pcosky + qcosks))(1 + pcosky + qcos ky)]3/2
(4.6)
Thus we solve
det H (s (F,p)) =0, @)

where

(cos ky + cos ky)?

—1+ pcosky + qcosks)2(1 + pcosky + qcosky)?
(4.8)

It is not surprising that the equation (4.7) has the same solutions as the equation

det H(Wl,Q(E; p)) = —p2(1—p)2(

(3.16) for the original Grover walk. It is satisfied for ko, where
cosky = cosky, i.e. ko= (ki,+ki) (4.9)

for which the Hessian matrix is of rank one. The solution (4.9) for the singular
but non-zero Hessian matrix leads to the velocities of the highest probability

peaks that are

. 3 3 dw; dw; ,
g = (ol Iy = <d—ki(/€ ), dk] (Ko, )) ;=12 (4.10)

where l;;g is given by (4.9). It leads, except for the central peak, to additional four

peaks with velocities equal to the parameters of the generalized Grover walk

_HP,
v " = P, q),

~HP,

(

v " = (=p, )
(
(

_HP,

U3 Po= D, _q>7

_HP,

vyt o= ( p,—q). (4.11)
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The generalized Grover walk behave according to its parameter, the velocities
of the probability peaks are determined by p. The probability distribution of the

walk spreads as an ellipse with the equation

2 2
U %y g=1-p (4.12)
P q

Parameters /p and ,/q respond to the major and the minor semiaxes. The
probability distribution is illustrated in Fig. (4.1) for the number of steps t = 50
and three different choices of the parameter p. It exhibits the localization effect
of the walk. Parameters p and ¢ are chosen from the interval (0, 1). Nevertheless,
Fig. (4.2) shows, what happens with the walk if p = 1 (¢ = 0). As we can see,
the walk lost its interesting interference properties. After ¢ steps its location is
either at the origin or ¢ steps on the left or ¢ steps on the right from the origin.

This three possibilities occur with the same probability %

4.2 Decrease of the highest probability peaks

As for the the original Grover walk we are interested in the decrease of the highest
probability peaks depending on the number of steps t. Our expectation is that
this generalized type of walk has the same decline as the original Grover walk.
Indeed, we found the continuous curve of stationary points of the phase appearing
in the inverse Fourier transformation @;(ky, k2, p) = wj(k1, k2, p) — T?‘TE which is
given by k; = +ko. This is the same result as for the original Grover walk. Also
the highest probability peaks drop with the total number of steps t as its inverse
value ¢,

Fig. (4.3) we can see the numerical simulation of the dropping peaks for the
generalized type of walk in comparison with the inverse value of the total number
of steps t~!. Moreover, in Fig. (4.4) the existence of the continuous curve of
the stationary points is illustrated. Comparing Fig. (3.2) and (4.3) we see that
the same initial state for the Grover and the generalized Grover walk gives only
small differences. For certain number of steps (every third), the generalized type
of walk has its very highest peak the central one, instead of the peaks at the
border. With the increase of the total number of steps, starting at some critical
number of steps ty, the central peak becomes the most significant. If we omit the
localizing peak, the same figure as for the Grover walk (3.2) is obtained. Note

that the initial state is for the Grover walk was non-localizing.

31



0.010
Plwy.my,t)

0.005

Figure 4.1: The probability distribution for the generalized Grover walk with
coin (4.1) after number of steps t = 50. All plots are for the same initial state
Yo ~ (v/2,v2,2,2) and the parameter is for the first figure p = %, for the second
p= % and for the third p = %.
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Figure 4.2: The probability distribution for the generalized Grover walk with coin
(4.1) after t = 50 steps, the optional parameter is chosen p = 1.

4.3 Change of the basis variables

Consider the one-parameter family of coins with parameter p. As for the Grover

walk we have two velocities for each direction vﬁ;)p that differ only in sign. Thus

+)

we can take for instance only v§’2 ” and denote it as vy ». From the equations (4.4)

we obtain for the moments £ o

201+/pq — qu? — pv?)

sinkl = )
p\/(vl+vg—|—1)(v1—v2+1)(vl+v2—1)(vl—1)2—1)
1 2 2
cosk, — (1 +q)vi+pv; —p |
p\/(vl+vg+1)(v1—vz+1)(v1+vg—1)(?}1—1}2—1)
ik — 2031/pq — qvi — pv})
g/ (01 +vg + 1) (vg —vg + 1) (vg +va — L)(vg — vy — 1)
1 2 2
cosky — (1+p)vg +qv; — g

q\/(vl + g+ 1) (v —vg + 1) (v + vg — 1) (v — vy — 1)’
(4.13)

where parameter p € (0,1) and ¢ = 1 — p. Determinant of the Hessian matrix

(4.5) is for frequencies wljg(lg, p) from equation (4.3) given as

(cos ky + cos ky)?
(—1+ pcosky + qcosks)?(1 + pcosk; + qcosks)?

det H(w1,2(Ea p)) = —p*(1-p)?
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Figure 4.3: The decrease of the probability of the highest probability peaks with
increasing total number of steps t. The probability value of the highest peaks
(black points) is approximated by the red line ~ ¢~!. Number of steps ¢ ranges
from 0 to 150 and both axes have logarithmic scale. The simulation is made for
initial state 1y = %(1, 1,—1,—1) and the parameter of the walk is p = % (i.e.
p= %) In the top figure are distant points which illustrate the places where the
central peak has overgrown the highest moving probability peaks. In the second

graph is the central peak omitted.
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Figure 4.4: This figure represents contours of the velocities of the highest proba-

bility peaks for the generalized Grover walk with coin (4.1). The parameter p of

the walk is p = %,

HP,
are equal to vy "

it means ¢g=1—p= %. The velocities for this type of walk
= +p, vf B = +q. Top figure illustrates the velocities v%)p
from the equation (4.4). Blue and green lines in the bottom figure correspond

to the contours where vii)p = +p, red and black dashed line corresponds to the

véi)p = #+¢q. The curve of stationary points is formed by k; = +ko and illustrated

by mixing solid lines with dashed lines.
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The results here are similar as for the Grover walk. In the velocity variables the
determinant has the same form as for the Grover walk, also the Hessian matrix

is singular for the same case. It is

1
det H(WLQ) = _Z(Ul + vy + 1)(’01 — Uy + 1)("01 + vy — 1)(7)1 — Uy — 1) (414)
is equal to zero if

|Ul +’U2| = 1,

vl — vy = 1. (4.15)

As we can see in the Fig. (4.3), considering that the velocities form the ellipse
%% + % < 1 with the interior points, the equations (4.15) are satisfied only for
the highest peaks where

v = Ep, vy = *q. (4.16)

For the smaller peaks, located on the boundary of the ellipse, is the situation the
same as for the Grover walk. The elements of the Hessian matrix, the second
partial derivatives of the frequencies with respect to the wavenumbers k; , are

still on the boundary of the ellipse not defined. For instance

a20Jl,2 - p(1+ Ug) + U%@ —q— U% + U%)
k3 | _ 9% '

2,/pq e

Also from the Hessian matrix we cannot find the velocities of the smaller peaks

(4.17)

located on the boundary of the ellipse, since the second derivatives are there not

defined.
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Figure 4.5: Parametric figure of the velocities v%)” from equation (4.4) on the

right by red. The thick black lines correspond to the velocities corresponding to
the singular Hessian matrix (equation (4.15)). The choice of the parameter p is
p= % ie. q= % The grid lines are in the horizontal direction on the positions +p
and £,/p, in the vertical direction on the positions ¢ and +,/q. Lines &,/p, +,/q
correspond to the maximal velocity in appropriate direction, lines 4+p, ¢ to the
velocities of the highest peaks. The thick black lines touch the red region in the
points belonging to the velocities of the highest probability peaks. The left figure
illustrates the boundary of the red region on the right. The grid lines have the

same positions.
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Chapter 5

Generalized Grover walk on a

square lattice with phase c

The second generalization of the two-dimensional Grover walk can by done using
the same procedure as in the chapter 2. We would like to make continuous shift
from the Grover coin G4 to some permutation matrix. In the 4 x 4 case we have
more possibilities what permutation matrix to choose. However, not every option
is suitable.

Permutation matrix as the coin operator changes in each step the basis state
of the coin space Hg. The walk takes place on the square network and we can
present it as the composition of two one-dimensional walks on the line. Horizontal
walk has as the basis of the coin space vectors |L), |R), the basis of the coin space
for the walk on the vertical line is then given by vectors |D), |U). Thus there is
no point in using such a permutation matrix which changes the basic states of
the coin space between these two walks on the line. Using this argument these

types of permutation matrices

0001
P — 0010 | L) <—| U)
0100 |R)<+—|D)
1000
0010
P, — 0001 |L) «— |D)
1000 | |R+—|U
0100
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can be excluded. The only important permutation matrix is such which changes
the basic states only on the corresponding lines and does not switch between the

horizontal and the vertical line. It is

L R
|U) «— |D)
and the permutation matrix has form
01 00
1 000
P = (5.2)

0 0 01
0010

As might be seen, there exist other permutation matrices that do not mix the
basis state of the walk on the horizontal or the vertical lines. Those are such that

switch in each step the basis vector only on one line and on the other line acts as

identity

0100
10 00

Py = ;| L) «—| R)
0010
0 001
1 0 00
0100

P, = , |D) «—|U).
0001
0 010

Nevertheless, as we will show at the end of the section, permutation matrices Ps 4
are also not appropriate choices.
We would like to find a matrix dependent on some continuous parameter that

passes between the Grover and the permutation matrix

-1 1 1 1 0100
1 1 -1 1 1 1 0 00
Gy == +— P=
2 1 1 -1 1 0 001
1 1 1 -1 0010

Because any permutation of the basis states does not change the Grover matrix,

we can find the shared eigenvalues of the Grover and the permutation matrix.
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Nevertheless, the eigenvalues of our matrices are not the same, they differ in
one eigenvalue. Knowledge of this and the spectral decomposition give us the
one-parameter family of coins dependent on the continuous parameter.

To find a one-parameter family of coins dependent on some continuous param-
eter ¢ € (0,7), which converts the Grover matrix G4 to the permutation matrix

P, we have to determine the shared eigenvectors from G4 and P. Those are

P = ;LL—L—U?
vt = %(0,0,1,—1)T,
vorP = %(1,—1,0,0?,
e %(1,1,1,1)? (5.3)

The corresponding eigenvalues for the permutation matrix P and the Grover

matrix G4 are

P: X = 1 Gy: X+ = —1
o= -1 A= 1
P ¢ (5.4)
M= 1 Ao =1
Thus the Grover coin can be decomposed in the form
Gy =30 N7 )
s (5.5)

T T
= —vl vy — vl vy — vl cvg+ ol oy

where we have marked v; = UJG4’P, Jj€{1,2,3,4}.

The same eigenvectors vg 34 correspond to the same eigenvalues /\gézf. How-
ever the eigenvector v; belongs to different eigenvalues A\¥’ = 1 and )\f“ =—1.1t
leads to the implementation of the phase factor € in front of the first member
of the sum (5.5). The resulting one-parameter family of coin has the form

Gulc) = —e“vf vy —vl vy —vl ~vg vl -y

—(14¢*)  3—¢* 1+ 1+
S I B A BRCY
4 1 + ezc 1 _|_ e’LC _(1 _|_ 67,0) 3 _ ezc

1 + eic 1 + eic 3 — eic _(1 + eic)
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It will be shown that the one-parameter family of walks with coin G4(c) preserves

the localization effect. The time evolution operator for the family of walks is

e"k 0 0 0
~ 0 €* 0 0
HUROR I A A (5.7

0 0 0 et

where k = (k1,k2). We are looking for the eigenvalues of the time evolution

operator 7; = e (E’C), where wj(lg, c) is the frequency. The eigenvalues are

w E,c
my = e,

Mg = el = 41,

There are two constant eigenvalues having the same value as for the four-dimensio-
nal Grover time evolution operator (3.9). This indicates that the localization
effect remained untouched.

We should note, why the permutation matrices Ps 4 are not appropriate choice.
The Grover matrix has with these matrices the same shared eigenvectors as with
the permutation matrix P, equation (5.3). However, the permutation matrices
P54 have two eigenvalues different. If we add phase factors in front of the two
members in the spectral decomposition (5.5), we do not obtain a coin preserving
the localization effect. Nevertheless, if we consider in the previous chapter as
the parameter p = 0 or p = 1, the matrices G(p) eq.(4.1) are equal to the
permutation matrices P3 or P;. Thus we can say, that the previous case with

parameter p includes remaining suitable permutation matrices.

5.1 Velocities of the probability peaks

The dependences of the frequencies wj(E, ¢) on the wave vector k correspond to

the dispersion relations given by

—

1
wi2(k,c) = g + arccos —é(cos k1 + cos k2) cosg : (5.8)

and

—

W3’4(l€, C) =0. (59)
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The group velocities of the walk are given by the gradient of the frequencies
wj, j€{1,2,3,4} as follows:

) . B s~ ,
7 = Vpa(Fo) = (Gr2(Ro). S22 (E.0)

Us = Viwsa(k,c)=0. (5.10)

The first equation from (5.10) results in

o Erhase _ cos 5 sin ky

! /(2 = cos £(cosky + cosks)) (2 + cos £(cos ki + cosky))’
e _ cos §sin b,

2 /(2 = cos £(cosky + cosks))(2 + cos £(cos ki + cosky))’

(5.11)

= + +
Where U= ('U§ )phase7U§ )phase)

As in the section (3.1) we are looking for the group velocity of the highest
probability peaks. This velocity is found at the point k= lgo where the Hessian
matrix is singular. The group velocity s for ws 4 is easily solved using equation
(5.11) and belongs to the central locating peak. Thus we are interested only in
wi2(k, ¢). We have to solve when the Hessian matrix

dzw%-(g,c) d2wj(E,c)

g d?kq dkidko
H(w;(k,c)) = . .

( J( )) d?wj(k,c)  d?*wj(k,c)
dkydky %k

L j=1,2 (5.12)

has its determinant

2a* cos 2k1 + 8a*(a? — 2) cos ky cos ky + 2a*(2 + cos 2k,)

det H((wj(k o)) = 4(—2+ a(cos ky + cos k2))?(2 + a(cos ky + cos ks))?

(5.13)
equal to zero. The second derivatives are

82w172(l_5, c L, 008 k1(4 — a®(cos ki + cos k2)?) — a?sin? k1 (cos ky + cos ko)

0%k, B [(2 — a(cos k1 + cosks))(2 + a(cos ky + cosky))]3/2
0%wio(k,c) ,C08 ko(4 — a®(cos ki + cos k2)?) — a? sin? ky(cos ky + cos ko)

02ky B [(2 — a(cos ki + cos k2))(2 + a(cos ky + cosky))|3/2
82w172(/;, c) L3 (cos ki + cos ko) sin ky sin ky

Ok10ky [(2 — a(cos ky + cos kq))(2 + a(cos kg + cos kq))|?/?’

(5.14)
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where we have identified

a= cosg. (5.15)

Here we have to divide the solution according to the rank of the Hessian
matrix. The highest probability peaks are now located at the position, where the
Hessian matrix is the zero matrix. It is satisfied for

ko = (:I:%:I:%) . (5.16)

Now the equations (5.11) give us the velocities of the highest moving probability
peaks

0 - 15, -
1 Potase — (1 Potase o HPptasey _ ( 50/;{2 (Ko, ), —(;"];2’2(%,(:)) (5.17)
that are
g Frhase _ 1 cos < 1 cos <
! S\ 2772 2772
gt Pohase _ 1 cos c 1 cos ¢
L S\ 27772 272 )
—HPphase 1 c 1 c
U3 =(—=cos—,—=cos— |,
2 2 2 2
_,prhase 1 C 1 C
=( Zcosc,—=cos< ). 1
o ( 5 COS 5, =5 CO8 2) (5.18)

The vector IZO leads to the Hessian matrix with rank equal to zero. In the previous
cases we found that the Hessian matrix is singular with rank equal to one for
k1 = £ko and it led to the velocities of the highest peaks. The Hessian matrix
has rank equal to one for

2cosky; —a®cosky + 2cos ki1 — a?

cos kg = 2 : (5.19)

provided that
azcos%;éo, = c#0;m. (5.20)
The phase ¢ = 0 corresponds to the Grover walk and ¢ = = is the trivial

walk with permutation matrix (5.2) as its coin. It is not necessary to con-
sider both signs plus and minus in front of the square root in (5.19). The

only difference is that the velocities vf;)”h““ are shifted by m, but the norm
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vFphase = \/ (v\Frreseya ()2 remaing unchanged. Further in the text
we will consider only the solution (5.19) with minus sign.

The solution (5.19) does not lead to the same velocities as for the highest
peaks. Thus it has to correspond to the smaller probability peaks. The equations
(5.11, 5.19) imply for the velocities of the smaller peaks

a®sin ky

+ :
2\/a2 + cos? ki(a? — 2 + 21 — a?)

Ulspphase

SPphase 1 [a* — (coski(a? — 2+ 2v/1 — a?))?
) , (5.21)
2\ a?+cos?ki(a® —2+ 21 —a?)
where
gofmese = (o P 0y ), (5.22)

The probability distribution of the walk is shown in the Fig. (5.1) for several
phases c¢.We see that the boundary of the walk is formed by the probability peaks.
The highest peaks appear in four symmetrically distributed locations. The rest of
the boundary is formed by the smaller peaks. Further, the region covered by the
walk decreases with the increasing phase ¢ and the smaller peaks become more
significant. For the trivial walk with phase ¢ = 7 the probability distribution is
formed only by the central peak. In all figures is the initial state chosen such
that the central peak disappears (except for the walk with phase ¢ = 0). This
initial state is the same as for the Grover walk ¢y = %(17 1,—1,—1). However for
the one-parameter family of coins with parameter p and the initial state ¢y the
central peak does not disappear for arbitrary choice of p. In addition, to obtain
the probability distribution without the central peak, we need different initial
state for each p.

In the figures (5.2) and (5.3) we see that the velocities #°f#rese from equation
(5.21) truly correspond to the boundary of the probability distribution, i.e. to the

smaller probability peaks. For the phase ¢ € (0,7) are there chosen two values

c=7%; % In the figures (5.1) and (5.1) are illustrated appropriate velocities of
the smaller peaks vi Sph‘”e in comparison with the velocities describing the walk
(£)

vy " from equation (5.11). Each of these figures has four horizontal and four
vertical grid lines depicting the velocities of the highest peaks and the maximal

velocities in both directions. The velocities are complex in general, both real and
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Figure 5.1: The probability distributions for the family of Grover walks with
phase ¢. The number of steps is £ = 50 and the initial state ¢y = %(1, 1,-1,-1)
is for all figures the same. The phases, starting from the figure in the upper left

corner, are ¢ = %, 7, 2,38 T .
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Figure 5.2: Parametric figures of the velocities ¢75Tphese = (v, phase pySFrrase) =
(v, v5F) from equation (5.21) on the left and 7Ph®5¢ = (v;Frrase gy (Fpnase) =
(v1, v2) from equation (5.11) on the right. The right figure illustrates the velocities
of the walk by red. It also depict the shape of the region covered by the walk. The
left figure corresponds to the velocities of the probability peaks (5.21), it forms

a boarder of the velocities on the right figure. The phase of the walk is ¢ = 7.

Grid lines represent important velocities. Outer lines correspond to the maximal

velocities that are vy 3 = v = 40, 3827. Inner lines correspond to the velocities

of the highest probability peaks that are v, o = vaP = %cos% = +0, 3536.
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Figure 5.3: Parametric figures of the velocities @#°Trhase = (v 5Fphase gy 5Fphase) =
(v7, v5P) from equation (5.21) on the left and Ph®5¢ = (v;Frnase gy (Flpnase) =
(v1, v9) from equation (5.11) on the right. The right figure illustrates the velocities
of the walk by red and also depict the shape of the region covered by the walk.
The left figure corresponds to the velocities of the probability peaks (5.21), it
forms a boarder of the right plot. The phase of the walk is ¢ = £. Grid lines
represent important velocities. Outer lines correspond to the maximal velocities
that are vy o = v{‘fszX = 40, 6344. Inner lines correspond to the velocities of the

highest probability peaks that are v1 = vfly’ = 3 cos 7o = £0, 4904.
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Pphase
2

Figure 5.4: Figures of the positive velocities vi = vfg from equation (5.21)

3
The real part is given by thick blue line, imaginary part is given by thick red

for the phase ¢ = ie. a = cos?. The velocities are complex in general.
line. Grid lines depict interesting velocities. Grid line for k; = 0 shows zero
velocity in the horizontal direction, bud maximal velocity in the vertical direction.
Outer grid lines depict the maximal velocity in the horizontal direction, but
zero velocity in the vertical direction that arise for k; = kMAX = 41, 7432.
Inner bud not central grid lines show the velocities of the maximal probability
peaks, where the velocities on both horizontal and vertical lines are equal. It
occurs for k; = +7.There is no point in taking momentum k; out of the range

(—kMAX | EMAXY hecause out of it is always one of the velocities purely imaginary.
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Figure 5.5: Figures of the positive velocities vi = vfg from equation (5.21)

&
real part is given by thick blue line, imaginary part is given by thick red line. Grid

for the phase ¢ = %, i.e. a = cos ;. The velocities are complex in general. The
lines depict interesting velocities. Grid line for k1 = 0 shows zero velocity in the
horizontal direction, bud maximal velocity in the vertical direction. Outer grid
lines depict the maximal velocity in the horizontal direction, but zero velocity
in the vertical direction that arise for k; = kMAX = £2 3097. Inner bud not
central grid lines show the velocities of the maximal probability peaks, where the
velocities on both horizontal and vertical lines are equal. It occurs for ky = £7.
There is no point in taking momentum k; out of the range (—kMAX EMAX)

because out of it is always one of the velocities purely imaginary.
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imaginary part are plotted. Maximal (minimal) velocities are given by

MAX phase —242a? 4+ 2v1 —a? — a?V1 — a?

’ —2+42a? + a1 — a?
Maximal velocity in the second direction vy ™** = v) “*?"**¢ appears always for
k1 = 0 and the velocity vlspph““ is at the same time equal to zero. This relationship
is satisfied also conversely, i.e. if vf Frnase viWAX” "e>¢ than at the same time the

Pphase

velocity vf = 0. It seems not to be possible to find unique explicit solution for

phase MAXphase Pphase . O
1 — U.

k1 where the velocity vfp =0 together with the velocity vf

It is because the velocities are in general complex. Nevertheless, it is easy to

Pehase — () if we know the

enumerate for some ¢ appropriate value of k; where ’UQS
value of the phase ¢ of the walk. From the velocities of the smaller peaks we can
simply obtain the velocities of the highest peaks. There are several ways how to
do that. The highest peaks appear if k; » = 7. Let k; = 47, then from equation
(5.19) we get ky = £7. Also

SPphase

HP,,
phase
Vi,2

k=2 = U9 . (524)

Further we know that maximal peaks have absolute value of its velocities in both
direction equal. Therefore solution of the equation vf Frhase Uf Frhase give us
the velocities of the highest peaks too. Moreover, as we might from the further

computations assume,
SPphase
dUL2

dky
Thus the highest peaks of the walk are given by the stationary points of the

= 0. (5.25)
velocities on the boundary.

5.2 Decrease of the highest probability peaks

It was shown that the decreasing behavior of the highest peaks has for the Grover
walk and for the one-parameter family of Grover walks with parameter p the same
character. They decrease proportional to the inverse value of the total number
of steps. This behavior was explained using the theory of stationary phase. For
the family of Grover walks with phase ¢ the situation is different. In the figures
(5.6),(5.7)we can see the decreasing value of the dominant probability peaks in

dependence on the increasing number of steps. There is still a number of open
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questions in the theory of the asymptotic expansion of double integrals. We are
interested in the vector of probability amplitudes given by the integral (3.10)
dependent on the phase and its behavior for t — oo. It has the form

4
> 1 " " i(w: (k¢ ik 7 P
¢<m,c,t>:(27)22/ iy [ dhac 000, oo (F ), (5:20
]:1 —TT —T

where j € {1,2,3,4}. The expansion of this type of integral can be found in
[3], where the results are divided according to the properties of the integral.
However none of the results coincides with the numerical results seen in the figures
(5.6),(5.7). The highest probability peaks of the walk for phases ¢ > 7 (figure
(5.6)) decreases as ¢~ 5, where ¢ is the total number of steps. The simulation is
made for ¢ ranges from 0 to 150. The deviations of the maximal probabilities
from the power law approximation is slightly greater than it was for the Grover
walk and the walk with parameter p. However for increasing number of steps
the deviations are still less significant. The probability of finding the particle at
position m in time ¢ is square of norm of the probability amplitudes vector. Thus
WOMHE ¢ t) ~ 75, where mfF is the location of the highest probability peaks.

For the phases ¢ < 7 is the situation illustrated in the figure (5.7). The
decrease in the logarithmic scale is not entirely linear as before. The highest
peaks correspond to the zero Hessian matrix, nevertheless all expansions of our

type of integrals are solved for non-zero Hessian matrix.

5.3 Change of the basis variables

One can see that the previous Grover walk and the generalized Grover walk with
parameter p have many similar features. In addition, in this chapter we have
seen, that the generalized Grover walk with phase ¢ behaves slightly different.
Here the behavior is also different. We can switch from the wavenumbers k; o

using the equations (5.11) into the velocity variables vfg)ph‘”e, but the resulting
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Figure 5.6: The decrease of the maximal probability peaks in dependence on the

number of steps t. For better recognition the logarithmic scale on both axes is

used. Black points correspond to the probability value of the highest peaks and

the red line is the approximation t5. The figures are made for three different

choices of the phases ¢ = %, °F,

3

7n8 starting from the figure in the upper left

corner. The initial state for the walk is ¢ = 3(1,1,—1,—1).

o2



- . . . . . . . r
o200} 1 o200}
0100} .. E o100}
— oaso — 0050
= oot T, & 0.020 ;
T e,
0.010}F ., 1 0.010F et ]
o005 | \\ ooos| \
L 1 1 L L 1 1 1 1 1 1 1 1 1
1 2 5 10 20 0 100 1 2 5 10 20 0 100
r t
T
0100}
= o050}
5
= TR
E L T
0.010}F '-.mh__ E
0.005 F '\\\
1 1 1 1 1 1 1
1 2 5 10 20 00 100

Figure 5.7: The decrease of the maximal probability peaks in dependence on the
number of total steps t. The logarithmic scale on both axes was used. Black points
correspond to the probability value of the highest peaks. The figures are made
for three different choices for the phase. It is ¢ = £, &, 74 starting from the figure
in the upper left corner. The initial state for the walk is 1)y = %(1, 1,—1,—-1). We
see that due to the behavior of the highest peaks the approximation t=* does not

fit very well for any x.
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Figure 5.8: Figure representing contours of the velocities of the highest probability

peaks for the one-parameter family of walks with phase c. This figure is made

for the parameter ¢ = 7 i.e. a = cos] = \/Li The velocities represented by
the contours are vg)ph‘“e = of’y from equations (5.18). Blue and green lines
correspond to the vii)”h‘”e = %a, red and black dashed lines corresponds to the
véi)ph““' = %a, where a = cos 3. It is seen that there is no curve of stationary

points as in the Grover case and the generalized Grover case with parameter p
(Fig. (3.3, 4.4)). First figure illustrates the velocities v%)ph““.
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relations are much more difficult. The equations are

sinky = —2(a® +2(=1 4+ v +v3)) — 2f(vi,v2,0)
1 a\ (v +vy+1)(v; —va+ 1)(v3 +v2— 1)(v3 — vy — 1)

cos ks — 1 [402(=1+ 02 +02) + a2(1 + v} + v — 2(1 + v})v2) + 202 f (v, v, @)
' (v +ve+ 1) (v —ve + 1) (v + v — 1) (v — vy — 1)
sinky = 2 —2(a? + 2(=14vf +v3)) — 2f(v1,v2,a)
T a N o+ D)0 — v+ D) (v +vs— 1) (01 — vy — 1)
" 1 [403(—1+ 02 +03) + a?(1 + v} + v3 — 2(1 + v3)v?) + 203 f (v, v, a)
cosky = ——
2 a (01+U2+1)(Ul—U2+1)(1)1+U2—1)(U1—02—1)
(5.27)
where we denoted vfg)ph““ = V1,2, @ = cos 5 and
f(vi,v9,a) = \/a4 + 160303 + 4a? (v} + vy — v3 — vi(1 + 203)). (5.28)

The determinant of the Hessian matrix H (wj(E, c)), where wj(E, c) are given in
equation (5.8), is in the momentum variables

det H(( (E ) 2a* cos 2k, + 8a2(a? — 2) cos ky cos ks + 2a*(2 + cos 2ks)
€ Wi C et
Y 4(—2+ a(cos k1 + cos k2))%(2 4 a(cos ki + cos kz))?

Switching of the determinant into the velocity variables does not bring a great
simplification. Thus we do not specify here the expression for its complexity,
nevertheless we present the result graphicaly.

In figure (5.3) the determinant of the Hessian matrix depending on the ve-
locities v 5 is given. As we can see, for certain velocities are in the figure empty
places. It indicates that the determinant is for those velocities not real. The only
part of the determinant which can acquire imaginary values is one square root
that is equal to the function f from equation (5.28). The function is depicted
in figure (5.10). Indeed, comparing the figures (5.3) and (5.10) we see that the
function f is responsible for the imaginary value of det H. Moreover, it can be
seen that the central parts of the figures noticeably remind the regions covered
by the walk, i.e. the velocities of the walk depicted in the figures (5.1, 5.2, 5.3).
Further we might be interested if there exist simple solution for the region, where

the function f becomes imaginary. Solving the equation

f(U17U2) a) = 0 (529)

25



Figure 5.9: Figure illustrating the determinant of the Hessian matrix in the ve-

locity variables for the family of Grover walks with phase ¢. The choice for the

L

phase is ¢ = 7, i.e. a = cosg = 7 The formula for the determinant is for its

bR
complexity not given in the text.
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Figure 5.10: Figure representing the function f given by equation (5.28). The

- T eosf — L
choice of the phase is ¢ = 7, i.e. a = cosg = 7

plotted (imaginary) part is the same as for the determinant of the Hessian matrix
in the figure (5.3).

It can be seen that the non-
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give us the answer. The interface between the real and the imaginary function is
given by two ellipses described by the equations

52(2 —a* — 2y/1 — a?)

2
Ey v + v3

—1
a2(1 —1—a?) 1-VI—a?
vf2<2 —a*+2V/1—-a?) 2

Es - + v = 1. 5.30
? a2(1+v1—a?) 1+VI-a (5.30)

The intersection of the ellipses E 5 is given by
,Uéntersection — :l:\/a2(1 + 21}%) - 4U% _2 (;12 - 41}%) <1 - az) (531)

a

and its interior points are real. If the region covered by the central real part of the
functions f and det H correspond to the region covered by the quantum walk,
then the intersection of the ellipses (5.31) have to correspond to the velocities
that appears on the boarder of the region covered by the walk. These are the
velocities of the smaller peaks given by the equations (5.21). The question is,
Pphase

if the intersection truly corresponds to those velocities. By substituting vf

from equation (5.21) for the variable v; from equation (5.31) we truly obtain that

intersection __ SPphase
V5 = v, . (5.32)

In the figure (5.11) the ellipses Ej o from equation (5.30) with marked inter-

section (5.31) are given. It is for the phase ¢ = 7 ie. a = \/LE The important

velocities are as in figure (5.2) for the velocities and the same phase ticked.
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Figure 5.11: The ellipses £ from equation (5.30). The intersection given by
equation (5.31) is represented by the thick red line. The phase of the walk ¢ =

3, 1le. a = cosg = \/Li The grid lines illustrates the velocities of the highest
probability peaks and its location is v; o = £
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Conclusion

It is known that the three-state Grover walk on a line exhibits the localization
effect, the probability distribution has extra peak at the origin. We presented its
generalization, one-parameter family of Grover walks, which is by the continuous
transition between the Grover matrix and the permutation matrix formed. The
Grover walk has three probability peaks. The central one does not move, but
there are other two peaks traveling to the left and right with increasing number
of steps.The generalized walk depends on the phase parameter ¢ € (0, 7). The
family of walks contains the Grover walk as well, it is for ¢ = 0. The shape of
the probability distribution does not change. The localizing non-moving peak at
the origin is preserved. The two remaining peaks travel with the group velocities
that slow down with increasing c. The Grover walk is the fastest one from this
family of localizing walks.

The Grover walk on the square lattice also exhibits the localization effect.
In two dimensions, its probability distribution has two more peaks. Except the
central one we can find four moving symmetrically distributed peaks. The prob-
ability distribution of the walk forms a circle. We presented two generalization of
this walk. The first, inspired by [6], depends of the parameter p € (0,1), where
the choice p = % leads to the Grover walk. The walk deforms the probability dis-
tribution into the ellipse, nevertheless the central peak and four remaining peaks
are still observed. The group velocities of the highest moving probability peaks
are determined by the parameter p. The second generalization of the Grover walk
in two dimensions is based on the same principle as in the one-dimensional case.
The continuous transition between the 4 x 4 Grover matrix and the permutation
matrix give us the generalization dependent on the phase ¢ € (0, 7). The choice
of ¢ = 0 is equal to the Grover walk. The probability distribution is formed by
the intersection of the two ellipses that differ on the factor a = cos 5. The cen-

tral peak is preserved and the four remaining peaks are symmetrically distributed
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around the central one. Moreover, in contrast to the previous cases, the velocities
on the whole probability boundary can be calculated. The four highest peaks are
only the part of the boundary, the rest of it is formed by smaller (but significant)
probability peaks.

In each chapter, when appropriate, we describe the wave-packet propagation
using the concept of group velocity. This representation allowed us to find addi-
tional interesting properties of the walk.

The thesis presents new families of localizing coins for one and two dimensional
walks. It is certainly worth to investigate whether these are the only possible

walks or other classes can be found, especially in higher dimensions.
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Appendix A

Asymptotic of integrals

For an easier treatment of the time evolution equation of the quantum walk we
use the Fourier transformation. We replace the spatial variable by the more
convenient momentum variable. However, we want the solution in the position
variable. Therefore, we use the inverse Fourier transformation. The solution of

the time evolution equation then has the form

I(t) = / g(k)e®dk, - f(t) € R. (A1)

This integral is called a generalized Fourier integral. Naturally we are interested in
its asymptotic time behavior. There is a well-developed theory of the asymptotic
expansion of Fourier integrals which gives us effective tools how to work with them
and allows us to express the long time behavior as powers of time t. According
to [3], the method of stationary phase asserts that the major contribution to the
integral (A.1) comes from points where f(k) has a vanishing derivative.

In the following we briefly review the fundamentals of the method of stationary

phase for one and two dimensional integrals.

A.1 Method of stationary phase for one-dimen-

sional integrals

The probability amplitude of the quantum walk on a line is given by the one-
dimensional Fourier integral. Its asymptotic behavior is determined by the prop-
erties of the stationary points of the phase. Let us look in more detail into the

possible cases.
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A.1.1 No stationary point

Assume that there is no stationary point it the interval (a, b). Integration by part

for large time.

T T 1 d ) e
1= L‘tff(k)Lf i by (4.2

From the Riemann-Lebesgue lemma the second component of the (A.2) asymp-

totically decreases faster than 1/t. Therefore for ¢ — oo we find

g(k) 1%
1) ~ [itf’(/ﬂ} o (4.3)

We see that the decrease of the integral is proportional to 1/¢.

A.1.2 Simple stationary point

We cannot use integration by part, if there exist such a point ¢ € (a,b), where
f'(¢) = 0 (stationary point). When there exist stationary points, the Fourier
integral must still vanish for long time from the Riemann-Lebesgue lemma, but
the integrand oscillates slower near the stationary point. For this reason the
integral decrease less rapidly and the leading term in the asymptotic behavior of
the integral is constituted by the stationary point neighborhood.

Consider there is only one stationary point on (a, b). Without loss of generality
we can consider stationary point as a, since every integral can be rewritten as
a sum of integrals with stationary point on its boundary. Assume f(a) is a
minimum on the given interval. Then according to [4] we decompose I(t) into

two terms

ate b
I(t) = / g(k)e® dl + / g(k)e T ®dk, t — oo (A.4)

+e
The second term in the previous equation has no stationary point in the inte-
gration range. Hence it decreases as 1/t for large ¢t and does not establish the
leading behavior. Therefore we can exclude it. Since € is a small positive number
we can replace g(t) with g(a), and make the second order of the Taylor expansion
of f(k) around the stationary point a. It holds f’(a) = 0 and we obtain

a+te "
I(t) ~ g(a)/ eit(f(“)JrfT()(k_“)Q)dk:, t — oo. (A.5)
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Now we replace € by oo and substitute x = (k — a)

I(t) ~ g(a)e“f(a)/ eithwx2dx, t — oo. (A.6)
0

After the substitution (note f”(a) > 0)

y =1/ tf;(a)x (A7)

we obtain
m i a)+m/4
I(t) ~ g(a) ) Ef@+m/4) 5 0. (A.8)
Similarly, if f(a) is a maximum, i.e. f”(a) < 0, then
T .
I(t) ~ " iltfla)=m/4) 4 ) A.
()~ gla)y [ O, s o (A9

As we can see from equations (A.8) and (A.9), if the stationary point has non-
zero second derivative, i.e. f'(a) =0, f”(a) # 0, then for t — oo the integral I(?)

behaves like reciprocal square root of time

1
Nm‘

I(t) (A.10)

A.1.3 Higher-order stationary points

The calculation can be generalized for any number of zero valued derivatives. If
f(t) is flatter, then the integral I(t) decreases less rapidly for t — oo. Consider
the stationary point ¢ on the given interval, provided that f'(c) = f"(c) = 0
and f”(c) # 0 than I(t) ~ 1/t'/3. Similarly, let p € N, such as f'(c) = ... =
fPV(c) = 0 and f®(c) # 0 then I(t) ~ 1/t/P. Point c is called a stationary
point of the order p — 1. To verify this claim we repeat the same procedure as
in equations (A.6)-(A.9). Let us consider again boundary stationary point a,
where f(a) # 0, f'(a) = .. = f®Y(a) =0and fP(a) #0, p € N. After
the decomposition of the integral on two terms as in (A.4) and exclusion of the
second therm with no stationary point in the integration range we replace g(k)
by g(a) and make Taylor expansion of f(k) around the stationary point a. Thus,
we find

T @+ 2 e ayr)
I(t) ~ g(a) e ! dk, t— oo. (A.11)
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After replacing of € by oo and substitution = (k — a) we obtain

) ® P ) ,
I(t) ~ gla)e™@ / O G b o (A.12)
0

To evaluate this integral we rotate the x-axis by an angle 4+ /2p. The sign depends
on the value of f®(a), + sign for f)(a) > 0, — sign for f®(a) < 0. We make a
substitution

v [ Py O\
_ Fim/2p :
o= (o) A
which leads us to the result
I(t) ~ g(a)ei(tf(a)iﬂ’/Qp) ( p! )1/p F(l/p) t — oo. <A14)
t[f®(a)] p

We find that the integral behaves like 1/t'/? for large t.

A.2 Double integral

For the probability amplitude of the two-dimensional quantum walk we obtain,
after the inverse Fourier transformation back to the position variables, integral

in the form

sz//m%wwmwmw,ﬂaweR»>a (A.15)
D

where D is a bounded domain. The entire chapter in [3] is dedicated to the
asymptotic behavior of integrals of this type. Let us mention only few of the re-
sults. Assume that f and g are smooth function. Again as in the one-dimensional
case, the main significant contributions for large parameter ¢ come from critical
points. The critical points comprise stationary points of the function f on D
or its boundary 0D or points on the 9D where it has a discontinuously turning

tangent.
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A.2.1 Local extrema

Now we look at the stationary points. Let (0,0) be the stationary point of f(x,y).
We denote the partial derivatives evaluated at the stationary point by
iti f

fi= L
T 0xi0y 0,0)

(A.16)

The expansion around the stationary point the function f(z,y) takes the form

f(x,y) = foo+ fuzy + fo02? + fooy® + ... = faox® + foo> + ... (A.17)

Without loss of generality we can assume foo = 0. Now we rewrite the equation

(A.17) and make several substitution

f@.y) = faor®(L+ p(x,y)) + fo (1 + q(z,y)) = faor® + foov®,  (A.18)

where u = (14 p(z,y)), v = (14 ¢(x,y)). Subsequently substitute functions in
integral (A.15)

G(u,v) = g(, y)gg’ z;

Afterwards, the integral (A.15) turns into

F(U, U) = f20U2 + f02U2. (Alg)

I(t) ~ // G(u,v)e T dudy, F(u,v) €R, t >0, t = co. (A.20)
D
Further
G(u, 'U) = Z Gijuivj, GOO = Joo- (A21)
m,n=0

We do not go into the details of the following calculation and write only the re-
sulting formula. For more information about the method see [3]. The asymptotic

behavior of the integral is given by

* 6i7r(m+n:|:1)/2r(m +1/2)['(n +1/2)

1
()~ S G
() mz 2m,2 tm+n+1

, t—o00. (A.22)
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The sign in the exponent depends on whether the stationary point is minimum

(plus sign) or maximum (minus sign). The coefficients G7; reads

) Gij
20 J02

We see that the integral decays like 1/t.

A.2.2 A continuous curve of stationary points

Consider that the domain D contains a curve of stationary points. Assume the

validity of the following conditions

e The domain D contains a curve 7 from C* and Vf = (0,0) on the curve,
Vf # (0,0) on D\~y. Further v has no loops, and the derivatives f,,+ f,, 7 0

on 7.

e Let parametrize the curve v by its arc length s. Denote = = £(s), y =
n(s), 0 < s < L, where L is the length of 7. Let I be the boundary of the
domain D. If A = (£(0),7n(0)), B = (£(L),n(L), then A, B € I'. Moreover
A# B, (&(s),n(s)) ¢ ' for 0 < s < L.

e At A and B, v and I' are not tangent to each other.

Theorem: Under the above conditions we obtain
I(t) ~ Y bt™™ 5, t— 0 (A.24)
s=0

and coefficients by are independent of t.

The above theorem is the main result for the asymptotic behavior. We will
show how to get the result only briefly, for more precise derivation see [3]. The
first condition implies that f = fy is constant on . Thus we can suppose that
fo = 0 without loss of generality. It should be assumed that the functions f, g
are extended to C™ in some open neighborhood of D and &,7 are extended to

C* in some open neighborhood of [0, L]. Now we can define a transformation
M : (s, p) = (z,y)

z=¢&(s) —pn'(s), y=n(s)+pE(s). (A.25)
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The absolute value of p represents the distance from (x,y) to v and from s as
the arc length of the curve « follows that £'(s) 4+ 1/(s) = 1. The Jacobian of the

transformation M is

= L+ p(&"(s)n'(s) =& (s)n"(s). (A.26)

It can be shown that the transformation M is one-to-one on the rectangle. Thus
there exist suche, d positive that M is one-to-one in Qs = (—¢, L +€) x (—0,0).
Changing the variables (z,y) — (s,p) in the integral I(¢) we obtain

I(t) = // G(s,p)eF P dsdp, (A.27)
Rs

where Rs = M~Y(Ds) and F(s,p) = f(z,y), G(s,p) = g(x,y) g((i’i)). Assume ¢
sufficiently small that Rs in Qs can be determined by equations s = a(p), s =

b(p). Then we can write

b(p) o '
I(t) = / / G(s,p)e™ P dsdp. (A.28)
a(p) /-6

Now we list some facts resulting from the conditions above and from the
transformation M. From the first condition follows VF'(s,0) = (0,0), 0 < s < L,

thus
ok oF+HL

T = = >
Gt (5 0) = 5557 (5,0) =0, k>0, s € [0, 1], (A.29)

This relation shows that F'(s,0) is constant, without loss of generality we can put

F(s,0) = 0. Moreover from equation (A.29) we obtain the following expansions

_ P’ p° 4
F(s,p) = Fpp(570)5+Fppp(370>E+O(p )
_ v P’ 4
P
Fp(s,p) = Fpp(SaO)p"‘Fppp(S’o)E+O(p3)
Fp,p(5>p) = Fpp(sv 0) + Fppp(S’ 0)p + O(pz)' (A.30)

Since F(s,p) = f(z,y) we have

Fpp - fxz77I2 + fyyg,2 - 2fxy€/77/' (A.Sl)
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The condition £? + n? = 1 gives

Fpp = fa:x + fyy - (facxnIQ + fny/Q + 2fa:y£/77,)> (A'32)

also

Fyp(s,0) = fm(S(S),77(8))+fyy(£(8),77(8))—% (€(s),n(s)), 0 <'s < L. (A.33)

Since the function f is constant on the curve v we have

Fpp(s,0) = fax(§(s),1(s)) + fyy(§(s),n(s)), 0 <'s < L. (A.34)

The first condition at the beginning gives non-zero Fj,(s,0), without loss of gen-
erality F},,(s,0) > 0 can be supposed. Let us choose ¢ sufficiently small, thus we

can assume also F,(s,p) > 0 in Rs. Now the relations

F(s,p) > 0
sgnkFy(s,p) = sgnp, (s,p) € Rs, p#0. (A.35)

can be deduced. We would like to transform the integral (A.28) to a one-
dimensional Fourier integral. To do that, we have to define a second transforma-

tion N : (s,p) — (w, 2) as follows:

w = S

22 = F(s,p); sgn z = sgn p. (A.36)

The Jacobian of this transformation is

8(w,z) _ FP<S7p) N M, t— 0, 0 <s< L. <A37)
A(s,p)  24/F(s,p)sgn p 2

Note that the mapping is one-to-one on Rs. The integral (A.28) now has form

P,
I(t) = / 2B (2)dz, (A.38)
—p
where

p* = sup{F(s,p) : (s,p) € Rs},

2z

B(z) = / GenEr
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The curve is given by v(z) = {w : (w,2) = N(s,p);(s,p) € Rs}. From the

definition of G(s,p) the function ®(z) vanishes for z — +p. The asymptotic

behavior of I(t) is then determined by the behavior of the function ®(z) near

zero. Rewrite

I(t) = I"(t) + 1™ (1),

where

fi@)::/me“*¢¢t@dz

0
For sufficiently small z we can write

@@—/MG@)—%—M
az? P Fp(87p) .

Repeating integration by parts we obtain

2

n—1
1 1\ . . )
P =123 G0 () A a0 o)
s=0

This implies the statement of the theorem.
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