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Abstrakt: Trace dynamics je oznaceni pro zobecnéni klasické Hamiltonovské mechaniky
pro nekomutujici dynamické proménné. Takto zobecnéna teorie byla neddavno navrzena jako
mozné teSeni problému odvozeni kvantové mechaniky z prvnich princip, a tim i k nalezeni
jeji smysluplné interpretace. Relativistickda kvantové teorie pole se v ramci této teorie ob-
jevuje jako efektivni aproximace ke statistické mechanice jisté tiidy maticovych model v
rezimu nizkych energii. Tato prace se zabyva souvislostmi mezi trace dynamics s kvantovou
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Abstract: Trace dynamics or generalized quantum dynamics is a recently proposed ap-
proach to the problem of derivation of quantum theory from first principles, and to find
its satisfactory interpretation. It is a generalization of classical Hamiltonian mechanics to
use noncommutative dynamical variables. relativistic quantum field theory is expected to
emerge as an effective low energy aproximation to statistical mechanics of a particular class
of classical matrix models. We investigate the connection of trace dynamics with quantum
probability and the validity of the argument for emergence of quantum theory. We point out
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Introduction

Quantum theory, as a mathematical device to provide statistical predictions about the results of
experiments, is an extraordinary successful theory. It describes a wide range of physical phenomena,
without any significant bounds of the accuracy of its predictions. But it is still an open problem in
the foundations of physics to find its satisfactory physical interpretation. Quantum mechanics is
inherently indeterministic, but in such a way that the predicted statistics cannot be subsumed in
the framework of classical probability. It is then necessary to generalize the concept of probability
from commutative to noncommutative, and we get the the quantum probability.

The measurement problem suggests a necessity of division between microscopic and macroscopic
objects, but without any clear boundary between the two worlds. Also the phenomena of the
collapse of the wave packet, with its "spooky action at a distance”, is apparently incompatible
with special relativity. These, and other problems, have motivated the suspicion that quantum
theory is not the most fundamental theory of nature. There have been many attempts to find
such a fundamental theory, which would explain all the paradoxes of quantum theory, reproduce
all its predictions, and hopefully provide some new ones. But despite a great effort, there is still
no satisfactory alternative to quantum theory.

The aim of this work was to investigate the validity of another attempt in this direction, to
derive quantum theory from first principles. It is called trace dynamics, and it was proposed by
Stephen Adler and his collaborators in a book and a series of papers including [1] through [4].
The relativistic quantum field theory, and then also quantum mechanics as its nonrelativistic limit,
is claimed to emerge from the statistical mechanics of a particular class of matrix models. If it
turned to be correct, it would be of interest to analyze the issues concerning indeterminism and
non-locality, and to draw some conclusions about the physical meaning and purpose of quantum
probability. But unfortunately, trace dynamics is appears as just another unsuccessful attempt
to rederive quantum theory. In this work, the structure of trace dynamics is analyzed, and the
drawbacks of the argument for emergence of quantum theory is pointed out.



Chapter 1

Quantum probability

There are two notions of the concept of probability, which nevertheless eventually lead to mathe-
matically equivalent theories. The objective view regards a probability of an event as an objective
property of that event, a measure of potentiality of occurrence of that specific event in a random
experiment. This probability can be at least in principle measured in all aspects by observing
relative frequencies in a sufficient long run of independent random experiments. The aim is to find
a probability distribution good enough, such that the predicted probabilities match the observed
relative frequencies.

On the other hand, the subjective view regards probabilities merely as an information the ob-
server has about the object prior to observation. It is an expression of our ignorance of specific
details of the experiment, which, if they were known exactly, would uniquely determine the mea-
surement outcome. The purpose of the probability theory is to allow us to form at least some
conclusions prior to the experiment, in case when only limited knowledge is available, and definite
conclusions about the result are not possible. Unlike the objective view the probability distribution
is strongly dependent on the actual knowledge of the observer about the object. The observer
should use all information available to obtain the best estimate of what is going to happen in the
experiment. The probability distribution, not being an objective property of the events, is not ex-
pected to be verifiable in all aspects. A test of a good distribution is whether it correctly represents
our prior knowledge of the object.

It is also possible to contemplate a concept of probability that combines both views. The occur-
rence of a specific event is then associated with an ”irreducible” objective probability distribution
forming the core of all the uncertainty. However, this distribution might not not be available due
to incomplete knowledge of the object, and thereby the subjective probability has to be employed.
But the relative frequencies of the objective view can always be reinterpreted in terms of the sub-
jective probability by regarding the measurement outcome itself as the missing knowledge. In this
way the subjective view can be perceived as a broader concept. Even quantum mechanics can
be included into the subjective probability framework by means of, in the classification of [21], a
hidden-variables theory of the first kind.

1.1 General structure of probability theory

In general, a probability theory involves the dual concepts of algebra A and state ¢. The algebra
contains elements that represent the objects which can be measured, and are therefore called
(random) observables. The state determines probabilities of various events, that occur as a result
of a random experiment, e.g. an observable taking a specific value. For the introduction of state



it is further required, that the algebra A contains a subset A, called the positive cone of A. An
important algebras relevant for probability theory are the unital *-algebras. A unital *-algebra is
a complex vector space with the properties

1. A product of any two elements A, B € A is defined, which is associative and distributive.
There is a neutral element with respect to multiplication, the identity element I.

2. For any A € A, there is a conjugated element A* € A. The mapping A — A* is complex
antilinear.

3. There is a norm, which has the additional property |A*A| = || A||%.

If the space is complete in the topology given by this norm, then it is called the C*-algebra. The
positive cone of A is the set AL ={A € A| A= B*B, B € A}. The state is then any functional
on the algebra A, ¢ : A — C, with the properties

1. ¢ is complex linear,
2. ¢ is positive, i.e. $(A) >0 for any A € A,
3. ¢ is normalized, i.e. ¢(I) = 1.

Usually the set of observables is identified with the subspace of hermitean elements of A. An
element O € A is hermitean, if it satisfies O* = O. For an observable O € A, ¢(0O) is interpreted
as the average value of O in the state ¢. Since the algebra A contains all powers of O, the
state determines also all moments of O, ¢(OF), the characteristic function of the observable O,
¢(exp(i0)), and the probability distribution on the space of this values. Hence the state ¢, that
assigns expectation value to all elements of A, is sufficient to determine probability distribution
and statistical properties of all observables.

The algebra A further contains a distinguished subset Ay of observables, which represent set of
all possible events associated with random experiments. It consists of those elements of A which
are positive, hermitean, and satisfy O? = O. For O € Ay, the number ¢(O) is interpreted as the
probability of occurrence of the event represented by O.

The examples of *-algebras are the set B(#H) of bounded operators on a Hilbert space or the
algebra C'(X) of all continuous bounded functions on a compact Hausdorff space!. The former is
in general a non-commutative algebra, whereas the latter is commutative, and it can be regarded
as a special case of the former with the set B(H) replaced by its suitable commutative subset. It is
even true, that any commutative C*-algebra is isomorphic to C'(X), for some compact Hausdorff
space X [8], [10], [26]. For A = B(H) the subset Aj is formed by the set of all projections on H,
whereas for A = C(X) it is a set of characteristic functions of subsets of X.

Concrete and abstract algebras

There is an important connection between abstract *-algebras and the concrete algebras of bounded
operators B(#) on a Hilbert space H. The algebra of bounded operators B(#) on a Hilbert space
is a *-algebra, and in turn an abstract *-algebra is associated with an algebra of bounded operators
on a Hilbert space H. The Hilbert space H is given by the GNS construction, a theorem of Gelfand,
Naimark and Segal, [10],[8],[26]. It shows, that there is no loss of generality to work with concrete
algebras of operators on a Hilbert space instead of the abstract ones.

'with the supremum norm, || f|| = sup,cx | f(z)], C(X) is a C*-algebra



Given an abstract *-algebra A and a state ¢ on A, there is a Hilbert space H, with a distin-
guished unit vector Wo, such that there is a *-algebra homomorphism? 7y : A — B(Hy) : A —
m$(A), and the state ¢ is determined by the scalar product on #H as

P(A) = (Yo, my(A)¥o)n,- (1.1)

The homomorphism assigns a bounded operator m4(O) on the Hilbert space Hy to any element O
of the C*-algebra A. The elements of the C*-algebra is then said to be represented by bounded
linear operators on H..

The Hilbert space is formed starting from the vector space A, with Wy = I. The scalar product
on A is defined using the state ¢ as

(4,B)a = 6(A°B). (1.2)

By the properties of the state, the scalar product is a positive sesquilinear form on A, and defines
a norm on A. The vector ¥y is of unit length with respect to this norm,

[Wo||> = (o, Vo) = $(I) = 1. (1.3)

If the scalar product is not positive definite, the subset of zero norm form an ideal® 7 of A, and we
can replace A by its quotient space modulo this ideal. The Hilbert space H4 is then obtained by
completing of A (or the quotient space) in the norm ||.||. The representation of an algebra element
A € A as the operator my(A) on Hy is defined by

n4(A)B = AB,  for any B € Hg. (1.4)

As seen from the construction, m4(A)¥y is a dense set in Hy, and hence all observables can be
extended by continuity to the entire Hilbert space. The representation of A is then said cyclic with
Uy the cyclic vector. Moreover, the dense set m4(A)Wq is invariant with respect to the action of
mg(A) for any A € A.

Operator algebras

The algebra of bounded operators B(#) on a Hilbert space H, with * as the operator conjugation,
is a *-algebra. A *-subalgebra C of B(H) is a C*-algebra, if it is closed with respect to the uniform
operator topology (given by the operator norm). If it is closed also with respect to the strong
operator topology®, then it is called the von Neumann algebra. In particular, the algebra B(H)
is a von Neumann algebra. The notions of von Neumann algebra and C*-algebra coincide on a
finite-dimensional Hilbert space, since the strong and the uniform operator topology are the same.
But in infinite dimensions the strong operator topology is weaker, and the closure is then larger

2Given *-algebras A; and Az, a *-algebra homomorphism 7 is a mapping A; — A satisfying
1. 7(AA + B) = Ar(A) + 7(B) (linearity),

2. w(AB) = 74(A)7(B),

3. w(A*) = (w(4))".

3This follows from the Schwarz and the triangle inequalities. For A, B in Z, by the triangle inequality |A + B| <
|A|l| + ||B]| = 0, hence A+ B € Z. For A € T and B € A, by the Schwarz inequality ||ABJ|| < ||A]l - ||B]| = 0, and
AB e T.

4A sequence of operators {A,} converges in the strong operator topology, if for any ¥ € H the sequence of vectors
{A, ¥} converges in the Hilbert space norm.



(there are more limit points). Therefore any von Neumann algebra is also a C* algebra, but the
converse is not in general true. An important subset of the von Neumann algebra B(H) (but not
subalgebra) is the set P of all projection operators on H. This is the set Ay mentioned above,
that represents random events in a probability theory. A normal state on B(H) is a state with the

additional continuity property

neN neN

where {P,} is an arbitrary sequence of mutually orthogonal projection operators from P. By a
theorem of Gleason® ([21],[26],[10]), every normal state ¢ is given by

¢(A) = Tr(pA), for Ae B(H), (1.6)

where p € B(H) some hermitean operator with Trp = 1, determined uniquely by the state ¢. A
special case of a normal state is the vector state, where p is a one-dimensional projector Py, given
by a vector ¢ € H,

¢(A) = Tr(PyA) = (, Ay), for A e B(H). (1.7)

Since the state® on the algebra (as defined above) can be equivalently given by density operator p,
or in a special case by a Hilbert space vector 1, the term ’state’ can be used also when referring to

p or .

1.2 Classical probability

A classical probability theory is given by a triple (€2, %, i) (the probability space), where € is the
space of individual outcomes (the sample space), ¥ is a o-algebra of y-measurable subsets, and
is a probability measure p : ¥ — R satisfying the probability axioms of Kolmogorov,

(c1) u(A) >0, forall A€ X,

(c2) p(©) =1,
(€3) 1 (Unen An) = X en 1(Ay), for any sequence {A,} of mutually disjoint sets from X.

The system of p-measurable sets represent the set random events, and form a Boolean algebra
with the operation of set-theoretic union U, intersection N, and complement C. The algebra is
associative and commutative. Impossible event is represented by the empty set, the sure event by
Q, two disjoint events (those that can not occur simultaneously) by two disjoint subsets, and if
A C B then the event B occurs whenever occurs A.

A random variable (observable) is any p-measurable function f : ©Q — R, it represents an
observable quantity in a random experiment. A distinguished subset of random variables is the set
L>(Q, %), which is the von Neumann algebra of essentially bounded measurable functions on €.
Any random variable g € L>°(2,%) define a linear multiplication operator Ly on the Hilbert space
H = L3*(Q,%,n) 7, by Lyf = gf for any f € L?(Q, %, u). This subset contains the subset P of
characteristic functions of the sets in X3,

xa(z)=1 forxe A, and xa(z)=0 forz¢&A, (1.8)

5 Actually, the theorem asserts that the most general normal state on P with the property (1.5), is given by a
density operator.

5We shall consider normal states only.

"By the Schwarz inequality, H = L*(Q, 2, u) C L*(Q, X, u).



which is the set of orthogonal projections in the commutative Hilbert space H. The projections
are in one-to-one correspondence with then subsets in X, and represent the random events. A
probability of occurrence of an event given by A € ¥ is given by the state as ¢(xa). The state ¢
is defined for any p-integrable random variable f from L'(2, %, i) by

o(f) = /Q f(@)dp. (1.9)

Due to the o-additivity of the measure, the state ¢ satisfy the condition (1.5), and it is a normal
state on H. Then the classical probability theory can be reformulated in terms of the Hilbert space
H = L?*(Q, %, 1) with the set of bounded operators from B(H) = L>(£,¥) acting on it.

If 1 is absolutely continuous measure with respect to the Lebesgue measure v on 2, then by
the Radon-Nikodym theorem [8] there is a probability density p, such that du = pdv. Then p is
the density operator on the Hilbert space H = L?(£2, %, v), since it is hermitean and

Trp:/pduz/d,u:,u(ﬁ)zl.
Q Q

Therefore classical probability is in this way subsumed into the more general framework of non-
commutative probability theory.

1.3 Quantum probability

Quantum probability is the general probability theory given by the triple (A, P, ¢), with A the full
noncommutative *-algebra (which is now represented by a *-algebra of operators on a Hilbert space),
P the subset of projections, and ¢ a normal state on A. The set of projection operators P, which
is a subset of the subalgebra of bounded operators B(H) on H, has an important role in quantum
probability, since it represents the set of random events (the quantum propositions). Moreover,
the projections determine the operator structure of all other observables, and the structure of P
determines the properties of B(?) and of the full algebra A.

The set P is a counterpart of the set of measurable subsets 3 of classical probability. For
Py, P, € P, the set-theoretic intersection becomes replaced by P; A P» (the projection onto the
intersection of ranges of P; and P5), the set union becomes P; V P, (the projection onto the linear
span of the union of ranges of P; and P5, or equivalently onto the sum of the subspaces represented
by P; and P), and the set complement is now an orthogonal complement. If P, and P» are
compatible, then P, A P, = Py P», and if they are orthogonal, P V P, = P; + P,. The impossible
event is given be the zero projection, and the sure event by the identity I. If P, < P» (i.e. the
range of P; is contained in those of P») then the occurrence of P implies Po. If Py A P, = 0, then
the events cannot occur simultaneously. With the operations A and V, the algebra (P, A, V) is no
longer a boolean algebra of classical random events, but it forms a lattice of quantum propositions.
It is associative and commutative, but in general not distributive,

PV (P,APs)# (PLAPy) V(P A Ps).
The state ¢ assigns each proposition P € P its probability ¢(P), and it has the properties
(ql) 0 < ¢(P) <1 forany P € P,
(a2) ¢(I) =1,
(@3) 1t (Vypen Pr) = 2 nen #(Pyn), for any sequence {P,} C P of mutually orthogonal projections.



These properties correspond to the probability axioms (c1)-(c3) of Kolmogorov, with the exception
that (q3) requires {P,} to be mutually orthogonal. The orthogonality of the projections P; and
Ps is a stronger requirement than the disjointness of the corresponding events, which is given by
the condition P; A P» = 0, unless the projections are mutually compatible. This is in contrast
with a commutative (classical) probability, where the disjointness of events already means the
orthogonality of the corresponding projections.

By the von Neumann spectral theorem, a general observable can be constructed out of the
projection operators. If A is an operator on H (possibly unbounded), then there exist a one-
parameter set of projections A — P(\) € P, such that

A= /)\dP(/\), (1.10)

where the integration is over the spectrum o(A) of A, and it converges in the strong operator
topology on the domain of A. Furthermore, for any bounded measurable function f € F on the
spectrum of A,

/f )dP(A (1.11)

and image of F under the mapping f — f(A) is a commutative subalgebra of the algebra of
operators on H. Restricting ourselves to this commutatlve subalgebra, we obtain an algebra of
observables of classical probability as embedded into the full noncommutative algebra of quantum
probability, with the probability measure given by the state ¢ as u(A) = ¢(P4), with

Py /A dP()),

and du(A) = ¢(dP(N)). Therefore the quantum probability can be seen as a generalization of
classical probability by transition from a commutative algebra of the random variables to the
noncommutative algebra of quantum observables.

An important difference between the two types of probability is, that quantum probability
does not admit dispersion free states. A state ¢ on A is dispersion free, if ¢(A%) = ¢(A)? for
all observables A. In a commutative algebra, the dispersion free states are the pure states, the
multiplicative states satisfying ¢p(AB) = ¢(A)p(B). In general a spectrum of algebra is the set of
all multiplicative states. Setting A = B, all elements of the spectrum are dispersion free states.
For example, given a n-dimensional commutative matrix *-algebra C,, it can be diagonalized by a
suitable unitary transformation C,, — UTC,U (applied to all matrices of the algebra). Then there
are n multiplicative states, ¢;(e;) = d;; for i = 1,2, ...,n, where e; is the matrix with the jj element
1 and the rest zero. These states are clearly dispersion free, and for any matrix A € C,, the set
{¢i(A) | i=1,2,...,n} is the spectrum of A.

The fact that there are no dispersion free states on a noncommutative algebras, does not imply
that there can be no rule, that could assign a definite outcome to any observable of the algebra. In
particular, it does not mean that there could not be any underlying hidden variables theory, that
would reproduce all predictions of quantum theory. A state ¢ on the algebra has been defined as
a linear functional on A, so for any two observables A, B € A,

#»(A+ B) = ¢(A) + ¢(B). (1.12)

With this definition, a theorem of von Neumann® shows, that an assumption of existence of a
dispersion free state leads to a contradiction. But this proof is not conclusive, since a hidden-
variables state s need not be committed to the linearity property (1.12). If the operators in (1.12) are

8This is the so called von Neumann proof of impossibility of hidden variables theories, e.g. [21].



represented by random functions fa, fp and fa4p on the hidden-state space of a hidden-variables
theory (which is a sample space classical probability theory), then f4p need not be given as f4+fp.
If the observables A and B are not compatible, they refer to two measurements that require different
experimental set-up and cannot be carried out simultaneously. In a noncommutative probability
theory, the observables do not represent the particular outcomes of an experiment, but rather
the statistical properties of the ensemble of outcomes of a sufficiently long run of repetitions of
the experiment associated with a given observable. It is then admissible to represent the sum of
averages of A and B by the sum A + B, since the average value is linear functional, and so (1.12)
gives the correct result. But since a hidden-variables theory deals directly with individual outcomes,
there is no reason that the individual outcomes of three different and incompatible experiments,
represented by fa, fp and fayp, satisfy

farB(&) = fa(&) + fB(E) (1.13)

for a hidden variable &, hence the dispersion free hidden-variables state need not satisfy the property
(1.12) of a quantum state.

1.4 The problem of measurement

Quantum mechanics is obtained from the quantum probability, if we identify observables (of a
suitable algebra .A) with observed physical quantities, and specify their dynamics. The dynamics
is given either for the elements of the algebra A (the Heisenberg picture) of equivalently for the
states on A (the Schrodinger picture). The time evolution is determined by a unitary operator Uy,
as p(t) = UgpU,;" for a density operator p, and ¥ + W(t) = U; ¥ for a statevector ¥. In particular,
the time evolution is linear. If the initial state ¥ = W(0) is given by a superposition

U =¥, + Yo,

then the statevector at time ¢ is given by the time evolved superposition W (t) = oW1 (t) + SUs(t).

Suppose we want to perform a measurement on a quantum system S, whose initial state is
described by the statevector |S). The measurement process is an interaction between the measured
system and a measurement device M. The result of measurement depend on the initial state of
the system S, but it is not necessarily a property that S possesses prior to the measurement. Let
the initial state of the measuring apparatus be |M), and let the statevectors |M;) correspond to
the different macroscopic state of the apparatus, which is directly observable by an observer O and
indicate the result of the measurement. The initial state of combined system of the measured system
and the apparatus is described by the statevector ¥ = |S) ® |M). If the quantum mechanics has
universal validity, then the quantum mechanical evolution law should apply also to the combined
system. Then the dynamics of the measurement process is governed by the Schrodinger equation,
and the combined system evolves as

U(0) = [5) @ [M) = U(t) = U(|S) @ |M)) = Z |5i()) @ [ M), (1.14)

where the vectors |S;(t)) are just the coefficients of the particular expansion of the final statevector.
We get a superposition of the final macroscopic states of the measurement apparatus. But in a real
measurement situation, the observer O always finds the combined system in a state given by only
one of the terms of the superposition. The particular results can not be predicted, but in a series of
experiments they occur with definite relative frequencies, determined on the basis of the coefficients



|S;). Therefore the linear evolution given by the Schrédinger equation, from the point of view of
the observer O, is apparently suspended at the moment of measurement, and the statevector W(t)
collapses into one of the statevectors of the superposition.

The act of observation by O is also a kind of interaction between O and the combined system
of S and M. The problem is, what is the real state of the system between the two measurements,
whether it is a superposition or a collapsed state. Suppose there is another observer O’. Since
the combined system of the measured system S, the apparatus M and the first observer O should
obey the quantum laws as well, we could apply the quantum evolution law also in this case, and
according to O’ no collapse due to O happens, the state is given by a superposition. The state
collapses with respect to the second observer O, only when O’ asks O, what was the measurement
result. Before that, according to O the measurement has a definite outcome, but for O it is just a
superposition. Therefore, the reality seems to be relative to the particular observer.

Quantum mechanics tells us, that after a measurement the state of the measured system should
be updated according to the measurement result (the projection postulate). In case when the
measurement has been carried out but results have not been recorded, the state of the system
has to be still collapsed to the corresponding mixed state. Within the subjective approach to
probability, this would correspond to the strategy of using the maximum information available
to predict the state of the system. The fact that the measurement took place, could be also a
relevant piece of information, even without knowing the result. But in a quantum measurement,
the change of the state of the system is not only subjective (updating one’s knowledge of a property
of the system independent of the act of measurement), but it is also objective. It is even possible
to determine from subsequent measurements, whether the first one took place or not, e.g. in the
double slit experiment.

If we admit that the collapse occurs upon measurement, we have the problem of determining,
what process in nature is a measurement, and what is an ordinary unitary evolution according to
the Schrédinger equation. Usually, the process is regarded as a measurement, when a microscopic
system interacts with a macroscopic system (e.g. the measurement apparatus), and it is a unitary
evolution when two microscopic interact between each other. But since no strict boundary between
these two cases is known, such a division is somewhat obscure. The theory of quantum decoherence
[23][24] attributes the collapse to the interaction of the measured system with the apparatus and
the surrounding environment with many degrees of freedom. The evolution of the combined system
is regarded as unitary at any time. When the internal degrees of freedom of the apparatus and
the environment are discarded as being uninteresting, the time evolution of the system in the
measurement situation (when coupled to the environment) become effectively non-unitary, and in
a short time period its state becomes one of the eigenstates of the measured observable. However,
decoherence still cannot explain the projection postulate, since the superfluous degrees of freedom
are discarded by tracing over them, but this already involves a collapse of the state vector (of the
apparatus and environment). Hence the apparatus measuring a quantum system shows a definite
result only when it is observed (and the projection postulate is employed).

1.4.1 The EPR experiment

A problem closely related to the measurement problem is that of the apparent non-locality of
quantum mechanics. In the early days after the discovery of quantum mechanics, it was realized,
that the description by the wave function combined with the projection postulate, though perfectly
agreeing with observations, has a sort of non-locality hidden in it. The wave function of a single
particle can be spread over large portion of space, and when an observation is made, the particle
appears sharply localized at a definite (but unpredictable) point in space. The probability of



occurrence at a specific point is determined on the basis of knowledge of the wave function. By the
act of measurement, as the wave function collapses, the probability to find the particle in the rest
of the space suddenly vanishes. This would not cause any problems, if the probabilities could be
regarded as epistemic only, i.e. if the position of particle has been somehow determined prior to
the measurement, and the measurement just revealed this position. Then there is no non-locality
in the immediate vanishing of the probability in the rest of the space. But some phenomena, e.g.
the two-slit experiment or the EPR experiment combined with the Bell inequalities, show that it
is not possible to regard probabilities in quantum mechanics as merely epistemic. If the position of
the particle is decided only at the moment of the measurement, then it is suspected, there is some
kind of non-local influence, which assures the particle does not appear yet on another place than
it actually did.

The well known thought experiment of Einstein, Podolsky and Rosen [17] shows, that if the
locality principle should be valid even for the phenomena described by quantum mechanics, then
the probabilities must be epistemic. Suppose we have two quantum systems, which have interacted
in the past, but then they have been separated, and now they are far apart and can no longer
interact with each other. The idividual systems are associated with the Hilbert spaces Hi and Hs,
and the combined system can be described by the vectors from the Hilbert space H = H1 ®Hs. The
state, described by the statevector W € H, of the combined system at the time of separation could
be the (pure) entangled one, i.e. such a vector ¥, that cannot be written as the tensor product
U =V ® ¥y with W1, ¥y € H; the statevectors of the individual subsystems. The state ¥ evolves
undisturbed according to the Schrodinger equation until a measurement take place; we denote the
statevector at the moment of measurement again by W.

Now we perform a measurement on the first system, we can measure an observable (represented
by the operator) A with eigenstates {a,}, or another observable B with eigenstates {b,}. The
actual observable, that is measured on the combined system, is A® [ or B® I. This is a quantum
mechanical expression of the principle of locality, a general observable for the first system is of
the form A ® I and for the second system I ® B. Then no measurement of an observable on the
first system can influence the statistical properties predicted by quantum theory for the second
system. Since A ® I and I ® B commute, they have the same systems of eigenvectors, which also
represent the quantum events. The statistical properties of the two observables are determined by
the probabilities assigned to these events, and it follows from the projection postulate, that they
are independent of the order of measurement of A® I and I ® B.

The statevector of the combined system ¥ can be always written in the form

\P:Zan@)wn:me@@m, (1.15)

where the vectors {1, } and {¢,} are regarded as coefficients of the expansions of ¥ into the basis
given by {a,} and {b,} respectively. If we measure the observable A and find the eigenvalue
corresponding to an eigenvector ax, by the projection postulate we can infer that the state of the
second system is described by the statevector W;. But we can also chose to measure B, then
similarly when we find by, the second system collapses into the state described by ¢g. Since both
systems can be separated by an arbitrarily large distance, by the principle of locality, the choice
between A or B to measure on the first system cannot influence the state of the second one.
Quantum mechanics does not assign simultaneous values to two incompatible observables. This
could be a consequence of an irreducible indeterminism in nature, that does not allow to tell in
advance the result of measurement in both cases’. The EPR argument against such an irreducible

9This does not refer to our actual ability to make such a prediction, but rather to whether the result is determined
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indeterminism now goes as follows. It is possible, that the two sets of vectors {1} and {¢,} form
two systems of eigenvectors of two mutually incompatible observables, A’ and B’ respectively, of
the second system. Then by choosing between the measurement of A or B on the first system,
we can predict the measurement outcome of either A’ or B’ with certainty without disturbing the
second system. Then since the measurement results for A’ or B’ can be told in advance, they must
be determined prior to the measurement.

1.4.2 The quantum non-locality

The EPR experiment can be carried out with a correlated pair of electrons or photons [8],[22]. In
the case with electrons, the measured observables are their spin orientations with respect to two
different directions. The observables for the first particle are denoted by A and B, and for the
second one by A" and B’. Using the Pauli matrices & = (01, 02, 03), (2.101), they are given by

A=i-¢®1, B=b-¢®I, A =Ixd-& B =I5, (1.16)

where the spatial vectors @, 5, a, V' determine the direction of spin measurement. The (spin structure
of) initial state of the system of two electrons is the singlet Bell state,

_ Loy - - +
v \/i(d’ ®YT P~ @YT). (1.17)
This state is spherically symmetric, it does not depend on any spatial direction. Moreover, since
(1.17) is already in the form of (1.15), we see that any measurement of spin in the same direction
always yields opposite spin orientations of the electrons.

Suppose there are some hidden variables &, that determine the result of measurement of the
spins of electrons locally, i.e. a spin orientation of one particle is predicted without any reference
to the particular observable being measured on the other particle!?. The result predicted by such
a hidden-variables theory of measurement of A is denoted by A(&), and similarly for the other
observables. the locality principle requires, that the observable A is represented by the same
random variable A(), regardless whether A’ or B’ is chosen to be measured on the second particle.
In other words, it is assumed that there is a classical probability theory, such that all the quantum
observables A through B’ can be uniquely represented by some random variables denoted by A(€)
through B'(£). If the quantum observables are not compatible, this is not possible, and the Bell
inequalities will show a possible contradiction.

The empirical correlation for measurement outcomes of the observables A and A’ is obtained
as an average value of their product,

N
1
(AA)p =5 D And, (1.18)
n=1

with A, and A/, the measurement outcomes in n-th out of N repetitions of the experiment, +1
for spin up and —1 for spin down. Both quantum mechanics and a hidden-variables theory are
required to predict this correlation. According to quantum mechanics,

(AA")q = (¢, AA'Y) = —a - @, (1.19)

in advance or not.
10 According to the classification of [21], it is a hidden-variables theory of the second kind.
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and when A and A’ are represented by their corresponding random variables A(§) and A'(€), a
hidden-variables theory predicts

(A} = [ AOAEdu(c). (1.20)
Consider the quantity
C=AA"+ AB'+ BA' — BB' = A(A'+ B") + B(A' - B'). (1.21)

When C' is represented using the random variables A(&) through B’(£), its value for any & is either
+2 or —2. Then by (1.20) the Bell-CHSH inequality follows,

{CYg| = [(AAYy + (ABYy + (BA"Yy — (BB')g| < |(AA' + AB'+ BA' — BB')g| = 2. (1.22)

A similar reasoning cannot be used for the quantum mechanical prediction of C, since unless
[A, A'] =0 and [B, B'] =0, the two terms on the right hand side of (1.21) are not observables. The
average value of C' predicted by quantum theory is instead committed to the Tsirelson inequality
[19], (C)g < 21/2. Bell showed, that for a specific choice of the directions a.b , the upper bound
can be attained, contradicting (1.21).

Now suppose that there are no hidden variables determining the results of the spin measure-
ments, but the results are nevertheless determined prior to the measurements, while still no inter-
action between the two particles is possible [25]. The experiment is carried out by measuring spin
of both particles in three coplanar directions making angle 27 /3 with each other. The measure-
ment result in the n-th repetition of the experiment is denoted A(i,n) for the first and A’(j,n)
for the second particle, where 7,5 € {1,2,3} numbers the three directions. The strict correlations,
predicted by quantum mechanics and observed in real experiments, require

A(i,n) = —A'(i,n), foranyic {1,2,3}. (1.23)

The pairs of directions (4, j) is chosen randomly in each repetition, there are nine possible choices,
and six of them with i # j. Now there are two possible cases for the n-th repetition. In the first
case, the measurement result is predetermined such that A(i,n) would be the same for all ¢ (if the
spin was measured in that direction). Then, by (1.23) and the locality principle, the results for
A and A’ are always opposite irrespective of the (i,7) chosen. In the second case, A(i,n) would
not be always the same, and there are two out of the six different pairs of directions that lead to
the opposite sign of A and A’. Therefore if i # j, the spins are opposite in at least 1/3 of the
repetitions. Quantum theory by (1.19) predicts the correlation (AA")g = 1/2 when the directions
are unequal (with the angle 27/3). This implies the probability of opposite spin to be 1/4, which
contradicts the prediction above.

The apparently only way to establish the strict correlations in spin measurements while main-
taining locality is to let the results be determined by a common cause, arising from the interaction
of the particles in the past. If this is not possible, then either the locality must be violated, or the
measurement outcomes are not a part of objective reality. In the latter case, the statevector would
always collapse only with respect to the particular observer. Hence in the above experiment, the
spin relations between the results, obtained by two observers independently measuring the spins
of the two electrons, would be established only after one of the observers communicates his results
to the other. Quantum theory is not committed to the Bell and similar no-go theorems, since it
employs the noncommutative quantum probability instead of the commutative classical one, and
it avoids most statements about results of individual experiments. Therefore quantum theory as a
description of nature is allowed to be a local theory, but it does not imply that also the physical
processes, incompletely described by quantum theory, must be local.
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Chapter 2

Trace dynamics

The basic idea of trace dynamics is to generalize classical Hamiltonian and Lagrangian mechanics for
non-commutative dynamical variables. The dynamical variables are operators on an N-dimensional
underlying vector space M, and are represented by N x N matrices. Every dynamical variable
of classical mechanics, such as position of conjugate momentum, is replaced by a matrix valued
quantity, which is nevertheless regarded as a single degree of freedom. No commutativity properties
are assumed at this stage, the canonical algebra of quantum theory should appear only as an
approximate property of a statistical ensemble. The dynamics and other physical properties is
assumed to be be invariant with respect to a global unitary transformations of the form A — Ut AU
for any U € U.

The basic elements of a trace dynamics theory are dynamical variables represented by matrices
composed either of ordinary or of Grassmann numbers. Both cases of complex and real ordinary
or Grassmann numbers are considered, but ultimately we would like to choose the reals since they
are more plausible physically. It turns out that trace dynamics gives some possibilities to recover
the complex Hilbert space of quantum theory, even when started with the real case.

2.1 Grassmann algebra

The Grassmann numbers are used to include fermionic degrees of freedom into the theory. Grass-
mann algebra is built up from products of a set of basic Grassmann anticommuting elements {e; },
eiej + eje; = 0, together with an unit element e of the algebra. The basic elements or product of
odd number of them are called odd grade (or fermionic) elements, a product of even number of
basic elements or the unit is called an even grade (or bosonic) element of the Grassmann algebra.
We denote the odd grade elements by e; and even grade elements by b;. General (either even or
odd grade) basic element is a; with its grade g;, where g; = 0 for even and g; = 1 for odd grade.
Then

{61', ej} = O, [ei, b]] = 0, [bl, bj] = 0, [6, ai} =0. (21)

where {.,.} stands for matrix anticommutation and [.,.] for matrix commutation.

The full Grassmann algebra G is finally given by linear span of the set of all Grassmann elements
over the complex or real numbers F. The field F can be viewed as (isomorphic to) a subalgebra of
G given by the linear span of the unit element e.
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2.2 Dynamical variables

The dynamical variables of trace dynamics are operators on M = GV, they are represented by
N x N matrices with elements from the Grassman algebra G. Any operator can be decomposed
into the odd grade and the even grade part. The even grade (or bosonic) matrices will be denoted
by B;, odd grade (or fermionic) matrices by x;, and odd or even grade by A; with g; its grade
(gi = 0 for even and g; = 1 for odd grade).

2.2.1 Trace quantities

The dynamical variables are operators rather than their representing matrices, hence there is an
implicit invariance of the dynamical variables with respect to the passive transformations A; —
R7'A;R, forall R € G = GL(G, N), i.e. those induced by a change of coordinates on the underlying
space M. But in trace dynamics it is assumed that the dynamics is also invariant with respect to
(global, i.e. applied to all A;s simultaneously) active transformations of the form A; — R~!A;R, for
all R € G’ € G =GL(G,N). An invariant function of dynamical variables A — F(A) = F(R"'AR)
is given by a function of the coefficients of the characteristic polynomial of A. An invariant function
which as also linear in A is function of one of the coefficients only, the trace of A. Generally, a
linear functional on the set of matrices A is given by

F(A) = F,(A) =) pl;Aij = TrpA,
i7j

where p is a matrix. For constant p the invariance requirement F(A) = F(R™'AR) yields p =
RpR~! for all R € G. Hence, up to c-number multiple, p = I, the unit matrix, and F'(A) = TrA. If p
is created from the dynamical variables using c-number coefficients only, then upon transformation
p — R7'pR, and there is no restriction on p. For trace dynamics, it is considered the case of
constant p. The traces of operators will be further denoted by bold letters,

F(A)=TrA=A. (2.2)
Therefore, in trace dynamics there are two important types of quantities, operator quantities given

by matrices 4; € A, and trace quantities (or trace functionals) given by their traces.

2.2.2 Trace identities and cyclic identities

Although there are no general commutation properties for operator quantities, some properties
arise for operators under the trace. For any two even grade bosonic matrices By and By we have

TrB1By = > (B1)mn(B2)um = Y _(B2)um(B1)mn = TrB2 By, (2.3)

but for any two odd grade fermionic matrices x1 and x2

TerXZ = Z(Xl)mn(X2)nm = - Z(XQ)nm(Xl)mn = _T‘rX2X17

m,n

and for one even and the other odd grade matrix, TrBx = TryB. This means that it is possible
to perform a cyclic permutation under the trace, but permuting an odd grade element may change
the sign of the trace,

TrA1 Ay ... Ay = (—1)9192t 9190 4y AL AL (2.4)
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Conventionally the trace quantities P are constructed such that they are real and even grade
element of the Grassmann algebra. Hence permuting an odd grade element always changes the
sign,

TrA1As. .. Ay = (—1) TrAs ... Ay A, (2.5)

Using (2.4) we obtain useful trilinear cyclic identities, denoting {.,.}+ as matrix anticommuta-
tor/commutator,

TrA{Ag, g}y = (—1)9(2H9) Ty [142(Ag,A1 + (—1)93<91+92>A1A3)} - (2.6)

= (—1)9(arF92) Ty {A3(A1A2 + (_1)gz(g1+g3)A2A1)} 7

which, when written out for bosonic and fermionic variables for the relevant (even grade) trace
quantities, become

TBy{Bs, Bs}s = TrBo{Bs, B }+ = TrBs{By, Ba}s (2.7)
TrBi{x2, x3}+ = Trxa{x3, Bi}+ = —Trx3{B1, x2}= (2.8)
Trx1{B2, xs}+ = —TrBa{xs, x1}+ = —Trxs{x1, B2}« (2.9)
Trx1{x2, Bs}+ = —Trxa{Bs, x1}+ = —TrBs{x1, x2} ¢ (2.10)

2.2.3 Operator conjugation

There is a scalar product (.,.) on the space M = GV, such that for z,y € M

(z,y) = (z, My), (2.11)

where (.,.) is the standard dot product and M the (generally symmetric) matrix corresponding
to (.,.). The operator conjugation A — A* is defined in the usual way by Riesz lemma and the
requirement (x, Ay) = (A*z,y) for all z,y € M. For the standard dot product (M = I) this
amounts to transpose and complex conjugation A — (A9)T = (A9)T irrespective of the grade of
A, which is denoted by the g superscript,

(A7) 5n = (A% = (A% (2.12)

mn —

Note that A — AT denotes always the conjugation with respect to standard dot product, whereas
A — A* is the conjugation with respect to the actual metric M.

The grade is important for conjugation of product of two matrices A" and A3, since

(A1A2) = (A1As),,, = > (AD)uk (A2)km = (=1)792 Y~ (Ag)y,, (A1), =

k k
= (=1)79 Y (AN k(A i = (-1)992 (AT AT), (2.13)
k
and in matrix notation,
(A1A9)T = (1)1 AT AT, (2.14)

hence conjugation changes sign in case of two odd grade matrices.

For a general dot product the conjugation is given by

(A" MFa,y) = (2, MAy) = (z, Ay) = (A"a,y) = (A"w, My) = (M* A"z,y),

15



A* = (M HTATMT, (2.15)
and (2.13) holds also in the general case. Upon change of coordinates
z— R 'z, A~ R'AR, M~ R"MR, A"~ R'A'R,

and the transformation preserves all adjointness properties of the matrices (with respect to the
corresponding dot products). The basis in M is chosen such that (.,.) becomes the standard dot
product. The assumed active transformations in general change the adjointness properties. Since
adjointness properties of the dynamical variables are of interest for the emergence of quantum
theory, the active transformations are restricted to unitary ones, i.e. we restrict the transformations
A+ R7'AR from the group G to its unitary (with respect to the standard dot product) subgroup
G' =U, so that A— UTAU for U € U.

2.2.4 Properties of trace quantities

The trace quantities P = TrP are chosen real and of even grade. It follows that if P = AQO, then
A and O are of the same grade.

If TrAO vanishes for all O (of the respective grade), then it implies also P = 0 as an operator.
Write P = ) C,K,, with K,, distinct c-number mononomials in Grassmann elements and C,,
their real or complex matrix coefficients, C,, € FN*N_ All K,, are of the same grade as P. For
arbitrary but fixed C), from the sum, take O = oAC;)F with « a real number for K, bosonic, and a
Grassmann element not contained in K, for K, fermionic (otherwise Kya = 0), to obtain

0="Tr (Z cnc;Kna> : (2.16)

The coefficients of the distinct Grasmann monomials K, « have to vanish separately, in particular
Cp,Cyf =0, Cp = 0, an this is true for all p giving P = 0.

The assertion still holds, if O is restricted to all self-adjoint or all anti-self-adjoint and either
bosonic or fermionic matrices. For example consider the case of all self-adjoint bosonic O. Decom-
pose P into its self-adjoint and anti-self-adjoint part, P = P*® + P%%. Since

TrPse0 = Tr(P**0)" = TrOP** = TrP**0,
TrPese0 = Tr(P**0)" = —TrOP** = —TrP**0,

the trace TrP**0O is real and TrP**?Q is imaginary, and so they must vanish separately in TrPO = 0.
Taking O = C,° for the first trace and O = iCy** for the second in (2.16), both P** and P*** must
vanish giving P = 0.

If PO is such that TrPO is real and bosonic for any self-adjoint or any anti-self-adjoint O of
either odd or even grade, then P has the same grade and adjointness properties as O. For example,
for all O self-adjoint bosonic matrices, using (2.5) and (2.13),

0 = ImTrPO = TrPO — TrPO = TrPO — Tr(PO)" = Tr(PO — OP™) = Tr((P — P1)0),
which implies P = PT, i.e. P is self-adjoint. For O anti-self-adjoint fermionic matrices, analogously,
0 = ImTrPO = TrPO — Tr(PO)" = TrPO — TrOP* = TrPO + TrPTO = Tr((P + P)0),

and since O as arbitrary anti-self-adjoint, P + P+ must vanish, and P is anti-self-adjoint.
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2.2.5 Operator derivative of a trace quantity

Let P is a polynomial constructed from the dynamical variables including an operator O. The
derivation of trace quantity P = TrP with respect to O is defined by an infinitesimal variation of
Pin O, O — O+4460, discarding the higher order terms in O, and cyclic permutation to make 6O

stand in the trace on the right,

5P
0P = Tr =60, (2.17)

which for arbitrary infinitesimal 6O gives the derivative P /dO. This definition is useful together
with (2.5), when P is a polynomial or a rational function of the dynamical variables. Rewriting

(2.17) by using matrix indices
oP
P=> (-

m,n

we get for the matrix components of the derivative

5P oP
<50>mn =50 (2.18)

According to a remark above, since we choose P such that TrP is real and bosonic, the derivative
of P with respect to an operator O is always of the same grade, and shares the same adjointness
properties as O. From (2.18) it also follows that the derivative with respect to an operator obeys
the Leibniz rule, for any two trace quantities of general functions P and Q,

0Q

ox,

5(PQ) P

Sz, Oz,

Q+P

(2.19)

2.3 Dynamics of matrix models

Let the configuration space of a system with n degrees of freedom be described by the set {g,(t)},
for r =1,2,...,n, of dynamical variables with ¢ as a time parameter. The variables are even grade
(bosonic) or odd grade (fermionic) matrices representing bosonic or fermionic degrees of freedom
respectively. The dynamics is given by the trace Lagrangian L,

L({¢-},{dr}) = TrL({ar}, {dr}), (2.20)

where L is the Lagrangian operator, which is chosen such that L is real and Grassmann even
grade. This allows us to define conjugate momentum operator p, to each ¢, of the same grade and
adjointness properties by

_ oL
pPr = E .
The variation of the trace action b
S = /t Ldt (2.21)
1

with respect to ¢, with fixed ¢,(t1) and ¢, (t2) gives
2 0L d ¢L
5S:/ Tr(—_)é,,,
t1 2 5q7’ dt 5% 1
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and for stationary action §S = 0 and arbitrary independent variations d¢, we obtain the operator
Euler-Lagrange equations

oL d 0L
2= =1.2.....n. 2.22
5(]7“ dt 6QT 0’ " o o ( )

The Legendre transformation of the trace Lagrangian defines the trace Hamiltonian function

H({g-},{pr}) as
H=Tr) pg —L. (2.23)

By variations of H with the use of the Euler-Lagrange equations (2.22),

0H = Tr Z (6177“41“ +p+ T(Sqr - pr6QT - pr(;(jr) =Tr Z (er(jr(spr - pré%") )

r s

with €, = (—1)9 is +1 for bosonic and —1 for fermionic variable. Then the Hamilton equations

reads 5 5
_ H I = €p—. 2.24
5%", 1 ‘ 5]77" ( )

It is convenient to introduce a compact notation. Set zor_1 = qx and z9p, = qi for k =1,2,...n,
and define a 2n x 2n matrix w by

p’!‘:

W = diag(Ql, Qz, ce Qn), (2.25)

where €, = Qg for r bosonic and €2, = Qg for r fermionic with

Qp = <_01 é) : Qp = <_01 61) (2.26)

For future reference, we note that the matrix w has the following properties,

2
(W )7"5 = _67“57“57 Wspr = —€pWps = —E€sWrs, E WirWts = § WrtWst = 67”5- (227)
t t

The Hamilton equations (2.24) now become

- §H
xT:;wm&xs, r=1,2,...,2n.

We use them to determine the time derivative of a bosonic trace functional A,

2n 2n
dA  0OA OA . O0A 0A oH 0A
ot (Csxf”> ) <5;U“’<sx) = TUAHE (2.28)

The last term on the right hand side is the generalized Poisson bracket. For any two bosonic trace
quantities A and B it is defined by

2n n

(AB} -3 <5A%5H) :szler <(5A B /B 5A>‘ (2.29)

oz, o, 3¢, O0pr gy Opy

r,s=1 r=
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The generalized Poisson bracket has all the properties of ordinary Poisson bracket, it is antisym-
metric in its arguments, satisfies the Jacobi identity

{A,{B,C}} +{C,{A,B}} +{B,{C,A}} =0, (2.30)

and obeys the Leibniz rule
{AB,C} = A{B,C} + {A,C}B. (2.31)

This follows by expanding (2.29) into the matrix components with the use of (2.18),

- S5 () () -(2) (2))

i,j=1r=1

and using the Jacobi identity for the ordinary Poisson bracket (extended to the Grassmann algebra)
on each term of the sum over i, j.

The equation (2.28) implies, that if A has no explicit time dependence, it is conserved by the
time evolution if and only if its Poisson bracket with the trace Hamiltonian H vanishes. The
trace Hamiltonian itself is a conserved quantity, since by assumption L nor H has explicit time
dependence. From the generalized Jacobi identity it follows, that the Poisson bracket of two
conserved quantities is also conserved, hence the algebra of symmetries form a Lie algebra under
the action of the generalized Poisson bracket.

2.4 Symplectic structure of trace dynamics

Trace dynamics has a natural symplectic structure of classical mechanics!,

the matrix components it is essentially classical mechanics. The configuration manifold M of
trace dynamics is coordinatized by the operators (matrices) ¢ = (q1,...,qn). Any curve on the
configuration manifold v : 7 — ¢(7) determines a tangent vector V,' at the point p = v(0) by its
action on a trace functional A = A({¢,}),

since at the level of

d OA d’yr i 0A d'y,q d% (5
VA= —(A 2 =Tr A.
P dT( oy)( ;8 25% dT Z( 56]r
(2.32)
Denote the coordinates of the tangent vector at the point p by {X,(p)},
dyr
X (p) = erdl(o), (2.33)
T

then we see that the action of a general vector field X on the configuration manifold M, given by
some curve v with y(0) = p, at a trace functional A at the point p € M can be written as

X|,A = Trz ( 5A> (2.34)

e

Given a vector field X (or the corresponding vector X, at the point p € M) and a trace functional
A, we can define a 1-form Fo by the action of X at the functional A by

ek (528) - E (0 ) ) -

- rij smn r)z] Qr)mn

1The case of symplectic structure of classical mechanics is treated for example in [5].
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—ZZ( ((5;56)] <5xs>mn> (gj)m) “Z< )T Z@f&”)

rij smn

where we have introduced the symbols and their mutual relation

) 0 1)
= s)mn — s)mn; 5 s)nm | = OrsOimOjn. 2.
<6xT>ji 3<$r)z‘j, (&B ) (dx ) <<5$r>ji (533 ) ) Ors 5J ( 36)

Denoting the coordinates of the form Fa at p by

SA SA
Fs = = Fs mn — | & 3 2.
AW ( 5%) (2.37)

we can infer the shape of a general differential form F' on the manifold M, and from (2.34) of a
general vector field X,

Fl =T (R0, X, =13 (%05 ). (2.38)

S T 6q7‘

The configuration space of trace dynamics is M, the tangent bundle of M is T'M, and the cotangent
bundle is T*M. The cotangent bundle of the configuration manifold is a natural space for the
formulation of classical symplectic mechanics, and it is called the symplectic space. To extend the
symplectic formulation to trace dynamics, we introduce coordinates {x,} on T*M, which split to
the coordinates {¢,} of a point on the manifold M and the coordinates {p,} of the 1-forms at this
point. The notation is the same as in previous section. The vector fields and differential forms on
T*M have the same shape as in (2.38) with ¢, replaced by x,. There is a natural projection 7 that
takes a point in 7*M with coordinates = = (¢, p) to the point ¢ on the configuration manifold M,
and its derivative m, maps T(T*M) to TM. Tt is used to define a distinguished differential 1-form
w! € T*(T*M) on the symplectic manifold 7*M. Given a point x = (q,p) € T*M, i.e. a l1-form
F =% Tr(p.dq,) € T*M, the 1-form w' is defined by its action at a vector & € T(T*M) by

Wl (€) = F(m.g). (2.39)
The form w! can be written in coordinates as
wh = ZTr(préqr). (2.40)

Given a form w € T*(T*M),
W= Z Tr(wydz,) = Z(wr)ji(‘sxr)ij = Z(Wr)ij(dxr)i%
T rij 4]

and taking advantage of the decomposition to matrix components, we can define the differential
operator § acting on the form w by

dw=>Y" Z Olews) U (day)ij A (dg)mn = Tr Y <‘;w Sy A &gs) : (2.41)

J) X
rij smn T ” rs r

Applying this result to the 1-form w', we obtain the symplectic 2-form w?,

w? = fw! —Trz<

A 5q5> =Tr> op, Adgr. (2.42)
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This 2-form has a close connection to the Hamiltonian formulation of trace dynamics. It establishes
an isomorphism between vector fields £ and 1-forms wg on T*M by

¢ wi(x) =w?(x,€), xeT(T*M). (2.43)

Denote the decomposition of the coordinates of £ and x to the ¢ and p components, & = (§4.5,&p,s)
and X = (Xg,s1 Xp,s), Where 7 =1,2,...2n and s = 1,2,...,n. Then by (2.41),

w2(€7 X) = ((5001)()(, 5) =Tr Z (esXq,sgp,s - Xp,séq,s) . (2'44)

S
This gives the mapping & wg the component representation (&4.s,&p.s) — (—&ps, €s€q.s). The
inverse mapping I : w% — & is in the ¢ and p components given by
1 1 1 1
I (We .80 We ps) = (€W o) =W g,5): (2.45)

which corresponds just to the matrix w from previous section, (2.25) and (2.26)

Given a bosonic trace functional H({z,}) = H({¢s}, {ps}) on the symplectic space T*M, its
differential is SH SH SH

SH =T s, ) =T S 26, + S=6ps | 2.46

2 (5 ) =2 (50 ) 249

and it is a 1-form on 7" M. Its image under the mapping I, I6H € T(T*M), is a vector on the
symplectic space T* M. Denoting the integral curve of this vector field by z,(t), then it obeys the
equation

z,(t) = I0H, (2.47)
or in coordinates SH oH SH
.37 .s = S v ) .r = TS S 24
(4s:55) <€ 0qs 5]95) ) ;w 0z s

If the trace functional H is interpreted as the trace Hamiltonian, then (2.48) are just the Hamilton
equations of motion (2.24). The vector field I6H is then called the Hamiltonian vector field. For a
general (bosonic) trace functional, it represents the one-parameter canonical transformations (2.56)
on the phase space - the symplectic manifold T M.

Denote the vector field associated with a trace functional A through the mapping I by XA =
I0A. Any trace functional H generate a flow ¢ — x,(t) on the phase space T*M. The derivative
of a trace functional A along this flow at the point p = z,(0) is, with the use of the definition of

2
w? (2.42),

%A({wr(t)})\o = (Xu)lpA = 0A(Xn) = &’ (Xu, Xa).

Evaluating w?(Xg, Xa) with the use of (2.44), (2.45) and (2.46), we find

" SHSA (A /H
2(Xu, Xa) = -T | —— - =
« (Xn, Xa) ' Z ‘ dqr opr  6qy Opy

r=1

) = (am),

which is just the generalized Poisson bracket (2.29). Hence the derivative of A in the direction of
the vector field Xy = IdH is given by the Poisson bracket,

XuA = {A, H}.
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The other way round, the Poisson bracket associates a vector field Xy to any (bosonic) trace
functional H by
oH 0
Xg=—-{H,.}=-T —Wrs— | - 2.49
H {#, 1 r;(él‘rwméazr> (2.49)
As a consequence of the Jacobi identity for the generalized Poisson bracket, Xy obeys the Leibniz

product rule
XH{A, B} = {XHA, B} + {A, XHB},

and the commutator of vector fields satisfies
(XA, XB|C = XpAXBC — XBXaAC = X{(A B}

for any trace functionals A, B, C. The last identity implies, that the vector fields Xy form a Lie
algebra under commutation, which is isomorphic to the Lie algebra of trace functionals H under the
generalized Poisson bracket. The Poisson bracket is independent of the time evolution generated by
the Hamiltonian vector field Xy, or more generally, of any one-parameter canonical transformation
generated by a trace functional G. Hence the symplectic 2-form w? is invariant with respect to
these transformations. It follows that also all the exterior powers of w? are invariant. In particular
its nIN-th power (which corresponds, up to a constant multiple, to the operator phase space element
volume) is invariant under canonical transformation.

For A not explicitly time dependent bosonic functional the equation of motion is
A={A H}=—-{H A}

If we define the trace quantity X, = Trj.x,, the equations of motion can be formally integrated,

) .
X, (t) = exp(—tXg)X,(0), z.(t) = 5 lexp(—tXg)Tr(j,2,(0))],
with the expansion for small £,

X, (£) = X, (0) — t{H, X, }1_o + %t2{H, (H, X, } o — éti”{H, (HL {H, X, ]} }iso + ...

Note that, up to some special cases, the evolution generated by the trace Hamiltonian is not unitary.
It is expected to become approximately and effectively unitary in statistical averages only.

2.5 Conserved quantities

Conserved quantities are of interest in statistical mechanical treatment, since they are used to
condition the statistical ensemble on their expectations. Besides the trace Hamiltonian, which is
always conserved, there is an important operator conserved due to the global unitary invariance of
L and H, the C operator, and in case of r as the infinitesimal spatial box index in a field theory
there are conserved trace Poincaré generators. These additional conserved quantities appear when
certain assumptions about the Lagrangian and Hamiltonian operators are made.
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2.5.1 The conserved C operator

When the Hamiltonian operator H is constructed from the dynamical variables with c-number
coefficients only, then the trace Hamiltonian H is invariant with respect to global unitary transfor-
mations on the underlying vector space M,

qr U+QTU7 Pr — U+prU,
the invariance of H means that

H({g}, {p:}) » B{U U} {UTp:U}) = H({g:}, {pr})- (2.50)

The conserved operator C is obtained, if we consider infinitesimal unitary transformations U =
exp(eA) with A a constant even grade anti-self-adjoint matrix, and € an infinitesimal c-number
parameter. Then U = I + A 4 o(¢) and

¢ = UTqU=q, —¢[A, g +0(e), pr—>UpU=p,—e[Ap]+o(e). (2.51)

The invariance of H implies

0H

o(e) =0H = —ETI“Z <§Z.[A, ar] + (SpT[A’pT]> + o(e).

Since 0H is of order less than e, the coefficient of ¢ must vanish. Using the Hamilton equations
(2.24) and cyclic identities under the trace,

Cdt

T r

) . ) ) . . d
0="Tr Z (pT’ [A7 Q’I’} — €rQr [A7p7‘]) =Tr Z (ET’Q’I‘pT‘ — PrQr — Prgr + ETquT’) A=—Tr Z (GTQTpr - prQr) A7

and since A is arbitrary anti-self-adjoint, the operator

C= Z (Q”Qrpr - Pqu) (252)

is conserved by the evolution generated by the trace Hamiltonian H. The operator can be also
equivalently written as

C= Z[QTva] - Z{pTW QT} — Z (xrwrsl's) 5 (253)
reB reFr rs
where the first sum on the right is over bosonic and the second over fermionic degrees of freedom.

The conserved operator C' does not change, if general transformations of the form A — R™'AR
for R € G = GL(G, N) are considered. In that case the generator A is an arbitrary matrix, and
the infinitesimal transformation becomes (2.51) with U replaced by R and Ut by R},

R=exp(eA) =1+cA+o(c), R=exp(—cA)=1—-cA+o(e).

The C operator is the Noether charge associated with the global unitary invariance. Generally,
if the trace Lagrangian L is invariant under the infinitesimal transformations,

qr = qr + €Ay,
dr — Gr + A,
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then with the use of the Euler-Lagrange equations (2.22)

0=5L=TI‘Z(§;J€AT+§(]L ) TZ(&] )

and there is a conserved Noether trace charge

J= Tr; <§;Ar> : (2.54)

In the case of unitary transformations (2.51), the conserved trace charge reads

oL
J=-Tr Z <5 [A, %‘]) = TI“Z (prAgr — prarA) = TI“Z (Prar — €rqrpr) A = TrCA,

T T T

which together with the arbitrariness of A again implies the conservation of the operator C, (2.52).

Usually, conserved quantities can be used as generators of those transformations, with respect
to which they are conserved. The conserved operator C' can be used as a generator of global
unitary canonical transformations on the operator phase space. General infinitesimal canonical
transformations in trace dynamics are defined for any self-adjoint bosonic operator G by

0G 0G 0G
r — &€, r = - ’ r = rsT 2.
0q, = ee 50, dq 552% dx, =€ gw 5. (2.55)

with ¢ an infinitesimal parameter. If ¢.(7) and p,(7) is a curve in the operator phase space
parametrized by 7 and letting € — 0 with

1 1 a.TT
E(er = g (xT(T —1—5) - 3Ur(7-)) — or’

the infinitesimal transformation (2.55) becomes

9 0G0 G DY, G

5%(7) = er(s—qT, EQT(T) = _5]9/ (2.56)

It is a Hamiltonian phase flow (2.24) parametrized by 7 and generated by the trace functional G.
We get an infinitesimal unitary transformation with the special choice

Gy = TrAC, (2.57)

for A some bosonic anti-self-adjoint operator. Inserting G, into (2.55),

dx, =€ § wrs E Wrs A § ImWmnn | =
Ts Ts o

=c Z Tr (WrswWsn€nTnA + wrswnsAzy) = €[A, z,],

s,n

where we have used the properties (2.27) of w in the last step. The resulting formula corresponds
(up to the sign which can be nevertheless included into A) to the unitary transformation (2.51) and
can be written z, — exp(eA)z,
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The infinitesimal transformation of a trace functional A generated by another trace functional
G (bosonic, even grade) can be written in direct analogy with (2.28) as

A A+6A= A+€ZTr<§xA(5 >A+_az<6$% >:A+5{A,G},

r,s=1
hence the difference and the phase flow is given by the generalized Poisson bracket as

OA(T)
or

SA =<{A,G}, = {A,G}. (2.58)

For the case of unitary transformations, G = Gy, which leave the trace functional A unchanged,
(2.58) implies
0=0A= €{A, GA}.

But this can be also interpreted as that G, is invariant under canonical transformations generated
by any A which is unitary invariant,

0Gp =e{Gp, A} =0,
and since A in (2.57) is arbitrary anti-self-adjoint, the operator C' is invariant under any canonical
transformation with unitary invariant generator (when A is anti-self-adjoint).

The generalized Poisson bracket of two generators of unitary transformations G and Gy given
by (2.57) can be evaluated with the help of (2.51) and (2.56) as

(G, Gs} = Trz 5GA 0Gs _ Z <5GA 5,2, ) =T (A, e[ ) =

ox
r rs

=Tr Zw” (Az,Xxs + zpAxsd — Az — 2, AXxg) = TrZwTS (=XAz, x5 — AXz520€6,) =

= TI‘[A, E]C = G[A,E}’

where we were using the cyclic identities under the trace and the properties of the w matrix
(2.27). The algebra of unitary transformation generators G under the generalized Poisson bracket
(a subalgebra of generators of general canonical transformations) is therefore isomorphic to the
subalgebra of anti-self-adjoint matrices A under matrix commutation.

The conserved operator C' plays a central role in the emergence of quantum theory from the
statistical mechanics of matrix models with trace dynamics as the underlying deterministic theory.
For that sake it is needed that the statistical ensemble average of C' is anti-self-adjoint or at least
with only small self-adjoint contribution. This can be achieved by assigning suitable adjointness
properties to the operators representing bosonic and fermionic degrees of freedom. If bosonic and
fermionic variables are represented by self-adjoint or anti-self-adjoint, the resulting C' is always anti-
self-adjoint. An alternative assignment is to take the bosonic (anti-)self-adjoint and the fermionic
variables arbitrary with the constraint p, = ¢;". This has of course implications for the kinetic part
of the fermionic Lagrangian Ly, r, for example it could have the form

Lkin,F =Tr Z q:_Arsq.s, (259)
r,s€F
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where A, for r,s = 1,2,...,n are constant even grade matrices. Generally the trace Lagrangian is
required to be real and bosonic up to a time derivative, which vanishes in the action integral. This
condition holds, if the matrices A, are chosen such that A}, = A, since then

. d ) d
Linp=—Tr > (T ALe) == | D af Alar | +T0 Y arALgr = Liinp + ().
r,seF r,seF r,seF

With this Lagrangian, the canonical momentum is

oL .
r = <. - Arm

p= g = 2

rel

and the resulting Hamiltonian is independent of the constant matrices A,s and so (as a function of
{¢:} and {p,}) it is unitary invariant. The bosonic part of C' is anti-self-adjoint and the fermionic

1S
CF - - Z{QSvps} = - Z {Qqu;fArs} = - Z (QSQjATS + q:_ATSQS> )

sEF r,seF r,seF
This, together with
C; = Z (Asr%"qz— + qz—Asr(Ir) )

r,seF
gives the self-adjoint part of C as
sa 1
Cit =5 (Cr+Cf) = ) [Aw 0] (2.60)

r,seF

For the special choice A,s = d,51, the C operator is purely anti-self-adjoint, and for more general
choice it can have a self-adjoint part. The trace of C' vanishes with any choice of adjointness
assignments for the dynamical variables, and the self-adjoint and anti-self-adjoint part of C is
conserved separately.

2.5.2 The conserved "number” quantities

Apart from the trace Hamiltonian, there are additional conserved trace quantities in the case, when
the Hamiltonian operator is constructed from equal number of the dynamical ¢, and p, variables.
Denote the number of occurrences of ¢, in H as ny, and the number of p, as n,,. Then from the
definition of the derivative of a trace quantity with respect to an operator,

Trngqr =ng H, Trg]I:pr =np, H, (2.61)
since each monomial with k operators ¢, yields k terms in the differential {H with respect to
variations of ¢, and this differential is obtained from (2.61) by ¢, — d¢, on the right. Then if
the number of fermionic ¢-s and p-s in the trace Hamiltonian are equal, there is conserved trace
”fermion number” N, and similarly if the bosonic variables are balanced, there is conserved trace
”boson number” Npg,

1 1
Np =Ty lanp] =Ty o, Np=5T0) {anp}=Tr) ap.  (262)
rcF rekl reB reB
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The conservation follows from taking the time derivatives,

: . . 0H oH
NF =Tr Z (qur + QTpr) = TI'Z (_(Sppr + 5qqr> = Z(_npr + an)H = 0’
rekl reF T r T

where we have used the Hamilton equations for fermionic degrees of freedom, the fact that the
fermionic variables anticommute under the trace, and (2.61). Similarly for the bosonic case,

: . . 0H JH
Np =Tr Z (Q'r'pr + quT) = Trz (éjng — (Sqqr> = Z(in — TLqT)H =0.

reF rel’ r

It is obvious, that if the numbers of ¢, and p, are balanced separately for some r, then the quantity
N, = q.pr is conserved too. Also in case of local field theories, if the numbers are balanced locally,
there are local conserved "number” charges.

In the case of complex underlying vector space and the fermionic adjointness assignment p, =
q,", the conserved trace ”fermion number” Np is the Noether charge associated with c-number
rephasings of the dynamical variables,

Pr — ezapr’ qr ew(b’-

If the trace Lagrangian L is invariant with respect to these rephasings, that is, if the number
of fermionic g-s and p-s are balanced in the trace Lagrangian, then the corresponding conserved
Noether charge is (2.54) with A, = iq,,

—iNp = —i Z <§;JZ’QT‘) = _Trzpr%“ =Tr Z qrpr = TI‘Z QT%T‘
r

rel reF reF relF

2.5.3 Conserved quantities in a trace dynamics field theory

If the trace dynamics is treated as a continuum spacetime field theory, the degrees of freedom
become labeled by composite indices r = (x#,1), where x = (xg, ¥) is the spacetime point, and [
numbers the field components. The Greek letters denote Lorentz indices, and they are lowered and
raised by the Minkowski metric tensor n = diag(1, —1, —1, —1). The Einstein summation convention
will be used, the summation over repeating upper and lower Greek indices is understood.

To deal with the uncountably infinite degrees of freedom that arise in this way, it is customary
to impose a kind of locality condition by linking the spacetime points with the field amplitudes by
a continuous and differentiable function ¢; : z* +— ¢;(z*). The continuity of ¢; gives the topology of
the spacetime to the infinite dimensional configuration space consisting of {qgu ;}zn; for all  and [.
The state of the system (field) is now given by a correlation between the variables z# and the values
of ¢;, i.e. by a surface in a finite dimensional space. The interaction between individual degrees
of freedom enters the dynamics only through the spacetime derivatives 0,¢;(x), which allows to
formulate the dynamics through the trace Lagrangian density L,

L= /dgarﬁ({ql(ac)},{Buql(a;)}). (2.63)

The variation of the action (2.21) with respect to ¢;(z), with ¢;(z) vanishing in spatial infinity,

oL oL
0S = /d4xTrZ ((Sql(x)éql(w) + Wd@m(x)) )

l
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gives the local operator Euler-Lagrange equations,

oL B 0 oL
dqi(z) Ozt 00uqi(x)

—0. (2.64)

In general any field, regarded as a mapping from spacetime to some target space T, is associated
with a representation of the Poincaré group on 7',

{a", A"} 5 S,

where a is the fourvector of a spacetime translation, A represents a Lorentz transformation, and
S acts on the field component indices. In the case of a trace dynamics field theory, {S;} is a set
of c-number multiples of the identity matrix I on the underlying vector space. Upon a Poincaré
transformation z# s 2’ = 04, 2” + a”, the field x — qi(x) becomes

() = g,z Z SO ua(0 (z — a)). (2.65)

There are conserved quantities associated with the transformation properties of the local trace
Lagrangian density £ with respect to the Poincaré transformations. The trace Lagrangian density
is required to be a scalar field (a scalar function on the spacetime), i.e. upon transformation x — 2’/
the Lagrangian density x — L(x) becomes z’' — L'(2') = L(x(z')).

If the trace Lagrangian density is a scalar density with respect to spacetime translations, the
conserved current is the trace energy-momentum tensor 7#” and the conserved charge is the energy-
momentum trace four-vector P. A spacetime translation is given by an infinitesimal constant
four-vector a*,

o s ot = ot M,

which induces the transformation (2.65) of the fields ¢; and their spacetime derivatives 0,q;,
q(z) = q(x+a) = q(x) + dvqi(z)a” + o(a)
Ouqi(x) = Ouqi(z + a) = Ouqi(x) + 0,0, qu(x)a” + o(a).
The trace Lagrangian

TrZﬁ {a(2)}: {9 (2)}) (2.66)

changes to

oL oL
ﬁ(x’(x)) = E(.%') + TI"Z <5ql(9“qla + Wa &quau) + o(a).
l

Subtracting £(z) from L(2/(x)), using the Euler-Lagrange equations, and dropping the higher order

terms in a,
oL »
auﬁa“ =Tr El 8M <(58M8Vql> a

Stripping away the arbitrary constant a,, we see that the trace energy-momentum tensor,

oL
TH = - L + Trz <58 " 8”ql> , (2.67)
1 H
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is a conserved current (with respect to p),
o, TH =0. (2.68)

The conserved trace charge is then the trace energy-momentum four-vector,
= / 3T, (2.69)

with the trace Hamiltonian H being the time component P in the chosen Lorentz reference frame,

3L
PO = [ x| -L+Tr 0 :/ S (— -H
/dx( L+ §l oo’ ql> d*z (—L+paq) = H,

since the conjugate momentum p; is defined using the 20 derivative as
oL
6doqr

The components of the trace energy-momentum four-vector can be used as the trace generators of
canonical transformations - spacetime translations, of which is the time evolution a special case.

pi(x) = (2.70)

If the trace Lagrangian density is a scalar density with respect to spacetime rotations, we get
the spacetime rotation trace generators M*” as the conserved charge. An infinitesimal spacetime
rotation is given by

ot o't =2t + R,

with 0¥ the infinitesimal rotation parameters given by an antisymmetric matrix. The rotation
induces an infinitesimal transformation (2.65) on the field components ¢;,

xpﬁ§:&mwmm@q:m@»+ammm@ﬂw—%%y S 0 () + 0(6), (2.71)

m

and their spacetime derivatives, with the use of antisymmetry of 6,,,
Mnaq(z) = haq(z) + O\Ouq ()b’ — 9;“/ Z X Oxgm () + o(0). (2.72)

The mapping S represents the action of the rotation group on the field components, and X for
wu,v =0,1,2,3 represent its generators. The trace Lagrangian (2.66) changes to

oL

oL
L(x') = L(x) + Trz <5ql5ql + M&@,ﬂﬂ) + 0(0),
l H

and after the substitution for d¢, and 60,q; from (2.71, (2.72), using the Euler-Lagrange equations,
and some computation, we get for the difference 6,£ = L(2') — L(z),

oL
O " L — Tr — | %qifs T’ — 00,, iram || -
. - 5 ( a Z q )]

Removing the arbitrary rotation parameters 6,,,, and regrouping some terms with the use of the
definition of trace energy-momentum tensor 7" (2.67), we get the conserved trace current

0, (LOM ") = 6,L = 8,

MHeB — goquB _ Baue oy oL Z Ef;fqm , (2.73)
d0,q

m
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9, M"P = 0. (2.74)

Spatial integrations then give the conserved trace charges,
MM = / d3z MO (2.75)

which are generators of the canonical transformations - spacetime rotations.

Note that the generators of Poincaré transformations (2.67) and (2.73) are both trace quantities,
thus global unitary invariant, and therefore, according to a remark in section 2.5.1, the conserved
C operator is Poincaré invariant.

2.6 Statistical treatment of trace dynamics

The deterministic evolution equation of trace dynamics gives a definite state of system at all times
t, if the state at an initial time ¢¢ is known. If this is not the case, if the knowledge of the initial state
is limited, we have to resort to statistical methods. The dynamical equations and commutation
relations of quantum theory is expected ([1],[3]) to emerge, when statistical methods are applied
to trace dynamics evolution and some further assumptions and ”low energy” approximations are
made. Although quantum mechanics is non-classical, the assumed underlying theory of such an
emergent quantum theory is essentially a classical deterministic theory, formulated in the framework
of trace dynamics. The probabilities in the statistical treatment of trace dynamics are therefore
also classical. The state of a (deterministic?) system can be equivalently given either by a point in
operator phase space at a given (e.g. initial) time slice, or by the whole graph ({¢,(¢)}, {p-(t)},t)
of the motion. The state space is therefore taken as the operator phase space ) at a given time
slice, or a spacelike hypersurface in case of trace dynamics as a field theory.

Let us assume the system has n degrees of freedom, each represented by N x N matrices {¢, }
and their conjugate momenta {p,}. Then the operator phase space can be represented by the space
0 = G¥N 2, in any case it is required to be invariant under infinitesimal shifts x, — x, 4+ dxz,.
Each operator degree of freedom x,, r = 1,2,...,2n, is expected to spawn exactly one (quantum-
mechanical) operator in the emergent quantum theory. The probability measure on €2 is estimated
through the standard maximum entropy principle methods of statistical mechanics.

2.6.1 Operator phase space measure

Since we are dealing with deterministic systems, the state space is given by the operator phase
space ). The natural measure on {2 is

dp({z:}) = [ d@)m, (2.76)

where ()5, = (Tr)mn + i(2)5,,, is the decomposition of x, into real (e = 1) and imaginary part
(c= -1
dP({z,}) = p({zr})dp({z,}). (2.77)

According to the remark at the end of section 2.4, an analog of Liouville theorem apply also for
trace dynamics, the operator phase space volume element is invariant with respect to any canonical

*Were the system not deterministic, we would be limited to the latter option only.
3In case of the real variables, € is restricted to € = 1 only.
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transformation (generated by any bosonic trace functional G), in particular the time evolution, a

Poincaré transformation or a global unitary transformation. This remains true, even when specific

restrictions associated with the adjointness properties of {z,} are imposed on the measure (2.76).
The expansion of G into components is

6G 6G 5G\"? 0 5G\' .
G =T o = (57) o =Y (52) @kn=3(52)  o)hm

mn nm mn nm

hence with the definition of the real/imaginary marker e from above and the definition of the
derivative with respect to an operator (2.17),

<5G>;n _ ea(ac,e. (2.78)

ox,

For a direct check of the Liouville theorem, consider a general infinitesimal canonical transformation

(2.55),

0G

Ty > Tp + € § Wrs =,
- 0x

with a trace functional G as its generator, which in components reads,
G\
(@r)mn > (@) + € Z €Wrs <8x3 > .

S

The Jacobi matrix of this transformation is

O ) 5 oG
J = — 5 = et O Sy Oy + € E/WT’S 7 ’
(1) ; (7. ) s O (@ Vi

and since in general the determinant of a matrix J =1+ €X is detJ = 1 + TrX + o(e),

0’G

For bosonic variables the trace is zero, because wys ((2.25) and (2.26)) is antisymmetric, whereas the
second derivative is symmetric in 7, s. For fermionic variables it is also zero, since w,¢ is symmetric,
but the derivative is antisymmetric in  and s. Hence the Liouville theorem holds in the unrestricted
case. Since with our definition of matrix conjugation (z;7)¢,, = €(x,)S,,, the determinant (2.79)
can be rewritten also as

detJ =1+¢ Z €Wrsg

rsmmne

+o(e). (2.79)

0’G

detJ =1+4¢c Y wp

rsmne

+o(e). (2.80)

If the dynamical variables are restricted to self-adjoint or anti-self-adjoint, the measure is appropri-
ately restricted to exclude the redundant elements. The m, n indices in the measure (2.76) is chosen
such, that for self-adjoint variables m > n and m = n only with ¢ = 1, and for anti-self-adjoint
variables m > n and m = n only with ¢ = —1. Since the trace term in the expansion of detJ
vanishes only by virtue of the symmetry and antisymmetry in r and s, it follows from (2.80) that
the Liouville theorem holds even with these adjointness restrictions.

Another assignment is to let the bosonic variables be self-adjoint or anti-self-adjoint, an the
fermionic arbitrary with p, = ¢. Then measure in the fermionic sector is restricted to the g,
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fermionic variables only, and the bosonic sector is as above. Since wy is nonzero (and equal to —1)
for conjugate r and s only, the fermionic part of the trace term in (2.79) becomes

0%G
—e =0, 2.81
2 Aot (281)

by the property of Grassmann odd grade numbers, and so the Liouville theorem holds for this
assignment too.

2.6.2 Statistical ensembles

The generalized Liouville theorem implies, that the phase space measure is invariant under a global
unitary transformation, and the time evolution of probability measure is given solely by the time
dependence of the probability density. If the probability measure happen to be time independent,
then p can depend on conserved quantities only. For trace dynamics, these are mainly the C
operator and the trace Hamiltonian H or the trace Poincaré generators P¥ and M* (in case
of trace dynamics field theory with Poincaré invariant trace Lagrangian). For specific operator
Hamiltonians, when the number of fermionic and/or bosonic {g.} are balanced with {p,}, there
are the additional conserved "number” trace quantities Nr and/or Np. Hence the general static
ensemble is of the form

p:p()\v CaTuaPM7/€MV7MMV7O[7NF757NB)- (282)

The operator-valued parameter A and the c-number parameters 7, £, o, and 3 are the respective
stochastic conjugate quantities. Note that the trace Hamiltonian H is already included in (2.82)
as P, and it turns out that A and C appear in p only through Tr(AC), hence we have

p = p(TeXC, 7,P*, Kk, MM aNp, BNp). (2.83)

The parameters 7, are constants of the ensemble, but 7 transforms as a covector upon a Lorentz
transformation, and similarly for x,,. The statistical ensemble is therefore Lorentz covariant.

Moreover, since the matrix elements of the operator parameter A\ are statistically conjugated
to the matrix elements of C, the tracelessness and adjointness properties of A is carried over from
C to A, ie. TrA = 0, and if C is anti-self-adjoint, so is the parameter A. If C' has dimension of
action, the dimension of ) is inverse action, and its statistical ensemble average is conjugated to be
associated with the Planck constant in the emergent quantum theory.

The ensemble averages of an operator quantity A = A({x,}) and of a trace quantity A are given
by

A, = [ Apdn. (A= [ Apdn (2.8)

There is an important observation. If A is constructed from the dynamical variables {x,} using
c-number coefficients only, the matrix structure of its average (A), is a function of the operator
parameter A only. This follows, if we make a unitary transformation z, — UTz,U of all the
dynamical variables, with U an even grade unitary matrix. The operator phase space measure
is always unitary invariant, du — dp. The assumption that A does not contain matrix-valued
constant coefficients implies A — UTAU. Since the probability density p, (2.82), contains the fixed
operator A\, we have for general U,

p({arh ) = p({UF 2,0}, N) = p({a }, UNU™). (2.85)
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The unitary transformation of integration variables with general U does not change the value of
the integral (2.84),

Fa()) = /Q Apdp s U /Q Ap({an}, UNU VU = U FA(UATHU = Fa(N), (2.86)

hence the matrix structure of Fjy is given only by the operator A. In particular [\, F4(A)] = 0, and
[Ue, F4(X)] = 0 for all unitary U, commuting with A.

2.6.3 A static ensemble

For simplicity, the Lorentz frame is chosen such that the statistical ensemble is at rest, i.e. there
is no mean spatial translation ( P* = 0 for k = 1,2,3 ), mean rotation ( J* = e¥™"M,,,,, = 0 ) nor
mean acceleration ( K¥ = M = 0 ). This allows to simplify the static p to

p=p\C,7,H ,a Np,B,Np), (2.87)

but it also apparently breaks the relativistic covariance of the statistical ensemble. However, this
will not do any harm as long as we keep the chosen coordinate frame fixed; otherwise the general
p, (2.82), should be used instead.

The probability distribution is estimated using the maximum entropy principle. The entropy

S = —(logp), = /Qplogpdﬂ, (2.88)

is maximized subject to the constraints imposed by giving the average values (C),, (H), and
(Np/F)p, together with the normalization condition (1), = 1. The maximum of the functional

F(p) =5~ 9<1>p - Z )‘Zm<0mn>p - T<H>p - O‘<NB>p - 5<NF>pv

where AT, 7, a and j are the Lagrange multipliers, is found to be

1
p= - exp (—mH — Tr(\C) — aNf — fNB), (2.89)

with Z the partition function,

Z = / pdp = / exp (—7H — Tr(A\C) — aNg — fNg) dpu. (2.90)
Q Q

The Lagrange multipliers are to be chosen such that their statistically conjugated quantities have
their prescribed average values. Depending on the specific form of the Hamiltonian, N or Nz may
not be a conserved quantity, and should be dropped, if one wants to maintain a static distribution.
The trace Hamiltonian has a secondary role to ensure the convergence of Z. It should be positive
and grow sufficiently fast in the ¢ and p variables, since the C operator is not positive definite. In
general, the partition function Z could become negative due to the fermionic integrations, but this
only sets the correct sign to the probability density after the fermionic variables are integrated out.
No constraints on the fermionic variables and/or the fermionic part of the Hamiltonian is placed
by the requirement Z > 0.

The distribution p has the usual properties as in classical statistical mechanics, appropriately
generalized to trace dynamics. From (2.82) it follows that the ensemble averages of C, H, N and
Np can be expressed using the partition function as

__510gZ __8logZ __8logZ __8logZ
<C>P - S\ ’ < >P - 87_ ) <NF>P - aa ’ < B>P - 8/8 : (291)
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2.6.4 Ensemble average of the C operator

The C' operator is always given by a traceless even grade matrix. If the adjointness properties of
the dynamical variables are such, that the C' operator is anti-self-adjoint, so is its ensemble average.
In the case when the Grassmann algebra is over complex numbers, there is always a unitary matrix
U, for which Ut(C),U is purely imaginary diagonal matrix. This matrix can be decomposed into
a product of a real positive "magnitude” matrix D and an imaginary ”phase” matrix iqg,

(C)p = UTC),U = Dies, (2.92)

. . . .2
with zjﬁzeﬁ =1 and il = —1.

The diagonal matrix Di.g is determined uniquely up to a permutation of the vector space basis.
A crucial assumption of trace dynamics is made at this point. Because of symmetry reasons - the
physics and the statistical distribution of the dynamical variables should be such, that no direction
in the underlying vector space M would be preferred among others. Therefore the ensemble
average of C is assumed to be a c-number times an anti-self-adjoint unitary matrix. This is the
most symmetric anti-self-adjoint matrix, i.e. not preferring any direction in the underlying vector
space, and determined up to unitary equivalence. Since the C operator is traceless, this assumption
also implies Trieg = 0. In other words, the "magnitude” matrix is assumed to be a c-number times
the identity matrix I, D = hl.

The matrix 7eg is composed from equal number of +i and —i, from which it follows, that the
dimension N of the underlying vector space M has to be even. Therefore (C), in the diagonal
basis becomes

n P . (41 0

U <C>pU = hie ] = hicsr, leff = (0 —i) ®IN/2. (2.93)
The notation in (2.93) is chosen in this particular way, because i will appear as the reduced Planck
constant in the emergent quantum theory, and i.g will effectively give rise to the imaginary unit
associated with the emergent complex Hilbert space*. The imaginary unit appears even in the
physically more appealing case of the Grassmann algebra over real numbers. Although an anti-
self-adjoint (now skew-symmetric) matrix can no longer be diagonalized over real numbers, we can
still obtain an analog of decomposition (2.93). The ”symmetry” assumption from above gives (up
to a c-number multiple) the condition (C)}(C), = I (unitarity) and <C>;2) = —1 (unitarity with
self-adjointness). This implies that (C), is a c-number times a skew-symmetric orthogonal matrix,
the most symmetric matrix in the sense from above. The dimension of M is even, and there exists
an orthogonal matrix O (in fact a permutation matrix), such that in the corresponding new basis
the (C), operator becomes represented by

O+ <C>p0 = h’ieffIN = hieﬁ?, ieﬁ == <(1) 01> ® IN/Q) (294)

with Iy the N x N identity matrix. This is one of a few differences between the real and complex
underlying vector space M of trace dynamics. In both cases we have

(C)p =rieth, Trieg =0, ilgier=1, ijg=—1 (2.95)

As noted above, the matrix structure of the ensemble average of any operator is a function of
a single operator, the operator parameter A of p. It follows that all operators which are ensemble

“That is why the anti-self-adjointness of C' is sought for. Then the anti-self-adjoint unitary matrix ics is preferred
in the above argument over an even more symmetric self-adjoint unitary matrix, a multiple of identity.
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averages commute among themselves, and there is a basis of M in which all averages are diagonal.
In particular the ensemble average of C' is

(€)= [ Con = hiox = Fe(), (2.96)

and all averages commute with i.g. The operator parameter acquires the matrix structure from its
statistically conjugated operator (C),, hence it is an anti-self-adjoint unitary matrix (or antisym-
metric orthogonal in the real case), which is up to a c-number multiple equal to i,

A = Aoleft- (2.97)

The ensemble average of any operator is then given by a linear combination of just two operators,
ioff and the unit operator I.

The dimension of the vector space M is N = 2K. Any matrix of an operator M on M can be
decomposed as
M =1 My +7_M_+7,M, + 1M, (2.98)

1 0 0 0 0 1 0 0
7'+—<0 O>’ 7'_—<0 1), Ta—<0 0), Tb—<1 O)’ (2.99)

or (in the case of complex M) as

with

1 1
M = 5 (o0 +03) ® M4 + 5(00 —03) @M_ + 01 @M + 02 ® M, (2.100)

where {o;} are the Pauli o-matrices,

o0 0 1 0 — 10
00:<0 1), O‘1=<1 0>, 0'2:<Z. O), O‘3=<0 _1>, (2.101)

with My, M_, My, M, M, and M some K x K matrices, and

i

1
M, = Q(Ma + M), M, 5

(M, — My). (2.102)
Denote the first two terms in (2.98) by Mg and the last two by My, = M2 so that
M = Mg + Mo, Mg =717 My +7_M_, My = 7o M, + My (2.103)

This splits any operator M into the part Meg which commutes with ¢.g and the part My, = Mo
which anticommutes with i.g,

[Meﬂ‘, ieff] =0 {Meff, ieﬁ} = 21T @ My — 297_ @ M_ = 295 Mg, (2.104)

{Mlg, ieff} =0 [Mlg, ieﬁ"] = —QiTa ® Ma + 2i7’b & Mb = —QieffMlg.
Therefore the ensemble average through i.g effectively splits the vector space M into two sectors,
in which the averaged operators act with opposite sign. The part of an operator M, which mixes

these two sectors, Mjs, vanishes upon taking the average. The anticommutator or commutator
with e can be used to form the projection M — Mg or M — Mo respectively,

1. . 1. .
Meff = —ileﬁ“{M, Zeﬁ“}, M12 = §ZeH[M7 Zeff}~ (2105)
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The projection M — Mg removes a part Mis of M which vanishes in the average over the statistical
ensemble (2.89), hence it is called the effective projection. Note that only the effective projection
Mg of M affects the trace of M,

TrM = TrMeg, TrMip =0. (2.106)

However, although the part Mis of M does not influence the ensemble average (M), nor ensemble
average of another operator A, it nevertheless contributes to the covariance of M and A,

Cov(M, A) = (M — (M),)(A = (4),))p,

since [M12A412, ie] = 0.

2.6.5 Unitarily fixed ensembles

The presence of the fixed operator A in the probability density breaks the original unitary invariance
of trace dynamics, and picks a preferred basis in which all averages are diagonal matrices. A global
unitary transformation x, — UVx,U of the dynamical variables changes the average values of
{zy}, unless U commutes with A. The assumed global unitary invariance can be viewed either as a
kind of gauge invariance, the actual physical situation does not change upon taking such a global
unitary transformation, or as a real change of the physical situation, which nevertheless has no
influence on the dynamics. In the first case it is not a priori clear, whether the integrations should
be carried out over the whole gauge symmetry group, or a unitary fixing should be introduced into
the operator phase space measure.

A unitarily fixed phase space measure d is given by the decomposition of the unfixed measure

dp,

dp = d[UdJ, (2.107)

with d[U] the Haar measure for integration over a given subgroup of the full group of global
unitary transformations. The fixed averages are then evaluated with this subgroup factored away
from the integration measure. It can be for example carried out by picking one or two dynamical
variables, and restricting the original integration measure du and the integration range €2, such that
these dynamical variables are fixed and not integrated over. The fixed probability density p and
the fixed averages may depend on the particular selection of the variables, whose overall unitary
transformation is fixed in the integrations.

The equation (2.86) admits that the unitarily fixed averages may involve constant matrix coef-
ficients commuting with the subgroup, which is not fixed in the integration. If this subgroup was
taken to be the whole group, i.e. the measure was completely unitarily fixed, the matrix structure
of unitarily fixed averages would no longer be a function of A only, but it could involve arbitrary
constant matrix coefficients. If only the subgroup of all those operators that commute with A is
fixed, then all terms in p, including TrAC, are invariant with respect to a global unitary trans-
formation x, + Utax,U for any U from this subgroup. Hence the unitarily fixed average of an
operator A (constructed from the dynamical variables using c-number coefficients only),

/A Apdj, (2.108)
Q

is the same as the unfixed one,

/Apd,u:/Apd[U]dZZ, (2.109)
Q Q
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unless A contains the variables x ¢, on which the unitary fixing is performed.

The derivation of Ward identities in the next section requires the possibility to make arbitrary
shifts of selected integration variables x,. When unitary fixing is employed, the fixed variables x s
have to be chosen to be different from the variables x, in the Ward identity (2.116). Therefore
the unitary fixing can affect only the average values of those operators, which involve the variables
zy, such as the ’global’ operators C, H or Np,p. It is nevertheless assumed by [1], since the
fixing is performed on one or two variables only, that the unitarily fixed average of the extensive C
operator is assumed approximately unchanged. Moreover, the ensemble average of the C' operator
is a more physically fundamental quantity than its statistically conjugate operator A. Therefore
(C), should remain unchanged by the fixing, and from symmetry reasons, the A parameter should
then be unchanged too. By (2.109), any trace of fixed average of an operator is the same as the
trace of unfixed average, and independent of the choice of the variables x ;. In particular, the trace
quantities H, N and Npg are preserved by any unitary fixing. As a result, the above unitary fixing
has not any significant effect on the statistical properties of the trace dynamics matrix models, and
it will not be considered further.

2.7 Ward identities

The quantum-theoretic behavior is expected to be an emergent property connected with statistical
averages of the dynamical variables over a suitable ensemble. We are interested mainly with the
time evolution law of the ensemble averages of x,, and with the ensemble averages of two point
correlations of the form (x,zy),.

For future convenience, let us introduce sources j,. into the statistical ensemble distribution
density (2.89),

1

pj = 7 exp <—7‘H — Tr(AC) — aNg — fNp — Tr Z%%) ) (2.110)
T

with Z; the partition function with sources,

Z; = / pjdp = / exp <—7'H — Tr(A\C) — aNg — N — 'I‘ijT:cr> du. (2.111)
Q Q -

This allows to express the ensemble average (x,), of a dynamical variable x,, the coefficient of j,,
by taking the derivative of Z with respect to the operator js, and setting all sources to zero, j — 0,

(x5)p = (Ts)pso = <5Zj>j:0. (2.112)

0Js
The Ward identities are based on the possibility of making an infinitesimal shift® z, — x, + dx,
of the integration variables {z,} in

/Q Az D Zipi(1 A, - Lo Ddu({a}) (2.113)
without changing the value of the integral. Since the integration measure dy is invariant with
respect to this shift, the difference of shifted and the original integral gives

0= [ 1AZp)) (e + 6ar) — (AZypp) (oD e ) = [ > (‘“AZ’%) dp. (2114)

Ts

5As always, assuming all §z, of the same grade and adjointness properties as ;..
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The variation dzs of x, is arbitrary, hence we obtain the equations,

/ Wdu =0 (2.115)
Q Ls

for all s = 1,2,3,...,2n. Using the Leibniz property (2.19) of the derivative with respect to an
operator, and dividing out the nonzero Z; factor which appears in both terms, we can rewrite the
equations (2.115) to obtain the general Ward identities,

OA L adlelZipi)\ (2.116)
0x, 0x, o

These identities can give us an information about the statistical properties of our system for some
suitable choices of A.

2.7.1 Variation of sources

Inserting a particular trace functional A into the general Ward identity (2.116), and evaluating the
derivatives, we obtain an expression of the form,

(D + A wurdr)p; =0, (2.117)

where Dz, denote all terms not containing the sources {j, }, and it depends on the particular choice
of A. We now use the sources to extend this identity further. Such an extended formulation of
Ward identity is of interest for the argument of emergence of quantum theory. By variation of the
sources before setting to zero, it can be arranged that (2.117) holds even when inserted between
two polynomials® in the dynamical variables S;, and Sg before taking the zero source average,

<SLDJ}USR>p =0.

This is an average of an operator quantity, and it is convenient to contract the two open matrix
indices by multiplying by an arbitrary matrix denoted by ¢4, and taking the trace. By picking a
suitable value for ¢7,, it is always possible to recover any matrix component of the original operator,
hence also the entire matrix. So multiplying (2.117) by dj, and taking the trace,

<Tr(5juD:nu) —A waTr(chujT)> = 0. (2.118)

Pj

The result can be multiplied further with the nonzero bosonic c-number Z; to rewrite (2.118)

equivalently as an integral
Tr(8j,Dx,) — A waTr((Sjujr)] exp (—TH — Tr(AC) — aNg — fNp — Tijra:r =0.
T T

J
(2.119)

Now we perform independent sequential variations of all the sources {js} corresponding to the
dynamical variables {zs} contained in the polynomials Sy, and Sg (due to additivity, it is enough to
consider monomials only). Each variation yields a bosonic c-number term Tr(é(k) Js Ts) multiplying
the rectangular bracket in (2.119), with s = k; the index of a desired x4 to appear in Sy, or Sk, and

5But not entirely arbitrary, there are some restrictions.
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i labeling the variations (which are all distinct and independent). In such a way, fori =1,2,...,m
with m the number of factors in S and Sy, we get

/Q(Tré(l)jklxkl)(Tr5(k2)jk2$k2) o (Te6 Gy x, ) (Te6j, Diy) exp ( - —=Tr ZijT> . (2.120)

If s = k; in the 7" step is such that wy, # 0, i.e. the operator x, is canonically conjugated to z,,
there appears an additional term under the integral sign,

(Tr6 ™ jgy ) (Trd ™1, ) (@ p, ATr(85u0M i, ) exp ( o TrZW) ‘ (2.121)

After performing all the variations, setting all sources to zero, and dividing by the Z; factor, we
obtain

m
<(Tr5<1> Jrea ) - (T80 g g, ) (TrdjuDay) + Y wurbfA T (Trs® jkl:ckl)(Tréjuéjki)> = 0.
i=1 Liky#i o
(2.122)
Now we strip away the arbitrary §() Jk, and 07, in such a way that resulting matrices xj, become
linked in the appropriate order to create the desired structure of the regular term Sy Dx, SR,

Z Tr((s(l)jkilxkl) s Tr(é(l)jkz“mﬂ)Tr(5juDl'u)Tr(5(l+1)]kz+1mkz+1) Tr(5(1+r)jkz+rxkz+r)7 (2'123)

with [ and r the numbers of matrices in the monomials Sy, and Sr respectively. The sum ranges
over the subset of (I +r + 1)-tuples of source matrices which is needed to reconstruct the desired
matrix structure. In this process the superfluous terms (2.121) on the right in (2.122) yield a similar
structure as (2.123), but in each of them the factor with Dz, is missing, and in i*" term the factor
T‘r(é(i)jki:ﬁki) become substituted by Tr(85,0® j.),

Z Tr(d ]klffkl) ATr(wukidjué(i)jki) .. .Tr((s(l)jkl:nkl) 1 Tr(5(l+1)jkl+1:nkl+l) o Tr(5(l+r)]'kl+r$kl+r)-

(2.124)
This results into a term of the form of the regular term Sy Dz, Sg, in which the operators Dz, and
xy, are removed, and the operators between them are contracted into a trace, we denote it as

SL,EI-SR or SiS

R (2.125)

depending on whether xj, comes from Sy, or Sg. A closer examination of the influence of fermionic
variables, when stripping away the graded source matrices from the regular and superfluous terms
(2.123) and (2.124), shows, that an odd number of fermionic variables between Dz, and xzy, causes a
relative change of sign with respect to the regular term, otherwise the relative sign is left unchanged.
Having in mind all these facts, we introduce a shorthand expression for the superfluous terms

Y wwA(SLDz.Sr)s= Y tww A(S, 2SR+ Y Fwu, JA(SLSpp) (2126

veESLUSR ’LCCk €Sy, ]xk ESR

where v is an index going through all occurrences of all the dynamical variables in Sy, or Sg, and
the possible sign changes are understood to be included. In this way the extended Ward identity
becomes,

<SLDxuSR+ > wuvA(SLDa:uSR)g> =0. (2.127)

vESLUSR o
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From (2.123) and (2.124) it also follows, that the source variations can be used to create the
structure Sy Dz, (TrSt)Sg, with S = TrSr the trace of a monomial in the dynamical variables
(extension by additivity to a polynomial is straightforward). The Ward identity (2.127) then
becomes

<SLDxuSTSR + Z wm,A(SLDacuSTSR)g> =0, (2.128)

veSLUSTUSR P

where the index v belongs to a variable z, from Sp,
ST =21 ... XTpXpg1 - -« Tltrs
and the shorthand notation means that (for v € Sp)
(SLDxySTSR)s = £SLwi41 . . - Tpgr 1 ... SR

Hence the trace is opened at the place of x,, and inserted into the regular term instead of Dx,,
discarding both Dz, and x,. The sign is determined as above according to the number of fermionic
variables between Dz, and x, in the regular term. By additivity this construction is readily
extended from monomials to polynomials. Note that the polynomials Sr, Sp and St may even
involve constant matrix coefficients. From the definition of the derivative of a trace with respect
to an operator, it follows that the sum over indices v € Sy in (2.128) is given simply by

5St
; (SLDxuSTSR)s = Y SL 50 S (2.129)
v T v

where v on the right hand side sweeps through all distinct variables z, used to construct St, instead
through all occurrences as before.

In addition, if we define DS for any polynomial S in the dynamical variables by the Leibniz rule,
D(z1x9...%m) = Dr1xs. .. Tm + 21 D29 . .. Ty + - + 2122 . .. D2y, (2.130)

then the Ward identity (2.128) can be extended further to

<SL DS StSg + Z Z wuvA(SLSgSTSR)@> =0, (2.131)

ueS veSLUSTUSR p

with the index w going through all occurrences of all the dynamical variables z,, used to create .S,
the corresponding x,, from S now being picked to be Dz, in (2.127), and the remaining variables of
S included in the left or right monomial in (2.127). This extension follows from additivity and the
possibility to include the extra variables from (2.130) into Si or Sg. No additional contribution
to the superfluous terms in (2.127) appears, since for any two z,, and z,, from S (even if they
happen to be canonically conjugated, i.e. wy,u, # 0), the contribution to (2.121) is

Wuquz H (Tr(s(l)jklxkl)(Tr(sjméj]w)+wu2u1 H (Tré(l)jkzxkz)(Tr&juzéjh)' (2.132)
Lk #u I:kj7#us

The conjugated variables x,, and x,, can be either both fermionic or both bosonic. If they are
fermionic(bosonic), wey,q, 18 symmetric(antisymmetric), and the products in (2.132) are antisym-
metric(symmetric) in the indices u; and wug, hence the two terms always cancel each other.
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2.7.2 'Trace dynamics Ward identities

A choice for A in the general identity (2.116), suggested by [1] and [3] as the relevant one for
the argument of emergence of quantum-theoretic structures from the statistical thermodynamics
of trace dynamics matrix models, is

A=A{Cieg}W, A =Tr({Cia}W), (2.133)

where W is a bosonic operator constructed from the dynamical variables. For specific choices of W,
the Ward identity (2.116) is expected to yield the canonical commutation relations, the Heisenberg
evolution equations, and general unitary canonical transformations of the emergent quantum theory.

Using (2.104) and (2.106), the trace quantity A, (2.133), can be written also as
A =Tr ({ier, CIW) = Tr ({Gegr, W}C) = 2T (et Co Wesr) - (2.134)

We now proceed to evaluate the general Ward identity, (2.116), for A and the probability density
with sources pj, given by (2.110). According to the definition of the derivative with respect to
an operator, we first consider the variations d,, of A and log(Z;p;) with respect to same type
variations of x,. For the first term in (2.110),

80, A = Tt ({iegr, W85, C) + Tt ({iegr, O} W) . (2.135)

The variation of the C operator is

0z, C = 0y, (Z waba:amb> = Zwmda:ra:a + WarZads,, (2.136)
ab a

hence by cyclic permutations and the properties of wys, (2.27), the first term in (2.135) becomes

Tr ({ier, W}02,C) = Tr Y (War [{icsr, W}, 2] 65,) (2.137)

a

For the second term in (2.135), we write the W operator as

W = ;xllfa:lg TR (2.138)

where x;x is the i factor of the k' term (a monomial with ny factors) of the expansion of W into
a polynomial in the dynamical variables {xs}. Then its variation is

Nk
O, W = Zk: Zl oy e Opap)ag ooy = ; WH sz, W, (2.139)
j:

with W denoting all nonzero (those for which l;? = r) terms indexed by the composite index
| = I¥ standing on the left, and W the corresponding terms on the right from éz,.. Then by cyclic
permutation,

Tr ({iesr, C}02, W) = TTZ (GZWTRZ{C, ieff}WTLlémr> . (2.140)
]
This gives
JA . o o
Sy = 2 ar [{fem W}zl +§ljezWT {Cier}WH. (2.141)
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The second term in (2.110) is a derivative of
log(Zjp;) = —TH — TrAC — aNp — fNg — Tr Y _ joz,, (2.142)
S

and we have for the variation of the first and the last term,

oH . .
0z, H = Tr(s—émr, 0y, Tt ;jsi's = Trj, 0y, (2.143)

Ty

It is convenient to rewrite the ”fermionic number” trace quantity Ng as

1 1 1
Np = *TrZ[q“pr] = *TI'Z(qrpr —Prgr) = 9 Z QapTaTy, @ =(0,...,0,0p,...,Qp),

2 2
reF reF a,beF
(2.144)
and the ”bosonic number” trace quantity Ng as
1 1 1
NB = §TIZ{QT7PT} = §TI'Z qrDr +p7‘QT’ = 5 Z ﬁabxaxba ﬁ = (_QFJ sy _QF7 07 v 70)7
rel rekF a,beF
(2.145)
with notation of (2.25) and (2.26). Then the variations of Nz and Np are
1
0, Np = §Trz (QarZadTy — QpaTadxy) = Trz QarTadOTy, (2.146)
a a
1
0., Np = §Tr Z (Barxadr + Praxqdx,) = Trz BarTadTy, (2.147)
a a

by antisymmetry of @ and symmetry of 5. Collecting (2.141) and (2.143) through (2.147) together,
we get the relevant term of the general Ward identity (2.116),

/H
. Rly: Ll
;War [{Zeﬁ"a W}7 xa] +; EZWT {'Leffy C}Wr —A <T5$r + ;Wrs[)\v xs] + ; (aaar - Bﬂar) $a> 5

(2.148)
which becomes zero when averaged over the statistical ensemble with sources given by the distri-
bution (2.110). It can be further simplified multiplying by w,, and summing over r, to finally get
the identity,

r

<[{ieg, W, ) + ZquWﬁl{ieH, C}WTLZ + (—Td;u + e[\, Ty) + Yuy — Zwurjr> A> =0
p;

Ir

(2.149)
with A given by (2.134), since

. oH - F _ B
Ty = Wy Sz’ WyrWrs = —€rWys, WyurOlgr = &y Wurﬁar = —€u>
r
r r r r

with the notation e/”? = +1 for z,, a fermionic/bosonic g, BB = 1 for 2y a fermionic/bosonic
D, 55 /B — 0 zero for x, not being a fermionic/bosonic variable, and

Y = ael, — Bef. (2.150)
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Denoting all the terms not containing sources inside the average brackets in (2.149) by Dz,

Dz, = Hieffa W}7 xu] + Zwurelwﬁl{ieﬁ?a C}WrLl + (_Tjju + Eu[)\a xu] + Vuxu) Tr({ieffa Ceff}Weff)a
Ir

(2.151)
the basic zero-sources Ward identity (2.149) becomes

(Dzy)p =0, (2.152)

and with the definition of DS, (2.130), from the extended Ward identity (2.131) we obtain,

(SE({e DS (e SR ({ar )y = — <Z 3 omA(SL({m})Dsa({xT})sR({xr})>a> ,

u€S vESLUSR 0
(2.153)
for any polynomials S, Sy and Sg in the dynamical variables with c-number coefficients. Moreover
with the restriction, that S does not contain any variable conjugated with some variable in Sg or
St, the Ward identity reduces to

(S({zr}) DS({2r}) Sr({zr})), = 0. (2.154)

Ward identity for effective variables

As noted above, the zero source average of any operator constructed of dynamical variables (here
also the integration variables) using only c-number coefficients is a function of the constant operator
parameter A, and for that reason [\, (x,),] = 0. Then the term €,[\, z,] in (2.149) vanishes in the
average over the zero source ensemble, and we obtain the identity

<[{¢eﬁ, W]+ wure W C g yWH + (=7 + yu) A> =0. (2.155)
P

lr

Since i commutes with A (as being also its function with c-number coefficients), the zero source
average already involves the effective projection. Hence the identity (2.155) without sources could
be equally well written in terms of the effective projection of the dynamical variables,

<[{¢eﬁ, Wer }, Tuest] + § Wyr €] (Wﬁl{c, z’eff}WrLl) T (—Tdye + %xueff)A> =0. (2.156)
€
Ir p

Although the term with commutator €,[\, =, | vanishes in the basic Ward identity (2.152), in general
it does not in the extended one (2.153).

The commutator €,[A, z,] can be completely removed, if we consider the effective projections
of the variables x,0g instead of the variables x, themselves. Apart form the vanishing of €, [\, x,],
the effective variables z,.q obey the same Ward identities as z,. This can be seen, if we first take
the effective projection of (2.149) using (2.105) prior to the variations. Then we get

.e >We ) Lue: ur (WRZ 07 .e WLZ) - 'ue utuefl — ur .re A =
<[{'Lff ), ﬁc]+zl;w e (WO, deg } WV, eH—i— TEyeff + YuTLueff Z:w Jreft

Pi
(2.157)
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which (up to the sources) is the basic Ward identity (2.156), equivalent to (2.155). Starting from
(2.157) instead of (2.149), and performing the variations with respect to the effective projections

jreft Of the sources in the same way as before, we eventually arrive at the extended Ward identity
(2.131), but with Dz, (2.151), replaced by D

Toeff ?

Dxye = [{ieffa W}a xueff] + ZWUTEZW:%Z{C, Z.eff}WrLl + (_Tl.'ueff + ’Yuxueff) Tr({ieffa Ceff}Weff)-
Ir

(2.158)
The only difference in the derivation leading to (2.131) is that the variations are performed with
respect to the effective projection j,..g of the sources j,.. This brings only the effective projection
Treff from the exponential, since

Trjrxy = Trjref Tret + Jr12Tr12-

Hence the extended Ward identity holds for the effective variables x,.¢ as well,

<SL({xreﬂ})DS({xreff})SR({xreff}»p = _<Z Z wuvA(SLDSaSR)ﬁ> ) (2.159)

ueS veESLUSR o

with DS({z,et}) given by the Leibniz rule (2.130) with Dzyeg in place of Dx,,.

2.8 Consequences of Ward identities

The trace dynamics Ward identity (Dz,), = 0 with

Dx, = Hieffa W}7 xu] + ZquElWﬁl{ieﬁ, C}WrLl + (*Tiu + €u[>\, xu] + r}/uxu) Tr({ieffa Ceﬂ}Weff)a
Ir

(2.160)
(2.152) and (2.151), evaluated for the simplified static ensemble (2.89), already suggests the possible
emergence of quantum theory in the trace dynamics framework. However, some rather stringent
conditions are to be met before the structure of quantum theory could actually appear. There are
still some disturbing superfluous terms present in (2.160), namely the last three terms on the right,

(—=Tay + €u[A o] + Yuxy) Tr({iefr, Cor } Wesr)- (2.161)

The argument for emergence of quantum theory of [1] and [3] requires these terms to effectively
vanish. Therefore some additional conditions on trace dynamics are to be found, that would allow
to make these odd terms vanish, or at least negligible with respect to the other terms. This has
to happen even when inserted between any two polynomials before averaging over the ensemble.
Since all the superfluous terms come from the variation of the probability density, such conditions
could be satisfied by some kind of rigidity of the distribution, i.e. that it changes little when the
x, are varied. First the suggested conditions, assumptions and approximations are reviewed, and
the consequences of their validity are drawn. Then some consistency issues associated with the
possibility of imposing such assumptions are discussed.

The conditions and approximations suggested by [1] and [3] are:

1. The quantum field operators are expected to emerge from the effective projections x,.g instead
of the z, dynamical variables. This cancels the commutator [\, z,], even if it is inserted
between any two polynomials and then averaged over the ensemble. Further reasons for
making this assumption are given below.
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2. There can be such an underlying trace dynamics theory, that the term 7&yog Tr ({icf, Coft } Wesr)
can be made approximately zero with respect to the other terms. It is supposed that the z, g
variable can be split into a slow and a fast part. The fast part is expected to be effectively
unaccessible to observation due to its rapid fluctuations, and/or its time derivative vanishes
due to the disjoint operator phase space supports of &, and of the C operator. The slow part
of & efr 18 expected to become effectively suppressed by the parameter 7, which is assumed to
be small.

3. The coefficient =, is set to zero. It effectively removes the condition on the average values of
Np and Np. This is supposed to correspond to approximately zero ensemble averages of Np
and Np. If Np (or Np) is not a conserved quantity, it is dropped anyway.

4. The extensive conserved C' operator in the second term in (2.160) can be replaced by its
average value (C), = hicg, and its fluctuations over this average can be neglected.

5. The properties of the underlying trace dynamics theory allows to drop the terms on the right
hand side of the Ward identity (2.159), hence the Ward identity approximately holds when
Dz, is inserted between arbitrary polynomials S and Sg in the dynamical variables.

2.8.1 The emergence of quantum-theoretic structures

Taking granted that the underlying trace dynamics theory can be made such that the above as-
sumptions are satisfied, and unwanted terms in (2.151) vanish or become negligible, we evaluate
some of its consequences. With these assumptions and (2.134), the Ward identity (Dz,), = 0 with
(2.160) becomes

<SLDxuSR>p =0, Dz, ~ 2 [iefFWeffa xu] +2 Zwurﬁlwﬁlieﬂ"ceffwfl? (2162)

Ir

up to some restrictions for any two polynomials Sy, and Sk in the dynamical variables, and

(Sp.Dx,SR), ~ —< > wMA(SLDxuSR)5> , (2.163)
veESLUSR p

in the general case without any restrictions. With the assumption, that the conserved C' operator
can be replaced by its average value (C), = hicg, Dz, in (2.162) simplifies to (by going back from
(2.140) to (2.139))

Dy ~ 2 [iof Wett, 7u] — 210 Y wureWIWH = 2 [iegWegr, 2] — 20w (2.164)
T

Ir

W
ox,

Canonical commutation relations

Specializing the operator W to o,z,, where o, is an auxiliary odd grade c-number”, and even grade
unity otherwise, (2.164) becomes

Dz = 2 [l 00 Tpefts Tu] — 2wy 0yp. (2.165)
Stripping away the auxiliary o, and reordering, the basic Ward identity gives,

<[xua ieﬁwveﬁ]_eu + heuwuv>p ~ 07 (2166)

"Its purpose is to make W even grade, if x, is fermionic.
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which is the same as with the effective projections of the dynamical variables x,, and x,,,
<ieff [mueﬁr, "Eveff]ieu + heuwuv>p ~ 0. (2.167)

But only the latter expression allows us to pull the i.g matrix out of the commutator, even when
inserted between two polynomials S7, and Sg, and averaged over the statistical ensemble,

<SL([xueffv xveff]feu - Z.effhfuwuv>S’R>p ~ 07 (2168)

where 7. has been included into Sy. With the restriction on the polynomials S; and Sk not to
contain the variable canonically conjugated to x,.s, this equation implies that the averages of the
effective dynamical variables z,.g satisfy the usual canonical commutation relations of quantum
field theory in a weak sense. This is one of the reasons to suggest the identification of the dynamical
variables in the emergent quantum theory with the effective projections {z,.g} of trace dynamics
variables, rather than with the dynamical variables {x,} themselves.

It is convenient to introduce the notation
S
A% B,

when the operators A and B become approximately equal, when inserted between polynomials S7,
and Sg, and averaged over the statistical ensemble, with the polynomials Sy and Sg restricted to
not contain any variable canonically conjugated to some variable used to construct A or B. With
this definition, (2.168) is rewritten as

pS .
[xueﬁfyxveff]feu ~ Zeffheuwuv- (2169)

Expanding the compact notation using the definition of the w matrix, (2.25), for bosonic variables
we obtain

pS PSS PSS
[qreffapseff} ~ leﬁhérsa [QTeffa(ISeﬂ] ~ [preffapseﬁ] ~ 07 (2170)
for fermionic variables,
p)S . P,S p,S
{QTeffypseff} ~ Zeffh67“57 {QTeffa(JSeff} ~ {preﬂypseff} ~ 07 (2171)
and for mixed bosonic and fermionic variables,
P,S ,O,S p,S
[QTeff;pseff} ~ [qreffa QSeff] ~ [preffapseff] ~ 07 (2172)

since no fermionic variable is canonically conjugated to any bosonic one.

The operator i.g has the role of the imaginary unit ¢ in the complex Hilbert space of quantum
theory. It arises naturally, even if the underlying vector space of trace dynamics is taken over real
numbers. In that case, iog is an antisymmetric matrix with vanishing trace, and igﬁ = —I. Due to
the tracelessness of 7o, there appears no contradiction when taking the trace of the relation

pS .
[%‘efﬁPreﬁ] ~ Zeffha (2173)

in spite of the fact that the matrices g..g and p,e are finite dimensional. But due to the restrictions
on Sy and Sk, the commutation relations cannot be used freely as in ordinary quantum theory.
There is an example [1] of a possible contradiction. When we evaluate the expression ¢?p? + p?¢® —
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2gp*q for a canonically conjugated bosonic pair ¢, p using the commutation relations (2.173) for
q = Qreff aNd D = Py, We oObtain

p,S
a’p® + p*¢* — 2qp°q = qlq, plp — pla. pla + qpla. p] — [a. plpg = —21?, (2.174)

which is not consistent with the vanishing trace of the left hand side. The suggested resolution [1]
to this apparent contradiction is to enlarge the underlying vector space by taking N — oo in such
a way that the cyclic permutation under the trace ceases to hold. But this would lead to entire
breakdown of trace dynamics formalism, as it heavily relies on this property. Since the condition
on S; and Sk not to contain a canonically conjugated variable to at least one variable in the
commutator is violated in (2.174), it would seem that the contradiction is brought in by unjustified
using (2.173) for the last equality in (2.174). However, a more precise calculation with the use of
(2.163) points rather towards some consistency issues with the approximations made in getting to
(2.164). This point will be discussed in more detail below.

Heisenberg evolution equations

Specializing W to the operator Hamiltonian H and using the effective projection of dynamical
variables, (2.164) implies,
D$ueff ~ 2ieff [Heffa xueff] - 2h¢ueff7 (2175)

where the i.g operator can be pulled out of the commutator due to the commutativity of i.g
with Heg. It is further assumed that Heg({x,}), the effective projection of H({z,}), can be
effectively represented as a function of the effective projections {x,eg} of the dynamical variables
only, Heg({xyerr}). This approximation is being justified by the hypothesis, that quantum theory
emerges only as a low energy approximation to a more complete theory, and in this low energy
regime the non-effective components {x,12} of the dynamical variables do not make a significant
contribution to the dynamics. This assumption enables us to use the Ward identity with the
effective projections Zyes, (2.159). It tells us, that Dx,eg is approximately zero when inserted
between S, and Sg (regarded as functions of {z,..g} with the usual restrictions not to contain the
canonically conjugated variable to ), and averaged over the ensemble. In this way we obtain
the effective Heisenberg evolution equations for g,

. 0,5 1 . .
Tyeft ~ %ﬂ [(Heft, Tuet]  0or (S (Adueft — Gest [Heft, Tuet]) Sr)p = 0. (2.176)

Let S = S({xyerr}) be an arbitrary polynomial in the effective dynamical variables. The operator
DS is defined using the Leibniz rule by (2.130). Substituting Dz g from (2.175) into the expansion
of DS, and using the Leibniz property of the commutator and time derivative in (2.176), we obtain

S %ﬁ [Hep, S| or  (SL, (hituet — iett [Hetr, S]) Sr), ~ 0. (2.177)
Note that this is the case when the Ward identity (S;DSSg), = 0 holds without any restrictions
on the dynamical variables used to construct S. Therefore any operator function of the dynamical
variables, up to the approximations considered, obeys an effective Heisenberg evolution law of
quantum theory. Moreover, by choosing S = Heg, we learn, that the effective Hamiltonian H.g is
conserved under the time evolution it generates, as required for consistency of its interpretation as
an effective Hamiltonian.
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Given a value of a dynamical variable z,cg(to) at the time ¢p, its value at the time ¢ is

S
Zuerr(t) % U (t = t0)Zuetr (to)Uert (t — to), (2.178)

with the effective evolution operator Ueg given by

Ustt(5) = exp <—Z;’fsﬂeﬁ> . (2.179)

This is readily verified by taking the time derivative of z,eg(t) and comparing with the effective
Heisenberg equations (2.176). Hence, although the evolution of the underlying trace dynamics
theory is not unitary, it becomes approximately unitary in the emergent effective theory. By
(2.177) this result is immediately extended to any operator function S of the dynamical variables,

S(8) " U (t — t0)S(to) Vet (t — to). (2.180)

Given two such operator functions Si(t) and S2(t) at equal time, the ensemble average of their
product Si(t)S2(t + At) at distinct times (or vice versa) can be evaluated by

(S1(8)Sa(t + Ab)), & (S1 (U (A Sa()Uer (A1), (2.181)

as long as 51 does not contain variables canonically conjugated to those of So. This identity is later
used to define Wightman functions by the ensemble averages of polynomials in dynamical variables.

General canonical transformations

The time evolution is only a special case of a general canonical transformations, in which the
parameter of the one-parameter group of time evolution transformations in the chosen reference
frame is interpreted as time. Therefore the results from previous sections can be carried over to
general canonical transformations, generated by a bosonic operator GG, through the general relations
(2.56). The infinitesimal canonical transformations are represented by the effective infinitesimal
unitary transformations Tyef — Tueft + ITueft,
PSS ieff .

0T yeff ~ - [€Gefr, Tuet] O (S (ROZyeft — tefi [EGeft, Tuest]) SR)p ~ O, (2.182)
and the corresponding one parameter group of canonical transformation is given by the effective
unitary operator Uges

UG, eft(T) = exp <—l‘;,LHTGeff> : (2.183)

Similarly as the Hamiltonian operator above, the G.g operator is assumed to be effectively given
(with some approximation) as a function of the effective dynamical variables only.

In case of a field theory with the field operators = +— g¢x(x), the spacetime translations and
rotations are also special cases of general canonical transformations. The generators of translation
are given by the effective part Pe’ﬁ of the operators corresponding to the components of trace energy-
momentum four-vector P#, (2.69). Then the translation gpeg() — qrest(x + a) of the ensemble
averaged effective fields is represented by an effective unitary transformation given by Upeg(a),

p»S . ie
Qkeft (.’L‘) = lef‘f(x + a) ~ U;eﬁ(a)qkeff(x)UPeff(a)v with UPef‘f(a) = exp <_hffaupgcf) ) (2184)
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and with the parameter 7 included in a. Spatial translation and time evolution is then a special
case of (2.184), for which a is purely spatial or purely temporal vector in the given Lorentz frame.
The spacetime rotations of the fields are similarly represented by the unitary transformation with

Unterr (M),
Grett () — g (Ax) Z St (M) Upgogr (M) et (2) Unies (M), (2.185)

with

Umest(A) = exp (—Z‘;iﬁ
and M é‘ & the effective part of the operator associated with the trace quantity M, (2.75). This
gives the relation,

Ay ML ) , (2.186)

p.S
ZSkl Hay(Az) ' Mot (N Geft (2) Unr e (A).- (2.187)

Taking both cases together, the general Poincaré transformation of the fields induced by the trans-
formation x — {a, A}z = Az + a is given by

Qrett () — {a, A}_Ileff( ) = qx(Az +a) Z Ski(A a;yALeHQleff(CC)U{a’A}’eﬁ, (2.188)
with the unitary operator Uy, z} o given by
_ left 1 v
U{a,A},eff = exp (_h (aupeﬂr + A/U/Meﬂr )> . (2189)

2.8.2 Correspondence with quantum field theory

The assumptions on trace dynamics from previous section, that are needed (e.g. by [1]) to recover
the usual quantum-theoretic structures, can be summed up in the following points.

1. It is possible to find an underlying trace dynamics theory such that the superfluous terms
(2.161) in the Ward identities can be made zero of negligible comparing to the other terms,
when inserted between two polynomials in the dynamical variables and averaged over the
statistical ensemble.

2. The extensive conserved operator quantity C can be replaced by its ensemble average value
in the last term of Dz, (2.162), even when inserted between two polynomials and averaged.

3. The effective projection of the operator Hamiltonian H.g or generators of general canonical
transformations, in a low energy approximation for which quantum theory is expected to
emerge, can be represented using the effective projections of dynamical variables only.

4. The additional assumptions on the polynomials S;, and S not to contain a canonically con-
jugated variable to x, of Dz, or to any variable in S of DS, can be with some approximation
dropped. Then the Ward identity (2.163) holds with approximately zero right hand side, and
the relevant equalities from previous section hold in a weak sense as operator equalities.

Provided these assumptions are satisfied by an underlying trace dynamics theory, the averaged
effective projections of the trace dynamics dynamical variables x,¢ are seen to acquire (in a specific
sense) the properties of quantum operators - they obey the usual commutation relations and the
unitary evolution law of quantum theory.
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Ensemble averages and Wightman functions

As remarked in section 2.5.1, the ensemble average of any operator is a linear combination of two
fixed operators ie and I. Therefore the averages are uniquely determined by the two coefficients of
the linear combination, and these coeflicients are expected to correspond in some sense to observed
values. Since both operators ieg and I commute with all averaged dynamical variables (yef)),
the matrix ieg could be identified with the imaginary (c-number) unit ¢ in the emergent complex
quantum Hilbert space. This applies even in case of the real vector space of trace dynamics, since
the pair I and i.g have all the algebraic properties of the generators 1 and ¢ of the complex field
C. With the identification

I—1€C g 1eC, (2.190)

the ensemble average (zyefr), of the effective projection of a trace dynamics variable x,cq is essen-
tially given by a complex number. In this way trace dynamics could offer a natural explanation
of the appearance of complex numbers in quantum physics. In both cases of complex and Hilbert
vector space of trace dynamics, we can assign any matrix-valued ensemble average (Tyef), Of Tyefr &
complex number (zyef)f by the identification (2.190). Equivalently, the identification can be made
by means of a trace of the averages with the operator I — i1,

(Tueft), = % Tr (1 — ded) (Tueft)p) - (2.191)

The same reasoning apply also to any polynomial S in the effective or non-effective dynamical
variables with c-number coefficients. Hence the ensemble average (S), of S corresponds to a
complex number given by the trace

(8) = T (T — i) (S),). (2.192)

Given a probability distribution p and a set of trace dynamics variables {x,.f}, the averages of
any polynomial S({Tyefr}) can be evaluated, yielding a complex number (S({Zyef}));. The corre-
spondence between the trace dynamics variables z,.g and the field operators X, of the emergent
quantum field theory,

{zuet} < {Xul, (2.193)

is established by the identification of these ensemble averages of polynomials in z,.g with vacuum
expectation values of the corresponding polynomials in X,,. The Wightman reconstruction theorem
can be used for this purpose. The ensemble average of a polynomial S defines the Wightman
function Wg,

Ws({ Xuett }) = <S({xueff})>,§~ (2.194)

The properties of Wightman functions and their relation to quantum field theory are summarized
in the appendix. Several conditions have to be satisfied by the hierarchy of ensemble averages,

(S({zuemr})),  for all mononomials S,

before the Wightman reconstruction theorem can be used to reconstruct the corresponding local
quantum field theory. Then it provides a separable Hilbert space H with a scalar product (, )4,
a distinguished normalized vector state ¥y (the vacuum state), and operators X, acting on it,
such that the trace dynamics ensemble averages are given by the vacuum expectation values of
polynomials in X,

(SH{zue 1)) = Ws({ Xuest }) = (o, S({ Xuet}) Wo) #- (2.195)
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If S is a monomial S({z,}) = z122...x,, then expanding the composite index u = (i, x,) into
the infinitesimal space box label z,, and the field component label 4,, (2.195) becomes
<xi1eff(x1)xigeff(x2) s xineﬂ(zn»z = I/Vz(ﬁizn ('7317 2, ... ,ﬁn) = <lI’Da Xiy (xl)Xiz (x2) o X, (xn)\II0>7-l-

(2.196)
which is of the form of the Wightman function (A.18).

The identification between ensemble averages and Wightman functions is at a first sight carried
out in a different way by [1]. Since trace Lagrangian density is already assumed to be Poincaré
invariant, there exists the conserved trace four-vector P* and the corresponding three-vector P.
Then some additional assumptions are made, which again are to be understood as constraints on
the underlying trace dynamics theory. The effective Hamiltonian operator Heg({Zse}) is assumed
to be bounded from below, and there should be a unique eigenvector ¥ with the lowest eigenvalue
of Heg and zero eigenvalues of ﬁeff. Then the proposed correspondence with Wightman functions
is

w3<s({xueﬂ})>ﬁ¢0 = WS({Xu})7 (2197)

where the unitarily fixed average given by the fixed density p (section 2.6.5) is used instead of the
unfixed one. But as remarked in the section concerning unitarily fixed ensembles, both average
differ only for the operator quantities involving those variables whose overall unitary transformation
Ty > Uy Ueg has been fixed. This is the case of the conserved C' operator, but the difference is
considered negligible [1]. But if the variables on which the unitary fixing is performed are different
that those in S, both averages give the same result. This is the case of the choice S({zeg}) to be
Zyeft O a monomial in {x,.g}. Since 1y is an eigenvector of Heg, and [Hiefr, teg] = 0, it is also an
eigenvector of A = A\gieg (2.97). Therefore, up to a possible constant factor,

¢8_<S({xueﬁ})>ﬁ¢0 X <S<{xueff})>;a

and both identifications lead to the same emergent quantum theory.

Properties of Wightman functions

The Wightman functions defined by the ensemble averages in (2.196) are expected to be complex
valued distributions. Furthermore, the conditions (a) through (f) of section A.2 have to be satisfied
by the ensemble averages:

(a) Relativistic transformation law
The relativistic transformation law for the ensemble averages of the effective variables gy
is (2.188) with the effective unitary transformation U = Uy, ay e given by (2.189). Then we
obtain for the Wightman functions (2.196),

11...1n P

= Y Sii (A)Si g, (M) g, (21 + a)gjy (22 + a)..qj, (0 + a))§ =

jlv"'ajn
= 3 Sun (AN S (AW (Azy + ..., Az, + a). (2.198)
jlv"'ajn

The second equality follows from the observation, that U commutes with ieg, and by (2.191)
for an operator A the quantity (A)5 is Tr( — dcgi)A, so the two outermost U operators
cancel each other by the cyclicity property, and the equality becomes an identity. Hence the

Wightman functions have the required relativistic transformation property (A.8).

o1



(b) Hermiticity

The hermiticity condition (A.9) is satisfied for all adjointness assignment for the trace dy-
namics variables and for arbitrary combinations of fermionic and bosonic variables, since the
averages of monomials have the same properties with respect to conjugation as the vacuum
expectation values,

W (@1 ) = (@i (@0 i ) TV = (o @) F oty (@) 1) = W e (i, s 1).
(2.199)
The bosonic trace dynamics variables ¢;,, ...q;, are assumed to be self-adjoint, hence

W (21, ) = W (2, 31). (2.200)

11.--tn 11...0n

For fermionic variables we have either the self-adjointness or the assignment: ¢;(x) arbitrary
and p;(z) = ¢;(x)". The latter option leads to non-self-adjoint field operators.

(c) Local commutativity

The local commutativity condition, (A.12), requires the arguments of Wightman functions
to commute or anticommute, when they refer to mutually spacelike separated points. This
condition is satisfied due to the commutation/anticommutation relations for the effective
variables, which hold when inserted between any two polynomials in the variables ¢;(x) and
averaged over the statistical ensemble. For instance,

Wi(:.).ijij+1...in (.%‘1, ceey $j, .%'j+1, ZL‘n) = <Qi1 (xl)...ql-j ('rj)qij+l (l'j—&-l)--'qm ($n)>g = (2201)

= £(qi, (¥1) iy, (T4+1);(T5) i, (T0)), = iWi(f.).inij...in (T15 ey Tj 1, Ty T,

with the sign varying according to the exchange of bosonic or fermionic variables. Since
the canonical conjugate momenta are not among the field variables {¢;} considered for the
definition of the Wightman functions, there are no additional restrictions on the polynomials.

(d) Positivity property

For any sequence { f;} and {g;} of test functions with f; € S(R%), in which only finite number
of entries are different from zero,

(&
w k+9)
Z Z /f‘]"]J ‘71 ]k :771"31 k'kfkkl K = <Z Z /fj,j] ]1qj] qjlqkl Qkkfk}k1 kkd,u> 20;

g,k g1k gk g1k

p

which can be seen by noting that the right hand side is (A*A)g with
A= Z Z /fk fevo o (T15 - Z) ey (1), (21 ) dy . dy,.
k ki,..k
Therefore the Wightman functions have the positivity property required by (A.13).

(e) Spectral condition

The spectral condition requires that any Wightman function I/VZ(1 n) i (1, ...,xy) can be ex-
(n—

pressed as a function W;"' )(ml — 9, ...,Tp—1 — xy) of the differences of {x}}. By the unitary
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representation of spacetime translations (2.187),

Wi (@1 ey wn) = (a5 (211, ()5 = (2.202)
:<e%ﬁp“w$q¢1(0) P2 4 (0)..g5,, (0)e

teff

off c
h Pu(xn—lfxn)“qin(())e* I Pw’fﬁ> .
p

Unless ©1 = x,, the outer exponentials do not cancel each other as before. To establish
the spectral property, it is necessary these exponentials to effectively vanish upon taking the
average. This corresponds to the requirement of [1] mentioned above, that there is a common
eigenvector vy of the operators P, with zero eigenvalue, and the connection between ensemble
averages and Wightman functions being made by (2.197). Assuming there is a trace dynamics
theory, in which it is possible, we obtain the function W of differences &, = xp+1 — i of the
coordinates,

W€ 61m1) = (0 (00 H 4 g, (0).i, (00 H g, 0)) L (2208)

This is a distribution acting in the variables &;1...£,—1. Its Fourier image,

ng 7,,,3(p17' -y Pn— 1 /W“ in 517' '7én—l)eiizkpkékdél"'d£k7 (2204)
is, since the matrix i.g acts effectively as an imaginary unit,

WET.}? (P1s s Pu1) = 7R (g, (0)5(P — p1)qiy (0)...q1,_, (0)3(P ~ Pn-1):,(0)) .
(2.205)
Thus W=D vanishes, if one of the p; lies outside the spectrum of all P of the statistical
ensemble, in particular outside the forward light cone. The relation (A.16) between Wn-1)
and the Fourier image W of W) follows, by the use of the Abel summation formula,

n—1
ijx] (p1+ ... +pn)r n—Z(p1+-.-+pj)(l’j_$j),
j=1
from
WZ(I )ln(p17 s Pn) = /WZ(1 )zn( L1, ~->$n)€_i2jpjxjd$l'”dxk = (2.206)

(2m)*6 ij WZL i (P11 D2, p1 P2+ Pret).

(f) Cluster decomposition property

The cluster property can be established by introducing yet another assumption, that the
fields at sufficiently separated points become statistically independent. Then if there are two
mononomials S and Sy constructed of fields of sufficiently separated supports, the average
of their product by the independence satisfy

(S152)p = (51)p(S2) - (2.207)

The matrix structure of both averages on the right hand side is given by a function of the
ensemble parameter A, and according to the discussion around (2.190) it can be represented by
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a single c-number. It follows, that the Wightman function defined by the average of 5155 also
splits into a product of Wightman functions associated with S; and S, Wg, 5, = Wg, Wg,.

Then
AETOO@& (1), (7)) Gijpr (Tjr1 + Ao, (20 + ) = (2.208)
= AETOO@il(xl)---qz'j ()5 (Gijar (Tjr1 + A) e Giy, (20 + )5 =
= (qiy (21) a3, (25))5 (@41 (Tj41) -G (T0)) 5 (2.209)

with the last equality due to the invariance of Wightman functions with respect to space-
time translation. Therefore the cluster property required by (A.17) is also satisfied by the
Wightman functions derived from the trace dynamics ensemble averages.

Reconstruction of quantum field theory

Since all the conditions are satisfied, the Wightman functions given by the ensemble averages have
all the properties of Wightman functions of a local quantum field theory. The Wightman recon-
struction theorem can now be used to reconstruct such a local quantum field theory corresponding
to the statistical ensemble of the classical trace dynamics fields, provided all the various assumptions
stated above can be met by a specific trace dynamics theory.

The construction of the Hilbert space H and field operators is described in more detail in the
appendix. The Hilbert space is the completion (in the norm given by the scalar product) of a set
of equivalence classes (f, g are in the same class, if || f — g|| = 0) of sequences

f=(fo, f1, f2, f3,- ) (2.210)

of test functions fr € S(R*). The functions are complex valued for a single-component (scalar)
field, and take values in an appropriate tensor algebra for multi-component field. The action
of field operators on the vectors (2.210) is given by (A.22) or (A.30), and the scalar product is
defined using the Wightman functions by (A.20) or (A.27). There is distinguished cyclic vector
vy = (1,0,0,...), the vacuum state, which is unique up to a complex multiple. The vectors of
the form (0, f1,0,...) (which depend on a single spacetime point), correspond to the one particle
states within the standard interpretation of quantum theory. Similarly the vector (0,0, f2,0,...)
corresponds to a two-particle state, and (0, ..., fx, 0, ...) to a k-particle state. The designation ” k-
particle state” is adopted also in the context of trace dynamics, although the particle interpretation
has not been established there. The Hilbert space H, together with Wy and the field operators, are
determined uniquely up to a unitary equivalence, hence it is unitarily equivalent to the Fock space.

The Wightman functions are defined using the trace dynamics field variables {g,c¢} only, and
they correspond to the vacuum expectation values of the field operators ¢,.. The canonically
conjugated momenta p,.g can be nevertheless expressed using the field variables g,..g¢ and their
spacetime derivatives. Therefore both field variables and their momenta are carried over to the
emergent quantum theory, together with their canonical commutation relations and Heisenberg
evolution equations. The corresponding variables of trace dynamics and of quantum field theory
are denoted by

Grefi () <> ©r (),  Dreg(x) & m(x),  Tpe(z) < Xy (2), (2.211)

where r is the field component index. The commutation relations of trace dynamics for bosonic
fields (2.170) then become

[907"(‘7;)7 (pS(y)] =0, [71'7"(56)7 Ws(y)] =0, [SOT(x)? Ws(y)] = ihér&é(x - y)? (2’212)
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the anticommutation relations for fermionic variables,

{or(@),05(y)} =0, {m(z),7s(y)} =0, {pr(2),7ms(y)} = ihdys0(z — y), (2.213)

and all fermionic variables commute with any bosonic one. For simplicity of notation, we further
consider only the one component (scalar) field, and drop the component indices r, s.

The Hilbert space obtained by the reconstruction theorem has a non-standard scalar product,
given by the Wightman functions. For example, the one particle space is formed by (the norm
closure of) the set of vectors

{®n(z) = (0,0n(2),0,...)|¢n € S(RY)}

and the scalar product is
@@l = [ GulOW D (2,)6m 1)y = (6 I (2.214)

hence the one particle space is effectively (the closure of) S(R*). Sometimes it is convenient to omit
the completion step of the reconstruction of H. Then the resulting space is not a Hilbert space,
since it is not complete in the norm given by the scalar product. We obtain rather the structure of
rigged Hilbert space of quantum theory, [6]. For any ¢ € S(R?), the scalar product can be used to
define a functional on S(R?), a generalized function F € S'(R%),

¢ = Fy() = (9, 9), - (2.215)

Then the rigged Hilbert space is given by the triple S(R*) ¢ L?(R*) c §'(R*), with S’(R*) the set
of distributions associated with S(R%). In quantum theory, the operators are defined on (a subset
of) L?(R*), and they can be extended even beyond L?(R*) to include the vectors associated with
the continuous part of the spectra.

To obtain the one particle space with the usual scalar product, we have to find a basis in which
W diagonalizes. We can introduce the field operators A(z) and A™ (y),

1 , 1 .
A= ﬁ(‘p +im), AT = \ﬁ(go — i), (2.216)

and the relations (2.212) and (2.213) can be rewritten in terms of the operator A as
[A@), AW)l= =0=[AT(2), AT(y)]z, [A(x), AT ()] = hd(z — ), (2.217)

with the plus sign for fermionic, and the minus sign for bosonic operators. If A(z) annihilate the
vacuum, then A(x) and A(z)" can be regarded as annihilation and creation operator respectively.
The creation and annihilation operators can be used to form one or multiple-particle states with
the standard scalar product. For one particle subspace formed by all the one particle states, by the
annihilation property of A and (2.217),

(Wo, A@) Aly) U}y = b — ). (2.218)
Inserting a complete orthonormal (with respect to the scalar product on #H) set {¢,}, we obtain

>R A) o, dn) BV (n, Aly) T Wo)u = Y da(@)tnly) = 6z —y), (2.219)
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with
Un(@) = D72 (G, A(x) T Vo), (2.220)
a one particle wavefunction, which is a generalized function from S'(R*). Multiplying (2.219) by

¥(x) and integrating over = 8, we learn that the set {¢,,(2)}, is an orthogonal set with respect to
the standard scalar product on S(R%),

/wn(x)wm(x)dx = Omn, (2.221)

and it is the basis (of the one particle space), in which the scalar product becomes the standard
one.

The reconstruction theorem provides also the Hamiltonian operator (denoted again Heg), since
it is given by a polynomial in the dynamical variables, and the Heisenberg evolution operator U.g.
Both are operators acting on the Hilbert space H of the emergent quantum field theory, and

Vst (£) = exp <—;tHeH> . (2.222)

The unitary operator Usg acts on those vectors, whose support is confined onto the spacelike
surface orthogonal to the time direction in the chosen Lorentz frame, as it comes from the operator
(2.179). Changing the reference frame changes the Hamiltonian and hence the evolution operator,
since the conserved energy-momentum trace four-vector transforms as a vector. These vectors
are the Heisenberg picture vectors. Let ®;, be such a vector. Then ¢t — ®; = Ueg(t — to) Py, is
the corresponding Schrédinger picture vector, from which it follows that ®; obeys the Schrédinger

equation

0P

maTt = HogP;. (2.223)
This is an evolution equation on the multi-particle space of quantum field theory. For a suitable
Hamiltonian (with the one particle space as its invariant subspace) it can be specialized to the
one particle Schrodinger equation by restriction to the one particle space. With the notation
o, = (0,¢4,0,...), and H e(f? the restriction of H.g to the one particle space, the one particle
Schrodinger equation reads

L Oy 1

i = HY ¢, (2.224)
Therefore on the basis of validity of the assumptions made in the simplification of the Ward identities
in section 2.8, the averages of trace dynamics variables are associated with quantum field operators,
and their dynamics is governed by the usual quantum-theoretic dynamical laws.

2.9 Consistence of approximations

All the above results can be derived as soon as the effective canonical commutation/anticommutation
relations, the Heisenberg evolution law, and the general unitary canonical transformation equations
are established for the ensemble averages of trace dynamics variables. But this could be made only
after some rather far reaching conditions have been imposed on those underlying trace dynamics
theory. It is not a priori clear, whether there exists such a theory, that would meet all the condi-
tions and assumptions. Therefore there appears a necessity to examine the consistency of all the
conditions and assumptions, that lead to the emergence of the structure of quantum theory. These
assumptions are mostly summarized in section (2.8.2).

8This is not entirely mathematically correct, since the action of the distribution v (z) is defined only for the test
functions from S(RT). On the other hand, any generalized function can be approximated by a function from S(R*).
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2.9.1 Commutation relations

Some consistency issues with the assumptions and approximations leading to the emergence of
quantum theory were already encountered in the discussion around the equation (2.174). Using the
emergent canonical commutation relations (2.170) (for bosonic variables) leads to the equation,

p,S
*p* + P — 2qp*q & —2h%. (2.225)

This should in average hold as a weak operator identity, i.e. the difference of both sides should
be zero, when inserted between arbitrary polynomials and averaged over the zero source ensemble.
This raises doubts about the existence of a trace dynamics theory with all the required properties
to meet the various assumptions.

Consider the Ward identity given by (2.160),

<[{ieff7 W}; wu] + Zwurelwﬁl{ieffy C}WTLZ + (_Tx'u + fu[)\a xu] + 7uxu) Tr({iefh Ceff}Weff)> =0.

lr P
(2.226)
Taking A = 1 in the general Ward identity (2.116), and using the result of variation of the term
(2.142), we get

(Dxy)p; =0,  with Dxy = —T&y + €[\, o] + Yy — wajT. (2.227)

r

The variation of the sources j, can be used to obtain the ensemble average of the superfluous term,
(—=Tay + eu[A o] + Yuxy) Tr({ieer, Cot } West), (2.228)

in (2.226), that is assumed to be approximately zero for the argument of emergence of quantum
theory. Setting W = o,z as in the derivation of the commutation relations, and using the most
general form of the extended Ward identity (2.153), we learn that the second variation terms given
by the right hand side of this Ward identity yield exactly the first two terms in (2.226) with
W = oszs. This indicates that the superfluous term (2.228) is not approximately zero with respect
to the remaining terms (leaving the latter also zero, as needed for the emergent commutation
relations to hold), but they are both nonzero and rather cancel each other.

Moreover, the average value of the commutator of effective projections of any two bosonic
dynamical variables z,ef and X eg is always zero. This follows from the fact, that the average of
[Tueft, Toeft] 1S @ function of the ensemble operator parameter A = Agieg, and by (2.191) it can be
expressed as

(et o]y =~ T (1 = ) (e, Zoct). (2.229)

Since all effective variables commute with i.g, the average of the commutator is zero. Similarly, the
average of the anticommutator of effective projections of any two fermionic dynamical variables is
also zero. Then the Ward identity (2.226) with W = o,x, becomes

(Wuwou{Cierr} + (=Tau + Yuu) Tr({iet, Cetr }ovTverr)), = 0. (2.230)

Since (Wuvou{C, lefi })p = —2hwywoy, it is not possible to neglect the average value of the superfluous
term (2.228). In particular, the assumption for vanishing the term with 7 due to different support
properties of &, and C' cannot be true. This spoils the argument for the emergence of commutation

57



relations and similarly also for the emergence of Heisenberg evolution equations for the effective
dynamical variables. Therefore the identification of quantum variables with the averages of effective
projections of trace dynamics variables is not viable.

However, without the effective projection, the ensemble averaged commutators/anticommutators
of the bosonic/fermionic variables x,, and z, can in general be nonzero, since they no longer com-
mute with i.g. We can derive another Ward identities by taking A = CW in the general Ward
identity (2.116), with the use of the derivation of (2.225) replacing {i.g, C'} by C,

<[W, zu] + Y wureWHCWH + (—7iy + yua) TrCW> =0. (2.231)
p

Ir

For W = o,x, it becomes
<[xv, xu]_Eu + Wupleth + (—TZy + YuTu) TrC’:cv>p =0, (2.232)
with the auxiliary c-number o, stripped away, and with the use of
(00 Xy Ty] = O[Ty Ty ] —e,, -
Hence we obtain the commutation relations
€u [Tu, To),, L uvioh + (=TZy + Yuxy) TrCxy, (2.233)

where the £ sign means, that the equality holds exactly when averaged over the ensemble, but
without inserting between polynomials. For bosonic variables it becomes, with the definition of ~,
in (2.150), and wy, in (2.25),

[qr, Ds] £ Orsieth + (—7qr + ag,) TrCps £ Orsteth + (TPs + aps) TrCyq, (2.234)
and for fermionic variables,
{ths} £ 5rsieﬁh + (TQT + 6(]7") Trcps £ 6rsieffh + (Tﬁs - 5275) TquT" (2235)

If the commutation/anticommutation relations were to hold, then the terms with traces should
effectively vanish or become negligible. From the derivation of the C' operator (2.53) it follows that

ieith = (C)p L iegh(ng —np) — > (¢ — %¢:) TrCpy, (2.236)
re BUF

with np and ng denoting the total number of bosonic and fermionic variables respectively. Hence
in any trace dynamics theory, in which the superfluous terms approximately vanish, there has to
be approximately equal number of fermionic and bosonic variables.

In the general case, when the relations are to hold even when inserted between two polynomials
in the dynamical variables, we have to reintroduce the €, [\, z,] term and the C operator, and use
the extended Ward identity (2.127) to obtain

p,S .

€y [Tu, a:v]eu = WuC + (—7TZy + €]\, Tu] + Yuzy) TrCxy + Z wWuw (S Dxy SR)s. (2.237)

veSLUSR
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Expanding the compact symplectic notation, the exact commutation relations for bosonic variables
become

[QTvps] p7:S 0rsC + (_Tq'r + [>\7 QT] + QQT) Trcps + Z (SLstSR)§a (2238)
psEBm(SLUSR)

and the anticommutation relations for fermionic variables,

S .
{@r:ps} = 00sC + (Tdr + [\ @] + Bar) TrCps + Y (Sp.DxSg)s. (2.239)
ps€FN(SLUSR)

Using these commutation relations in (2.225), and denoting B = (74 — [\, ¢] + aq)TrC'p, we obtain,

S
¢*p* — p*¢* — 2qp°q¢ = q(C + B)p — p(C + B)q + qp(C + B) — (C + B)pg, (2.240)

which removes the previous contradiction arising from different traces of the left and right hand sides
of (2.225). This nevertheless shows, that even if the superfluous terms could be made negligible and
C replaced by its ensemble average iogh, the averaged (anti)commutation relations are not (neither
approximately) equivalent to those of ordinary quantum field theory. With such assumptions, up
to the approximations involved,

p,S . . . ~ ~ - . .
(2.240) % qiefrp — Pierq + qpies — ieapq = WP — pq + qP — PQ)ier = M(qpefr — PerrQ)ie = 0,

since [ieg, z] = , for x € {q,p}, and with the notation T = z.g — z12 for © = zeg + x12. The last
equality follows from the fact that all the ”12” components of any operator and the commutator
[Geft, Peft] vanish in the ensemble average.

2.9.2 Heisenberg evolution

Taking W = H in the Ward identity (Dz,), with Dz, given by (2.226), we get the identity

<(m':u + Yuza) TeCH + [H, 2] + ) wusHsRlCHsLl> =0. (2.241)
s,l p

Since the operators H fl in general commute neither with C' nor with i.g, the last term no longer

(approximately) equals to iegd,,. Moreover, if we admit that the v, can be set to zero, from (2.227)

it follows, that (&,), = 0 independently of the trace dynamics operator Hamiltonian H. Therefore

the time evolution of the averages of trace dynamics variables is not governed by the Heisenberg

,S
evolution law i, % [H,z,] in the static ensemble, (2.89).

From all these remarks it can be concluded, that the necessary conditions for emergence of
quantum theory apparently cannot be satisfied by the static ensemble averages associated with
any underlying trace dynamics theory. It nonetheless cannot be used to completely exclude the
possibility, that the commutation relations and unitary canonical transformations could be a feature
of a trace dynamics theory with another operator phase space probability distribution, or even of
some non trace dynamics matrix model (a matrix model whose dynamics is not determined by a
trace Hamiltonian). It is therefore worthwhile to keep assuming that such an underlying theory
could exist, and try to draw some conclusions about the possible emergence of quantum probability.
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2.10 Trace dynamics and quantum probability

In this section it is taken for granted, that there exists a theory, whose statistical properties give rise
to the emergence of quantum field structures as in the previous sections. The ensemble averages of
its dynamical variables obeys the appropriate commutation relations and unitary transformation
laws, and they define the Wightman functions satisfying all the axioms of a local quantum field
theory. This then allows their identification with the vacuum expectation values and the recon-
struction of the Hilbert space formalism of quantum field theory. We are concerned with whether
the quantum probability already emerges from such an identification, as the effective probability
associated with the statistical description of the deterministic underlying theory.

The construction of quantum field theory from the Wightman functions (section A.3) suggests®,
that the field theory is complete, i.e. any vector of the emergent Hilbert space H can be obtained
by the action of a polynomial in the field operators on the vacuum state Wy. The field operator X,
correspond to a statistical ensemble of trace dynamics operators x,, given by the operator phase
space distribution. We can reinterpret the moments of x,, as the moments of the corresponding field
operator X, and similarly all the cross-moments of {x,} with their corresponding cross-moments
of {X,}. The moments and cross-moments of { X, } are not given by a probability distribution, but
directly by the Wightman functions. For example, we interpret (Vo, X1Wo)y = <x1>; as the average
value of X1, (¥o, X?Wg)y = (1:%)2 as the second moment of X3, and (¥, X1 XoWo)y = (z172) as
the covariance of X7 and Xs.

If we know all the Wightman functions, we know also all the moments of an observable O (a
function of the field operators { X, }), and they can be used to recover the probability distribution on
the space of values the observable could take. These possible values have to be actually inferred only
from the values of the moments of O, since the correspondence between values of trace dynamics
variables and the individual observed values has not been established. Since all the moments of O
are c-numbers, the recovered values of O are c-numbers too, whereas the trace dynamics variables
are matrices. Such a theory then could give only a statistical prediction of results of experiments,
the set of possible values and their probability distribution.

Consider two observables @ and O’ that correspond to trace dynamics operators A and A’
respectively!0. If A effectively commutes with A’ when averaged over the statistical ensemble!!,
then there is a common classical probability space of the values of @ and (', on which probability
distributions for both observables, including the joint probability distribution, can be recovered from
the moments and cross-moments. Thus the moments and cross-moments of any fixed commutative
set of operators {Oj} are compatible with the moments of some random variables of a classical
probability theory. Then it is in principle possible to find a classical probability space (the space
of individual outcomes and a probability distribution), on which the operators are represented by
random variables, such that their statistical properties are the same as those of the operators.

But it could also happen, than A and A’ do not commute in the average due to the commutation
relations (2.170) and (2.171). In this case there exists no classical probability space on which both
O and O’ could be represented by random variables, since otherwise their correlation would have
to be commutative, but that contradicts

(Wo, 00" Wo)y, = (AN'); £ (A'A); = (W, 0'OV0)y (2.242)

9This actually holds, and it is proved for example in [7].

1°If O is given by a polynomial S in the field operators, then A is given by the same polynomial S, but in the
corresponding trace dynamics variables.

This means that AA’ %° AA’, and it happens, if A does not contain a canonically conjugated variable of some
variable in A’. Then also the corresponding observables O and ' commute.

60



Therefore the statistics associated with {O} are in general described by a noncommutative prob-
ability. The trace dynamics (random) variables are operator valued, but their ensemble averages
are given by the c-numbers (:cu>z The ensemble averages are nevertheless still noncommutative in
the sense of (2.242). Let A be the algebra of the trace dynamics variables, and define a state ¢
on A by (2.192) with subsequent averaging over the ensemble. Then for any polynomial in the dy-
namical variables S, ¢(.S) is the Wightman function Wg. Therefore the emergent noncommutative
probability is just a consequence of the fact, that another noncommutative probability has been
effectively employed at the trace dynamics level.

The physical interpretation of the trace dynamics fields as the hidden-variables and the emer-
gence of definite measurement outcomes does not immediately follow from the underlying theory.
If the underlying trace dynamics determined all the quantum measurement outcomes, it would
either have to be non-local or in some way deny the reality of the measurement outcomes in order
to avoid the Bell theorem. The connection between locality and commutativity of observables (i.e.
two spacelike separated observables in a local theory have to commute) is only a consequence of
the projection postulate and the Born probability rule. But these quantum-theoretic rules are not
available for an underlying trace dynamics theory. Hence although the trace dynamics variables
are given by completely noncommutative matrices, it still does not imply, that the underlying trace
dynamics theory is necessarily non-local. Actually, there is no non-locality in trace dynamics, unless
it is explicitly inserted into the dynamics of the underlying theory.

The underlying trace dynamics theory is Lorentz covariant, since the trace dynamics fields are
classical fields with an assumed Lorentz covariant Lagrangian. The non-locality need not necessarily
be in a conflict with Lorentz covariance and causality. In a deterministic theory with reversible
dynamics, the cause and the corresponding effect are interchangeable, and the possible reversed time
ordering of both events in a specific Lorentz frame makes no problem. On the other hand, a non-
local stochastic theory has to pick a preferred Lorentz frame, in which the non-local interactions
propagate instantaneously. Such a theory then cannot be Lorentz covariant, but this does not
exclude the Lorentz covariance of some statistical approximation, of which quantum theory might
be an example.

2.10.1 Born probability rule

The probability interpretation and the Born probability rule is proposed [1] to be a consequence
of the statistical ensemble fluctuations of the C' operator in (2.162). These fluctuations have been
neglected in the passage from (2.162) to (2.164), which subsequently yielded the effective Heisenberg
unitary evolution equation (2.176). Keeping these fluctuation terms, the effective evolution equation
become modified, and if the C operator is not purely anti-self-adjoint, the evolution may cease to
be unitary. Then also the Schrédinger equation (2.224) become modified by the fluctuation terms.
The equation is still linear, but it is no longer unitary, hence it does not preserve the norm of the
statevector.

The fluctuation terms are modeled by time dependent classical stochastic process, which is
added to the Schrédinger equation, turning it into a stochastic Schrodiger equation. Taking an
average over the realizations of the stochastic process, it becomes again the original Schrodiger
equation without any fluctuation terms. These fluctuation terms causes the time evolution of a
statevector 1 not to be deterministic, and the norm of 1) may change with time. It is then suggested
to replace ¥ by the normalized vector W,

Y= U=/, ). (2.243)
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As a consequence, the time evolution of the normalized vector ¥ becomes governed by a nonlinear
Schrédinger equation.

In general, a nonlinearity in the Schrédinger equation is responsible for non-local effects, such as
the instantaneous action-at-distance [15], [16]. But the nonlinearity'? can also be made responsible
for the dynamical reduction of the statevector [18] during the measurement of an observable O.
This is a process, in which (with a suitable non-linear Schrodinger equation) an initial statevector
continuously evolves into exactly one of the eigenstates of O, with the particular eigenstate deter-
mined by the actual trajectory of some stochastic process. Since the nonlinearity is present only in
the fluctuations, which vanish when averaged with respect to the (unobservable) stochastic process,
the non-locality is not directly observable through the statistical predictions of the theory.

With some additional assumptions, the Schrodinger equation for the normalized statevector ¥
is shown ([1],[2],[4]), to be of a suitable form to trigger the dynamical reduction of ¥ into one of the
eigenvectors @ of O, when the system interacts with a measurement apparatus associated with an
observable O. Moreover, the probability of transition ¥ — ¢ turns out to be given by the Born
rule, |<‘l’, g0k>7.[]2.

The Born probability rule also follows already from the structure of the probability algebra (as
a set of linear operators on a Hilbert space), the interpretation of the state on the algebra as the
expectation functional, and the assumption, that the collapse takes place during the measurement
process. By the Gleason theorem (section 1.1), any (normal) state ¢ is given by a density operator
p, and ¢(O) = TrpO. After the collapse, the observable O takes definite value, hence p has to be
the one-dimensional projection P, given by an eigenvector ¢ of O. The initial state ¢q is given
by the density operator pg = Py, due to a statevector collapse in the preparation stage of the
experiment. Then from the interpretation of the state, the probability of the transition ¥ — ¢y, is
$0(Pp,) = TrPy Py, = [(T, o)ul*.

The correspondence between trace dynamics variables and field operators provides the prob-
ability algebra, the state on this algebra, and the interpretation of the state. The last thing to
establish the Born rule is the reduction of the statevector, and this is not possible, when the dy-
namics of the measurement process is given by a linear Schrédinger equation. Unfortunately, the
renormalization of the statevectors ¢ — W, (2.243), which has brought the nonlinearity into the
stochastic Schrodinger equation, is not well justified and presumably invalid. The statevectors are
obtained by the action of field operators on the vacuum state, and there is no a priori reason for
them to be normalized. And even if the initial statevector is normalized, its norm need not be con-
served by the evolution with the stochastic Schrodinger equation, since the stochastic terms disturb
the unitarity of the evolution'®. Moreover, the renormalization artificially introduces non-locality,
which is not (or need not to be) present in the underlying trace dynamics theory. This is a kind
of non-locality, that appears even in the case, when the underlying theory is local. This suggests
that the renormalization of the statevector is not correct, and consequently the fluctuating terms
in the stochastic Schrodinger equation do not actually lead to the statevector reduction.

12 As noted in the first chapter, the linear Schrédinger equation cannot lead to a collapse of the statevector.
13The norm is conserved, only when averaged over the realizations of the stochastic process. In this case the
stochastic terms are averaged out, and the stochastic Schréodinger equation becomes the ordinary deterministic one.
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Conclusion

The effective projections of trace dynamics variables, at a first sight, could provide the correct
Wightman functions of an emergent quantum field theory. But we have seen that some of the the
relevant terms in the Ward identities have a tendency to vanish, while the the unwanted superfluous
terms are likely to persist. If we use the full dynamical variables, we get non-zero results, and we
also spare the assumption, that all the effective operators are composed only from the effective parts
of the dynamical variables. But then the familiar structure of quantum theory does not appear,
since the emergent imaginary unit no longer commutes with the other operators.

Furthermore, the argument effectively requires, at least in some approximation, that the aver-
aged effective dynamics and commutation relations to be independent of the probability distribution
of the trace dynamics fields. This condition is likely not to be possible to satisfy, and it also spoils
the interpretation of the state of a quantum system as a specific configuration of the trace dynamics
fields. The quantum probability is recovered anyway, but in a trivial way, since it was effectively
imposed on the underlying theory by the specific way, in which the correspondence with Wightman
functions has been established. The appearance of definite outcomes of measurements and the
particle interpretation of the fields have remained unexplained. The underlying theory would have
to be non-local, in order to imply an effective dynamical state vector reduction, but trace dynamics
is not. Therefore trace dynamics cannot explain the collapse of the state vector. Unless a way to
overcome all these problems is found, the emergence of quantum theory from trace dynamics is
likely to be a lost cause.
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Appendix A

Quantum fields and Wightman
functions

This appendix, reviews some basic properties of Wightman functions, [7] and [10], their relation
to vacuum expectation values and the Hilbert space formalism of quantum field theory. Such a
correspondence can be used to reconstruct the Hilbert space and the quantum field operators acting
on it from the statistical ensemble averages of the operators of a trace dynamics theory, provided
certain requirements placed on this averages are satisfied.

A.1 Axiomatic quantum field theory

A classical field is a function defined on spacetime and taking values in R or R™. The natural
generalization of the notion of classical field to quantum field would be a function defined on
spacetime, and taking values in the set of operators on a Hilbert space. However, it turns out
that the fields in their dependence on spacetime points are more singular than the classical fields.
This singularity is an inevitable consequence of the requirement of relativistic covariance of the
function x — ¢(z). It is even true, that if the field was a relativistic covariant operator function
on the spacetime, the corresponding Hilbert space would have to be trivial, i.e. consisting of the
vacuum state only, [13]. To remedy this, the quantum field ¢ can be defined as an operator valued
distribution, a linear functional from a space of test functions from S(R*) with values in the set of
linear operators on a Hilbert space. The space S(R*) can be either the Schwartz space or the space
of infinitely differentiable functions with compact support. Unlike the field z — ¢(z), the smeared
field f € S(R*) — ¢(f) is a well defined operator.

A field theory is required to have the following properties (the Wightman axioms, [7]):

1. General properties
The states of the quantum field theory are described by unit rays in a separable Hilbert space
‘H with the scalar product
(p,¥) € HxH > (p,1h) € C.

For any two fixed vectors ¢, 1 € ‘H, the expression

fe 8= (e, on(f)v)

defines a complex valued distribution (generalized function) acting on S(R*), and ¢ (f) is
then an operator valued distribution. There is a dense subset D of the Hilbert space H, such
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that for any f € S(R*) the operators ¢ (f) and their adjoints ¢ (f)T are defined on D, and
D is their common invariant subset,

ou(f)D C D, ¢n(f)TD c D.

This subset is large enough to ensure that any symmetric operator defined on D has a unique
self-adjoint extension. There is a distinguished vector Vg, the vacuum state, that is a cyclic
vector for the smeared fields, i.e. the set Dy C D C H,

Do = P{er(£1)}) %o,
P

is dense in H (the completeness property of the field theory), where the union is over all
polynomials P in the field operators.

2. Relativistic properties
The Poincaré transformation law is given by a continuous unitary representation of the
Poincaré group,

{a,A} = Ul(a, A),

where @ is a four-vector of spacetime translation, and A an element of the proper Lorentz
group.! The field operator ¢;(f) transforms as

$i(f) = Ugany0i(NU, 5y = st Nei({a, A}f), (A1)

with the action of the Poincaré group element {a, A} on f € S(R*) given by

{a, A} f(z) = f(A (@ —a)), (A.2)

and where A — S;;(A) the representation of the Lorentz group on the field components. The
vacuum state o and the set D are invariant under the action of Uy, ay,

UamyD €D, Ugany¥o = Yo. (A.3)

The spacetime translations are given by Uy, ;3 = exp(iF,a"), with the generator P* an
unbounded self-adjoint operator. The operator P*P, = m?2I represents a squared mass of a
particle associated with the particular representation of Poincaré group. The spectrum of P
is restricted to be contained in the forward light cone, P*P,, > 0 (the spectral condition).

3. Causality properties

For any two test functions f,g € S with spacelike separated support, i.e. f(z)g(y) =0 for =
and y spacelike separated points, the fields ¢;(f) and ¢;(g) either commute or anticommute
(not both),

[9i(f), ¢5(9)]+ = 0.

!The proper Lorentz group is the subgroup of the full Lorentz group, which is connected with the unit element.
In the notation, the Poincaré group elements and the corresponding matrices A or four-vectors a (associated with
the representation of the group on the spacetime) are identified.
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It is often convenient to represent the distribution f — ¢(f) by the symbol ¢(x), where x
indicates that ¢(x) acts on the test functions of the form = +— f(z). The relativistic transformation
law (A.1) then can be symbolically restated as

$i(2) = Uganydi()UF, 5y = ZSU Do (Az + a). (A.4)

It is generally required that the field theory contains enough field operators to express any
statevector using fields and functions of fields. This can be achieved by requiring the vacuum
vector to be a cyclic vector (as in the first property above), by the requirement the field operators
to form an irreducible set of operators on H, or by postulating the commutation/anti-commutation
relations,

[¢i(2), m5(y)]+ = i6(F — §)dyj, (A.5)

with 7; a definite linear combination of the fields and their spacetime derivatives (the canonically
conjugated field operator to ¢;).

A.2 Wightman functions and vacuum expectations

The Wightman functions are defined as the vacuum expectation values of monomials in the field
operators,

W = (g, i (1) iy () - .- bi () Vo), (A.6)

with the superscript denoting the number of arguments, and the (i,i2,...,%,) is an ordered n-
tuple of field component indices. All monomials for all combinations of the field components ¢;,
are considered, giving a hierarchy of Wightman functions labeled by the n-tuples (iy,...,1i,) for
all positive integers n. For n = 0 we define W = 1. We admit also Wightman functions with
non-self-adjoint operators, in that case the indices corresponding to conjugated operators will be
denoted by an asterix, i.e. for example

Wi(’;lis = (W0, ¢; (x1) iy (22)di (23) Vo).
The term ¢, (21)di, (22) . .. ¢4, (xy) on the right hand side is regarded as the tensor product,

W o (@1, 3202 T0) = 6 (1) @ iy (22) @ -+ @ by, ().

of the operator valued distributions ¢;,. It is an operator valued distribution on S(R*"), and the
Wightman function W, (A.6), is a complex valued distribution on S(R**). The action of W on a
special test function f € S(R4") of the form f(x1,...,7,) = fi(x1)fa(x2) ... fo(zy,) is defined by

W () = (Wodi, (f1) b (f) - - - b6 () o),

which is a separately continuous (i.e. with respect to the functions f; individually) linear functional,
and by the properties of the space of test functions S(R*) it is extended to a continuous linear
functional on S(R*"),

w . fe SR s C.

1112...1n

This functional is then represented by the symbol w (x1,2,...,2,) on the left hand side of

(A.6), and it is a well defined complex valued distrlbultfon
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There are several properties of the vacuum expectation values of a quantum field theory, which
are carried over to the Wightman functions. These properties are not separate postulates, they
follow ([7], or [10]) from the axioms listed in the previous section. Given a set of Wightman
functions {Wz(ln)ln (1,...,xy)} for all possible n, (i1,ds,...,i,) and (z1,z2,...,x,) with all that
properties, it is possible to recover the corresponding quantum field theory from the Wightman

functions. These properties of W are:

(a) Relativistic transformation law

The law (A.1) of Poincaré transformation, represented by the unitary operator U = UfaA}s
carries over to the vacuum expectation values as, in the symbolic notation of (A.4),

(Wo, ¢4, (x1) .. G, (n)) = (W0, Uy, U™ ... U, UTWg) = (A7)
— <\Il0, > S (AT Sa, (A Dy (Azy +a) . ¢y, (Azy + a)\IJ0> ,
J1se-sdn

All vacuum expectation values are Poincaré invariant by virtue of the property of the vacuum
state WUy,
U= UVg =Ty, Vg UTT)=T,.

It follows immediately from (A.7), that the Wightman functions satisfy

W @a) = > S (AT S AW L (Awy +a,. . Az +a). (A8)

1. .717"'7j’ﬂ
jlv'wjn

(b) Hermiticity

The vacuum expectation values satisfy

(Wo, ¢y (21) B3 (2) - - - b (20) W) = (Yo, G, (xn) .. diy (22) iy (1) W), (A.9)

hence we have the condition for the Wightman functions,

w (1,2, ..., 2pn) = w o (T, T,y ..y 1), (A.10)

11%2...1n ik ..i54]

and in case of self-adjoint field operators it reduces to

w (T1,22,...,Tp) = w

11%2...1n in...1201

(Tn, Tp—1-..,21). (A.11)

(c) Local commutativity

For any permutation 7 of the set {1,2,...n},

(n)

i 1y (2) ) (Tr(1), Tr(2)s - - - (r1,22,...,2n), (A.12)

n(y) = (1" OW

1102...0n

if the spacetime points z; are all mutually spacelike separated. The sign of the left hand side
is determined by the number m(7) of exchanges of anticommuting fields in the permutation.

(d) Positivity property
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Denote f = {f; | j =0,1,2,...} a sequence of test functions, with fo € C and f;, € S(R*) for

k > 0. Then
= Y k+1
Z /dxldxkdyldylfk(xlv ’xj)Wl(Zk+2;tlllllll (xkv sy L1, YL, "'7yl)fl(y17 "'ayl) > 07
k=0

(A.13)
for all f and all possible sets {ix;|k,7 = 0,1,2,...} of field indices. The equation (A.13)
corresponds to the Hilbert space norm of the vector

¢ = (fO =+ ¢i11(x1)(f1) + (¢i21¢i22)(f2) + (¢i31¢i32¢i33>(f3) T+ ) Vo,

indexed by the test function f = (fo, f1, f2,...) 2. The positiveness of (A.13) is then implied
by the positiveness of the Hilbert space scalar product, and in turn enables us to define a
positive scalar product using the Wightman functions.

(e) Spectral condition

For a given Wightman function W, an operator valued distribution on S(R*"),

WO (1, ) =W, (@, 20) = (Wo, diy (1) - .- b4, (20) Vo), (A.14)
there exists an operator valued distribution W~ on S(R*"™~1), such that

w) (x1,22,...,Tpy) = W(”_l)(:cl — L9, L9 — T3,...,Tp_1 — Tp). (A.15)
This follows from the relativistic transformation law of the fields, (A.4) with

a=z;, A=1, Ugny =exp(iP,zl'), i=1,2,...,n,

and the invariance of the vacuum state (A.3), which together gives the vacuum expectation
vales in terms of the coordinate differences only,

(Wo, §iy (21) .01, (2) Wo) = (Wo, ¢y, (0)e T @270 g (0)...pz,,_, (0) e FrEn=mn=1)" 6, (0) ).

The Fourier transforms of the two distributions W (p1,...,pn) and W(”_l)(ql, ey Qn—1)
are related by

n
W™ (pr,. . op) = @0)* [ D pi | WD (p1,pr+p2,p1+p2+ps, . pr+pat +pao1).
j=1

(A.16)
Furthermore, W(”*l)(ql,...,qn,l) = 0 whenever one of the ¢; lies outside the energy-
momentum spectrum, in particular outside the forward light cone.
(f) Cluster decomposition property

For any spacelike vector @ and any j = 1,2,...,n,

. k+l1 k+l1
i Wi @y agp A, watda) = WD @ e ) WD (g ),
(A.17)

This property is interpreted as no interaction between two points separated by a sufficiently
large spacelike interval.

2t is generally assumed that the sequence contains only finite number of nonzero entries, hence the sum in (A.13)
is over a finite number of terms.
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A.3 Wightman reconstruction theorem

Given a set of complex valued distributions {Wl(ln)ln (x1,...,2y,)}, for all n and all ordered n-tuples
of indices 43, with the properties (a) through (f) of the Wightman functions, the Wightman recon-
struction theorem? asserts, that a local quantum field theory can be recovered from the knowledge
of this set {Wz(ln)m} There exists a separable Hilbert space H, field operators {¢;, } defined on a
dense subspace D C H, and a vacuum state Wq, such that all Wightman functions can be obtained

as the corresponding vacuum expectation values,

W (21,39, 2) = (o, by (21) 4 (2) - - by (£0) T). (A.18)

Moreover, there is a unitary representation {a, A} — Ujiq,ny on H of the Poincaré group, and the
vacuum state Wy is invariant under the action of the group, Uy, 2} Vo = ¥ for any {a, A}. Such a
quantum field theory is unique up to a unitary equivalence, i.e. if there is another Hilbert space H’
with vacuum state Wy, field operators {¢; } with domain D, unitary representation of the Poincaré
group Ea, Ap and with all the vacuum expectation values given by the same Wightman functions

as above,
(), %, (1) By (22) .. &), ()W) = W) o (w1, 9, ),

then there exists a unitary isomorphism V : H — #H’, such that

0=V, Ul =VUanV'' ¢, =Ve, V', D =VD.

The proof of the theorem is constructive, and it is illustrative to sketch its main ideas for the
case of a self-adjoint scalar field. To construct the Hilbert space of the quantum field theory, we
start from a vector space Hg, which is formed by sequences f of test functions of the form

f=(fo, f1, f2,-- ), (A.19)

where the components are test functions, f; € S(R*) for k > 0, and fy € C. Only the sequences
with at most finite number of nonzero components are considered. The addition of two vectors
f,9 € Hy and multiplication of f by a scalar a € C is defined component-wise. The vector space
H is then given by linear span of the vectors (A.19). The Wightman functions are used to define
scalar product on Hg, with the definition W© = 1, by

+o00
<f’g> = Z /dml-“dxkdyl'“dylfk(xlv"'7xj)W(k+l)(xk7"'7'1"17y1a"'ayl)gl(yla“'ayl)a (AQO)
k,l=0

which is sesquilinear, and positive by virtue of the positivity property of Wightman functions. By
the hermiticity property of Wightman functions, (f,g) = (g, f).
The representation of Poincaré group is introduced by

U{a,A}f = U{a,A}(f0>f17f2a .- ) = (an{aaA}fla {aa A}f2> .- ')7 (A21)

3In case of a quantum field theory with non-self-adjoint operators, also the Wightman function with the asterisked
indices are needed. If the Wightman functions does not depend on the choice between iy and ij, they correspond
to a self-adjoint field, in that case we set iy = ij. If only the i; indices are given, only the self-adjoint parts of the
quantum field operators can be recovered. For the simplicity of notation, only the i) indices will be indicated.

4The reconstruction theorem is related to the GNS construction, which assigns a representation to a C* algebra
by operators on a Hilbert space, but it does not need an a priori knowledge of the C* algebra.
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where the action of the group element {a, A} on the function f is given by

{a, AYf(z1,...,2p) = f (A (21 —a), ..., A (zp — a)),

and the constant number fy = {a,A}fy is left unchanged. It is indeed a representation ot the
Poincaré group, the inverse transformation is given by Uy_, -1}, and the composition of Ugg, a3
and Ugq, py) 18

U{al,Al}U{al,Al} = U{a1+A102,A1A2}'

Its unitarity follows from the relativistic transformation properties of the Wightman functions,
W ({a, A}r) = W (z),

(Utary fsUgany9) = Y / dYzd%y{a, A} (@)W U (2, 9){a, Abgr(y) =
4.k

=Y [ atady{a, Y F@WI ) (o, A, {0 A}onty) = (F.9),
g,k

for all f = (fo, f1, f2,--),9 = (90,91, 92, ...) € Ho. The vacuum state is ¥o = (1,0,0,...), and it is
clearly Poincaré invariant.
The field operator ¢(h), indexed by the test function h € S(R*), is defined by its action on the

vector f = (f07f17f21' . ) € HOy
o(h)f = d(h)(fo, f1, far--) = (0, ® fo,h ® f1,h @ fa,...). (A.22)

The definitions of Ug, 2y and ¢(f) together imply, that ¢(f) transforms according to the rule,

(UtamydUL, ) £ = 00, AMR)F, Yf = (fon fro fon ) € Ho. (A.23)

With the definition of scalar product (A.20), the vacuum state ¥y = (1,0,0,...), and the field
operator ¢, (A.22), the Wightman functions are given by the vacuum expectation values of the
reconstructed field theory,

/d:z:l coodep fi(zy) ... fn(mn)W(”) (1, 2n) = (Yo, d(f1) - - - &(fn)¥o), (A.24)
or symbolically in the unsmeared form,

W(")(xl, c. ,a;n) = <\I/0, (25(1'1) e ¢($n)q/0>

The space Hg is in general only a pre-Hilbert space, since the scalar product may not be
positive definite or the space may not be complete. If the scalar product is not positive definite,
the set of zero-norm vectors form a subspace of H, in which all vectors are mutually orthogonal
(a consequence of the triangle and Schwarz inequalities). This allows us to consistently define an
equivalence relation on H (two vectors are equivalent if they differ by a zero-norm vector), and
factorize the space Hg modulo this equivalence. If the resulting quotient space is not a complete
space, the standard completion procedure can be used. We consider all sequences of vectors from
Ho, and choose all Cauchy sequences with respect to the norm given by the scalar product in Hy.
Two Cauchy sequences are regarded equivalent, if the norm of their difference converges to zero.
Then the quotient space of the space of all Cauchy sequences (of sequences of test functions) with
respect to this equivalence becomes the completed space.
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The subspace D C H is formed from those equivalence classes that correspond to the vectors of
Ho (i.e. equivalent to constant sequences). This is the dense subspace D C H required by the first
axiom of field theory, which is contained in the domain of all the field operators. Since the space
Ho is invariant with respect to all the original operators defined on Hg, after the completion the
field operators as extended to H (or to a subspace of ‘H containing D) map D to D, in particular
we have

o(f)DC D, UgnDCD, yeD.

The subspace Dy C H is obtained by acting by all polynomials P({¢(h)}) (indexed by arbitrary
test functions) on the vacuum state ¥y. Eventually, we end up with a separable Hilbert space H
with the unitary representation Uy, oy of Poincaré group extended by continuity from Ho to H,
and continuous in a and A.

For any f,g € D, f = (fo, f1, f2,...) and g = (90,91, 92, - - . ), and with the definition g_1 = 0
and f_; = 0, we obtain

+o0
(f.o(h)g) =" /fk(ﬂfl,---fﬂk)W(kH)(ﬂfkv'--3317Z,y1,---yz—1)(¢(h)9)l(2,y17---yl—l)d4k$d42d4(l1)3/:
ko l=0

=2 /fk(fﬂl,-~-96k)W(k+l)(96k,---$1727y1,---yl1)911(:91,--4/11)d4k9€d42d4(l_1)yh(z) =

+00 -
= > / (G(R) )W) gud™ 2d'zd" y = (§(R) . g) = ($(h)" £ 9.
0

kU=
Therefore the field operator ¢(h) for any h € S(R?) is symmetric on D,
¢ (h)f=oh) f=0¢h)f  feD.

The commutativity of the fields at spacelike separated regions of spacetime, represented by the
supports of the test functions h; and heo, follows from the corresponding commutativity property
of the Wightman functions. For any f,g € S(R?),

+oo
(f,d(h)d(ha)g) = > /fk(fr)W(%',Zlazz,y)hl(Zl)hz(z2)gz(y)d4kwdz1d22d4ly =
k,1=0

+oo
= Z /fk(ﬂf)W($,Z2,21,y)hl(21)h2(22)gl(y)d4k$d2‘1d22d4ly: (f, o(h2)o(h1)g).
%, 1=0

The vacuum state ¥y is invariant with respect to any Poincaré transformation, Uy, 2y Vo = Vo,
and up to a complex multiple of W, there is no other such vector. For if there was such a vector
U(, (we can assume ¥(, to be normalized and orthogonal to (), then with the use of invariance of
Ui = (fo, f1, f2,...) and picking a spacelike vector a,

< 67 \I/{)> - <\II67 U{)\a,l}ql6> - < 67\IIO><\PO? ‘Il6> =0,

lim
A—400
by the assumed orthogonality, hence the vector ¥( must be zero in . The second equality follows,
by definition of the scalar product (A.20), from the cluster decomposition property (A.17),

400
lim Z/darl...dxkdyl...dylfk(xl,...,xj)W(k+l)(xk,...,xl,yl,...,yl){)\a,l}fl(yl,...,yl):
/\—>+ookl:0
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+<x>
/d!L‘l dxkfk(xla'--a ])W(k)(l'k;,...,ZL‘l)/dyl...dylW(l)(yl,...,yl)fl(yl,...,yl),
k,l=0

and this is (¥(), ¥o)(Vo, ¥g), recalling ¥y = (1,0,0,...) and the hermiticity property of the Wight-
man functions,

+oo
<\I/6, \I/0> = Z/dwldacle(l)(:):l, ...,:rl)fl(xl, ...,J}l) = <\I/0,\I/6>
=

The reconstruction of Hilbert space of a field theory from a given hierarchy of Wightman
functions can be carried through also in case of multi-component and non-hermitean fields ¢y (),
with n vector and/or spinor components. The relativistic transformation properties are in general
given by the representation {a, A} — S(a, A) of the Poincaré group on the space of field components.
These properties are already encoded in the given set of Wightman functions. The initial vector
space is composed of linear combinations of the vectors f,

f= o f1, f2s- ) (A.25)

where the f, are test functions defined on S(R¥) with values in the k-th tensor power of C". The
Poincaré transformation law is defined through (A.21) with

{a,A}fi(z) = (S(AT) @ ... @ S(AT)) fu({a, A}a). (A.26)

The scalar product is introduced similarly as (A.20),

fg Z /fk; T1y...T W(k+l)(wk7"'7x17y17"'7yl)gl(y17"’7yl)dwl-‘-dxkdyl'”dyl' (A27)
k,l=0

or in the the tensor components,

+oo
k+l1
= Z / Z Z fk,ikk...ikl(xk7”'7wl)Wi(kazzlgllmg”(xk)"')x17y17"'7yl)gl,ill...ill(y17"'7yl)dlu’7

kJ=0" ig1..ikk 4100
(A.28)
with the definition of f,j ,

It has all the properties as in the case of scalar field, in particular it is positive and sesquilinear.
The unitarity follows from the fact, that the transformation law of Wightman functions (A.8) is the
opposite of those for f, (A.25) and (A.26). Finally, the field operator ¢(h), indexed by a C™-valued
test function h, is defined by the action on f as

o(h)f=(0,h® fo,h® fi,h® fi...). (A.30)
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