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Chapter 1

Introduction

It is commonly accepted in physics that there are two kinds of particles in the three-
dimensional space — bosons and fermions. In statistical physics, bosons obey the Bose-
Einstein distribution law, while fermions are distributed among energy levels according
to the Fermi-Dirac distribution. In quantum mechanics, they differ by the phase factor
that the global wave function of a many-particle system acquires when two particles are
exchanged. The phase factor is 4+1 for bosons and —1 for fermions.

The key concept in these considerations is the principle of indistinguishability of iden-
tical particles. No quantum mechanical observable can distinguish between two particle
configurations that differ only by a permutation of identical particles. But what does the
word “permutation” or “exchange” of identical particles actually mean? And how to un-
derstand the notion of “identicalness”, anyway. In 1977, Leinaas and Myrheim [1] took
these questions seriously and found that whereas in three dimensions, indeed, only bosons
and fermions should exist, the two-dimensional space offers a whole continuous family of
possible quantum statistics. In two dimensions, one can consistently assign any phase fac-
tor €' to reflect an exchange of two identical particles. Planar particles with these exotic
statistics were named anyons by Frank Wilczek.

We dedicate the Chapter 2 to explaining the ideas of Leinaas and Myrheim and to
formulating the basics of quantum mechanical description of anyons. The role of anyons
in statistical physics is also discussed. There have been several attempts to generalize the
bosonic and fermionic statistics, i.e. the number of particles that are allowed to occupy one
quantum state. We present the work of Haldane [2], who generalized the Pauli exclusion
principle in the way that the maximum number of particles that can occupy one quantum
state is anywhere between 1 (fermions) and oo (bosons). This so called fractional statistics

is, however, found to be incompatible with anyons defined through the exotic exchange



phase €' when confronted with thermodynamical results for an ideal gas of anyons [3].

In Chapter 3, the anyons are explored from the experimental point of view. We discuss
how a two-dimensional system can be realized in practice and review the quantum Hall
effect to show that the quasiparticles that appear in the fractional quantum Hall system
exhibit exotic exchange statistics, i.e. that they are anyons [4]. Finally, we briefly overview
the high-temperature superconductivity, a yet unexplained phenomenon, in which anyons
were believed to take place as well. The experimental results, however, indicate that anyons
are currently observed only in the fractional quantum Hall effect.

In the last chapter, Chapter 4, we wander into the field of topological quantum compu-
tation. We introduce the Kitaev’s toric code [5], which is the most renowned topological
quantum error correcting code. It can serve as a quantum memory, robustness of which is
achieved on the physical (hardware) level. Anyonic excitations occur on the toric code as
local errors and if they propagate far enough, they cause logical errors, i.e. the quantum
information, stored in the quantum memory, is lost. Our objective is to investigate how
the nontrivial exchange statistics affects the continuous-time quantum walk of anyons on
the toric code. Especially, we would like to know whether a certain type of disorder in the

system causes Anderson localization [6] to take place as argued by Wootton and Pachos

[7]-



Chapter 2

Genesis and the basic properties of

anyons

At the beginning of this chapter we focus on the theory of identical particles in a general
spatial dimension d. We show how the topology of configuration spaces of systems of
identical particles depend on the spatial dimension and what consequences a nontrivial
topology, expressed in terms of the fundamental group of a configuration space, has for the
concept of quantum statistics. Whereas in three and more dimensions only bosonic and
fermionic exchange statistics exist, in a two dimensional space the infinite connectedness
of the configuration space allows for much greater diversity. The phase factor that a wave
function acquires upon an exchange of two particles doesn’t have to be merely the bosonic
+1 or the fermionic —1, but can be, in principle, an arbitrary complex unit. The particles
in two dimensions are called anyons.

In the next part we formulate the Lagrangian and the Hamiltonian that incorporate the
general anyonic statistics. Based on the solution of the two-anyon problem, we argue that
free anyons (meaning without a direct force between them) exhibit a repulsive interaction
(similar in nature, but weaker than fermions) arising purely from their exchange statistics.

In statistical mechanics, bosons and fermions are described by distinct statistical distri-
butions over the energy states that they obey in thermal equilibrium — Bose-Einstein and
Fermi-Dirac distributions. The last section presents a generalization of these two possibil-
ities, the fractional statistics. The connection between anyons and the fractional statistics
is, however, not as straightforward. In fact, those two seem to be rather different concepts

— anyons don’t obey the fractional statistics.



2.1 Quantum statistics in d dimensions

Before we come to a proper discussion about the statistics, it is worth clarifying what
exactly one means by quantum statistics. In most textbooks on statistical mechanics,
the term “quantum statistics” refers to the phase picked up by a wave function when
two identical particles are interchanged, i.e. under the permutation of the particles. One
usually writes

V(xy, 1) = P(x1, x2) . (2.1)
But this is slightly misleading and has been correctly criticized in literature [8]. If the
particles are strictly identical then the word “permutation” has no physical meaning since
a given configuration and the one obtained by the permutation of particle coordinates are
merely two different ways of describing the same particle configuration. The two quantities
in equation (2.1) have no separate meaning and the equation therefore at most reflects a
redundancy in the notation.

The origin of the trouble lies in the introduction of the particle indices which brings ele-
ments of non-observable character into the theory and makes the discussion more obscure.
The term quantum statistics actually refers to the phase that arises when two particles are
adiabatically transported giving rise to the exchange. The principle of indistinguishability
of identical particles plays the central role and it has, as we shall see, profound physical

consequences.

2.1.1 Configuration spaces for identical particles

Following Khare [3] and Leinaas and Myrheim [1], let us enquire about the configuration
space of a system of identical particles. In statistical mechanics one normally considers the
full phase space, but it turns out that the configuration space is enough for this discussion.
Suppose one particle space is X. Then what is the configuration space of N identical
particles? The naive answer is XV, which, even though is true locally, is not correct
globally. Since the particles are strictly identical, there is no distinction between the
points in X that differ only in the ordering of the particle coordinates.

For example, take the point
CC:<£U1,ID2,...,3}N) (22)

in XV, where &; € X fori = 1,2,..., N. Now consider another point &’ in X* which is

obtained from « by the permutation p of the particle indices, i.e.

/

' =plx) = (Tpa), - - TpN)) - (2.3)
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Clearly, both « and @’ describe the same physical configuration of the system. Thus the
true configuration space of the N-particle system is not the Cartesian product XV, but
it is the quotient space XV /Sy which is obtained by identifying the points of X* that
represent the same physical configuration, i.e. it is obtained by “dividing out” the action
of the symmetric (or permutation) group Sy. Note that Sy is a discrete and indeed finite
transformation group acting in X~. As a result, the space XV /Sy is locally diffeomorphic

to XV except at the points
A={(z,...,oy) € X" | &; = x; for some i # j} , (2.4)

where two or more particles occupy the same position in X. For convenience, we remove
the points of A from our configuration space!, i.e. the configuration space of N identical

particles becomes
(X\A)/S . (2.5)

Since the spaces XM\ A and (X™V\A)/Sy are locally diffeomorphic, they are equivalent on
the classical level. However, on the quantum level global properties of the configuration
space are of deep physical significance as we shall see later when we will path-integral
quantize the system of identical particles.
Let us now study in detail the configuration space (X"~\A)/Sy under the assumption
that the one particle configuration space X is the d-dimensional Euclidean space R
= 1,2,3,.... Let us take, for simplicity, the two particle case (N = 2), i.e. the space
(R4 x R?)\A)/S,. Using the center-of-mass coordinate

Tem. = # (2.6)

and the relative coordinate

T, =Ty — T, (2.7)

where x1, 2, € R? are the coordinates of the individual particles, we can see that removing
the set of coincidence A from our configuration space is expressed by the condition x, # 0.
The identification of the points (x1, x2) and (a9, 1) corresponds to identifying the points
(Tem., ;) and (e, —,). Therefore the configuration space of two identical particles
reads

(R x RHY\A) /Sy =R? x (S71/8,) x (0, 400) , (2.8)

"'Whether or not two particles can simultaneously occupy the same position is not a question we wish
to settle here. We are only saying that by excluding the points of coincidence from the configuration space,

the resulting topology leads to meaningful physical results without any further assumptions.



where S971/S, is the (d — 1)-dimensional sphere with diametrically opposite points iden-
tified, i.e in fact the real projective space RPI 1.
To reveal the global topological properties of the configuration spaces R¢ x (S971/85) x
(0, 4+00) of two identical particles, we will find their fundamental group? 7, for any di-
mension d. (The fundamental group plays a key role in the path integral quantization in
topologically non-trivial spaces.) We make use of the fact that for any two topological
spaces A and B
m(A x B) =m(A) @ m(B) , (2.9)

where 7 x” is the Cartesian product of two sets while "®” stands for the direct product of

groups. Thus

1 (R x (S771/85) x (0,+00)) = m (RY) @ (57/8) @1 ((0,+00)) = w1 (S%71/S5)

(2.10)
since both R? and (0, +00) are simply connected topological spaces.
There are several possibilities (follow the figure 2.1).
A
o
[ ] [ ]
A A
A
(a) (b) ()

Figure 2.1: (a) The topological space S471/S; for d > 3 is doubly connected, i.e.
7 (8971/S5) = Z,. The path v represents homotopically nontrivial paths; v* is, how-
ever, homotopically trivial. (b) The space S'/S5 is infinitely connected, m; (S'/S3) = Z.
The fundamental group is generated by the path a. (c) The space SY/S, is trivial (it is a

single point), thus its fundamental group is trivial as well.

For d > 3:
m (ST1)Ss) = Zs . (2.11)

2For an introduction into this topic see for example [9].



The only path (up to a homotopy) that is not contractible to a single point is the one that
terminates at the point of S¢~! antipodal to the point of its origin. (In Figure 2.1(a) such
a path is denoted ~v.) If, however, we travel this path twice then the resulting path ~ - v
(v followed by ) can be continuously shrunk to a point as it forms a closed path on the
sphere S9!, Notice that  represents one exchange of the two identical particles and v - v
represents two such exchanges. If the two particles were not identical, the fundamental
group would be the one of a (d — 1)—dimensional sphere, i.e. it would be trivial.
For d = 2:
m (SY)Ss) =7 . (2.12)

The path a (see Fig.2.1(b)) is not contractible to a point and paths of the form o" n € Z
are all homotopy inequivalent. The configuration space of two identical particles in a plane
is multiply connected and therefore will admit a richer exchange statistics. If the two
particles were not identical, the fundamental group would be the one of a circle, i.e. again
Z.

For d = 1:

m (S°/82) is trivial. (2.13)

This is an obvious result since we are computing the fundamental group of a single point.
If the two particles were not identical, their configuration space would be disconnected.

It is problematic to define the exchange statistics in one dimension as particles cannot
be exchanged without their passing through one another. As a result, the intrinsic statistics
is inextricably mixed up with local interactions.

In the general problem of N identical particles one has to find the fundamental group
of the space ((R)™\A)/Sy. This problem was solved in [10, 11] with the results

m ((RHYM\A)/Sy) =By ford=2, (2.14)
m ((RHM\A)/Sy) = Sy ford >3, (2.15)
where By is the braid group of N objects (strings) while Sy is the permutation group. It

turns out that whereas there are only two one dimensional representations of the permu-
tation group Sy (the trivial one and the alternating one, corresponding respectively to the
bosonic and the fermionic statistics), the braid group By admits a continuous family of

one dimensional representations. A brief braid group introduction is given in Appendix A.

2.1.2 Path integral quantization in two dimensions

We have seen that whereas the configuration space of N identical particles in three and

higher space dimensions is doubly connected, it is multiply connected in two dimensions.



This fact has profound consequences when we quantize the system of identical particles.
To quantize a system with topologically nontrivial configuration space it is convenient to
use the path integral formulation.

According to Feynman [12], the transition amplitude from the configuration |x;) at

time t; to the configuration |x) at t; is given by
1
tl@; t) = N 2S[x()]) . 2.16
(ontront) =N Y (550 (2.16)

where N is a normalization constant, the sum is taken over all paths in the configuration
space x(t), t € [t;, t¢] with x(t;) = x; and x(t;) = @y, and the action S is evaluated along
a path x(t) through the prescription

Sla ()] = [ L(a(t), &(8))dt . (2.17)

In configuration spaces with nontrivial fundamental group 7; the prescription (2.16)

generalizes, according to DeWitt [13], to the form

l
@rtslent) =N 3 (b)) X e (fle]) (2.18)
[v]em (X) z(t)e[]
i.e. each path is weighted by an extra factor x([7y]), which depends on the homotopy class
that the path belongs to. The factors x([y]) form a scalar® unitary representation of the

fundamental group of the configuration space,

x(Mlbel) = x(nDx(el) - (2.19)

In three of higher spatial dimensions there are two scalar representations of the funda-
mental group Sy. An exchange of two identical particles can introduce a factor of either
+1 or —1 for bosons or fermions, respectively.

There are more possibilities in two spatial dimensions, where the fundamental group of
the configuration space is the braid group By. In fact, it is possible to consistently assign

any value
x((Y]) =€ |, aecl0,2n] (2.20)

to the phase arising due to the exchange of two particles. Particles in two dimensional
space are called anyons and their characterization « is called the exchange parameter.

Bosons and fermions are special cases of anyons with o = 0 and «a = 7, respectively.

3In more general theories also higher-dimensional representations are considered.
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One can generalize the concept of anyons for the case of multicomponent wave func-
tions. The exchange parameter is then allowed to take values in unitary matrices, which
carry higher dimensional representations of the braid group. Anyons whose prefactor are
noncommutative are called non-Abelian. However, we shall only encounter so called Abelian
anyons with the exchange parameter a genuine complex unit e®.

There is a connection between the exchange statistics of two (or more) particles and
the spin of an individual particle — the spin-statistics theorem.* It states that bosons,
whose global wave function acquires +1 when two particles are exchanged, have integer
spin, whereas fermions, whose global wave function acquires —1 when two particles are
exchanged, have half-integer spin. The restriction on the values of spin is a consequence
of the commutation relations

[Sz', S]] = ihaiijk (221)

for the spin operators S;, S, and S, in three dimensions. In two dimensions, however,
there is only one direction of rotation and therefore only one spin operator S. There is no
restriction on the eigenvalues of S as the algebra generated by S is commutative. This is
in consistency with the fact that in two dimensions there are no restrictions on the possible

values of the statistical exchange phase e*.

2.2 Quantum formalism for anyons

We will formulate the basics of quantum mechanics of anyons and later examine the two-
body problem of free anyons.
The Lagrangian for N ordinary identical particles with mass M and an interaction

potential V' is

M
_ 2
Ly = 5 jg_l x; —V(zy,...,zN) (2.22)

To convert the ordinary particles into anyons we introduce the “statistical interaction”

term and obtain the anyonic Lagrangian

ah d
L=Ly+— Z: 0@ — ) (2.23)

where « is the anyonic exchange parameter and 0(x, — x) is the angle between the vector

x, — x, and the z axis.

41t is proved in the framework of quantum field theory [14]. In quantum mechanics, the spin-statistics

“theorem” must be postulated.
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The role of the statistical interaction term is most easily explained within the path
integral formulation. For simplicity, let us consider two particles evolving from the initial
configuration |2}, 3) at time t; to the final configuration |], #}) at time ; and calculate

the action S = S[x1(t), x2(t)] along a particular path (a1(t), 22(t)),

5= /tf Lo(@ (1), mo(t))dt + O‘—hM (2.24)

with Af = 0(x] — x/) — (ai, — xi). The contribution to the path integral associated with

this trajectory is the phase

e%s = ew‘%@% J Lodt . (225)
We can see that when the angle 6(xy — x1) changes by Af = 7, i.e. when the two particles
are interchanged, the extra phase e’ reproduces the exchange phase between the anyons

with the exchange parameter « (2.20).
Comments are in order. (1) Since the statistical interaction term

— Y —H(x, — x) (2.26)

is a total time derivative, it does not contribute to classical equations of motion. Anyonic
statistics is purely quantum effect with no classical analogue. (2) Anyons violate discrete

symmetries of parity P : (z,y) — (z, —y) and time reversal 7 : t — —t as

o » do do 7 dbf

-5 2 25 2, 2.27
at  dt Codt | dt (2.27)
In order to proceed from the Lagrangian (2.23) to the Hamilton’s formalism we’ll find
the canonical momenta p,, = a & First, we note that
df(x) d x? w2t — ala? Ik
a ( )T T Rl T el 22
so that o
T, — . 2.29
oil Z dt Z Sk 2 me _ wst (2.29)
r>s s#Em
Hence, the canonical momenta are
oL ah 0 d
m:_:Mm — _6 r S :Mm C m) 230
p 95 T +7T8:cm p (x, — xy) Ty, + eC(x,) (2.30)
where i i
o o Ty, — T
Cj(mm) = % zg: 8]0(337” — ZBS) = —% ;ﬂ{fjkm (231)



is the Chern-Simons gauge potential and the constants e and ®, satisfying e® = 2ah,
are introduced to emphasize the analogy between C(x) and the electromagnetic potential
A(z).5 Yet, the Chern-Simons potential C(z) is only a fictitious, purely mathematical
device that realizes the anyonic statistics.

The Hamiltonian is given by the Legendre transform,

N N
. 1 )
H= ;lpm @y — L= szl (P — eC(@)> + V(z1,... 2N - (2.32)

We may regard anyons as ordinary bosons carrying the Chern-Simons charge e and flux ®.

2.2.1 Two-anyon problem

Let us consider an example of two noninteracting anyons. Noninteracting in the sense that
there is no potential term. On the other hand, being anyons, they will influence each other
by the statistical interaction.

The Hamiltonian is given by

1 1
H = o (o1~ eC(x1))" + onf (P2~ eC(z))” (2.33)
with i .
P Ty —
O Pt S BN o ) . 2.34
J(wl) 27T€]k le — .’132”2 J(wQ) ( )
In the center-of-mass coordinate system
R:# , T =X — Ty (2.35)
the momentum operators p; = —z'ha%l and py = —ih% read
p="1p  p="p (2.36)
2 2
and the Hamiltonian separates into two parts
1 /pr 2 1 /pr 2
0o (B ) gy (o)
i g TP eC@)) +55 (5 —p +eClay
2 2
Pr (pr — 6C((E1)) _
= =Hr+ H, . 2.

5 In electromagnetism, a particle with charge ¢ having passed around an infinitely long solenoid with

magnetic flux ¢ experiences a phase shift

ehdf Adw _ o596
It is known as the Aharonov-Bohm effect [15].
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The center-of-mass Hamiltonian Hpg, which is independent of the statistical parameter «,
describes a free particle and its eigenstates are plane waves.

We analyze the relative Hamiltonian H, in polar coordinates. Since

) 1
C(x,) = %Vﬁ(r) = 2——(— sin 6, cosf) , (2.38)

T™r

after some calculations we arrive at

Bl1o (Y, 1[0 .o\
H=—" |2 (rZ) = (2 1:2) | . 2.
" M [7’ or <r8r> i 72 (30 +Z7T> ] (2:39)
Using the factorization anzatz for the wave function, ¢(r,) = A(6)B(r), the angular

equation

<% + z%) A(B) = NA(6) (2.40)

is obtained. Since we regard the two anyons as bosons interacting via the statistical

interaction, the boundary condition on the eigenfunction A(#) is
A0+ m) = A0) , (2.41)

hence
ilo a\?
A0) =€l | 1=0,42,+4,... | )\l:—(l+—> . (2.42)

T
The eigenvalues \; are non-degenerate except for two cases: a = 0 (bosons) and o = 7

(fermions).
On substituting A;(0) to the time-independent Schrédinger equation H,ip = E1) we

obtain the radial equation

R:[1d d Al
—— |- |r= — | B(r) = EB(r) . 2.43
M [r dr (Tdr) + 7“2} (r) (r) (243)
Solutions to this equation are the Bessel functions of the first kind,
k2h?
B(r) = J /= (kr) = J|l+%|(kr) , F= vk (2.44)
which behave at » — 0 as
1 kr 5] a
Tippe) (br) = al ~rlrsl 2.45
o3| (A7) r(\l+%\+1)<2> ' (245)

We observe that two particles can come close together, for the wave function this means
[W(r —0,0)] = |B(r — 0)]* #0, (2.46)

14



only if @ = 0 (bosons) and [ = 0. For o > 0 there is a centrifugal barrier that prevents
the particles from occupying the same position. Apart from bosons, all other particles
(0 < a < ) satisfy some kind of Pauli exclusion principle. The repulsion grows with
increasing exchange parameter . In this sense, anyons behave like bosons with extra
repulsion interaction or fermions with extra attractive interaction.

Quantum mechanics of interacting anyons has been studied in literature [3]. While two-
anyon problems (oscillator potential, Coulomb field) can be solved, troubles arise when we
consider three and more anyons, since we can no longer take advantage of the center of

mass separation and the polar coordinate system.

2.3 Fractional statistics

In statistical mechanics, the particle statistics is described by the Pauli exclusion principle
rather than by a phase factor that the global wave function acquires upon an exchange of
particles. The Bose-Einstein statistics allows any number of particles (bosons) to occupy
a given quantum state, whereas the Fermi-Dirac statistics allows only zero or one particle
(fermions). These notions of exclusion statistics can be introduced in any spatial dimension
(for example, two).

In 1991 Haldane [2] introduced the concept of fractional exclusion statistics generalizing
the Pauli exclusion principle. He defined the statistics g of a particle by
dy — dnian

AN ’

where N is the number of particles and dy is the dimension of one-particle Hilbert space

g= (2.47)

when other N — 1 particles are kept fixed. In particular, for AN = 1 we can see that
g = dy — dy41 denotes the number of quantum states that are filled by one extra particle
in the system. Here, however, g is not required to be an integer. For bosons gz = 0, for
fermions gr = 1 and for anyons (if applicable) we would expect something in between.
On the basis of (2.47) Haldane proposed a formula for the number of many-body states

of N identical particles occupying a group of p quantum states,

(V=D =g
VNN (g

The factorials, of course, need to be considered in a generalized sense of I' functions. For

(2.48)

bosons and fermions this reproduces the well known formulas

(p—l—N—l)' p!

Wp= ~—— 7 d = —
e T T VT o

(2.49)

15



When there are several p-fold degenerate energy levels ¢; with n; particles in each of

them, the number of microstates of the system

|
j ( 9)l!

determines the statistical entropy

S =kpnQ . (2.51)

Maximizing the entropy S as a function of the occupation numbers n; and with the con-

straints on the total energy and the number of particles,
E=> mnjg , N=> n;, (2.52)
J J

we obtain the least biased occupation numbers n; = %, i.e. the average number of particles
occupying one quantum state in the j-th energy level. The calculation is done in [3], chapter

5, with the result
1

= 2.53
Towg) g (2:53)
where §; = ePlei—1m 3 = kT is the inverse temperature, u is the chemical potential and the
function w(&;) satisfies the equation
1—
W& (1+wE) "=¢. (2.54)

For the particular cases g = 0 and ¢ = 1 we immediately recover the familiar formulas for
Bose-FEinstein and Fermi-Dirac distributions, respectively.

At zero temperature (1" = 0, f — 00, it — o) the parameters &; reduce to

g >ho o =G mo00 = w(g) — oo,
€5 < Mo : gj = eﬁ(sjiuo) —-0 = W(£j> — 0 (255)
and hence
0, g >
Aj=4 o 0 (2.56)
7 €5 < U -

We can see that particles obeying the fractional exclusion statistics exhibit a Fermi surface
under which é particles on average occupy one quantum state.

Now, the obvious question is whether the particles obeying the fractional exclusion
statistics are indeed the anyons that we defined in (2.20) through the nontrivial phase ac-

quired upon an exchange of two particles. One can compare the thermodynamic properties

16



of an ideal gas of particles obeying the fractional exclusion statistics and a gas of particles
interacting through the statistical interaction (2.26). In the latter case, the virial expansion
is used. Although only the second virial coefficient is completely known and the third one
is known only partially, the conclusion is that an ideal anyon gas is not an ideal gas of par-
ticles obeying the fractional exclusion statistics. There have been several other attempts
to introduce the fractional statistics, but non of them agrees with the thermodynamics of

anyons. See [3] for the analysis.
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Chapter 3
Anyons in experiments

The concept of anyons, these somewhat exotically behaving particles, sounds quite attrac-
tive. Sooner or later, however, one should ask the question whether his new ambitious
theory has anything to do with reality. Finding a physical implementation of the new
ideas can provide even stronger motivation and encourage further research. In this chapter
we will talk about two experiments relevant for the physics of anyons. Firstly and mainly,
we will discuss the quantum Hall effect which is widely agreed on proving the existence of
anyons in real physical systems. In the second part we will briefly review the role of anyons
in the theory of high-temperature superconductivity. Although it has been suggested that
anyons could provide a mechanism for this yet unexplained phenomenon, experimental

results indicate that they are, unfortunately, not involved.

3.1 Quantum Hall effect

In this section we will overview some aspects of the monolayer quantum Hall effect (QHE).!
The QHE is of two kinds — the integer QHE and the fractional QHE. Especially the frac-
tional QHE is interesting for us, because it supports quasiparticles with anyonic statistics.
Suppose electrons are moving in the xy plane in a perpendicular magnetic field B =
(0,0,—B), B > 0, and suppose their velocity is constant and pointing in the x direction,
v = (v4,0,0). The electrons feel the Lorentz force and their motion is described by the

equation
Mv=—e(E+vx B), (3.1)

IThere are also other types of quantum Hall effects (bilayer QHE, QHE in graphene). See a monograph
about quantum Hall effects and their aspects written by Z. F. Ezawa [16].

18



Figure 3.1: Electron gas of the density pg is moving in the xy plane with a constant velocity
v = (v4,0,0). Perpendicular magnetic field B = (0,0, —B), B > 0, generates the Lorentz
force that is compensated by the electric field E = (0, E,, 0) = (0, —v, B, 0).

where M is the mass of an electron an —e is its charge. The requirement of constancy of

the velocity v determines the electric field

E=-vxB ,ie E,=0 and E,=—-v,B. (3.2)
In a homogeneous electron gas with the areal density py the current density is 3 = —epgv,
hence we have the relation
jo=p,. (3.3)
B Yy
The ratio between £, and j, is the Hall resistivity
E B 127h
R, =t B _1h 6.0
Je epo Ve
where v = % is called the filling factor for reasons that will be settled later.

While classically, at a fixed density pg, the Hall resistivity R,, is a linear function of
the perpendicular magnetic field strength B, experimentally, at low temperatures and high
B, one finds that R,, develops a series of plateaux (illustrated schematically in Fig.3.2),
where it is constant around particular "magic” values of the filling factors . This is known
as the quantum Hall effect. The integer QHE (at v = integer) was discovered by Klitzing
[17] in 1980, a century after the discovery of Edwin Hall [18]. The fractional QHE (at
v = n/m with integer n and odd integer m) was discovered by Tsui, Stormer and Gossard
[19] in 1982.

3.1.1 Electron gas confined to two dimensions

We consider a system where electrons are trapped in a thin layer (~ 10nm) between a

semiconductor and an insulator of between two semiconductors. The electrons are free
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zy

classical theory

QHE

Figure 3.2: QHE is illustrated schematically. At a fixed density py of the electron gas, the
classical theory predicts a linear dependence of the Hall resistivity R,, on the magnetic field
strength B (the thin line). Experimental results at low temperatures and strong magnetic
fields, however, form a series of plateaux (the thick line). The values of R,,, where the

plateaux occur, are universal — they don’t depend on properties of the sample.

to move in the x and y direction. The trap in the z direction is realized by a narrow
potential well V(z) and with a help of sufficiently low temperature. It is then a good
approximation that the electrons are confined to the ground state of the potential well and
the 3-dimensional system is reduced to the 2-dimensional one. The wave function of one
electron is of the form
U(x,y,2) = ¥(x)Yo(2) , (3.5)
where & = (z,y). One only has to deal with the wave function ¢ (x) of the planar system,
since 1o(z) is the fixed ground state of the potential well.
It is instructive to approximate V(z) by the d-function potential: V(z) = —V,d(z),
Vo > 0. The one dimensional Schrodinger equation is easily solved and the only bound

state is given by

Bl h?p?

— —Plz Ey=—-—"_ 3.6
o(2) \/_56 , Eo 5 , (3.6)
where [ = Mhéo and M is the electron mass. For sufficiently deep potential well (3 — o0)

the particle is confined at z = 0.
If we decide to model the well as infinitely deep but of a finite width L, the bound state

energies are
_ RPm*(n+1)°

= >0 . .
E, e =0 (3.7)
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3h2m2
2M L2

confined to the ground state for small L and sufficiently low temperatures.

Since the energy gap Fy — Ey = increases as the width L — 0, the electrons are well

The Coulomb interaction between electrons in three dimensions is given by

1 7/
oo [t s
: ine\flw =P+ (=)

where p.(x,z) is the electric charge density. For planar electrons we approximate the
charge density as

pelw, ) = —ed(2)p(@) . (3.9)
with the particle density p(x) = 27{\7:1 5@ (x — a,), where @y, ...,y denote the positions

of the electrons in the plane. The Coulomb energy term then reads

e? pl@)p(a’)
Ho = — | dad?r’ 2222 1
“7 7 / e drelx — x| (3.10)
The total Hamiltonian
H=Hc+ Hxg + Hy (311)

consists of the Coulomb term H¢; the kinetic term

1 N

T oM

r=1

Hy (—ihV, + eA“ (,))° (3.12)
where M is the electron mass and A**(x) is the external electromagnetic potential; and
the Zeeman term

Ay

Hy =—=> [ @z (p(z) = p'(2)) . (3.13)

where Ay = |gupB| is the Zeeman gap, p'(x) and p'(x) are the number densities of
up-spin and down-spin electrons.

To reveal the essence of the QH system, we will consider the spin-frozen theory, where
the Zeeman gap is very large and all spins are frozen into their polarized states. The spin-
full theory is discussed in [16]. It supports topological solitons called skyrmions, which are

solutions to the corresponding nonlinear sigma model.

3.1.2 Planar electron in a magnetic field

For the time being, we will neglect the interaction due to the Coulomb term H¢ to study

the basic nature of planar electrons. The one electron Hamiltonian is given by
1 . exr . exr
H=Hg= oYY ((—ihd, + eAS™")? + (—ihd, + eAj N?) (3.14)
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where the vector potential A**(x) corresponds to the external magnetic field B = (0,0, —B),

0< B= —ejkajAZ“ = @A;ﬂ — &EA;” ) (3.15)
The covariant momenta
P, = —ih0, +eAS"
P, = —ihd, + A (3.16)

and the newly defined guiding center coordinates

1
X = z+ Bl
Y = y— eiBPx (3.17)
satisfy the commutation relations
X, P = [X,P) = [Y,P.] = [V, P,] = 0. (3.18)
This follow from the commutation relations
X,V] = _% — il | [Py P, = iheB — z% | (3.19)

where we have introduced the magnetic length

h
Iy = ‘/E , (3.20)

which gives the fundamental scale to the QH system. The coordinate = (x,y) of an
electron is decomposed as € = X + R into the guiding center coordinate X = (X,Y’) and

the relative coordinate

11
R= (R, R, = (—ﬁpy,ﬁpm) . (3.21)

The guiding center coordinate X is constant in time as follows from the Heisenberg
equations of motion (recall that H = 517(P2 + P7))

dxX 1

X H| =

o o H=0,

ay 1

& = R l=0. (3.22)
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The relative coordinate R describes the motion around the guiding center. The corre-

sponding Heisenberg equations

dR, 1 11 1 1 eB

_ lpemetitrt o p popy_lp _Pp
df e Al = mo- P Bet Bl = M
d B
&= (3:23)

are most easily solved if we notice that they are equivalent to a single equation

d
£<Rm +iRy) = w.Ry — iw.R; = —iw. (R, +iR,) , (3.24)
where B 5
e
We= — = —— (3.25)
M M3

is the cyclotron frequency. We can integrate (3.24),
(R. + iR,)(t) = (R) 4+ iR))e ™" (3.26)
ie.

R.(t) = R2cosw.t+ R2 sinwet ,
R,(t) = Rycoswet— R)sinwt (3.27)
where R? and RS are the integration constants. The relative coordinate R makes cyclotron

motion with the cyclotron frequency w..

It proves useful to introduce two pairs of operators

14 , 4 .
a= \/__QBFL(PCE +iP,) , a' = \/__ZBh(Px —iP,)
1 1
b= X—iy) , b= X +1iY), 3.28
ﬂIZB( iY) \/563( iY) (3.28)
obeying
[a,aw = [b, bq =1,
[a,b] = [a',0] =0, (3.29)

which can be regarded as creation (a' and b') and annihilation (a and b) operators of two

independent harmonic oscillators. We may define the Fock vacuum |0) by requiring
al0) =0 , b0)=0 (3.30)
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and construct the Fock states upon it,

Ny =y oy (@)Y ()" 0) (331)

In terms of the ladder operators a, a' the Hamiltonian (3.14) is rewritten as

1 1 : . .
H = so(PE+ P = oo (P = iP) (P +iP,) = ilP.. P)))
1 [2R? h2 1

The energy levels, called the Landau levels, are found in the same way as for the

harmonic oscillator:

Ex = hw, (N + %) (3.33)

with the eigenstates |N,n),2 where n corresponds to the degeneracy within a Landau level.
A state |N,n) is called the Landau site and due to the Pauli exclusion principle it can
accommodate one electron in the spin-less theory and two electrons in the theory with
spins.

At this stage we choose the gauge, i.e. the electromagnetic potential A“*(x) such that
B = 0,A5" — 0, A;"". We will work in the symmetric gauge

1 1
Aext:_B Aext:__B 4
2 =By A 5B, (3.34)

in which the covariant momentum P and the guiding center X take the concrete form

0 eB 0 eB

P. = —1h— - - —Jh— — —
x m@x+ 5 Y P, Zh@y 5 %
1 ih 0 1 ih 0
X=-0r———, Y= — . .
2" eBoy 2y—|— eB 0z (3.:35)

The angular momentum operator (there is only one in a two dimensional system) is given

by
0 eB

0
= —ihr— X?+Y? Pl + P b — ala) . .
zhxa +Zhy8:c 2( +Y*) - QeB( + P2) = h(b'b —a'a) (3.36)
The states |N,n) are the eigenstates of L,
LIN,n) = h(b'b — a'a)|N,n) = h(n — N)|N,n) , (3.37)

2The quantum numbers N and n correspond, respectively, to the “oscillators” a and b.
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with eigenvalues fi(n — N). Thus, b and b', respectively, are the operators decreasing and
increasing the angular momentum of an electron.
We will now find the wave functions |V, n) explicitly. It is convenient to introduce a

pair of complex conjugate dimensionless coordinates

1 1

z= %(QJ +iy) , 2F=—(x—1y) (3.38)

and the corresponding differential operators
0 0 0 0 0 0
— = = —i= =Vlp | — +i— . 3.39
oz 7 (8x Zay) C oz 7 (6’x —Hay) (3:39)
The ladder operators (3.28) now take the form

NG 0z) G 0z )’
0 1 0

b:ﬁ(z*—k&) : bT:E('z_%)' (3.40)

In analogy with the harmonic oscillator, the states in the lowest Landau level (N = 0)

must satisfy .
al) =0 , ie. — % (z + %) P(x) =0 (3.41)

with the solution

U(x) = AN2)e >, (3.42)

where A(z) is an arbitrary analytic function. The state [N = 0,n = 0) = [¢)o) has to

satisfy, in addition, the condition

. 1 ., O B
Since y(x) = \g(2)e **", the latter reduces to
* 9 —zz* 8)‘0(2) —zz*
(z + &) (Mo(z)e ") = —5, ¢ =0 = \o(z) = const . (3.44)

The normalization condition for [t) dictates \o(z) = (27¢%)~'/2, so that

2 2
Yo() L e ] (—%). (3.45)
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The states [1,) = |0,n) from the lowest Landau level, but with higher angular momenta,

are obtained by repeated application of the b operator on the vacuum 1) (see (3.31)) —

n n
Ynlz) = 2”1n! (Z N ai*) Yo(@) = n!227r€23 e (3.46)
In higher Landau levels the calculations get more complicated, leading to Laguerre poly-
nomials.
The probability that the electron in a state |1),,) is found at radius r = 2¢p|z| is given
by
on
n!2ml%

[Yn()|* =

2
|2[27e 2 o 12" exp —T—2 : (3.47)

which has a sharp maximum at r, = v/2nfp. The area of a circle with radius 7, is 27n/%.
It accommodates n Landau site (n possible values of the angular momentum), i.e. the area
of one Landau site is AS = 27¢%. This holds for any Landau level, not only for the lowest
one.

For a sample of area S there are
SB

S S e
AS 2% i B =5, (3.48)

states in each Landau level. The constant & = @ is the Dirac flur quantum. We define
the Landau level filling factor v as the ratio between the total number of electrons in the
system and the number of states available in one Landau level:
poS  po®p
V= =

=55 — )
®p B

(3.49)

po is the electron density.

3.1.3 Many-particle states

It is straightforward to determine the ground state of the system at filling factor v = 1,
i.e. when the lowest Landau level is completely filled. This is a particular case in the
integer QHE. For the wave function ¥(x,...,xy) of N electrons, where the appropriate
N depends on the size of the system as N = pyS = é—g, the Pauli exclusion principle

implies that it is given by the Slater determinant constructed from the one particle wave
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functions (3.46),

¢0($1) ¢1(w1) ¢N—1(~’B1)
1/10(5132) wl(wz) ¢N71(3’32)

%(ZUN) %(CCN) ¢N71($N)

1 21 e Z{V_l
DEEIY Nil
~ 1 zZ2 22 e_Z;\le |Zj‘2
1 ZN Z]]\\][_l
= (H(zr — zs)> e it lal® (3.50)
r<s

where we have recognized the Vandermonde determinant.

In the case of fractional QHE, the Landau levels are not filled completely. The fractional
QH system develops a new type of collective ground state driven by the Coulomb repulsion
between the electrons that has been neglected so far, but now it becomes necessary to
explain the fractional QHE. A trial wave function of the ground state at filling factor

V= %, m odd, was first proposed by Laughlin [20],

U, (x1,...,ex) = Ny, (H(z - zs)m> e~ it Izl (3.51)
r<s
where NN, is the normalization factor.

Several properties of this wave function are to be pointed out. It is antisymmetric
under the exchange of any two electron positions. Since the prefactor [],_ (2, — 2z,)™ is
purely analytic, all particles are in the lowest Landau level and since it is a polynomial in
21,...,2n, ¥, is an eigenstate of the total angular momentum operator i) bib,. The
Coulomb repulsion among electrons is also contained in the prefactor, which has a zero of
order m at the points of coincidence z, = z;. The Laughlin wave function (3.51) is the
particular state, in which all electrons, having their own cyclotron motion, are repelled
from each other as much as possible. It is not an exact ground state, but it has a very
high overlap with numerical solutions for the QHE computed for various kinds of repulsive

potentials [20].
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3.1.4 Quasiparticles in the fractional QHE

Quasiparticles in the FQHE are stable vortex solitons® carrying fractional electric charges.
We shall see that they obey anyonic statistics, i.e. they are anyons. A quasihole is created
at the origin by transforming the polynomial part of the Laughlin wave function (3.51) as
follows

Ut =N H 2, H(ZT —z)™ | e” e bl (3.52)

ko r<s

[16] and [21]. This amounts to increasing the angular momentum of each electron by 1 and
pushing the electrons outwards from the vortex center. Similarly, a quasielectron is created
at the origin when the angular momentum of each particle decreases by 1 (and electrons

are pulled towards the vortex center),

U =N~ 1;[ a% 1:[(2 — )™ | e Eiha i (3.53)
The wave functions W and ¥, | being the eigenstates of the Hamiltonian as well as W,,,
do not decay in time. The size of quasiparticles is of the order of /5 (the magnetic length
(3.20)). Quasiholes are easier to analyze, but results analogous to those that will be derived
hold for quasielectrons as well.

The electric charge of a quasihole can be calculated using the concept of the Berry
phase? [4]. The wave function describing a quasihole located at position z, is obtained

from (3.52) by the shift z;, — z — 2, in the polynomial part,

Wiz = N [k = 20) | U - (3.54)
k

30n the classical level, solitons are extended objects (classical field configurations) that are not de-
formable continuously into a classical vacuum without violating the energy finiteness condition. One says

that solitons are topologically stabilized.
4In quantum mechanics, the initial-state and final-state vectors of a cyclic evolution are related by a

phase factor e!?2 (so called geometric or Berry phase), which can have observable consequences [22].
The concept of Berry phase was first published by M. V. Berry in 1984 [23] in the context of adiabatic
evolution of a cyclic quantum system. Barry Simon explained the Berry phase mathematically as an
anholonomy in the parameter space [24]. Later on, Y. Aharonov and J. Anandan showed that if the
evolution is cyclic in the projective Hilbert space, the anholonomy is not based on the assumption of
adiabaticity [25]. Many further generalizations showed that the Berry phase is a pure artefact of the
geometry of the projective Hilbert space and hence is independent of the actual Hamiltonian (as long as

the curve in the projective Hilbert space is not changed).
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Let us transport the quasihole adiabatically along a closed loop I' so that z, becomes a
time-dependent parameter. Since the time dependence of W 2 () comes solely from z,(¢),
we find that

d ey dIn(z, — 24(t)) Za
(1) = zk: y7 e (t) . (3.55)

The formula for calculating the Berry phase [25],

on=i [ WOIG00) i, (3.56)

to

takes the form

en=i [ ()Y T Dy ar. (3.57)

where the integral over t is evaluated from the time ¢y, when the quasihole begins its tour,
to the final time #; when it returns to its original position. We will assume that the loop
I" is traversed counterclockwise. (3.57) can be rewritten in terms of the electron density in
the state W2 (¢),

p(z) = (UL (O] Y 6P (2 — z) |02 (1) (3.58)

so that

o /: » / . dln(z;tza(t)) .
i f [ttt
- i/dzz qudza Z’Z<f>z . (3.59)

Under the reasonable assumption that the density p(z) is a regular function, only the points

z inside I" will give non-vanishing contour integral fr ﬁ dz, = 2mi. Thus

op = z/ d*z p(z)2mi = —27Nr | (3.60)
<r

where the symbol [ <T d?>z denotes the integral over the region inside I', and Np is the
number of electrons that are in there.

It can be shown [16] that the density of electrons in the state W' is uniform, i.e.
Nr = poSr, where Sr is the area inside the loop I'. Then N can be related, using (3.49),
to the magnetic flux & = —B.Sr penetrating the area enclosed by I,

BSr dr
Nr = = —v—. .61
r=1v o, VCDD (3 )

29



If we identify the Berry phase with the Aharonov-Bohm phase o5 = en4a®r (footnote ?7)
that a particle of charge ¢ acquires when it is moved along a closed loop encircling a flux

&, we can deduce the unknown charge ¢:
Or  qPr 2mh

B =2V = s = Pan =3 (3.62)
Since by definition ®p = @ and, in our case, the filling factor v = %, we obtain a bit

exotic result for the electric charge of a quasihole

e
=, (3.63)

where e is the elementary charge.

Analogously, one can derive [26] that the electric charge of a quasielectron is
e

Cpe=—— . (3.64)

m
To find the exchange parameter o (2.20) between two quasiholes we utilize the wave

function
W Ny (H(zk — 2y) (2K — z3)> U, (3.65)
k
and calculate the Berry phase of an adiabatic process when the quasihole at z.,(t) is moved

along a closed loop I', while the quasihole at z3 is kept fixed. Along the same lines as when

we calculated the charge of a quasihole we arrive to

tl z z d Z: z
oy = z/ (W ()| L (1)) i = —27?/ P2z p(2) | (3.66)
to dt <
where p(z) is the electron density in the two-quasihole state,
+zy,t2 +zy,t2
p(z) = (U TP (0)] ) 6P (z = 2) [0 (D)) (3.67)
k

If z, does not encircle zg during its motion then ¢p = —27Np. This corresponds to the

situation when the two quasiholes are not exchanged. On the other hand, if 23 is located
in the interior of I', the electron density inside I' is no longer constant and the number of
electrons has to be diminished by % This yields the Berry phase
1
pp = —27 <Np — —) : (3.68)

m

The extra phase %, that accounts for one winding, i.e. two exchanges of the quasiholes, is

identified with 2a;, where « is the anyonic exchange parameter. Therefore

=" (3.69)

We conclude that quasiholes in the fractional QHE at filling v = %, m = 3,5,..., are

anyons with exchange phase e’ .
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3.1.5 Hall plateaux

So far we have studied the QH effect precisely at filling factor

op 1
”:ﬂ}D:E' (3.70)

When the magnetic field B is increased by AB, the number of Landau sites (3.48) increases

by %—f, i.e. the filling factor v decreases. Each Landau site thus created accommodates

SAB
®p

one quasihole. When B decreases by AB, the number of Landau sites decreases by
v increases and for each missing Landau site a quasielectron is created.

Since both electrons and quasiparticles are electrically charged, the Hall current is car-
ried by both of them and the Hall resistivity R,, (3.4) is a linear function of B. But, this
is only true in pure samples. Real samples contain impurities that localize the quasipar-
ticles. In the vicinity of the magic filling factors v = %, only free electrons contribute to
the Hall current, which leads to the formation of Hall plateaux around v = % (Fig.3.3).
As the filling factor changes further, a Hall plateau is broken eventually since too many
quasiparticles are created to be localized by impurities.

R

ry

v=1/m

/pa EEAY

mpy ®p B

Figure 3.3: Quasielectrons are excited for B > mpy®p and quasiholes are excited for
B < mpy®p. They are trapped by impurities and don’t contribute to the Hall current.
The Hall current remains unchanged in the vicinity of v = %, as is the origin on the Hall

plateau.
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3.2 High-temperature superconductivity

Anyons gained a lot of attention when it was realized that they could provide a mech-
anism for the high-T, superconductivity, observed in cuprate and other materials. The
current picture is that a gas of semions, i.e. anyons with the exchange parameter o = 7,
exhibits superfluidity and becomes superconducting if the anyons are electrically charged
[27]. However, it is an open question whether this mechanism can be observed experimen-
tally in nature.

As discussed in (2.27), anyons violate discrete symmetries of parity (P) and time rever-
sal (T). Therefore, by experience, their presence in a material should cause optical effects.
For example, linearly polarized light passing through sugar water rotates its direction of
polarization due to a definite handedness of the molecules in the solution. Another example
which breaks both (P) and (7T") symmetries is the Faraday effect. In this effect, the direc-
tion of polarization of a linearly polarized light is rotated due to a magnetic field applied
to the sample in the direction of propagation. When the light is reflected and travels back
through the sample in the opposite direction, it does not “unrotate” its polarization axis
into the original state but rather rotates once again in the same direction (time reversal
violation).

It was suggested that the presence of anyons in the high-T, materials should cause
effects similar to the Faraday effect. However, a careful experiment by Spielman et al.
[28] has found no signal of time reversal violation. It seems that anyons do not provide a
mechanism for the high-7, superconductivity in the observed compounds (see [3], chapter
9 for more details). On the other hand, this does not rule out the possibility that anyonic

superconductors exist, but are yet to be discovered.
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Chapter 4

Propagation of anyons on the toric

code

In quantum information theory, the toric code is a model that can serve as a platform
for quantum computational tasks. In particular, it can serve as a quantum memory — a
device that stores quantum information. The lifetime of such memory is the central issue
that decides about its potential practical usefulness. Excited states of the toric code are
interpreted as anyons. Under perturbations, these anyons can propagate and cause logical
errors. Our goal is to investigate the time evolution of the anyons living on the toric code
and to see whether a disorder imprinted in the system can guarantee their (Anderson)

localization.

4.1 Toric code — introduction

Quantum computer is a very powerful device. It can solve certain computational problems
qualitatively faster than an ordinary computer. For example, there is no published classical
algorithm decomposing efficiently an integer into its prime factors, yet a quantum algorithm
running on a quantum computer has been proposed by Peter Shor [29], which resolves this
problem in a time polynomial in the length of the input. Although there exist many
quantum algorithms that push the frontiers of what computers can manage to resolve,
the biggest challenge is the actual physical realization of a scalable and reliable quantum
computer. This is because real quantum systems are vulnerable to interaction with the
environment which causes decoherence of the quantum states, affects quantum information
and consequently discredits the outcome of the computation. Shor’s discovery of fault-

tolerant quantum computation [30] allowed the building blocks of a quantum circuit, the
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quantum gates, to be imperfect, that is to be close to the ideal ones up to a constant
precision d. Unfortunately, the threshold value of ¢ is very small (estimates vary) and thus
hard to achieve.

Classical gates are, in contrast, reliable enough, therefore classical computation doesn’t
need to be performed fault-tolerantly. Consider, for example, how classical information
is stored on a magnetic tape. Magnetism arises from spins of the individual atoms, each
of which is quite sensitive to thermal fluctuations. The spins tend to be oriented in the
same direction (to minimize the energy). If one spin is flipped to the opposite direction,
its interaction with the other spins forces it to flip back — errors are being corrected at
the physical level. In the quantum computational framework we can similarly propose a
quantum code with local stabilizer operators. Such code was invented by Alexei Kitaev in
1997 [5].

Consider an N x N square lattice with “torus-like” identification (Fig.4.1). There are

y Spin-Y

Figure 4.1: Toric code is a square lattice wrapped around a torus. Spin—% particles are
situated on each edge of the lattice and the stabilizer operators A, and B, are defined,

respectively, for each vertex v and each plaquette p.

spin—% particles located on each edge of the lattice. The total Hilbert space of this system

1S

H=HFN (4.1)
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where Hs is the Hilbert space of dimension 2 (one qubit space). So called stabilizer operators

are defined around each vertex v and around each plaquette p of the lattice as follows:

A, = H o} B, := H or, (4.2)

jEstar(v) j€boun(p)

with

z/z o I 2 ]
0./ = (g) , 4.3
’ i€edges ( 1 if 4 7£] ) ( )

” means that we take

where 0% and ¢* are the Pauli operators. The notation “j € star(v)
all (four) edges that connect to the vertex v. Similarly, “j € boun(p)” denotes the edges
on the boundary of the plaquette p. Note that all A,’s and B,’s commute with each other
because star(v) and boun(p) have either 0 or 2 common edges.! Also, they are Hermitian
and have eigenvalues 1 and —1. There are all together 2N? stabilizers A,, B,.

Define the protected subspace L C H as

L:=A{[§) e H| A& = [€), Bpl¢) =) forall v, p} . (4.4)

Vectors in this subspace are supposed to represent quantum information. How much quan-
tum information can we store? This is a question about the dimensionality of the subspace

L. We can observe that there are two relations between the stabilizer operators —

[[4. =1 [IB.=1. (4.5)

v p
so there are only 2N? — 2 independent stabilizers. Now, the handwaving argument is

that since each (independent) condition in the definition of £ (4.4) halves the protected
22N2
2NT3

theory of additive quantum codes [31, 32], but we will not discuss it here.

subspace, the dimension of L is = 4. A rigorous proof follows from the general

We will proceed similarly to the original Kitaev’s paper [5]. Consider paths ¢ on the
lattice, i.e. sequences ¢ = (ji,...,jk), kK € N of edges ji, ..., jk, and similarly cuts ¢ of the
lattice, i.e. paths on the dual lattice.? Some examples of these paths and cuts are depicted

in Fig.4.2. To each path ¢ we assign an operator Z. by the prescription

c= 01 dk) = Ze ZIHU; (4.6)

'For j # k: (ofop)(050%) = —ofojogop = (0iof)(0f o))

2The dual lattice is defined (in the way usual in the graph theory) by declaring plaquettes of the original
lattice vertices of the dual lattice and connecting all pairs of neighboring plaquettes of the original lattice
by edges of the dual lattice. In our case, the dual lattice is the original one shifted in both directions by
half the lattice spacing.
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Figure 4.2: A generic path ¢ on the lattice represents the operator Z.. Two topologically
nontrivial closed paths ¢; and ¢, define the operators Z; and Z; that act nontrivially on
the protected subspace L. Analogously, cuts ¢ of the lattice, i.e. paths on the dual lattice,
represent the operators X.. Two topologically nontrivial closed cuts ¢ and ¢, are shown

that define the operators X; and X5. These operators act nontrivially on L.

and similarly to each cut ¢ we assign X through

k/
=3t de) > Xe=]]0h (4.7)
=1

We observe that if ¢ (¢) is a closed loop then Z. (X ) commutes with all the stabilizers A,,
B, and therefore is a mapping from £ to £. We also observe that if a loop c is contractible,
i.e. if it is a boundary of some set of plaquettes P, the corresponding operator Z. acts on
L as the identity operator, Z.|¢) = [£) for all [€) € L, for it is a product of the stabilizers
B,, p € P. Similarly for the cuts ¢’. Thus, with respect to the protected subspace £, only
non-contractible loops and cuts are interesting.

On a torus we have two non-contractible loops (modulo the loops that are boundaries of
some region) — the first homology group has two generators. We denote these loops ¢; and
¢y and the corresponding operators Z; and Z,. Analogously, two non-contractible cuts ¢}

and ¢, define operators X; and Xs. The loops ¢;, ¢o and the cuts ¢}, ¢, are drawn at Fig.4.2.

36



Realize that traveling any of these non-contractible loops or cuts twice yields the identity
operator so going to higher winding numbers is fruitless. The 4 operators Z;, Z5, X1, Xo
have the same commutation relations as the operators (6% ® 1), (1 ® %), (c* @ 1), (1 ®
o®). This is in agreement with the protected subspace being 4-dimensional, i.e. |£) € L
corresponding to a state of 2 qubits. The ground state of the toric code can encode 2 qubits

of quantum information. Hence, we may hope to use the toric code as quantum memory.

4.2 Toric code Hamiltonian and anyonic excitations

Counsider the Hamiltonian

Hy=- > A,— Y B,. (4.8)

vEvertices pEplaquettes

This Hamiltonian is more or less realistic, because it only involves local interactions —
each stabilizer acts only on four nearby spin—% particles. It is easy to diagonalize as all
of the terms A,, B, commute. The ground state subspace coincides with £; it is 4-fold

degenerate. Excited states occur if some of the constraints

Aul€) = [€) Byl€) = 1€) (4.9)

are violated. Since the eigenvalues of A, and B, are %1, the energy gap between the
ground state and any of the excited states is AE > 2.

Let us construct an excited state by taking a string (a connected path) ¢, as pictured
in Fig.4.3(a), and applying the corresponding operator Z; (recall the definition (4.6)) to
some ground state |£). We obtain a state Z;|¢) for which

Au Zi|8) = =Z[€) and Ay, Zi[€) = —Z,[€) (4.10)

where v; and vy are the two distinct endpoints of an open string ¢t. We interpret this
violation the constraints (4.9) as two e-type particles occupying the vertices vy, ve. If ¢ is
a closed string then Z;|¢) € £ and no particles are created. Also note that for two strings
t1,ty with common starting and ending points, Z;,|£) = Z;,|£) unless the loop “t; followed
by t3” winds around the torus.

Analogously, with a cut ¢ we have associated an operator Xy (definition (4.7)). If ¢

has distinct endpoints py, pa (see Fig.4.3(a)) then
By, Xv[§) = =Xv[€) and By, Xv[€) = —Xv[€) | (4.11)
and we talk about two m-type particles occupying the plaquettes p; and ps.
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Figure 4.3: (a) A string ¢ on the lattice represents the operator Z;. The endpoints of
t (vertices v; and wvy) are occupied by e-type particles. A string ¢’ on the dual lattice
represents the operator Xy. The endpoints of ¢ (plaquettes p; and py) are occupied by
m-type particles. (b) The initial configuration described by the strings ¢ and ¢’ presents a
pair of e particles and a pair of m particles. If one of the e particles moves around one of
the m particles (the cycle ¢), the global wave function acquires a phase factor —1. This

reveals anyonic statistics between the e and m-type particles.

4.2.1 Stability of a quantum memory

Suppose we initiate the toric code in a state |£) € L. By doing so we have stored quantum
information. The question is: What will be the state of the system after some time? Will
it be |£) or will it change? How reliable is our quantum memory?

Errors might occur characterized by an operator

E= [ )™ ] )%, a8 €{0,1} (4.12)

j€edges jeedges
acting on the initial state |£). The new state E|¢) is in general an excited state of the
Hamiltonian Hy. It describes some configuration of e and m-type particles. The particles
represent elementary errors, violations of the stabilizer conditions (4.9). They always come
in pairs because of the relations (4.5).3 Due to the energy gap AFE > 2 between the ground
state and the excited levels, which remains finite in the thermodynamic limit, errors are

suppressed by coupling the toric code to a thermal bath with low temperature.

3Let, for instance, e particles be created at vertices from the set V., = {v | A,E|¢) = —E|£)}. Tt holds
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If the particles have been created, we can, in principle, bring them pairwise together to
perform error correction. This is realized by a correction operator C' acting upon FE|{) in
such a way that the operator C'FE contains only closed strings, so that the resulting state
CE|€) lies in the protected subspace L. If the error rate is below a certain threshold,* the
error correction can be done through a minimum distance matching of the particle pairs
without forming topologically nontrivial loops. The resulting state C E'|£) will be equal to
the initial state |¢), i.e. the quantum information will remain unchanged. If, however, the
error rate is too high, we can’t avoid creating topologically nontrivial loops (such as the
operators Zy, Zs, X1, X2). The state CE|¢) might then be different from |£), which results

in a logical error — the information stored in the quantum memory is changed.

4.2.2 Anyonic statistics revealed

Consider a perturbation to the toric code Hamiltonian Hy (definition 4.8) of the form

V=-hy » of—h. Y o}, (4.13)

j€edges j€edges

where the constants h, and h, measure the strength of the perturbation. This perturbation
does not commute with the original Hamiltonian H,. The eigenstates of Hy are therefore
no longer eigenstates of the perturbed Hamiltonian H = Hy+ V. As a consequence, e and
m particles will propagate rather then stay at their initial positions.

What happens if the particles move around each other? Consider the initial state
(Wi) = XuZi|€) , [€§) € L (4.14)

pictured in Fig.4.3(b), which describes a configuration of two e particles and two m parti-
cles. Let, for example, one of the e particles move around one of the m particles and end

up at its initial position. The state of the system is now described by the wave function

W) = ZXp Zy|€) = =Xy Zy Z|€) = —|Ws) | (4.15)

that
El¢) = (HA >E£ (161 A ) (g Av) El¢) = (g A >E|f ~1"lEle)

where |V,| denotes the number of elements of the set V.
4If P denotes the probability of an individual o error, the threshold is estimated as P ~ 0.11 [33].

The same holds for o® errors.
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because the operators Xy and Z. anti-commute. We can see that the global wave function
acquires a phase factor —1. The e and m-type particles are quite different from bosons
and fermions, which do not change sign in such a process. Indeed, they are (Abelian)
anyons and we will call them e anyons and m anyons from now on. Notice that the
anyonic statistics is revealed only between e and m particles, not between e (or m) particles
themselves. In terms of the Aharonov-Bohm effect interpretation (footnote 5) we can
view the e anyons as electric charges and m anyons as magnetic fluxes with appropriate
combination (charge) x (fluxr) = 7 so that the Aharonov-Bohm phase e?(¢harge)x(fluz) jg
equal to —1.

The effect of the perturbation (4.13), which would be caused by a spurious magnetic
field in any physical realization of the toric code, is to create, annihilate and transport!
anyons. If this acts unchecked, even a single pair of anyons can form a topologically
nontrivial loop around the torus, thus causing a logical error (a final state |£;) € £ that
is different from the initial state |§;) € L). Therefore, to know how stable our quantum
memory is, we need to investigate the propagation of errors, i.e. the anyons, on the toric
code lattice. If they exhibit some sort of localization (at least under certain assumptions),

the toric code will get one step closer to become a reliable quantum memory.

4.2.3 Perturbation induced anyonic quantum walks

Let us first make clear that the unperturbed Hamiltonian H, defined in (4.8) doesn’t

induce any motion of the anyonic excitations. Choose an orthonormal basis of £: £ =

Span{|§——>7 |€—+>7 |5+—>7 |§++>}7 where
Z1|58182> = 31’55182> > Z2|§5182> = 82‘55152> : (416)

Take two arbitrary configurations of anyons described by two sets of strings — the operators
Zfi)Xt(,i) and 2\ X () acting on sorne ground state |&,s,) = |£). We observe that the two
states i) = Z(Z X(Z €) and |f) = 2P X|¢) are orthogonal, (f|i) = 0, if they correspond
to two different configurations of anyons, since in that case |i) and |f) are two distinct
eigenvectors of some Hermitian operator A, or B,. Also, (f|i) = 0 if |i) and |f) describe

the same anyonic configuration, but distinct logical states. Therefore, the matrix elements

(fIHoli) = =) _(f1Auli) =D _(fIB,li) Zi Fliy =Y £(f18) (4.17)

v

can be nonzero only for |i), |f) describing identical anyonic configurations and logical

states, i.e. Hj is diagonal in the basis of anyonic configurations. The time evolution of a

40



state |i) is then trivial, only multiplying |i) by the phase factor €%, i.e. the anyons don’t
move around.

Introducing a perturbation V' as in (4.13) makes the anyons walk. We put h, = 0 for
simplicity and h, = h for brevity. Now, the Hamiltonian of the system

H=Hy+V==Y A~ > B,—h > o (4.18)

vevert pEplaq j€edges

leaves the m-type anyons static since for any configuration |7) and any plaquette p
Byli) = spli) » sp € {—+} = By(Hli)) = HByli) = sp(H]i)) - (4.19)

On the other hand, H induces a nontrivial evolution of the e anyons — a continuous-time
quantum walk. To see this, realize that H has nonzero off-diagonal matrix elements. Given
two states |i) = Zt(i)Xt(,i)|§) and |f) = Z(f)X |€) we observe that

Iy = Y @xPz0a: 20 Xx)e) = g Xy 20 o7 2 xPle)

j€edges
= +h(g|2"0; 2 XD X}V |€) = £higlg) = +h (4.20)
if for some edge j, Z, () ZZ forms a system of closed loops only and X, ), Xt(,f ) corre-
spond to identical conﬁguratlon of the m anyons. To determine the + sign one needs to
calculate how many times the Pauli operators ¢” and ¢* are transposed when going from
X(f)Zt(f)ath(Z)Xf,i) to the expression Zt(f)ath(i)Xt(,f)Xy). For this purpose we recall the

t/
discussion related to Fig.4.3(b). The + depends on how many m anyons in the Xt(,f ) con-

figuration are enclosed by the loops Zt(f )ath(i) with “+” corresponding to an even number
and “—” to an odd number of anyons. The result only depends on the positions of the m
anyons and not on the particular way they are connected by the strings Xt(,f ),

Our goal is to investigate how the e anyons will propagate under the action of the
evolution operator e~ given some fixed (random) configuration of the m anyons. In this
context we would like to mention the Wootton’s and Pachos’ paper [7] where the authors

consider a perturbed toric code Hamiltonian
Hre+Hy=-> J,A, =Y J,B,—h> o7 (4.21)
v P J

and analyze the propagation of the e anyons with no m anyons present in the system.
They show that if J,’s are not uniform but take random values on each vertex and h < J,,

the disorder in the system can successfully localize the anyons by placing an exponential
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bound on the length of their propagation. Their arguments are based on the theory of
Anderson localization (see the original Anderson’s paper [6] or a recent overview [34]).

In our case the J,’s are uniform and for our choice of units J, = 1. The random
property of our system is the m anyon configuration. Does this kind of randomness lead to
a localization of the e anyons as in [7] or does it not? To make the analysis more tractable
we will investigate a simplified topological model. Instead of a torus we will define our
code on a strip with one periodic identification. The lattice will resemble a ladder and we

will refer to it as the ladder lattice.

4.3 Ladder lattice model

In analogy with the toric code, we define a stabilizer code on a ladder-like lattice with one

identification depicted in Figure 4.4. There are N vertices in the horizontal direction and

B W spin-Y%

Figure 4.4: The stabilizer code defined on a square lattice on a strip — a ladder with one
identification. Spin—% particles are situated on each edge of the lattice and the stabilizer
operators A, and B, are defined for each vertex v and plaquette p, respectively (in analogy

with the original toric code, Fig.4.1).

2 vertices in the vertical direction. Spin—% particles live on the edges of the lattice, the

stabilizer operators A, consist of three Pauli operators ¢* surrounding a vertex v,

Av= ][ o7, (4.22)
jéEstar(v)
and the stabilizer operators B, form the boundary of a plaquette p,
B, = H o; . (4.23)
j€boun(p)

The protected subspace £ C H contains vectors |€) such that

AfE) =16) , Bpl§) =€) (4.24)
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for all vertices v and plaquettes p. The subspace £ has dimension 2. Corresponding to

this code is the unperturbed Hamiltonian

Hy=- > A~ Y B, (4.25)

vEwvertices pEplaquettes

the lowest energy eigenspace of which coincides with £. An e-type anyon occurs on a

vertex v whenever
Ay) = = |¢) (4.26)

and similarly an m-type anyon occurs on a plaquette p for which

Byly) = =l¢) - (4.27)

Anyons of both types are created in pairs and they occupy the endpoints of a string of o*
operators (for the e anyons) and the endpoints of a cut of o* operators (for the m anyons).
We introduce a perturbation to Hg of the form V' = —h} . 07. The full Hamiltonian

now reads
H=- Y A- > B,-h > o (4.28)

vEvertices peplaquettes j€edges

and it induces a quantum walk of the e anyons while keeping the m anyons static. The
logical error occurs when one e anyon from a pair propagates all the way around the ladder
and annihilates with its fellow e anyon. During this process a loop Z of ¢* matrices is
formed which maps the logical state |£) into another logical state Z|{), causing a logical
error. Our goal is to probe how the e anyons will propagate in a static pattern of the m
anyons. What effect will the nontrivial braiding properties of the anyons (recall Fig.4.3)
have on their quantum walk?

We assume that the perturbation V' is weak (h < 1). Then the e anyon pairs are
created sparsely and each pair can be considered independently. We will thus analyze a
single pair only. Creation and annihilation of a pair of anyons is energetically suppressed
by the energy gap AE = 2.

Let us introduce some notation as suggested by Fig.4.5. We denote ‘H the Hilbert space

of one e anyon configurations, i.e.
H = spand{|z,y) = |z) @ y) [z =1,...,N, y=0,1} (4.29)
is the space of all positions (vertices) one e anyon can occupy. Let

M:{ml,...,m‘m}g{1,...,N} (430)
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[1,1) [2,1) [3,1) |z,1) [N.1)  [N+1,1)=(1,1)
identification
N_ M1 | 2| 3 x NY

o=1y=0) [20) [30) 2,0) INO)  [N+1,0)=]1,0)

Figure 4.5: Vertices of the ladder are denoted by a pair z = 1,..., N (the horizontal axis)
and y = 0,1 (the vertical axis). Each vertex corresponds to one basis vector of the one-
e-anyon Hilbert space H. There are N plaquettes numbered by integers 1,..., N. The

identification on the two sides of the ladder is illustrated.

denote the set of plaquettes where m anyons are located. For a logical state |£) € L we
denote |£y/) the state of |M| anyons of type m that have been created upon |€) and moved
to plaquettes from the set M = {m1,...,m}.

Once [€y) has been fixed and a pair of e anyons created we represent configurations of
the two e anyons by the vectors |z1,y1) ® |72, y2) € H x H.® To establish the connection
with the original Hilbert space of the code (which is fully analogous to (4.1)) we need
to choose a canonical manner in which the string Z; connecting the two e anyons is laid

" For this purpose choose and fix a point (zg,0) on the ladder. Let (z1,y;) and

down.
(x2,y2) be the positions of the two e anyons. The canonical string Z;, starts at (z,0),
connects straightly and by the shortest way to the vertex (x;,0) and then to the vertex
(x1,11). Accordingly, Z;, connects sequentially (x¢,0), (z2,0) and (x2,y>). The canonical
string between the two positions (x1,y;) and (x9,ys) is the composition Z; = Z;, Z,, (see

Fig.4.6).

5More precisely,

|'£M> = Xt’|€> ;

where X/ is a collection of strings of 0 operators whose endpoints are my,...,m . The set M carries
no information about a concrete layout of the strings. This information, however, is not important for
the braiding properties of the anyons, which is what we want to probe. It is only important how many m

anyons an e anyon encircles during its travel (see Fig.4.3 in this context).
6Strictly speaking, since the e anyons are indistinguishable, we should represent them by symmetrized

vectors |71, Y1) ® |T2, y2) + |72, y2) @ |1, y1). We will not be as punctual, because in a while we will reduce

our problem to a one particle walk only.
"Keep in mind that Z;,[£x/) and Zy,|€pr) are the same quantum state (they differ only by a phase

factor) if Z. = Z;, Z, is a closed contractible loop.
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Figure 4.6: The definition of the canonical manner of connecting two e anyons by a string
Zs.

4.3.1 One anyon walk

The two e anyons are almost independent. The only correlation between them is the fact
that their annihilation is energetically suppressed, so they cannot occupy the same position
at the same time. We will neglect this correlation (in doing so we support the spreading
slightly as we don’t prohibit the steps that bring the two anyons to the same vertex) and
analyze the propagation of one e anyon (the walker) only. For this purpose we fix the
position of one of the anyons sufficiently far (say, on the horizontally opposite side of the
ladder) from the other one, the walker.

We will induce the Hamiltonian H’, a linear operator on the space of one anyon con-
figurations H, that describes the propagation of one e anyon in the presence of some fixed

pattern of m anyons. Let us denote |x) = |z,y) € H and define
(s | i) = (el 21 HZ ) (4.31)

where Zt(i) and Zt(f ) are the canonical strings between the fixed anyon and the walker anyon
at position x; and ¢, respectively. H as defined in (4.28) consists of three sums — over

vertices v, plaquettes p and edges j. We separate
H'=H}+H! +H! (4.32)

and analyze the three parts one by one. From the discussion around the relation (4.17) it
follows that

(ol i) = =Y (@lZPAz2010) =~ Y -1+ Y 1] dura,
v ve{x;,z} ve{x;,x}

= —(2N —4)0z, 2, (4.33)

where 2N is the number of vertices of the lattice, & is the position of the fixed e anyon
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and (5wi’wf =1lifx; =x; and 5wi’wf = 0 otherwise. Similarly,

(g Hllae) = = (enl 2B, 2" |en) = — (Z 1+ 1) Oss
p pEM pgM

= _(N_ 2|M|)5mi7mf . (4'34)

The case of H, is a bit more subtle, but it results from the relation (4.20) and the discussion
that follows it:

(g H i) = =0 > (el 2002 27 6ns) = —hd iy gy s, ) (4.35)
J

where d(z, «,) = 1 if the vertex @; neighbors with x; and 04, «,) = 0 otherwise. The factor

s(x;, xy) accounts for the nontrivial braiding properties between e and m-type anoyns:

(4.36)

( ) -1 if y;=yr=1 and min(z;,z5) € M
S\&Li, Lf) = .
! 1 otherwise .

It is illustrated at Figure 4.7. The expression (4.35) is incorrect for vertices x;, s located

Y m* e mi | im
€

2/
(%70)

Figure 4.7: The factor s(x;,zf) = —1 in the case depicted due to the nontrivial braiding

properties between e and m-type anyons (recall Fig.4.3).

horizontally opposite of (zg,0) since then topologically nontrivial loops can be formed.
We will neglect this fact as it does not affect our point — whether the particle remains
localized around (xg,0) or spreads. Otherwise we would have to restrict ourselves to a
certain neighborhood of (z,0) with boundaries which would make our analysis much more
technical.

The time evolution of the system is governed by the evolution operator U (t) = e "

Since H! and Hzf are just multiples of the identity operator, U(t) factorizes as®

oI Il PSS SIS SR |
Ul(t) — ezt(HU+Hp+He) — ethv 6mepethe ) (437)

8We use the fact that eA*tB = e4eP if the commutator [A4, B] = 0.
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itH] b — e it(2N—4) o—it(N—2|M])

The operator eHvett 1 only multiplies the wave function by a
global phase factor and as such is irrelevant. The propagation, or quantum walk, of one e
anyon is described by the Hamiltonian H!. In the position basis {|&)} the matrix —3 H/
has entries +1 and it is convenient and illuminating to represent it by a graph with edge
weights +1. This graph coincides with the ladder lattice graph and it is depicted in Fig.4.8.

Algebraically, the operator H! : H — H reads

1 -1 -1 1 1 -1 1 1
1Y 1 m: 1 m: 1 1 1 m: 1 1 {
1 1 1 1 1 1 1 1

Figure 4.8: The adjacency matrix of this weighted graph is —%H I The weight is —1 for an

edge that is the upper boundary of a plaquette containing an m anyon and it is 1 otherwise.

H] = ~h(1® Hy+ Ho®[0)(0] + Hz® [1)(1]) , (4.38)
where
H, = 0){1] + [1){0] | (4.39)
N
Hy =) (o + 1)(z| +|z)(z + 1)) , (4.40)
=1
N
Hz=) e (Jo+ 1) (x| + |z)(z + 1)) (4.41)
=1
and where the dependency on the set M is realized through a vector & = (e1,...,en)
defined by
—1 if M
. = hre (4.42)
1 if e& M.

In the above formulae, the identification |N + 1) = |1) is implied.
Our goal now is to determine the transition amplitudes (| |xo) that carry the full
information about the walker’s propagation. From the transition amplitudes we can de-
itH! ’ T >|2
0 )

whether the particle spreads around the lattice and causes a logical error or remains local-

rive the time evolution of the position distribution |(x|e from which we can tell

ized. In the next section we will analyze in detail one dimensional problems (continuous-

time quantum walks) defined by the Hamiltonians Hy and He.
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4.4 Continuous-time quantum walks in one dimension

We will analyze the quantum evolution of a particle living on a one dimensional lattice.
In literature, especially in the quantum information theory, this problem is called the
continuous-time quantum walk [35]. Indeed, it is inspired by the classical random walk
and translates it into the quantum mechanical framework.

While the time we take continuous, the space is considered discrete. This can be
thought of as a tight binding approximation — the particle is anchored to a vertex by a

sufficiently deep and thin potential well.

4.4.1 Cyclic lattice

Let us consider a free spinless quantum particle moving on a cycle graph with N vertices

(Fig.4.9). The Hilbert space of this system is N-dimensional,

[N+1)=[1) [N)=0)

|z-1) |2) |z+1)

Figure 4.9: The particle moves on a one dimensional periodic lattice pictured as a cycle
graph with N vertices. The hopping amplitudes for all neighboring sites are all equal to 1

(there is no disorder).

M = span{|z)}.L, | (4.43)

where |z) are the normalized eigenvectors of the position operator, X |z) = z|z). We
impose periodic boundary conditions |t = N + 1) = |z = 1) and |x = 0) = |x = N) and

consider the Hamiltonian

H==> (Jo+ )|+ )z +1]) , (4.44)

=1
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that is
H|z)=—(lz — 1) + |z + 1)) . (4.45)

In the |z) basis H takes the matrix form

H= ‘ . (4.46)

1 1

This Hamiltonian describes a particle hopping on a one dimensional periodic lattice with
the “hopping amplitude” being 1 for all neighboring sites.

The translational symmetry of the problem suggests that using the Fourier transform
(i.e. switching to the momentum basis) could lead to simplification. We define for all
k=0,....N—1

k) = \/LN > e (4.47)

It is easy to see that the |k) vectors are orthogonal,

1 S22 (1 ) J? 1
(k) = = > R E ) (g)))

!/ —
T,T mfl
’ 5 2!

IFE R — 5 (4.48)

Mz

e

and that they are in fact the eigenvectors of the Hamiltonian H:

_1 . LT
Hlk) = \/—_Zeﬁvm(|x+1>+|x—1>)
_ —szz 128 k(x+1) |x+1 kz 128 k(z—1) 1>
om or 2T
= —e ' TH|k) — &'FF|k) = —2cos ( B )|k> (4.49)

The eigenvalues E = —2 cos (Q—Wk') are in general twice degenerate, F = En_y, except for
the non—degenerate ground state |k = 0) = \ﬁ >, |z) and the special case when N is even
and k = 7. We have solved the spectral problem of the Hamiltonian H and thus opened
the possibility of finding the time evolution of the system analytically.

Let the particle start at time ¢t = 0 in a fully localized state |¢)(0)) = |x = (). We are

interested in the position distribution of the particle after a time ¢
Py(w;20) = (zlp () (¥ (t)]2) = [(2[U(#)|20)|* , (4.50)
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where |1(t)) = U(t)]1»(0)) and U(t) = e~ is the evolution operator. For this sake we
calculate the amplitude of transition from the state |x) to the state |z) in time ¢ using

the resolution of unity in terms of the eigenvectors of H — 1 = Yo " |k)(k|. We obtain

(2|U(t)zo) = (ale”™ o) =Y e ™ (a[k)(klxo)

k

2

-1
€i2tcos(2ﬁﬂk)e 27 fo(z—=0) . (451)
0

1
N

£
I

We can now plug these transition amplitudes into (4.50) to find the position distribution
Py(z;20). The result is plotted at Fig.4.12 for N = 200, zy = 100 and times ¢ = 20, 50.
The particle is spread around the cycle when ¢ is large enough.

We can derive (4.51) using a rather different approach — without diagonalizing the

Hamiltonian. Starting with

(@|U(#)]o) = (w|e™"|zo) (4.52)
and expanding the exponential,
(z]e” ™ |z0) Z n! H)"|xo) | (4.53)
n=0

we realize that the terms (x|(—H)"|zo) answer a classical question: How many ways can a
classical particle (a drunken sailor) walking on a cycle graph with N vertices get in n-steps

from the point x( to the point x. Due to the periodicity of the cycle we have
n n
SR S A B (4.54)
2 +3
PEL

where we use the usual convention that (Z) =0if £ ¢ {0,1,...,n}. We rewrite the latter

in terms of the Kronecker ¢ symbol,

FISTUITED 3) 3I () LIRSRINES 3] ()] yT SNV

p€EZ j=0 7=0 PEZL

and use the relation

=

-1 )
1 S Zh(r—s) _ 1 ifr= s'+ pN for some p € Z (4.56)
N 0 otherwise

e
Il

0
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to obtain

e!'N Ma—o) (2 cos ik) ' . (4.57)
Plugging this back into (4.53), the transition amplitudes read
@U@ = 3D ol

_ o1 5 k(a—wo) yi2t cos( 7 k) ’ (4.58)

which, indeed, equals (4.51).

4.4.2 Infinite line

What happens if we send N — oo0? This corresponds to replacing a finite circle by an
infinite line.® The sum in (4.51) is replaced by an integral, % by z and % by dz. The
transition amplitudes read

1 21
. . 1 ) )
<x‘U(t)’x0>|NHoo — / 61215cos(27rz)€127rz(:r:—xo)dz _ ezZtcos zezz(x—aso)dz ’ (459)
0 21 Jo
where now o,z € Z. After the substitution z — —z + 7 and using the fact that the

integrated function is 27-periodic,

1 or A je—wo 2w .
o 61215 cos zezz(x—xo)dz _ / 61275 sin ze—zz(ac—ﬂco)dz (460)
2m J, 2 Jo

and we unveil the integral representation of the Bessel functions of the first kind ([36],

formula 8.411.1). This gives the transition amplitudes a compact form

@U@ o)y = 17T, (2L) . (4.61)

‘N—>oo

Tt is important that we carry out the limit N — oo at the beginning and not only work in a large (but
finite) N regime, where our following conclusions would be valid merely for  — 2y and ¢ small enough
compare to N.
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The position distribution of the particle in the N — oo limit then takes the form

Pl 30) e = | @0 la0) e = (omna(2)” (4.62)
It is plotted in Figure 4.10(a).

Variance

500 -
400
300 -

200 -

Figure 4.10: (a) The position distribution P;(z;0)
line graph, initially localized at position zy = 0, is shown for the time interval ¢ € [0, 15]
and the sites x € {0,...,20} (P(z;0)

variance of the distribution P;(x;0)

| v oo Of a particle walking on the infinite

|v_o is symmetric with respect to ). (b) The

grows quadratically with ¢.

|N—>oo

Let us put xy = 0 for simplicity. The moments of the probability distribution P;(z;0)

‘N*)OO’

(X™M(t) = > 2™ (L(2t) (4.63)

T=—00

can be expressed in the following way. For the Bessel J function it holds that

eﬁ:i2tsinz: Z Jz(Qt)ej:ixz (4.64)

r=—0Q
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([36], formula 8.511.4). We may write

m S S m 1 o —ix'z _ixz
xmm = Y Y s Jx(2t)J$/(2t)%/0 e~ giE g

T=—00 g/=—00 ~ v

G - 1 o —ix'z \m aom ixz
= > > T (28) o (21) e (=)™ 5 e

(—i)mi—"; ( > Jx(2t)em> dz (4.65)

r=—00

1 21 0 -
- Jm/ ) e 'z
o ), | X e

=—00

and using (4.64) we derive

Sy g e
X’)’TL t — 7 sin z (A Sin Zd . 466
(o)) = e [ e, (1.66)
It is not difficult to calculate first few moments explicitly:
(XN(t) =1 (4.67)

reflects a proper normalization of the probability distribution;

(XN (t) =0 (4.68)
is the mean value (generally, (X1)(t) = xy);

(X% (t) = 2t (4.69)

is in our case equal to the variance (X?) — (X)?, which measures the spreading (or delo-
calization) of the particle (Fig.4.10(b));

(X% (t)=0, (4.70)
(XM (t) =2t*(1 + 3t?) , etc... (4.71)
In general, (X*™*1)(t) = 0 for all m € N since P,(x;0)

An explicit calculation of the even moments (X*™)(t), m € N, requires to perform

. . 10
|y oo 15 an even function of z.

repeated differentiation of a composite function. However, we can easily (with the aid of
[36], formula 3.621.3) find at least the leading term of (X?™)(t) for arbitrary m:

_\2m 2m
(X*™M\(t) = ( 2Z) / (i2t)*™(cos 2)*™dz + . . . (lower orders of t)
™ Jo

_ (Qm)t2m+.... (4.72)

m

10Tt holds that
Jon(t) = (=1)"Jn(t)
for n € Z.
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4.4.3 Cyclic lattice with disordered couplings

We can generalize the previous model by allowing the “hopping amplitudes” for neighboring
sites to take values +1 or —1 (Fig.4.11). We hence get a family of Hamiltonians

[N+1)=(1) |N)=10)

|a-1) |2) |z4-1)

Figure 4.11: The particle moves on a one dimensional periodic lattice with N sites. The

hopping amplitudes are allowed to take values e; = 1,57 =1,..., N.

N
He= =) e (lz+ 1) + |z)(x +1]) (4.73)
z=1
or
Hez) = —(epa]z — 1) + e.lx + 1)), (4.74)
characterized by binary vectors
&= (61,52,...,8]\7) y € S {—1,1} . (475)

The boundary conditions are again periodic, |z = N+1) = |z = 1) and |z = 0) = |z = N),
and we define €y := ey. Note that the undisordered Hamiltonian (4.44) is contained in
this family as the special case &€= (1,...,1) = I

We shall see that the generalized problem is solvable for any configuration . Well, let

us try to solve the spectral problem for Hg,

Hely) = EfY) , (4.76)

which leads to the set of N equations

—ep (= 1) — e (x + 1Y) = E{z|y)) , x=1,...,N (4.77)
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for the components of |1)) in the X-representation. We may regard this as a linear recur-

N+1

rence relation for a finite sequence {(x|¢)},, subject to the boundary conditions

Olw) = (Nlv)
(N + 1) = (1) . (4.78)

After multiplying (4.77) by vazx e, and rearranging the terms we face (keep in mind that
g2 =1 for all )

<H sj) (z+1|)+E (Hg]> (z|)+ (H gj> (x—1p) =0, z=1,...,N. (4.79)

j=x+1 j=z =z—1

Now, for £ = 1 we know that the Hamiltonian is the one without disorder and its
eigenvectors are given by (4.47). Fortunately, we can get rid of the £ dependence in the

recurrence (4.79) by making the ansatz

(z])) = <Hsj) ,x=0,...,N+1. (4.80)

(We use the usual convention H?.:a(. ..)=11if a > b.) One can easily convince oneself that
such [¢) satisfies the equations (4.79) provided that

2
E = —2cos (Nﬂw) : (4.81)

The parameter w is restricted by the boundary conditions (4.78) that for our choice of [))

read

N

<H€j) = ene™ (4.82)
=0

e FONFD) <H5 ) N (4.83)

Since, by definition, £y = ey, these two conditions are equivalent and yield
€™ = sgn(&) , (4.84)

where we denoted

sgn(&) = Hej ==+1. (4.85)

Jj=1
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If sgn(€) = +1,

The eigenvalues of Hg are
E" = —2cos —2 k k=0 N -1
k N ’ Y

and the (orthonormal) eigenvectors of Hg read

If sgn(e) = —1,

The eigenvalues of Hz are

2 T
E =-2 —k 4+ — k=0,... N—1
k COS(N +N)7 ) )

and the (orthonormal) eigenvectors of Hg read

3%

Let’s check the orthonormality of the vectors |k1¢):

N N
1 2
) = 5 3 (L) (ILo) 7o ooy

Jj=z1 Jj=x2

— _§ ez—kg klwl_(sklb-

In the same way we can prove the orthonormality of the vectors |k™¢).

T1,T2

N
Z(Haj)elv eNl“”\:c>, =0,...,N—1.

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

Once the eigenvectors are known, it is easy to probe the time evolution of the system.

Depending on sgn(£), the transition amplitudes are either

flroy = Y eI (k) (Ko

k

- (i) (1)

o6

(2 Ure(t)]wg) = (afe”

=1

Z eth cos WW 2“1@(957:1:0)

(4.94)



for sgn(&) = +1, or

(@|U-c(t)wo) = (x|

o) = Y e MR (k%) (ko)

k
N N
- (1) (1) e oot
J=%o k=1
for sgn(&) = —1. To obtain the position distribution after time ¢, starting with a localized

state [1(0)) = |zo), we calculate the modulus squared of the transition amplitudes (4.94)
and (4.95). Clearly, the results only depend on sgn(€), not on the details ¢; of the particular
configuration &

N
1
Pt+ ZE IO — F Z 2tcos k(;z z0) for Sgﬂ(i—?_) — +1 :
k=1
1| & i
P (x;m0) = =N Z i2tcos(Fh+ ) i F (z—m0) for sgn(&) =—1. (4.96)

The position distributions P, (x; xg) and P (x; x¢) are plotted at Fig.4.12 and Fig.4.13,
respectively, for the cycle of length N = 200, the initial state |x¢) = [100), and times t =
20, 50. The particle (initially fully localized) spreads around the cycle, i.e. its localization
is lost. This holds for both sgn(¢) = +1 and —1 and the corresponding plots are in fact
hardly told apart by eye.

Remark: Yet, it can be important whether we have £ such that sgn(&) = +1 or —1.
Consider two simple examples of cycles of size N = 4 with the hopping amplitudes as
pictured in Fig.4.14. Let us choose the initial state |z¢) = |1) and calculate the particle’s
distribution after a time t. For each site |x) we obtain a function of ¢, P;*(x; x0). The results
for (a) sgn(€) = +1 and (b) sgn(£) = —1 are plotted at Fig.4.15(a) and (b), respectively.

The interference phenomena change dramatically the propagation of the particle. In
particular, in the case (b) the particle can never (for no ¢) be found at the opposite corner
of the square (position |x = 3)). This is because the particle’s histories traveling from |1)

to |3) via |2) pick up phases opposite to those traveling via |4).

4.5 Numerical results for one anyon walk on a peri-
odic ladder lattice

We have seen in the previous section that a particle living on a one dimensional lattice

with nearest neighbour interaction tends to spread for any choice of disorder £ in the
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0 50 100 150 200

Figure 4.12: The position distribution P;"(x;100) of a particle evolving on a cycle graph
with N = 200 vertices, from the initially localized state |x = 100). The disorder of the
Hamiltonian Hg is characterized by the vector & with sgn(€) = +1. Two time instances
are shown: ¢ = 20 and ¢t = 50.

Figure 4.13: The position distribution P, (z;100) of a particle evolving on a cycle graph
with N = 200 vertices, from the initially localized state |x = 100). The disorder of the
Hamiltonian Hg is characterized by the vector £ with sgn(€) = —1. Two time instances
are shown: ¢ = 20 and ¢ = 50.
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3) 3)
1 -1
1 1 1
1 1
12) 12)
(a) (b)

Figure 4.14: (a) A lattice corresponding to &= (1,1, 1,1), sgn(€) = +1. (b) A lattice with
hopping amplitudes corresponding to € = (1,1, —1,1), sgn(€) = —1. The initial state is

|z0) = [1)-

P;r(:v;l) P, (x1)
1.0 ‘ :
08
0.6F 0.6} r=2,4

0.4+

02r

w

(a) (b)

Figure 4.15: The probabilities of finding a particle initiated at vertex |1) on a square lattice
(see Fig.4.14) are plotted as functions of time ¢ for various sites |x). (a) The case when
sgn(€) = +1. (b) The case when sgn(&) = —1. The two cases differ most significantly at

the site |3).

Hamiltonian Hz (4.73), specially for the Hamiltonian H, (4.44). For an infinite lattice,
the variance of the resulting position distribution grows as ~ * (4.69). In the finite case,
when N is the number of sites of the periodic lattice, this quadratic dependence holds until
the spreading wave function starts to interfere with itself as the two parts propagating in

opposite directions meet and mix together.
We have also seen that the presence of —1 hopping terms in the Hamiltonian causes
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destructive interference (recall Fig.4.15) that can play an important role for small cycles,
where the wave function mixes almost immediately.

For the periodic ladder lattice (4.8) these two attributes coexist. Since for a general
configuration of the m anyons we are unable to diagonalize the corresponding Hamiltonian

(4.38) analytically, we turn to numerics.

4.5.1 Regular disorder — delocalization

Let us first consider the case of regularly placed m anyons. Suppose there is an m anyon
on every second plaquette. The Hamiltonian H’, which we will denote simply H from now

on, is of the form

H=H!=-h(1® Hy+ Hy®|0){0] + H=® [1)(1]) (4.97)
with
1 if i
e, = if s odd (4.98)
—1 if x iseven .

We choose a localized initial state [1y) = |zo) ® |0) and calculate |1(t)) = U(t)|ho) —

the wave function after a time ¢. To find U(t) = e~

, it is necessary to diagonalize the
Hamiltonian H, i.e. to find a diagonal matrix A and a transformation matrix S such that
H = SAS~!. This step is done numerically. We are interested in the position distribution

along the horizontal axis of the ladder

1

P (s 20) = ) (gl (0)((t)]a, y) = [z, 0U(0)[wo)|* + [(z, HU @) o) * . (4.99)

y=0

From P/“(x;x0) we calculate the corresponding variance

2
Var,ey(t) ZxQP’”eg ;3 20) (Z 2P (x; xg ) (4.100)

that tells us quantitatively about the spreading of the particle.
The time scale is defined by the perturbation strength h (A = 1 from the very begin-

ning). It is convenient to introduce the dimensionless time
T:=ht . (4.101)

The numerical results are presented for the ladder horizontal size N = 200, the initial
position zp = 100 and for 7 € [0,200] with time-step A7 = 1. Figure 4.16 shows the
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req

P, "(x;100)
012 0.12¢

T=20 7= 2950
0.10 0.10
0.08 0.08
0.06 [ 0.06
0.04 0.04 |
0.02f 0.02}

0 50 100 150 200 0 50 100 150 200

0.12¢ 0121

T = 100 -1 = 200
0.10 F 0.10 F
0.08 0.08Ff
0.06 | 0.06 [
0.04
0.02

Figure 4.16: The position distributions P;“’(x; 100) are shown for 7 = 20, 50, 100, 200. The
particle, initially localized around zy = 100, fills up the ladder about the time 7 = 100.

position distributions P/ (x;100) for 7 = 20, 50, 100, 200, Figure 4.17 illustrates how the

variance Var,., changes with time. At 7 = 100 the variance reaches its maximum
value Var,., = 3128.14. This is comparable to the variance of the uniform distribution
Pmi(z) = +, which comes out as
1 & 1) Ao
_ 2 _ | — _ -
Vary =+ d (N > :c) = —;— =333325 . (4.102)
x=1 r=1

The walker, clearly, gets delocalized — logical error is likely to occur at 7 = 100 = %

4.5.2 Random disorder — localization

More realistically, m errors occur at random positions, they don’t form a regular pattern.

We will consider a model in which an m anyon occupies a given plaquette with probability
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T =100
Treg = 3128.14

Var

reqg

Va
3000 -

2500 ¢
2000 -
1500 £
1000 -

500 f

50 100 150 200

Figure 4.17: The variance of the walker’s position distribution for regularly placed m

anyons, Var,e,, as a function of the dimensionless time 7 grows as ~ 72

up to the point
(1 =100, Var,., = 3128.14) when oppositely propagating parts of the wave function |¢(t))

meet.

%. This probability is equal for all plaquettes.!! That is, on average there should be one
half of the plaquettes populated. The pattern, however, is random and this fact proves to
be fundamental for the motion of the e anyonic walker.

We are interested in the quantities averaged over all configurations (patterns) M C
{1,..., N} of the m anyons (see (4.30)). N denotes the number of plaquettes as usually.
There are 2V possible configurations and all of them are realized with the equal probability
i Let us start with a localized initial state 1) = |z¢) ®|0). The M-averaged horizontal

position distribution of the walker after a time ¢ reads

P =g S ([0 @l + [ o olal) . (@4.103)

MC{1,..,N}

where UM (t) is the evolution operator corresponding to the Hamiltonian H! (4.73) with
the disorder £ specified by the particular set M,

1 ifreM
e, = e (4.104)
1 if e& M.

The M-averaged variance Var,q,(t) is calculated from P/**(x;x,) in a standard way,

2
Varran ZZEQPTWL X, xO (Z xpran flf ;Lo ) . (4105)

UThis yields a rather dense (and perhaps unrealistic) population of the m anyons. We want to distill

the effect of a random pattern even when the lattice that we are able to probe numerically is rather small.

We believe that the effects would be similar for large lattices and sparsely distributed m anyons.
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We present our numerical results, again, for N = 200, zy = 100 and 7 € [0,200] with
AT = 1. Since it is computationally impossible to average over all 22°° configurations M,
we randomly chose 1000. The results are shown at Figure 4.18 (position distributions of
the walker at 7 = 20, 50, 100, 200) and at Figure 4.19 (variance as a function of 7).

ran

P, (2;100)
020 020
T = 20 T = 50

0.15- 015
0.10- 0.10
0.05 - 0.05 -

0 50 100 150 200 0 50 100 150 200
020 020

- 1 =100 T =200
05| 015}
0.10 - 0.10 b
0.05 0.05

0 50 100 150 200 0 50 100 150 200

Figure 4.18: The average position distributions in the case of a random disorder,
Prom(x;100), are shown for 7 = 20,50,100,200. They don’t change significantly with

time. The particle remains localized around its initial position |zg).

The walker’s position distributions are symmetric and maintain their characteristic
shape — one sharp peak at the initial position zy. As the distance between x and =z
increases, the probability of finding the particle at position x exponentially decays. This is
a general feature of disordered quantum systems known as the Anderson localization (see
the original Anderson’s paper [6] or a recent overview [34]). A quantum particle living in a
disordered environment remains localized due to the interference phenomena. Both words
— remains and localized — are important. When exponentially decaying distributions

are observed, one also needs to check that the characteristic width of the distribution, the
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Var
70 ¢
60
50 ¢

ran

40 |
301
20 ¢
10

[ ] .......

0 50 100 150 200

Figure 4.19: The variance of the walker’s position distribution for randomly placed m
anyons, Var,..,, as a function of the dimensionless time 7 grows slowly and is much smaller

than the variance Var,, in the case of the regular disorder (Fig.4.17).

localization length, does not grow with time ad infinitum.
Figure 4.20 shows that our position distributions P/**(x;xy) can be fit to a decaying

exponential reasonably well; the localization length being 3.5 at 7 = 200. The time de-
pendence of the width of the position distribution can be read off from Fig.4.19, i.e. from
the time evolution of the variance, which grows slowly of perhaps even stops growing.
Although our numerical results show only the time range 7 € [0,200] and are of limited
accuracy, they support strongly our final conclusion: An e anyon living on a ladder-like
lattice in a random environment of static m anyons remains localized, it’s motion is expo-
nentially suppressed. As a consequence, the logical errors of the corresponding quantum

memory are also exponentially suppressed — the time it takes for a logical error to occur

is exponentially large in the size of the system.
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ran

P, (2;100)
0.20

T = 200
0.15
0.10 |-

MW \ ,

100 120 140 160 180 200

Figure 4.20: The position distributions P/*"(x;100) can be fit to a decaying exponential.
We show the fit for the “right wing” of the distribution at 7 = 200. The fit is e s up

to a constant prefactor. The localization length is 3.5 in this case.
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Chapter 5
Conclusion

We have reviewed the theory (Chapter 2) as well as the experimental aspects (Chapter 3)
of two dimensional particles with exotic exchange statistics called anyons.

In the last chapter we investigated the propagation of anyons on the toric code to inspect
the stability of this topological quantum memory. We used a simplified model defined on
a strip with a ladder-like lattice. The evolution of a quantum particle (a continuous-time
quantum walk) was exactly solved in one dimension for a finite cycle (4.51), an infinite
line (4.61) and a finite cycle with disordered couplings between the neighboring vertices
(4.94, 4.95) (they were allowed to take values +1 or —1). We showed that any disorder of
the type under consideration leads to the same delocalization behavior as in the case of
uniform coupling. Subsequently, we studied numerically the propagation of an anyon on
the ladder lattice with disorder and compared two cases. When the disorder was regular,
periodic, the particle delocalized (Fig.4.16 and 4.17). On the other hand, in the case of a
random disorder, the Anderson localization effect took place and the anyon remained at its
initial position (Fig.4.18 and 4.19). More precisely, its wave function decayed exponentially
with the distance.

Hence, we have shown (in analogy with [7]) that a random disorder imprinted in a

topological quantum memory can be used to improve its robustness against logical errors.
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Appendix A
Braid group

Braids are formed when n points on a horizontal plane are connected by n strands to
n points on another horizontal plane, parallel to the first one, directly below the first n
points. The strings are not allowed to go back upwards at any point in their travel. Two
braids are considered the same (or equivalent) if one can be transformed into the other via
an ambient isotopy of the space (a continuous deformation that doesn’t cross the strings)
that fixes the endpoints of each string (Fig.A.1).

1 (Y B i}

Figure A.1: An example of equivalent braids. One can be transformed into the other via

an ambient isotopy of the space that fixes the endpoints of each string.

In order to describe a given braid we define the braid group. The braid group B, of
n-strand braids is a group generated by n — 1 symbols o7, ..., 0,1 (depicted in Fig.A.2(a))
with the operation of concatenation (Fig.A.2(b)). The identity element is the diagram
with “n straight lines” (Fig.A.3(a)) and the inverse of a generator o, denoted o', has the
type of crossing opposite from o; (Fig.A.3(b)).

The generators of the braid group satisfy two additional relations:

=
B}—‘

0;0;410; = 0,410,041 for i S {1,2, e, — 2} s (

oio; =050; for i, je{l,..n—1}]i—j]>2. (
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) braid 1
/ braid 2

Figure A.2: (a) The generators o; of the braid group B, (j runs from 1 to n—1). (b) The
braid group operation of concatenation — one braid is put on top of the other and the

corresponding strands are glued together.

(@) (b)

Figure A.3: (a) The identity element in the braid group B,. (b) The inverses of the
generators o; of B,,.

lo; = Ujaj_l = 1 together

These relations are pictured in Figure A.4. The group relation o
with the relations (A.1) and (A.2) guarantee that any two words in braid generators (and
their inverses) represent the same braid if and only if they are the same element of B,.
These three relations correspond to the three Reidemeister moves — the three knot pre-
serving transformations (for an introduction into the knot theory see e.g. [37]). This group
approach to braids is due to Emil Artin [38] and therefore B, is sometimes called the Artin
braid group.

Physical relevance of the braid group is apparent from the following observation. Con-
sider n indistinguishable particles in a plane (Fig.A.5), which we will identify with the

complex plane C, and assume two particles cannot occupy the same position. The config-
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(a) (b)

/ i i+ joj+1 i i+ j oj+1

A7 AN-K(

0; Ojyq O = Ojyq 0 Ojpq 0; 0; = ; 0;

Figure A.4: The braid group relations: (a) represents the relation A.1 and (b) represents
the relation A.2. The braid on the left hand side is the same as that on the right hand

side.

time

d_

[

Figure A.5: Four indistinguishable particles in a plane evolving in time. As the particles
move around one another, their worldlines in the 241 dimensional spacetime constitute a
braid (provided that the initial and the final configuration is the same). The braid group

By is the fundamental group of the space of four indistinguishable particles.

uration space of this physical system is
X =(C\A)/Sn (A.3)

where A = {(z1,...,2,) € C" | z; = z; for some ¢ # j} and S, is the permutation group
of n symbols. As the particles move around in the plane, their worldlines trace curves
in the 2 + 1 dimensional spacetime as depicted in Figure A.5. One can prove a plausible

statement that the braid group B, is the fundamental group of the space X, i.e.

B, = m(X). (A.4)
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A.1 Representations of the braid group

One-dimensional unitary representations of the braid group B, are easy to classify. Let
us assign complex numbers €, «; € [0,27], to the generators o;. The relation (A.2) is

clearly satisfied. The other braid group relation (A.1) translates into
et el = ittt for j e {1,2,...,n— 2}, (A.5)

which enforces e = ... = ei@-1 = ¢! The angle « is the only parameter characterizing

the particular representation
po:oj— e | je{l,2,..,n—1}. (A.6)

We can see that the representation p, is not faithful as it does not distinguish distinct
braid group elements o;0;41 and 0j410;. On the other hand, unlike the symmetric group
Sn, pa does tell apart the identity and the elements 032» (provided that o # 0, 7). In fact,
S, differs from B, only by the additional requirement 0]2- = 1, which allows only two
one-dimensional unitary representations p; : 0 +— 1 and p_ : 0 — —1.

The braid group representation theory in higher dimensions is much richer and much
more complicated. It is connected with the polynomial invariants of knots. An interested

reader is directed to [39] for an overview.
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