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Introduction

The problem of optimal quantum state determination is closely related to mutually un-
biased measurements. The aim of this work is to present a basic overview of quantum
mechanics in finite dimensions and then proceed to the problem of state determination
and mutually unbiased measurements. Relations between the Pauli group IIy, vector
space Zy X Zy and the existence of mutually unbiased bases in prime dimensions N
shall be examined too.



Chapter 1

Fundamental notions of quantum
theory

Quantum mechanics provides us with a mathematical framework for the development of
physical theories. The fundamental role in quantum mechanics is played by vectors in a
Hilbert space:

Definition 1 (Hilbert space). Hilbert space is a vector space with inner product and com-
plete with respect to the metric induced by the inner product.

Hilbert space H represents the state space of a given physical system, meaning that
every state of the system corresponds to a vector from H. According to classical me-
chanics it is possible to determine a result of any measurement performed at time 7 on a
system consisting of N mass points once we know its 3N coordinates and 3N momenta
that describe the system at the same time . While in quantum theory, one can give only
probabilities of outcomes of a given measurement.

1.1 Pure states

Hilbert space that is often encountered in quantum mechanics is L(R?), an infinite-
dimensional vector space composed of functions f(x,y, z)|x, y, 2 € R such that

17 = [ 1P < +oc

and with inner product defined as (f|g) = [5s f9-

However, for quantum systems with a finite dimensional Hilbert space, for example
describing the spin of a particle, we can use the vector space C" which is the Hilbert
space with inner product (¢;|1g) = > 7 @;3; and ||¢||* = > |o|®. The notation used
to describe vectors from Hilbert space was introduced by P.A.M. Dirac [1]: |¢) is called



a ket vector or simply a ket. In a finite n-dimensional Hilbert space, |1/) may be expressed
as:

) =

An inner product of two vectors, denoted as (1, |12) can be regarded as a product of two
vectors (¢, | and |)s), where (1| is called a bra vector. In a finite dimensional Hilbert
space, it can be expressed as:

(Wil =(ar oz -+ @ ).

There exists an unambiguous antilinear one-to-one correspondence of bra vectors and
kets:

(Wil S i),
ar(Yi| +ax(¥e] S a|vr) + asfe).

The probability of finding a system which is in state |¢)) in a state |a), or in other words,
the transition probability is given by:

_ 1@la)P W

P T Pl

The measurement can be realized by an ideal "filter’ £, applied on our quantum system,
which allows only system in state |a) to go through. The results we can obtain from
quantum mechanics are always in terms of probabilities, and since all multiples at))
(o € C) correspond to the same state (i.e. one dimensional span of vector [¢))) we usually
restrict only to vectors normalized to 1. If we want to describe F, as an operator in
Hilbert space, it is an orthogonal projector to one-dimensional subspace span(|a)). Using
notation introduced by Dirac, it can be expressed as

Assuming that we work only with vectors normalized to 1, the normalized state of the
system after applying the filter F, (realized by applying operator F, in Hilbert space) will

be Plv)
L — ¢|a). (1.2)
[ Pal)]
Multiplying a vector by complex unity does not change the state represented by the vector
nor its norm. It should be pointed out that since we assume ||a|| = ||¢|| = 1, we can see
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by comparing (1.1) and (1.2) that the probability of finding |) in a state |a) is

Po—a = | Pa)1* = [(|a) > = (| Palt)). (1.3)

In the last equation we used the fact that P, is an orthogonal projector, meaning that
Pl =P, = P2

1.2 Observables

When we make an observation we measure some dynamical variable. The result of such
a measurement must be a real number. When we measure some physical quantity A of a
system in state 1)) and we always obtain result A, we say that state |¢)) is an eigenstate
of observable A belonging to eigenvalue \. The term observable is usually used in a
sense of a physical quantity that can be measured, but it is also often used as a reference
to a particular selfadjoint operator in Hilbert space. By performing a measurement of
observable A on a system in state 1)) we mean an application of a linear operator A that
is assigned to a particular physical quantity on a vector corresponding to the given state:
Al). In general case we can’t speak of an observable having a value for a particular
state |1)), but we can speak of its mean value for the state |¢)). According to quantum
mechanics, the average value of observable A in a system in state |¢) is given by:

(A)y = (D|A]4). (1.4)

(1| A|v) is a standard notion used for the inner product of ()| A)) because A is assumed
selfadjoint and therefore it doesn’t matter at which side of the inner product it is standing.

In a finite dimensional Hilbert space H = C" every observable A, being a selfadjoint
(or Hermitian) operator, can be expressed (by the spectral theorem) as a linear combina-
tion of orthogonal projectors:

A= NPy = Nla)al, (1.5)
3=0 j=0

where )\; are eigenvalues (not necessarily distinct) corresponding to eigenvectors |a;),
which form an orthonormal basis of H = C". The possible outcomes of a measurement of
an observable are its eigenvalues. For example, if a system is in state [¢)) = «|a;) + 5] a;)
that corresponds to a superposition of two eigenvectors belonging to two different eigen-
values \; and );, the probability of obtaining )\; is |«|? and the probability of obtaining
\; is | 3]2. We assume that ||[1}|| = 1, hence |a|? + |3]* = 1.

As was mentioned before, every observation we make on a quantum system affects the
system. So if we obtain \; as a result of the measurement, the system is then in a state de-
scribed by eigenvector that corresponds to obtained eigenvalue. In order to determine the



state of the system uniquely, it might be necessary to perform several different measure-
ments. It is also required that operators corresponding to these measurements commute
with each other (i.e. it doesn’t matter in which order the measurements are performed). A
set of measurements that commute with each other and can determine the state uniquely
is called complete.

1.3 Density matrix

So far, we used the description of states of a system by so called ’pure states’, meaning
that the state of a system was described by a vector from the state space. However, while
working with quantum systems, we also have to face a situation when we need to describe
a system that is not capable of producing the same pure states for multiple measurements,
for example when we have a source of partially polarized light. We may say that the
information on such a system is less than a maximum.

1.3.1 Definition and formulas for mean values

In order to describe a quantum system whose state is not completely known, a mixed state
tool known as the density operator, density matrix or statistical operator was developed
by von Neumann [2]. For example, imagine a quantum system is in one of a number of
states |1);) with respective probabilities p; € [0, 1]. The states |¢);) are not necessarily
mutually orthogonal. The set {p;, |1;)} is then called an ensemble of pure states and the
density operator p is defined ([3], [4], [5]) as:

p= Zpi’wiﬂwi‘a Zpi =1 (1.6)

The statistical operator is also well defined for separable Hilbert spaces with infinite di-
mension [6].

In the previous section, we defined mean value of operator A for a system in a pure
state |¢);). For a system described by a density matrix p, the mean value for operator A
represented by matrix A can be obtained as follows:

(A= pilA = S plwilAv) =3 0 S A =
- Z AnmnPnm = Z(Ap)m,m = Tr(Ap),

m

where 1/)1(") denotes n-th component of vector |¢);). We also used the fact that p,,, =
> pig/)l(m)@b(”) which follows from the definition (1.6). Thus we have shown that

2

(A), = Tr(Ap). (1.7)
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We can regard the density matrix as a minimum set of input data which serves to calculate
the mean value of any operator for a quantum system. The knowledge of the mean values
(A;) of as many independent operators A, as there are independent parameters in the
matrix p enables us to obtain such data, meaning that by solving an equation (1.7) for the
set of operators A; we can determine the density matrix p.

1.3.2 General properties of the density matrix

We will now have a closer look at the limitations on the elements p,,, of the density
matrix. All these requirements are fulfilled by the definition as presented in (1.6)

1. Because (A) must be real for every Hermitian operator, p has to be Hermitian, too.

2. In order for the operator p to be normalized, its trace has to be equal to one, because
szTr i) (i) sz =1

and we naturally assume that the sum of all probabilities is equal to 1.

3. The condition that the eigenvalues of operator p play the role of probabilities re-
quires them to be all > 0, meaning that p has to be positive.

Density matrices form a convex subset of a vector space of Hermitian matrices. Any
convex combination of density matrices will be again a density matrix and all of the
listed conditions will be fulfilled. Density matrix offers a more general description of a
quantum system than pure states. Actually, the basic postulates of quantum mechanics
can be reformulated using the density matrix formalism. The probability of finding a
system described by density matrix p in the state |a) is:

= (alpla). (1.8)

The previous formula was derived using formula (1.6) and (1.1) as follows:
Pa= Y DiDva = pilalts)(¥ila). (1.9)

Formula (1.8) can be rewritten using an orthogonal projector P, = |a){a|. The mean
value of this operator will be equal to the probability of measuring state |a):

pa = (alpla) = Tr((alp|a)) = Te(Pap). (1.10)

When we perform a measurement of a system in the state described by density matrix
p, we need to know how to transform the density matrix to describe the state of the system



after the measurement. We use the fact that if the initial state was described by vector |1;)
then the state after obtaining the result a is

Pa 7 Pa %

gy = el Lolb) (1.11)
[Pala)ll  /Poi—a

The probability of passing through the filter F,, meaning the probability that we find the

system described by p in a state |a) was given in equation (1.9). Now, the probability of

the system being in a normalized state (1.11) after performing the measurement is

DiDy;—a (1.12)
Pa

Therefore, the density matrix p is transformed to

) -—>aPa % iPa Pa Pa

Pyi—a B Tr(-Pa )

Density matrices provide a more general way of describing a quantum system than
pure states. Moreover, pure states represent special cases of density matrices- in fact, they
lie on the boundary of the convex set of all density matrices. The following lemma shows
how to distinguish whether a given density matrix represents a pure or a mixed state:

Lemma 1. State represented by density matrix p is pure if and only if Tr(p?) = 1. Other-
wise Tr(p?) < 1.

Proof. 1f the state is pure, then the density matrix is a projector onto a one-dimensional
subspace with eigenvalue 1, so p? = p, so Tr(p) = 1. As was mentioned before, p can
have only non-negative eigenvalues less or equal to one and the sum of them has to be
equal to one. If \ is an eigenvalue of p, then \? is an eigenvalue of p* and would be < A
unless it is one. Since Tr(p?) is equal to the sum of all its eigenvalues and is < 1, then
p cannot have eigenvalue 1 and therefore cannot be a projector onto a one-dimensional
state, so the state that it represents has to be mixed. ]

Since p is a normal operator, it can be diagonalized in an orthonormal basis. However,
the representation of a given density matrix by an ensemble is not unique in general. That
is, an infinity of different representations as convex combinations of pure states can be
constructed for a given state in cases when mixed pure states are not mutually orthogonal
or the eigenvalues of p are degenerate [7].

1.3.3 Expansion in orthogonal operators

So far, we worked with Hilbert spaces H where pure states corresponded to vectors in H.
After introducing the density matrix formalism, it is also useful to define a Hilbert space



where the actual vectors will be operators, so that for an n-dimensional Hilbert space
H™, we will construct complex n?-dimensional Hilbert space H™ whose vectors will be
operators in H". The inner product in this space is defined as:

(Ui U;) = Te(UlU;) (1.14)

We can find an orthonormal set of n? operators U; and expand the density matrix p in this
operator basis:

p=> (plUNU; = Tr(pU))U; = Y (U, (1.15)
Example 1 (Density matrix in a two dimensional Hilbert space). In a two dimensional
Hilbert space C? density matrix will be a 2 x 2 Hermitian matrix. As an operator basis,
we will take the following matrices:

10 0 1 0 —i 1 0
[:<0 1) U””:(l 0) Uy:(z 0) 022(0—1) (1.16)

where [ is a unity matrix and o,, 0., 0, are the Pauli matrices. This basis is orthogonal
with respect to the inner product defined in (1.15). In order to fulfil the normalization
condition Tr(p) = 1, the density matrix p must be in a form

1 1
P:§([+PxUI+Pyay+Pz0z):_(

1+ P, Px—z’Py>
5 .

1.17
P,+iP, 1—P, (L.17)

From the fact that p has to be positive (i.e. its eigenvalues have to be > 0) we obtain,
by Sylvester’s criterion, the condition that P 4+ P; 4+ P2 < 1. According to lemma 1,
the state represented by this density matrix will be pure if and only if P} + P; + P? = 1.
Also, P,, P,, P, have to be real, because (¢0;) = Tr(po;) = P;,j € {x,y,z}. Density
matrix (1.17) describes, e.g., partially polarized light, or a beam of partially polarized spin
% particles.

1.4 Tensor products

Suppose we have Hilbert spaces V and V. Then we can define a Hilbert space 'H as their
tensor product, which is denoted as

H=VW.

It is a linear span of |v) ® |w), where |v) € V and |w) € W. If the set of vectors |e)’) and
|e}V) form orthonormal bases of V and W, respectively, then the set |e}V) ® ]e}’) forms an
orthonormal basis of )V ® W. In finite dimensional spaces, if dim) = n and dimW = m,
then dim) ® VW = mn. The following relations are satisfied in VV ® WV by definition:

9



1. For A € C,|v) € V,|w) e W

Alv) @ [w)) = (A[v)) @ [w) = [v) @ (A|lw)). (1.18)
2. For arbitrary vectors |v;), |ve) € V, |w) € W

(lv1) +[v2)) @ [w) = [v1) @ [w) + [vg) © [w). (1.19)

3. If A and B are operators acting in } and WV respectively, then one can define an
operator A ® B acting in V ® W as

(A® B)(Jv) ® |lw)) = Alv) ® Blw). (1.20)

4. The inner product in V ® WV is defined by using the inner products in V and WV as

<Z@z‘|%> ® |w;)

Zﬁj|v3>®|@>> =Y @ (ulg)(wla).  (1.21)

The above definitions can be extended to a product of n Hilbert spaces: V1 @ Vo ®...QV,.
Tensor product of Hilbert spaces is usually used to describe a composite quantum system.

10



Chapter 2

Quantum systems in finite dimensional
Hilbert spaces

In the previous chapter, basic apparatus was introduced to describe a quantum system. We
assumed that we are working in a finite dimensional Hilbert space. However, the relations
presented in the previous chapter have their equivalents in the infinite dimensional Hilbert
spaces as well, but are generally more complicated. In the infinite dimensional Hilbert
space L?(IR?), coordinate operators (); and momentum operators P; fulfil the following
relations:

[P, P;] = PP,—PjP,=0, (2.1)
Qi,Q;] = QiQ; —Q;Q; =0, (2.2)
Qi, Pl = Q;P; — P;Q; = iho;;l, (2.3)

where i,7 € {1,2,3}. The relations are known as the Heisenberg commutation rela-
tions and can be understood as the quantal analogue of Poisson brackets from classical

mechanics:
{¢-,qs} = 0, (2.4)
{pr,ps} = 0, (2.5)
{@.ps} = 6rs. (2.6)

In finite dimensional Hilbert spaces, we use Hermitian matrices to represent linear oper-
ators. From equation (2.3) it can be seen that we can never represent operators F;, (); in
a finite dimension that would fulfil such a relation, because taking matrix traces of both
sides of (2.3) would lead to a contradiction:

THQ:P: — PiQs) = 0 # iliTe(). @.7)

11



However, in a finite /N-dimensional Hilbert space, with an orthonormal basis B =
{10),|1),...|N — 1)}, we can establish a group generated by matrices @) 5, Py which
are defined by the relations

Qnlj) = wi i), (2.8)
Pylj)=|j +1 mod N). (2.9)

Here wy is the primitive /N-th root of unity, we shall take e’¥ . The unitary operators Py
and @)y are represented by unitary matrices:

Qn = diag (1, wy,wh, -+, wy ') (2.10)
and
00 0 1
1 0 0
10 ---00
Py = (2.11)
000 --00
000 --- 10

In finite dimensional quantum mechanics, the unitary matrices Py and () y play the roles
of exponential operators of position and momentum in the coordinate representation [8].
They fulfil the following algebraic relations, analogous to relations for Weyl’s exponential
form of Heisenberg’s commutation relations:'

wnPNQNn = QNP (2.12)
wn Py = Pywy (2.13)
wNQ@N = Qnwi (2.14)

PY=QN =wl =1 (2.15)

Py and Qi were first studied by Hermann Weyl [9]. The cyclic group
Zy ={0,1,...N — 1}

acts as a configuration space for our finite dimensional quantum system. The elements of

'Note that in the infinite Hilbert space H = L2(R), the action of of e**” and e**? for t, s € R is:

(€ Pl) (z) = [W)@+1) [) € L*(R)
(eisQ|1/J>)(:E) _ eisw|¢>(x) W)ELQ(R)

12



this group can be assigned to vectors from the basis B = {|0),|1),...|N — 1)}. Note
that there exists a natural transitive action of Zy on Zy, an addition modulo N. The
action of operators U (k) = P¥ on a vector |j) from basis B is then

U(K)lj) = Pylj) =15 +k mod N) (2.16)

The Zy analogue of the Fourier transformation, which allows us the transition from
the coordinate representation (corresponding to the above matrix forms) to the momentum
representation, is given by the unitary Sylvester matrix S:

Wik
S = . (2.17)
jk \/N
The following relations are then fulfilled [10]:
STIPNS = Q= QN =Ql, ST'QnS =Py (2.18)

1.e. finite Fourier transform diagonalizes the momentum operator.

Theorem 1. The set of N? unitary matrices B = {Q%P¥|a,b={0,1,...,N —1}}
constitutes an orthogonal basis of Hilbert space of all complex matrices H™ g

Proof. This theorem can be easily proved by showing that the matrices Q% P% and Q%, P¢
are orthogonal for all different pairs of coefficients ((a,b) # (¢, d)). The inner product
(defined by (1.15)) of such unitary matrices is then:

Tr ((QaP) QP ) = Tr ((P) (@a)T Q5P = (P (PR) (@407 @)
(2.19)
where we used the invariance of trace under cyclic permutation of matrices. We will now
suppose without loss of generality that a > ¢, b > d. Then:

P (PR Q) Q% = (P ) (%) (2.20)

and if b # d, we will have a matrix (P;{,_d)T (with diagonal elements equal to zero)

multiplied by a a diagonal matrix ( ?V’C)T which gives a traceless matrix. In case b = d,

we will take the trace of a matrix with powers of e’ onits diagonal, which would give
us again 0, because:

2mim \ N
Nl 2mim k <e N) _1
(eN) N /0 V¥YmeN 2.21)
k=0 e v —1

13



We can therefore summarize that:

Tr <(Q§LVP]?,)T vap;é) =0 V(ab) % (cd), (a,b)€ZyxZLy (2.22)
O

The finite group
Iy = {WhQNP{|li,j =0,1,2,...,N — 1}, |lIy| = N? (2.23)

is called the Pauli group or the finite Heisenberg-Weyl group. 1t has applications in finite
dimensional quantum mechanics and is also useful in connection with mutually unbiased
bases, as we shall see in the next chapters.

14



Chapter 3

Quantum state determination

3.1 Number of independent parameters

We will now discuss the number of independent parameters that identify a state of a
quantum system with an N-dimensional Hilbert space. A pure state is identified by N
complex numbers (which are its components c¢; in a given basis), but the number of mean-
ingful real parameters is reduced from 2N to 2N — 1 by the normalization condition
11¢)|I? = >, Jas|* = 1, and further to 2N — 2 because the phase of the state vector [¢)) is
physically meaningless. An N x N density matrix has N2 elements. Because it is Her-
mitian, the number of real parameters is reduced to N2. This number is further reduced
by the normalization condition Tr(p) = 1 to N? — 1 independent parameters.

Now, we should consider the number of measurements that are necessary to determine
the density matrix. We suppose that we have an ensemble of identically prepared states
large enough to perform all necessary measurements. We are measuring a state of an V-
dimensional quantum system. One complete measurement will give us N — 1 independent
probabilities of possible outcomes. Since the number of necessary real parameters to
determine the density matrix is N2 — 1, we need ]X;__ll = N + 1 different measurements.

The number of N + 1 necessary measurements can also be obtained by a slightly
different argument. Suppose we have a set of m observables A;. We want to find out the

minimal number of these observables that have to be measured on the system in order to
identify its state. As was mentioned before, we suppose we have a large ensemble which
we observe. Now, every observable A; can be expressed in terms of orthogonal projectors
P,ﬁ which project onto vectors |ty ), respectively, and which form an orthonormal basis.
Note that these vectors are in general different for each A;

N
k=1
Measuring the mean value of observable A; can be understood as measuring the mean

15



values of projectors P} (i.e. probabilities of measuring |1;)). So for every observable
A; we obtain N equations. Since the sum of all probabilities has to be equal to one,
only N — 1 out of N equations can be independent. Every observable will thus provide
N — 1 linearly independent equations (at most). Now, we need to solve a system of linear
equations for N2 —1 independent real parameters, so we need the same number of linearly
independent equations. Assuming that every observable’s mean value will provide a set
of equations that are not a linear combination of equations provided by other observables,
we get

m(N —1)=N? -1

where m is the minimal number of necessary observables to be measured, which is then
N +1.

From measuring the probabilities of possible outcomes we are able to reconstruct the
density matrix that describes the system. For example, we can imagine the measurements
on a beam of partially polarized photons. We perform measurements of selected observ-
ables, determine the probabilities of possible outcomes and then compute the polarization
density matrix that corresponds to obtained probabilities. However, we will never have
an infinite number of samples, and therefore the results of our measurement will always
include some statistical error because the probabilities that we shall obtain from mea-
surements will not be necessarily equal to probabilities that are given for a system in a
particular state described by density matrix p. The problem of choosing optimal observ-
ables in order to minimize this error will be discussed in the next section.

3.2 Optimal set of measurements

In the previous section, it was shown how we can reconstruct the density matrix by mea-
suring probabilities of possible outcomes for a given observable. Those possible outcomes
were represented by eigenvectors |1);) of the corresponding operators, and the probabili-
ties were equal to mean values of their orthogonal projectors P;. Therefore, the problem
of choosing the optimal observables is a problem of choosing an operator basis in H* g

In this section we shall reformulate the reasoning of Wootters and Fields [11]. They
introduced a vector space of traceless Hermitian matrices. Instead of representing a state
by its density matrix p, they use a matrix

1
Y,=p— N] (3.1)
where [ denotes a unit matrix. The inner product is the same as was defined in (1.15). The
Hilbert space of all traceless Hermitian matrices will be denoted by H ;. It has dimension
N? — 1. The subspace of all matrices Y, such that p = Y, + %I is a density matrix will
be denoted by S .

16



We also need to introduce a way in which we are going to quantify the amount of in-
formation that will be obtained after performing the measurements in order to find such a
set of measurements that will actually maximize this information. To find such a suitable
function, we will suppose that, as a result of our measurements, a certain set of “probable
states’ will be obtained. The actual construction of such set will be given later. Volume of
this set will be denoted as V', volume of space S will be given by V},. We will impose sev-
eral requirements on the information function. We expect it to be simple and monotonous
and since it is called information function, the smaller the volume of probable states V/,
the higher value of the function and vice versa: we expect it to be in its minimum in case
the set of probable states will be equal to the whole space of possible states S. Such
requirements are fulfilled e.g. by function:

V
f(V)=—In (70) . (3.2)
Before the measurement, the state can be anywhere in the set S. Our goal is to find an
operator Y, that describes the state, or, more precisely, to find a set of suitable operators
ffp that include the desired Y, with a given probability, since we will never be able to
determine the state with absolute precision because of statistical error. In other words,
we shall obtain a probability distribution over the space S. We found that a set of N + 1
measurements is to be performed, where the k-th measurement is given by N orthogonal
projectors PF = |a¥)(aF|, with the probabilities of outcomes given (as was shown in

(1.10)) by
pi = Te(PFp). (3.3)

1
N
we will also use numbers ¢; = p; — % instead of p;. They can be obtained as

Because we are working with traceless matrices Y, = p — </ instead of density matrices,

1 1
g = Te(Y,PF) = Tr ((P - N[) Pik> =P N (3.4)
Instead of PF, we can use traceless operators P — -1, because they give the same
k ..
gi = Tr(Y,PF) = Tr (Yp (3 - NI)) . (3.5)

Since the family of N operators { P¥ — +I]i =1,..., N'} satisfies linear relation

al 1
Z(PZ-’“—NI):I—I:O, (3.6)

i

it spans an N — 1 dimensional subspace in H; which will be denoted as 7}. The set of
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¢;’s determines the projection of Y, on this subspace. Therefore, if we could determine
the ¢;’s with absolute precision, we would know the projection of state Y, to subspace 7},.
However, because of impossibility of determining these values exactly, we will not have
a projection to single point in subspace 7}, but rather we will have a distribution function
over the subspace 7). Geometrically spoken, the intersection of the measured state Y,
with the subspace T}, will spread according to a probability distribution function. The
distribution function for a series of M trials (corresponding to performing a measurement
on M members of the ensemble in our case) with probabilities of possible outcomes
P1, D2, - - -, PN, Tespectively, is given by a multinomial distribution. Out of M trials, the
probability of obtaining the results A; with corresponding probabilities p;’s exactly k;
times (k1 + ko + ...+ ky = M) is

M!

-~ piphe L phy (3.7)

PM(klak’?a"'?kN):W
1:/R92: .

However, in order to compute the volume V' approximately, for our purposes we will
suppose that we have a large ensemble available and therefore we can use the fact that
for sufficiently large M, the above distribution can be well approximated by a Gaussian
distribution [12]:

1 N 2
e 2 i1 6T ]{,‘Z — Mpl

PM(kil,kig,...,/{/‘N)% — , Qz:]-_pu T = —F/————
(27rM)¥\/p1p2...pN vV Mpig;

For the volume of "probable’ states V' on which our information function (3.2) depends,

. (3.8)

we take the volume of the smallest rectangular parallelepiped that encloses the region
of all states for which the probability density exceeds its maximum value divided by
e. We can assume that the probability of the outcome based on the outcomes of our
measurements will be .

Di = Mza
where k; stands for the number of positive outcomes and M is the number of measure-

ments. The value of p; will lie in the interval

where 2A is equal to the length of interval where the probability density exceeds é times
its maximal value. Further, from (3.8) we can see that k;’s that have probability higher
than é times the maximum of the Gaussian lie in the interval

ki € [piM —/2Mp;, piM + \/2Mpi] .
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Considering that the probability that we measure is p; = %, it will lie in the interval

- 2p; 2p;
Di € [Pz \/ M7PZ+\/ M]

And since we take the smallest rectangular parallelepiped that encloses the volume of
‘probable states’” (i.e. those states whose probability exceeds é times the maximum of
Gaussian), then the uncertainty volume in subspace 7T} is given by

N—1
2
Vi = 2Nt ( M) \V/P1P2 - . - DN—1, (3.9)

where we take into account only N — 1 measured probabilities, the last one will be given
by the condition Zfil pi = 1. Note that it does not matter whether we measure the
uncertainty of p; or ¢; = p; — %, because they differ just by a constant. £—th measurement
restricts the projection of unknown state to an /N — 1 dimensional subspace Vj, to a set
of possible values, but leaves it unrestricted in the remaining N2 — N dimensions. The
resulting uncertainty volume in space S is then given by the intersection of all these
“probable’ volumes in N + 1 subspaces. The uncertainty volume is given by the following

equation:
Viva.. .V

a VO](TlTQ Ce TN+1)

where V}; stands for the uncertainty volume in subspace 7}, as defined by equation (3.9).
The quantity vol(T,Ts ... Ty, 1) stands for the volume of an (N? — 1) dimensional par-
allelepiped in S, whose edges are unit vectors from orthonormal bases of subspaces
T1,Ts, ..., Txy1. The actual volume depends on geometrical relations between vectors

(3.10)

from different bases. It will reach its maximal value if these vectors are orthogonal. The
total uncertainty volume is an intersection of all uncertainty volumes V;. The total volume
of the intersection is then given by the formula (3.10). We will now evaluate the infoma-
tion function (as defined in (3.2)) for the computed uncertainty volume V' in the whole

space S:
N+1

FOV) == (Vi) + n(vol(T1 Ty ... Tiv11)) + In(Vp) (3.11)

k=1

Averaging over the set of all possible density matrices we obtain

N+1

(f(V)) == (Vi) + m(vol(T1 Ty . .. Tiv-1)) + In(Vp) (3.12)

The first term on the right hand side of the equation does not depend on the actual selection
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of the set of measurements, because (In(V})) cannot depend on the actual eigenvectors of
the k-th measurement, because the set of all possible states over which we are averaging
is invariant under unitary transformations and bases corresponding to different measure-
ments are always related by a unitary transformation, so the quantity (In(V})) has to be
the same for all measurements.

Therefore the problem to maximize the obtained information boils down to max-
imize the quantity In(vol(T175...Txn+1)). The volume of such a parallelepiped will
be maximal if its edges will be mutually orthogonal with respect to the operator in-
ner product. Since the subspaces 7T} and 7T for £k # s are spanned by the families
{Pf —+I, |i=1,2,...,N}and{P;—+I, |j=1,2,...,N}, respectively, we are
looking for a condition which would guarantee that P — %] and PP — %I are orthog-
onal for all 7, j if s # k. Using our definition (1.15) of inner product in Hilbert space of
operators, we obtain a condition

1 1
Tr((Pik_N]) (PJTS_N]>) =0 fork # sandVi,j. (3.13)

Because . . 5 .
k s - k ps
Tr((PZ- —NI> (Pj—NI)>—Tr(Pin)—N+N, (3.14)
the condition (3.13) holds if and only if
1
Tr (PFP;) = —1 fork # sand Vi, j. (3.15)

N

Therefore, if we could find IV + 1 bases such that (3.15) would be fulfilled, we would have
an optimal set of measurements. Bases with property (3.15) are called mutually unbiased
and will be investigated in the following chapters.
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Chapter 4

Mutually unbiased measurements

Let us start with the definition of mutually unbiased bases:

Definition 2 (Mutually unbiased bases). Two bases
{|U2>|Z:1a2a7N} and {’U]>|]:1,2,,N}

in an N-dimensional complex Hilbert space are mutually unbiased if inner products be-
tween all possible pairs of vectors with one vector from each basis have the same magni-
tude \/—%:

1
VN
Definition 3 (Mutually unbiased measurements). Two measurements are defined to be
mutually unbiased if the bases composed of the eigenstates of their observables (with
nondegenerate spectra) are mutually unbiased.

|<UZ|U]>‘: VZ,j€{1,2,,N} (41)

Definition 4 (Set of mutually unbiased bases). A set of d bases is called mutually unbiased
if every two different bases from the set are mutually unbiased with respect to each other.

One of interesting properties of these bases is that a measurement over one basis pro-
vides maximum uncertainty as to the outcome of a measurement in a basis that is unbiased
with respect to the first one (because all N possible outcomes will have equal probabili-
ties %). This property was first noted by Schwinger [13]. The first attempt to use these
bases in a state determination was made by Ivanovi¢ [14], who also provided an explicit
construction of /N + 1 mutually unbiased bases for odd prime number dimensional Hilbert
spaces. The idea of using mutually unbiased bases for quantum system state determina-
tion was further developed by Wootters [15] and Wootters and Fields ([11]). In [11], they
presented a construction of N + 1 mutually unbiased bases in an arbitrary prime power
p® = N-dimensional Hilbert space and also demonstrated that they form a complete set
of measurements for state determination which is optimal in the sense of chapter 3.
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Mutually unbiased bases find important applications in quantum information theory.
Their property that the outcome of a measurement in one selected basis gives no infor-
mation about the possible results of measurements in all other mutually unbiased bases is
used in key distribution protocols in quantum cryptography. Matrices with such a prop-
erty for two-level systems (whose vectors are called qubits in quantum computation) are
the Pauli matrices. However, a d-level quantum systems (with vectors called qudits) have
come to a closer attention recently. It has been shown that such systems can be realized
experimentally and quantum key distribution protocols using qudits have been introduced
(see e.g. [16]). Such protocols use mutually unbiased bases in higher dimensions than
two, and therefore the study of construction of mutually unbiased bases for higher dimen-
sions has attracted more attention, too.

4.1 Minimal and maximal number of mutually unbiased
bases

We shall first prove two theorems (that are given in [11] and [17]) that limit the maximal
and minimal possible number of mutually unbiased bases that can exist in a given N-
dimensional Hilbert space.

Theorem 2. In an N-dimensional Hilbert space, there cannot be more than N +1 mutually
unbiased bases.

Proof. In chapter 3, we worked with an N? — 1 dimensional vector space of N x N trace-
less Hermitian matrices. A set of N + 1 mutually unbiased bases allows us to construct
N + 1 sets of subspaces T}, which are spanned by operators

p.’f_i]:|1/)’?><¢’?|_i] i=1.2 N

1 N 7 7 N Y ) AR Y

where |¢¥) denotes an i—th vector from k—th basis. Such subspaces are N — 1 dimen-
sional and since we have N + 1 of them, it is impossible to find even a single vector that
would be mutually unbiased to all the /V + 1 bases. Namely, if we could find such a vector
|1}, than an operator defined as

P = o)l - T

would not belong to any subspace 7}, because according to equation (3.14) it would be
orthogonal to all the subspaces 11,75, ... TN+, . This contradicts the fact that we have
N +1 mutually orthogonal (N —1)-dimensional subspaces in an (N+1)(N—1) = N?—1
dimensional space. Therefore there cannot be any operator that would not belong to the
span of all subspaces 7). And since there does not exist even a single vector that would
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be mutually unbiased to a set of /V + 1 mutually unbiased bases, then it is also impossible
to find such a basis. L]

To formulate next theorem, we shall use the fact given in section 4.3 that it is possible
to find a set of N + 1 mutually unbiased bases in a Hilbert space of dimension equal to
an arbitrary power of a prime number. We will now assume that we are able to find such
a set for arbitrary power of a prime p. Then we can easily prove the following theorem:

Theorem 3. Let H be an N- dimensional Hilbert space H, where
N =p"py?...p*"

is a factorization of /V into distinct primes p;. Then the minimal number of mutually
unbiased bases in H is

min {p]" + 1,py? +1,...,p"" 4+ 1}.

Proof. Let H be a composite Hilbert space of dimension N = p{"' py' ... p'~ constructed
as

H=01®®...00,

where Q; denotes a p;"'-dimensional Hilbert space, for which we can construct a set of
p;"" + 1 mutually unbiased bases. Therefore, if we take d = min {p]",py?,...,p"" },
then we can find in all spaces Q; at least d + 1 mutually unbiased bases. If we take the
family B{, Bg, ..., BJ of bases where j = 1,2,...d + 1, we can construct a set of d + 1
mutually unbiased bases in H by forming their tensor products

(BP=B{®Bj®...@B, j=12,..d+1}.

To verify that the above set of bases in H is really mutually unbiased, consider the inner
product of two vectors [1;) and [¢);) belonging to two different bases B’ and B, j # k:

W) = lap)®lay)®...|a}), l|af) € B
[r) = lag) ®laz) ®...lag), |af) € By
; ; , 1 1 1 1
; = |(a]ab)(a}|ab) ... (al|a®)| = =
[ (3140w | (a7 lag)(azlaz) ... (al]a,)] T I
Therefore, such a set of bases is mutually unbiased. [
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4.2 Construction of mutually unbiased bases for prime
dimensions

It can be easily verified that the set of eigenvectors of Pauli matrices form a set of mutually
unbiased bases:

{10),11)}

{\0>+|1> |0>—!1>}
V2 V2

{I0>+i!1> \0>—i!1>}
V2T V2

Therefore, they form a maximal set of 3 mutually unbiased bases in a two-dimensional
Hilbert space. The construction of such a set of bases in higher dimensions can be un-
derstood as a generalization of this property. The set of mutually unbiased bases for any
odd prime dimension p was first discovered by Ivanovié [14]. For a p-dimensional Hilbert
space he gave the set of p 4+ 1 mutually unbiased bases:

&
g L emigggye
)i = —e ,
’ VD
n . 1 27 (5 lc—l)2
) = et
’ VP
_ 1 27i —1)('+k—1)2
W (p=1k)  _ = -1 ’
1) v
k) _ L emig
|¢> = —=€° )
’ VP

where |1/))§-"’k) denotes the j-th component of the k-th vector in n-th basis. The first
basis is the standard (or canonical) basis. Every basis from the set is orthonormal, which
follows from (2.21). The mutual unbiasedness follows from the Gauss sums of number
theory [18]:

P 2
§ : er (ai?+bi)
=1

a,b € Nja #0,a # +p, +2p, p odd prime. (4.2)

Sl-
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Namely, the magnitude of the inner product of two vectors [/)(™*) and |)) (™! taken from
m-th and n-th basis, respectively, (m # n, m,n # 0) is of the form (4.2). The case when
one of the vectors is taken from the standard basis is trivial.

We shall now have a look at one possible approach (presented in [19]) to derive the
N + 1 mutually unbiased bases for any prime dimension N. This approach uses unitary
operators Py, )y which were defined in (2.11) and (2.10). In chapter 5, we shall show
an independent proof of these results by exploiting the group properties of an algebraic
structure formed by operators Py and (). Throughout the rest of this section, we will
assume N to be a prime. We shall first prove a useful lemma [19]:

Lemma 2. Let B = {|¢);), [t2), ..., |¢n)} be an orthonormal basis in an N-dimensional
space, N is a prime. Suppose that there is a unitary operator V' such that V" applied to any
vector from basis B shifts the vector modulo N with the following property: for any pair
of vectors [1;), [1);) from the basis B, there is k € N such that V*|¢,) = B];), 8] = 1.

Then the basis B = {|@/}NJ ) [g), .., |77/J;v>} consisting of eigenvectors of V' is mutually
unbiased with respect to B.

Proof. Let A, (|\x] = 1) be an eigenvalue of V corresponding to eigenvector |¢;,). Then

|k 0) ] = Wk V )| = 185110k 0i4c mod 8)| = [(Wk|tje mod w)]-

From the fact that the cyclic shifts generated by V" act on the vectors of basis B freely and
transitively, it follows that

(rlon)| = [(Wnla)| = ... = |(Wlon)| VK€ {1,2,...,N}.

Now since B is an orthonormal basis, we can use Parseval’s equality:
~ N ~ ~
L= 1) = D [(ulea)l* = NIl Vi€ {1,2,...,N}
=1

from which it follows that bases B and B are mutually unbiased. [
We will now demonstrate an important theorem.

Theorem 4. The bases composed of eigenvectors of operators

{QNaPNaPNQNaPNQ?\[w'-7PNQ%_1} 4.3)

are mutually unbiased with respect to each other and form therefore a maximal set of
N + 1 mutually unbiased bases.

Proof. This theorem can be proved by using the following lemma:
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Lemma 3. The eigenvectors of PyQ%; are cyclically shifted under the action of PyQ'y
(l,k=0,1...N—-1)

Proof. Let {|0),|1),...|N — 1)} denote the standard basis. It can be checked that vec-

tors
N—

k) = W) () (4.4)

J=0

H

are eigenvectors of PyQ¥; corresponding to eigenvalue w':

PyQYF) = W' lpy). (4.5)

The action of PyQY; on a vector |1/F) produces a shift by k — [

PnQy|0r) = o™ g, )). (4.6)

The condition that by a successive application of PyQY to t-th eigenvector of PyQ%; we
can obtain every other eigenvector is fulfilled because N is a prime. The actual number r
of necessary successive applications is given by a solution of the congruence:

t'=t+rk-1) mod N

Using lemma 2 and 3 we conclude that the bases consisting of eigenvectors of

{Qn, Py, PxQn, PnQ3, ..., PNQY '}

indeed constitute a set of N + 1 mutually unbiased bases in a Hilbert space of prime
dimension N. O

4.3 Mutually unbiased bases for powers of primes

The first construction of mutually unbiased bases for dimension N = p“, p prime, was
presented by Wootters and Fields [11]. We will present here the formulas for complete-
ness. They are different for powers of 2 and powers of odd primes.

4.3.1 Odd prime powers

Suppose that N = p®,  p # 2. Than one of the N 4+ 1 mutually unbiased bases is the
standard basis

0,k
YO =g,
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and the other NV bases will be given by

. 1 2m 2
W’)E k) _ \/NBQP Tr( J2+jk)7 n=12...,N 4.7)

where j denotes the j-th component of the k-th vector in n-th base and Tr(«) is defined
as

pafl
Tr(a) = Z o
=0

The fact that such bases are mutually unbiased follows from a formula from number
theory [18]

Z ¢ Trmg*+r9)| Vot m#0, p>2, pprime. (4.8)

jean

One can verify that for the inner product of two vectors is:

Y 1 s’ / - / ;
<w(n,kz)’w(n k )> =~ Z 6%Tr((n —n)i*+ (K —k)7) | (4.9)

JE€ZLpn

We see that the NV bases composed of such vectors are orthonormal and mutually unbi-
ased with respect to each other. It can be seen that all the vectors (4.7) will be mutually
unbiased with respect to the standard basis.

4.3.2 Even prime powers

For a systems of dimension N equal to 2", we can define 2" bases whose vectors will be

in a form 1
(nk) _ 20Ty (n+42k);j
Y = ——e's : (4.10)
9 =
It is obvious that they will be mutually unbiased with respect to the standard basis. For
the proof that these bases are mutually unbiased with respect to each other, we refer to
[17] and [11].
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Chapter 5

A group theory approach to mutually
unbiased measurements

5.1 The representation in Zy X Zy

We shall now apply a group theory approach to construct mutually unbiased bases in an
N-dimensional Hilbert space, /V being a prime. First, we need to establish a connection
between the Pauli group and vector space Zy X Zy. The elements of Pauli group (2.23):

My = {whQyPl|li,j=0,1,....N -1}

are labeled by three numbers ([, 4, j). Therefore, it has N3 elements. The center of the
Pauli group Z(I1y) (i.e. the set of elements of 1y that commute with all elements in I1 )
is:

Z(My) ={w'l=0,1,...,N =1} = {(,0,0)}. 5.1

Since Z(Ily) is a normal subgroup of I1y, we can define an equivalence relation in IIy:

a,b e Ily, a~bsab ™t € Z(Ily) & a b € Z(Iy),

which allows us to define a quotient group IIy/Z(I1y) whose elements are the classes
of equivalence (or cosets). The cosets are labeled numbers (i, j),4,j = 0,1,..., N — 1.
There is a one-to-one correspondence between vectors (7, j) € Zy X Zy and cosets,

(i,7) «— {WhQ\ Pkl 1=0,1,...,N -1} =Q'P, (5.2)

where Q°P’ (without subscripts V) denotes the corresponding coset. Note that all op-
erators belonging to the same coset will have the same eigenvectors, because they have
only different multipliers w);. It is easily seen that the correspondence ¢: 11y /Z(Ily) —
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ZN X ZN '
6 (QwPy) = (i),

is an isomorphism of Abelian groups
o ((@P) (Q"P)) =6 (@) o ((Q"P)) = (1) + (.4) = i+ + ).

We shall now focus on the group of automorphisms of IIy/Z(Ily). It was studied in
[20], [21] and [10]. We shall exploit the approach of [21], where the cosets corresponded
to 1-dimensional grading subspaces of the Pauli graded Lie algebra gl(/N, C). The inner
automorphisms of gl(/V, C) are induced by the action

ex(A) = XTAX (5.3)

of an element X from GL(N, C) (a group of regular complex N x N matrices). Let us now
consider a subgroup of automorphisms of the form (5.3) acting on elements of Iy which
will induce permutations of cosets in I1y/Z(I1y). Note that matrices corresponding to
such automorphisms will be unitary, because they can be understood as transformation
matrices that transform a linear operator (of the form w);Q% P?%) to a different basis, in
which the operator is again unitary (of the form w" Q°P?). Therefore the matrix U has
to be a transition matrix between two orthonormal bases, and hence unitary. The actual
form of these matrices is given in Appendix A.

Automorphisms from this subgroup will be equivalent if they define the same transfor-
mation of cosets in I[1y/Z(I1y):

Yy ~ihx < Y IQPYY = XT'Q'PIX  Y(i,]) € Zn x Zy (5.4)

Since the group IIy/Z(I1y) has only two generators (the cosets P and (), the previous
condition can be rewritten as

Yy ~Px & Y IPY = X 'PX and Y IQY = X 1QX (5.5)

If )y induces a transformation of Il /Z(Ily), then there must exist elements a, b, ¢,d €
Z. such that
Y7IQY =Q*P® and Y 'PY = Q°P? (5.6)

Therefore to each equivalence class of automorphisms vy, we can assign a matrix:

B(yy) = ( ‘Z Z ) a,b,c,d € Ly (5.7)

To the composition of two automorphisms ) x, ¢y corresponding to (ax,bx, cx,dx)
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and (ay, by, cy, dy), respectively, a matrix that corresponds to a product of matrices cor-
responding to ¢)x and ¢y will be assigned, as can be seen from

(XY)_1Q<XY) — (Y—le)ax (Y—lpy)bx — QayapranQ6bedebX

an ay+bxcy pax by +bxdy

and similarly for P
(XY)flp(XY) —_ chay+dxcypcxby+dxdy

hence

P(Yxthy) = ®(Yx)P(Yy) (5.8)

is an injective homorphism.
We shall show now that (a, b, ¢, d) cannot be chosen arbitrarily. Consider the action of

Py

YQY = QPP =Y 'QnY = pQiPh, peC (5.9)
YTIPY = QP! = Y 'PyY = MQWPL, MeC (5.10)

By multiplying the equation (5.9) by the equation (5.10) once from the left and once from
the right, we obtain

PvQNY = pAY Qi PRQV PR, (5.11)
QnPyY = pAY QY PRQ% Py (5.12)

Using the commutation relation (2.12) wy PvQn = @y Py we obtain
W PAY Q5P = PNQnY = witQnPyY = wilw P uA Y Qe Pt (5.13)
and therefore we have a condition
wy™ = wt! (5.14)

which will be fulfilled if and only if ad — bc = 1(mod N), i.e.
a b
det( d ) =ad—bc=1 mod N. (5.15)

C

This means that to every 1y acting on I1y/Z(Ily) a matrix from SL(2,Zy) (a group of
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2 X 2 matrices with determinant equal to 1 modulo V)

v = (0 )

is assigned. Now to every coset from 1 /Z(I1y) an element (7, j) from Zy X Zy was
assigned. It can be checked that the action of 1)y on Q*P’ is given by:

(i',) = QP =y (Q'P)) = Y'Q'PIY = Y 'QYY ' PIY = QP = (ja+jc, ib+jd)

which means that the transformation of (i,j) can be expressed as the right action of
SL(Q,ZN) on ZN X ZN

g . a b
= 5.16
=6 () (5.16)
We will conclude this section with an observation [22], [23]:

Lemma 4. The action of a matrix from SL(2,Zy) on (i, j) € Zy X Zy does not change
determinant of a matrix composed of components of two vectors from Zy X Zy

Proof. Consider two vectors (i, 7) and (k,!) from Zx x Zy. Then

U NP
det(k l)—zl kg

The action of A is then (7', j') = (i,7)A and (k',1") = (k,1)A. Then we have

der( L) —aer (L)) a4 Yaerca - ( )

because det(A) = 1.

T .

5.2 Mutually unbiased bases

Now the representation of automorphisms and operators ), P will be used to introduce an
interesting structure that proves the existence of N 4 1 mutually unbiased bases for prime
N and presents an alternative approach to their construction. We shall exploit the fact
that cyclic group Zy forms a finite field for prime N, which means that we can introduce
multiplication modulo N in this additive group. The finite *phase space’ Zy X Zy can
be decomposed into N subclasses [(4, j)] which are represented by elements of the form
(7,1) where ¢ = 0,1,..., N — 1, and one subclass represented by an element [(1,0)].
We exclude the trivial class [(0,0)]. The set of all elements that belong to a subclass
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represented by a given element (¢, j) is then defined as a set of elements
(i',7") = (ri,rj), r=12...,N—1

where the multiplication is understood modulo N. In the proof that every element from
Zn x Zy\{(0,0)} can be assigned to some subclass, we will exploit the fact that Z y is a
field for prime N. We see that every subclass has N — 1 elements, so this decomposition
has N? — 1 elements in total, the only one not included is (0,0). If an element is in
form (0,¢) or (¢,0), then it is obvious that it can be assigned to subclasses [(0,1)] or
[(1,0)] respectively. An element in the form (i, j),4,7 = 1,2,..., N — 1 will belong to a
subclass

(k,1) where ke {1,2,...,N—1} isthesolutionof kj =4 mod N.

The existence and uniqueness of such £ is guaranteed by the fact that Z y is a field. We can
illustrate the decomposition in subclasses by a table of all elements in Z y X Zy\{(0,0)}:

0 1 2 . N
0 O] (02 ... (ON-D)
1] ] a2 .. (N-D)
2 |0 |jebh] @2 ... @ND

N-1 | (N-1,0) (N-1,2) ... (N-1,N-1)

There, every element (4, j) corresponds to a coset Q° P? from the Pauli group. All matrices
in the same coset differ just by the complex multiplier factor. Every multiple (ri,rj) of
a vector (i,7) by r € {1,2,..., N — 1} will therefore correspond to a coset Q" P"7!. An
important consequence is that elements (¢, j) and (ri,rj), r=1,2,...N —1, will cor-
respond to matrices that have the same eigenvectors. Thus we have proved the following

lemma:

Lemma 5. If V is prime, then there are exactly NV + 1 subclasses of elements from
Zyn % Zn\{(0,0)}, each subclass containing N — 1 elements. Elements from the same
class correspond to operators with the same eigenvectors.

"Note that operators (Q?P7)" and (Q"*P"7) belong to the same coset, because it follows from the
relations (2.12) that they differ just by a complex factor.
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We will now demonstrate that bases of two different operators corresponding to ele-
ments from different subclasses in Zy x Zyx\{(0,0)} are mutually unbiased. We shall
first show that the basis composed of eigenvectors of () is mutually unbiased with re-
spect to the basis of eigenvectors of Py. This is a consequence of lemma 2. However, an
easier proof follows immediately from equation (2.18), because then:

PySlj) = SQN5), (5.17)

where |7) (a j-th vector from standard basis) is an eigenvector of ()5 (and of QR, as well)
and therefore according to (5.17) S|j) will be an eigenvector of Py. Now, using the
definition (2.17) of S, it can be seen that

S (Viﬁw“|i>,u>>| -

1

(515 1)1 =

With this fact available, we now proceed to the theorem:

Theorem 5. Let (a,b) and (¢, d) be two elements from Zy x Zy\{(0,0)} such that they
do not belong to the same subclass. Then the bases composed of eigenvectors of the
operators from corresponding cosets Q% P® and (Q°P? are mutually unbiased.

Proof. If we have two pairs where one belongs to the class [(1,0)] and the other one to
the class [(0, 1)], then we already know that their corresponding bases will be mutually
unbiased, because they are composed of eigenvectors of of () y and Py respectively. Let
us now consider the case of two distinct pairs

(a,1) and (b,1), a,be{l,2,....,N—1} a#b

and prove that the bases of eigenvectors of the corresponding operators Q% Py and Q4 Py
will be mutually unbiased (and hence the bases of powers of these operators). We have
seen that to unitary matrices that permute the cosets in the Pauli group

UT'Q'PU = Q" P

matrices from SL(2,7Zy) can be assigned and vice versa, to every matrix from SL(2, Z )
we can assign a unitary matrix U such that it permutes the elements from the Pauli group.
These unitary operators form a so-called metaplectic representation of SL(2,Zy) [10],
[20]. We will now show, if a # b, that there exists a matrix A from SL(2,Z y) such that

(a,1)A = (a,0) and (b,1)A = (0,b)

If we indeed can find such a matrix, then there exists a corresponding unitary matrix such
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that

UTlQ"PU = Q°,
U-'Q"PU = P’

hence their eigenvectors can be expressed as Ul ) and U |tp), respectively. Their inner
product is then

(arrlbar)? = |(U1we) Ul = (walvr)l® = -

proving that these bases are really mutually unbiased.
We will now prove existence of matrix A from SL(2,Zy) with desired properties.
From lemma 4 we know that the following condition has to be fulfilled:

a 1 a 0 =
det<b 1)—a—b mod]\/-det(O 6>—ab mod N.

Therefore we select
d,EEZN suchthat @ =a—b mod N.

Now we can equivalently look for a matrix C' € SL(2,Zy) producing inverse transfor-
mation

(@,0)C = (a,0) < ?; g ) = (a, 1),

(0,5)C = (0,) ( 3 ? ) ~ (b1).

This gives us the following equations to compute the elements of C":

a3 = 1 mod N (5.18)
aoe = a mod N (5.19)
by = b mod N (5.20)
b = 1 mod N (5.21)

The fact that N is a prime guarantees that all these equations have unique solutions in Z .
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We also need to check that C' belongs to SL(2,Zy):
a
det(C') = det ( 5 ) =ad— [y mod N
f)/

By multiplying equations (5.19) and (5.21) and subtracting the product of (5.20) and
(5.18) we obtain
ab(ad — fy) =a—b mod N.

Since @b = a — b mod N we have
ad — [y =det(C) =1 mod N

which means that C indeed belongs to SL(2, Z ). The inverse matrix

o-(47)

will then transform pairs (a, 1) and (b, 1) to (a,0) and (b, 0), respectively:

@NC = (@0,

(b,1)C~' = (0,b)

To complete the proof, we have to show that for any pair (b, 1) and (1,0) or (b, 1) and
(0,1),b=1,2,..., N — 1, there exist matrices from SL(2,Z ) such that

(b,1)A; = (0,1) and (1,0)A; = (1,0)

or
(b,1)A5 = (b,0) and (0,1)A, = (0,1)

1 0
A =
= (4)

fulfils the condition. For the second case, the matrix A, will be given by

In the first case, the matrix

A2:<(1) f), where (€ Zy, (b=N-—-1 mod N

From these equations, it follows that bases of eigenvectors of Q°P and ) and P will be
mutually unbiased. Therefore, we have shown that there exist N + 1 mutually unbiased
bases in a Hilbert space of prime dimension V. ]
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We have therefore reached the same conclusion as [19]. In our case, the mutually
unbiased bases are composed of eigenvectors of matrices Q y, Py, Q4 Py, - - - Q%_IPN,
while the matrices chosen in [19] are only modified using the relation (2.12). Note that
in our proof, we could have used pairs (1,a), a = 1,2,..., N — 1, instead of (a, 1).
Then, we would obtain as a result that the mutually unbiased bases will be given by bases
composed of eigenvectors of matrices

QNvPN7QNP]%/'7"'7QNP]]\>[717

which can also be obtained by finite Fourier transformation (2.18).

5.3 Unsolved problems

The problem of finding mutually unbiased bases for a composite dimension /N, where N
is not prime nor power of a prime, still remains an open problem. We do not know even
the answer for the simplest case N = 6. Using theorem 3, we can find 3 such bases.
Some unsuccessful numerical attempts to find more mutually unbiased bases have been
made and it remains unclear whether it is indeed possible to find more than 3 of them for
Hilbert spaces of dimension 6 and in other composite dimensions as well.

Although the relation between the eigenvectors of QZ]'VP]{', and mutually unbiased bases
was observed in several articles (e.g. [19]), the relation between the decomposition of
space Zy X Zy whose elements correspond to the elements of Pauli group and the ex-
istence of mutually unbiased basis has been left unnoticed so far. However, the relation
heavily depends on properties that are consequence of N being a prime and therefore
enabling us to multiplication in Zy. It might be interesting to investigate whether this
relation could be generalized to arbitrary dimension and whether it would give us some
more information about the existence or non-existence of mutually unbiased bases in
composite dimensions.
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Appendix A

Unitary matrices corresponding to
inner automorphisms that permute the
elements of the Pauli group

The actual form of unitary matrix U whose action permutes the elements of the Pauli
group Iy and that corresponds to a matrix acting in SL(2, Zy) was described in [10].
For an automorphism g € SL(2,Zy)

o=(20)

the corresponding unitary matrix U (g) that acts on the elements of the Pauli group is given

by:
1 5 7’2 —a 7'5*(352 rs
57&0(] = 0(?\?() Zwb +(d25) MTPJQQ?V
r,SELN
o(—2b) 2 sPa-1) _ste=1)
5:0, b;’éOU = w2 26 PNb Q?\f
\/N SGZN
o(2¢) 2
§=b=0, c#0:U = > wEPy
\/N reELN
0=b=c=0:U = 1
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