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1. �Uvod

Jedn��m z hlavn��ch probl�em�u kvantov�e fyziky je ur�cit �casov�y v�yvoj syst�emu, tj. vy�re�sit
Schr�odingerovu rovnici @

@s
 (s) = H(s) (s) s po�c�ate�cn�� podm��nkou  (0) = '(0), kde '(0)

je vlastn�� funkce H(0) : H(0)'(0) = �(0)'(0).

Zn�ame-li pro dan�y syst�em unit�arn�� propag�ator U(s), potom pro  (s) plat��:  (s) =
U(s) (0) = U(s)'(0). Vy�re�sit Schr�odingerovu rovnici ale nen�� v�zdy jednoduch�e; toto �re�sen��
nav��c ne v�zdy existuje. Za ur�cit�ych podm��nek n�am pom�u�ze adiabatick�a v�eta, kter�a tvrd��, �ze
�re�sen��  (s) m�u�zeme s jistou nep�resnost�� nahradit vlastn��m stavem hamiltoni�anu v �case t,
tedy �re�sen��m '(t) rovnice H(s)'(s) = �(s)'(s). Existuje n�ekolik podob adiabatick�ych v�et,
v�sechny v�sak maj�� n�asleduj��c�� strukturu:

Necht' P (s) je mno�zina spektr�aln��ch projektor�u pro H(s), Necht'  T (0) 2 RanP (0). Pak
9
 � 0: dist( T (s); RanP (s)) � O(T�
):

Prvn��mi, kdo dok�azali adiabatickou v�etu, byli M. Born a V. Fock (viz. [1]), kte�r�� ji

dok�azali pro hamiltoni�any s izolovanou vlastn�� hodnotou. Jejich v�ysledky jsem shrnul v
kapitole 2. Adiabatick�a v�eta v�sak plat�� i pro neizolovan�e hodnoty spektra, jak uk�azali Joseph
E. Avron a Alexander Elgart (viz. [2]). Rozd��l oproti izolovan�emu p�r��padu je v tom, �ze
pro nizolovanou vlastn�� hodnotu adiabatick�a v�eta ned�av�a hodnotu 
 v odhadu. V tomto
p�r��pad�e je dist( T (s); RanP (s)) � o(1). Adiabatick�a v�eta pro neizolovan�e hodnoty spektra
je dok�azan�a v kapitole 3. Ve �ctvrt�e kapitole je potom j�adro tohoto v�yzkumn�eho �ukolu, tj.
aplikace adiabatick�e v�ety na Ahoronov�uv-Bohm�uv jev.
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2. Adiabatick�a v�eta pro izolovan�e hodnoty spektra

Necht' je d�an interval [0; S], kde S > 0. D�ale necht' H0(s), 8s 2 [0; S] jsou samosdru�zen�e
oper�atory na H, jejich�z spektrum je �cist�e diskr�etn��. Necht' 'n(s) je ON b�aze H z vlastn��ch
vektor�u H0(s), tedy

H0(s)'n(s) = �n(s)'n(s)

takov�a, �ze plat��:

'n(s) 2 C1; h'n(s);
@

@s
'n(s)i = 0; 8n; 8s

Polo�zme H(t) = H0(t=T ), t 2 [0; ST ], kde T >> 0 a �re�sme rovnici

i
@

@t
 n(t) = H(t) n(t) (1)

s po�c�ate�cn�� podm��nkou  n(0) = 'n(0) v adiabatick�e limit�e T !1.
Necht'  n(t) je �re�sen�� rovnice (1) a U(t) � U(t; 0) je propag�ator spl�nuj��c�� rovnici

i
@

@t
U(t) = H(t)U(t)s; U(0) = 1:

Pak

 n(t) = U(t) n(0) = U(t)'n(0):

De�nujme d�ale n�asleduj��c�� oper�atory:

V (s) oper�ator p�rechodu mezi b�azemi 'n(0) a 'n(s) : V (s)'n(0) = 'n(s);8n;

Q(s) := �i _V (s)�V (s) = iV (s)� _V (s) ) Q(s)� = Q(s); kde _V (s) =
@

@s
V (s)

�(s) := V (s)�H0(s)V (s) ) �(s)'n(0) = �n(s)'n(0)

Y (s) := V (s)�U(Ts) ) h'm(0); Y (s)'n(0)i = h'm(s);  n(Ts)i


(s) :=

Z s

0

�(s
0

)ds
0

;

!n(s) :=

Z s

0

�n(s
0

)ds
0

) 
(s)�(s
0

) = �(s
0

)
(s) , 
(s)'n(0) = !n(s)'n(0) , 8n; s; s
0

;

@

@s

(s) = �(s);

C(T; s) := exp(iT
(s))Y (s)

) h'm(0); C(T; s)'n(0)i = exp(iT!n(s))h'm(s);  n(Ts)i
P (T; s) := exp(iT
(s))Q(s) exp(�iT
(s))) P (T; s)� = P (T; s)
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Pro oper�atory Y (s) a P (T; s) plat�� n�asleduj��c �� diferenci�aln�� rovnice:

@

@s
Y (s) = TV (s)�

@

@t
U(T; s) + _V (s)�U(T; s) =

= �iTV (s)�H(Ts)U(Ts) + _V (s)�V (s)V (s)�U(T; s) = �iT�(s)Y (s) + iQ(s)Y (s);

@

@s
C(T; s) = iT�(s) exp(iT
(s))Y (s) + exp(iT
(s))

@

@s
Y (s) =

= iT�(s)C(T; s) + exp(iT
(s))(�iT�(s)Y (s) + iQ(s)Y (s)) =

= iT�(s)C(T; s)� iT�(s)C(T; s) + i exp(iT
(s))Q(s) exp(�iT
(s))C(T; s);
tedy

@

@s
Y (s) = �iT�(s)Y (s) + iQ(s)Y (s); Y (0) = 1;

@

@s
C(T; s) = iP (T; s)C(T; s); C(T; 0) = 1: (2)

Rovnice (2) m�a �re�sen��

C(T; s) = 1 +

1X
k=1

ik
Z s

0

dsk

Z sk

0

dsk�1 : : :

Z s2

0

ds1P (T; sk)P (T; sk�1) : : : P (T; s1)

Ke konvergenci t�eto �rady sta�c�� , aby 9M : k P (T; s) k�M;8s.

Pozn.:

V b�azi f'n(0)g plat pro oper�atory Q(s) a P (T; s):

h'm(0); Q(s)'n(0)i = ihV (s)'m(0); _V (s)'n(0)i = ih'm(s);
@

@s
'n(s)i;

h'n(0); Q(s)'n(0)i = 0; 8m;n 2Z; m 6= n;

@

@s
�(s) = _V (s)�H0(s)V (s) + V (s) _H0(s)V (s) + V (s)H0(s) _V (s) =

= i(Q(s)�(s)� �(s)Q(s)) + V (s) _H0(s)V (s);

pro m 6= n d�ale 0 =
@

@s
(�n(s)h'm(0); 'n(0)i) = h'm(0);

@

@s
�(s)'n(0)i =

i(�n(s)� �m(s))h'm(0); Q(s)'n(0)i+ h'm(0); V (s)� _H0(s)V (s)'n(0)i
Z toho plyne

h'm(0); Q(s)'n(0)i = �ih'm(s);
_H0(s)'n(s)i

�m(s)� �n(s)
; m 6= n;

= 0; m = n;

h'm(0); P (T; s)'n(0)i = exp(iT (!m(s)� !n(s)))h'm(0); Q(s)'n(0)i:
K odhadu norem oper�ator�u se hod�� n�asleduj��c �� v�eta.

V�eta (Schur-Holmgren):

Necht' A = A� 2 B(H); f'ng je ON b�aze v H. Am;n := h'm; A'ni.Potom

k A k� sup
m

X
n

jAm;nj:

Pozn. (p�reformulov�an�� Schur-Holmgrenovy v�ety):
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Necht' A je symetrick�y oper�ator v H, f'ng je ON b�aze v H, f'ng � Dom(A), Am;n :=

h'm; A'ni. Potom plat�� 
� := sup

m

X
n

jAm;nj <1
!
)
�
�A je hermitovsk�y oper�ator a k �A k� �

�
:

D�ukaz:Nech�t x=
P

n �n'n 2 H je kone�cn�a line�arn�� kombinace) x 2 Dom(A); h'm; Axi =P
nAm;n�n,

jh'm; Axij2 �
 X

n

jAm;njj�nj
!2

=

 X
k

jAm;kj
!2 X

n

jAm;njP
k jAm;kj

j�nj
!2

�

�
 X

k

jAm;kj
!2X

n

jAm;njP
k jAm;kj

j�nj2 � �
X
n

jAm;njj�nj2:

Tedy

kAxk2 = jh'm; Axij2 � �
X
m

X
n

jAm;njj�nj2 � �2
X
n

j�nj2 = �2kxk:

M�ame tak 8x 2 spanf'ng � Dom(A); kAxk � �kxk. De�nujme B = Ajspanf'ng ) kBk �
�; Dom( �B) = H ) �A = �B; k �Ak � �.

Pou�zijeme-li odhad na normu P (T; s), dostaneme:

k P (T; s) k� sup
m

X
n

jh'm(0); P (T; s)'n(0)ij = sup
m

X
n;n6=m

jh'm(0); _H0(s)'n(0)ij
j�m(s)� �n(s)j

�

�
 
sup
m

X
n

jh'm(0); _H0(s)'n(0)j2
X
n;n6=m

(�m(s)� �n(s))
�2

!1=2

=

= sup
m

k _H0(s)'m(s) k
 X
n;n6=m

(�m(s)� �n(s))
�2

!1=2

�

�k _H0(s) k
 X
n;n 6=m

(�m(s)� �n(s))
�2

!1=2

:

Lemma:

Necht' f 2 C([�; �]); g 2 C1([�; �]) a g
0

(s) m�a kone�cn�e mnoho ko�ren�u v intervalu [�; �]

a necht' 9r � 0 : 8s0 2 [�; �] plat�� lim infs!s0

�
jg

0

(s)

js�s0 jr

�
> 0 a necht' funkce f(s)

g
0
(s)

je po �c�astech

monotonn�� na [�; �]. Potom 9c > 0 : 8T > 0; 8�0

; �
0

; � � �
0 � �

0 � � plat��

j
Z �

0

�
0

f(s) exp(iT g(s))dsj � cT�
1

r+1 :

D�ukaz: viz([1])

Pozn.:
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Polo�zme f(s) = h'm(0); Q(s)'n(0)i, g(s) = !m(s) � !n(s), tj. g
0

(s) = �m(s) � �n(s) a
p�redpokl�adejme stejnom�ernost n�asleduj��c�� ch veli�cin vzhledem k index�um m,n:

1) Po�cet ko�ren�uN1 funkce g
0

(s),

2) po�cet interval�u monotonie N2 funkce f(s)=g
0

(s)

3) 9a > 0 tak,�ze plat��: 8s0 ko�ren funkce g
0

(s), 8s 2 [�; �] plat�� jg0

(s)j � ajs� s0jr.
Nyn�� m�u�zemeLemmapou�z��t na odhad veli�cin

����h'm(0);
�R s0

0
P (T; s)ds

�
'n(0)i

����, proto�ze
plat��

����h'm(0);
�R s0

0
P (T; s)ds

�
'n(0)i

���� =
����R s00

h'm(0); Q(s)'n(0)i exp(iT (!m(s)� !n(s)))ds

����.
A ted u�z m�u�zeme uv�est nejd�ule�zit�ej�s�� v�etu t�eto kapitoly:

V�eta (Adiabatick�a):

Necht' 9M � 0 takov�e, �ze 8s 2 [0; S] plat�� k Q(s) k� 0. D�ale necht'

9n 2 N; c � 0; 
 � 0 : 8T > 0; s
0 2 [0; S]






Z s
0

0

P (T; s)'n(0)ds






 =






Z s

0

0

exp(�iT!n(s)) exp(iT
(s))Q(s)'n(0)ds





 � cT�
:

Potom 8T > 0; s 2 [0; S] plat��:

k  n(Ts)� exp(�iT!n(s))'n(s) k� ceMST�
; tj:

k  n(t)� exp(�iT!n(
t

T
))'n(

t

T
) k� c

0

T�
:

D�ukaz:

k P (T; s) k=k Q(s) k�M;

k C(T; s)'n(0)� 'n(0) k=

k
1X
k=1

Z s

0

dsk

Z sk

0

dsk�1 : : :

Z s2

0

ds1P (T; sk)P (T; sk�1) : : : P (T; s1)'n(0) k�

�
1X
k=1

Mk�1

Z s

0

dsk

Z sk

0

dsk�1 : : :

Z s3

0

ds2 k
Z s1

0

ds1P (T; s1)'n(0) k�

�
1X
k=1

Mk�1 sk�1

(k � 1)!
cT�
 � ceMST�
:

Na druhou stranu plat��:

k C(T; s)'n(0)� 'n(0) k=k exp(iT
(s))V (s)�U(Ts)'n(0)� 'n(0) k=
=k U(Ts)'n(0)� V (s) exp(�iT
(s))'n(0) k=k  n(Ts)� exp(�iT!n(s))'n(s) k :
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3. Adiabatick�a v�eta pro neizolovan�e hodnoty spektra

V tto kapitole dokeme, e adiabatick vta plat i pro neizolovan hodnoty spektra samos-
druenho opertoru.

3.1. Omezen�e hamiltoni�any.

Necht' H(s) je mno�zina omezen�ych hamiltoni�an�u, hladk�ych v s. P�redpokl�adejme, �ze H(s)

m�a vlastn �� hodnotu 0 kone�cn�e n�asobnosti a _H(s) m�a kompaktn�� support. Pak m�u�zeme vz��t
bez �ujmy na obecnosti s 2 [0; 1]. Necht' P (s) je mno�zina hladk�ych kone�cn�edimenzion�aln��ch
spektr�aln��ch projektor�u pro H(s). Necht' d�ale UT (s) je unit�arn�� v�yvoj pro H(s):

i _UT (s) = TH(s)UT (s); UT (0) = 1; s 2 [0; 1]

a UA(s) je adiabatick�y v�yvoj:

i _UA(s) = T

�
H(s) +

i

T
[ _P (s); P (s)]

�
UA(s); UA(0) = 1; s 2 [0; 1]:

Plat�� UA(s)P (0) = P (s)UA(s), neboli pro  (s):

i _ (s) = T

�
H(s) +

i

T
[ _P (s); P (s)]

�
 (s);  (0) 2 RanP (0)

plat��  (s) 2 RanP (s). Uk�a�zeme, �ze UA(s) je bl��zk�e UT (s).
Lemma:

Bud' P (s); s 2 [0; 1] mno�zina diferencovateln�ych spektr�aln��ch projektor�u pro hermi-
tovsk�y H(s): kP (s)k <1. Necht' rovnice

[ _P (s); P (s)] = [H(s);X(s)] + Y (s) (3)

m�a �re�sen�� X(s); Y (s): X(s); Y (s); _X(s) 2 B; kde B jsou omezen�e oper�atory. Potom plat��:

k(UT (s)� UA(s))P (0)k �

� max
s2[0;1]

�
1

T

�
2kX(s)P (s)k + k _(X(s)P (s))P (s)k

�
+ kY (s)P (s)k

�
: (4)

D�ukaz: Ozna�cme W (s) = U�

T (s)UA(s).

kUT (s)� UA(s)k = kUT (s)(1�W (s)k = k1 �W (s)k;

_W (s) = U�

T (s)([
_P (s); P (s)])UA(s) = U�

T (s)([
_P (s); P (s)])UT (s)W (s) =

= U�

T (s)([H(s);X(s)] + Y (s))UT (s)W (s) =

=
�i
T

�
_U�

T (s)X(s)UT (s) + U�

T (s)X(s) _UT (s)
�
W (s) + U�

T (s)Y (s)UA(s) =

=
�i
T

�
_(U�

T (s)X(s)UT (s))� U�

T (s)
_X(s)UT (s)

�
W (s) + U�

T (s)Y (s)UA(s) =

=
�i
T

n
_(U�

T (s)X(s)UT (s)W (s))� U�

T (s)X(s)UT (s) _W (s)� U�

T (s)
_X(s)UT (s)W (s)

o
+

+U�

T (s)Y (s)UA(s) =

=
�i
T

n
_(U�

T (s)X(s)UA(s))� U�

T (s)X(s)[ _P (s); P (s)]UA(s)� UT (s) _X(s)UA(s)
o
+

+U�

T (s)Y (s)UA(s)
6



Nyn�� sta�c�� v�yraz zintegrovat od 0 do s
0

a pou�z��t W (0) = 1, P (s) _P (s)P (s) = 0. Posledn��
rovnost plyne z

P (s)P (s) = P (s)) _P (s)P (s) + P (s) _P (s) = _P (s)) P (s) _P (s)P (s) + P (s) _P (s) = P (s) _P (s)

De�nujme:

g(x) = e��x
2

; e(x) =

Z x

�1

dsg(s); �(x) = #(x)� e(x);

g4(x) = g(4x); (xg)(x) = xg(x):

kde #(x) je Heavysideova funkce. Plat��:

k�k1 =
1

�
; kx�k1 =

1

4�
;

k�4k1 =
1

�4; kx�4k1 =
1

4�42
:

D�ale bez �ujmy na obecnosti p�redpokl�adejme, �ze P (s) je spektr�aln�� projekce pro vlastn��
hodnotu 0.

Lemma: Rovnice (3) m�a �re�sen��:

X4(s) = A+A�; A = P (s) _P (s)R̂(0; s)

�
1� g

�
H(s)

4

��
;

Y4(s) = g

�
H(s)

4

�
_P (s)P (s)� P (s) _P (s)g

�
H(s)

4

�
;

s normami:

kX4(s)P (s)k �
2k _P (s)P (s)k

4 ;

k _(X4(s)P (s))k �
2(k �P (s)k+ k _P 2(s)k)

4 +
�k _P (s)kk _H(s)k

42
:

D�ukaz:

Necht' � je in�nitezim�aln�� k�rivka okolo po�c�atku v C . De�nujme:

F4(s) = g

�
H(s)

4

�
� P (s);

X4(s) = � 1

2�

Z
�

dz(1 � F4(s))R(z; s) _P (s)R(z; s)(1� F4(s)):

7



_P (s)P (s) + P (s) _P (s) = _P (s) ) X4(s) m�u�zeme napsat jako sou�cet dvou sdru�zen�ych
oper�ator�u. Jeden z nich je:

� 1

2�i

Z
�

dz(1 � F4(s))R(z; s)P (s) _P (s)R(z; s)(1� F4(s)) =

=
1

2�i
(1� F4(s))P (s) _P (s)

�Z
�

dz
R(z; s)

z

�
(1 � F4(s)) =

= P (s) _P (s)R̂(0; s)(1 � P (s))(1 � F4(s)) = P (s) _P (s)R̂(0; s)(1 � P (s) � F4(s)) =

= P (s) _P (s)R̂(0; s)

�
1 � g

�
H(s)

4

��
= A;

kde bylo pou�zito

R̂(0; s) : H(s) = �(s)P (s); R(z; s) =
1

�� z
P (s) + (1 � P (s))R(z; s) =

1

� � z
P (s) + R̂(z; s)

) R(z; s)P (s) =
1

�� z
P (s) + 0

�=0) R(z; s)

z
=
�P (s)
z2

+
R̂(z; s)(1� P (s))

z

prvn�� �clen d�a v integr�alu 0, druh�y R̂(0; s)(1 � P (s));

a P (s)F4(s) = F4(s)P (s) = (g(0) � 1)P (s) = 0:

D�ale najdeme Y4(s), plat�� [F4(s);H(s)] = 0: Tedy

[X4(s);H(s)] =

= � 1

2�i

Z
�

h
(1� F4(s))R(z; s) _P (s)R(z; s)(1 � F4(s));H(s)� z

i
dz =

= � 1

2�i

Z
�

dz(1 � F4(s))
h
R(z; s); _P (s)

i
(1 � F4(s)) =

= (1 � F4(s))
h
P (s); _P (s)

i
(1 � F4(s)) =

= [P (s); _P (s)]�
�
F4(s)[P (s); _P (s)]

�
+ F4(s)[P (s); _P (s)]F4(s) =

= [P (s); _P (s)] + F4(s) _P (s)P (s)� P (s) _P (s)F4(s)

Tedy

Y4(s) = �g
�
H(s)

4

�
_P (s)P (s) + P (s) _P (s)g

�
H(s)

4

�
:

Zb�yv�a ur�cit normy X(s) a _X(s). Proto�ze g
�
H(s)

4

�
= 4

R
R
g(4t) exp(2�itH(s))dt, tak plat��

�R̂(0; s)
�
1� g

�
H(s)

4

��
= 2�i

Z
R

�(4t) exp(2�itH(s))dt

)




R̂(0; s)

�
1 � g

�
H(s)

4

��



 � 2�k�4k1 = 2=4:
8



Tedy X(s) je omezen�y. D�ale

X4(s)P (s) = A�P (s) = R̂(0; s)

�
1� g

�
H(s)

4

��
_P (s)P (s)

) _(X4(s)P (s)) =

=
@

@s

�
R̂(0; s)

�
1 � g

�
H(s)

4

���
_P (s)P (s) + R̂(0; s)

�
1� g

�
H(s)

4

��
( �P (s)P (s) + _P (s)2)

Omezenost X4(s)P (s) se nyn�� snadno dostane pou�zit��m Duhammelovy formule

@

@s
(exp(2�itH(s)) = 2�it

Z 1

0

dz exp(2�iztH(s)) _H(s) exp(2�i(1� z)tH(s))

na

@

@s

�
R̂(0; s)

�
1 � g

�
H(s)

4

���
=

2�i

Z
R

�(t4)

�Z 1

0

dz exp(2�iztH(s)) _H(s) exp(2�i(1� z)tH(s))

�
ds

Pozn.:

Podle p�redchoz��ho lemma norma X(s) a norma _X(s) rostou s 4 ! 0. Tento r�ust
m�u�zeme ale kompenzovat volbou vysok�eho T . Naopak norma Y (s) s klesaj��c��m4 kles�a. To

znamen�a, �ze v�zdy m�u�zeme ud�elat pravou stranu rovnice (4) libovoln�e malou:

Lemma:

lim
4!0

kY4(s)P (s)k = lim
4!0

kg
�
H(s

4

�
_P (s)P (s)k = 0:

D�ukaz:

Pro jednoduchost necht' P(s) je jednodimenzion�aln�� projektor: P (s) (s) =  (s),

k k = 1. Polo�zme ' := _P (s) . Pak

kg
�
H(s

4

�
_P (s)P (s)k2 = kg

�
H(s

4

�
_P (s) (s)k2 =

kg
�
H(s)

4

�
'(s)k2 =

�
'jg2

�
H(s)

4

�
j'
�
=Z

�(H(s))

g2(x=4)d�'(x):

Proto�ze g(x=4) � 1; g(x=4)! 0; g(0) = 1, tak plat��:

lim
4!0

Z
�(H(s))

g2(x=4)d�'(x) = �'(0) = 0

T��mto jsme dok�azali n�asleduj��c�� v�etu:
9



V�eta (adiabatick�a):

Necht' P (s) je hladk�y kone�cn�edimenzion�aln�� spektr�aln�� projektor pro omezen�y hladk�y
hamiltoni�an H(s), 8s 2 [0; 1]. Potom pro po�c�ate�cn�� stav  T (0) 2 RanP (0) plat��:

dist ( T (s); RanP (s)) � o(1); 8s 2 [0; 1]: (5)

3.2. Roz�s���ren�� adiabatick�e v�ety na neomezen�e hamiltoni�any.

V t�eto �c�asti uvedeme dv�e v�ety pro neomezen�e hamiltoni�any.Nebudeme u�z po�zadovat
hladkost P (s) ani H(s). D�ukaz t�echto v�et lze naj��t v ([2]).

V�eta:

Necht' P (s) je kone�cn�edimenzion�aln�� spektr�aln �� projektor, alespo�n dvakr�at diferenco-
vateln�y, pro H(s) :

1)8s 2 [0; 1] H(s) maj�� spole�cn�y def. obor,

2)H(s) jsou omezen�e zdola;

3)R(i; s) je omezen�y a diferencovateln�y a H(s) _R(i; s) je omezen�y.

Potom 8s 2 [0; 1]
dist ( T (s); RanP (s)) � o(1):

Pozn.:

Podm��nky 1) - 3) zaru�cuj�� existenci unit�arn��ho v�yvoje pro H(s). Podm��nku 3) m�u�zeme

ekvivalentn�e nahradit podm��nkou omezenosti _H(s)R(i; s), proto�ze

H(s)R(i; s) = (H(s)� i)R(i; s) + iR(i; s) = 1 +R(i; s)

) _H(s)R(i; s) +H(s) _R(i; s) = �iR(i; s) _H(s)R(i; s)

) H(s) _R(i; s) = �H(s)R(i; s) _H(s)R(i; s):

V �case s0, ve kter�em se k�r���z�� vlastn�� hodnoty, je P (s) nespojit�y, proto�ze jeho dimenze m�a
v s0 skok. Adiabatick�a v�eta v�sak plat�� i v tomto p�r��pad�e.

V�eta:

Necht' P (s); s 6= s0 je kone�cn�edimenzion�aln�� spektr�aln�� projektor, po�c�astach dvakr�at
diferencovateln�y a v�sude spojit�y na [0; 1]. Potom dist ( T (s); RanP (s)) � o(1).
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4. Aplikace adiabatick�e v�ety na Aharonov�uv-Bohm�uv jev

V tto kapitole ov�e�r��me, zda jde adiabatick�a v�eta aplikovat na Aharonov�uv-Bohm�uv jev.
Prvn�� �c�ast, v�enovan�a de�nici Aharonovova-Bohmova jevu, je cel�a p�r evzat�a z [3]. V dal�s��
�c�asti potom uv�ad��me sv�e vlastn�� v�ysledky.

4.1. De�nice a spektrum Aharonovova-Bohmova hamiltoni�anu.

Aharonov�uv-Bohm�uv hamiltoni�an je d�an nsleduj��c��m samosdru�zen�ym oper�atorem:

H = �(r�A(r))2;

Dom(H) = f 2 L2(R2; d2x) \H2;2
loc (R

2� f0g);�(r�A(r))2 2 L2(R2; d2x)g;
kde A = Ahmf +AAB; Ahmf p�redstavuje homogenn�� magnetick�e pole,

Ahmf = �iB
2
(�x2dx1 + x1dx2)

a AAB popisuje idealizovan�y Aharonov�uv-Bohm�uv jev,

AAB =
i�

2�r2
(�x2dx1 + x1dx2); r

2 = x21 + x22:

D�ale bez �ujmy na obecnosti p�redpokl�adejme, �ze B > 0 a polo�zme � = � �
2�
.

P�rejdeme-li do pol�arn��ch sou�radnic, dostaneme

L2(R2; d2x) =
X
m2Z


L2(R+; rdr) 
 C eim� ;H = �1

r
@rr@r +

1

r2
(�i@� + �+

Br2

2
)2:

Proto�ze oper�ator H� komutuje na Dom(H�) s projektory Pm na vlastn�� podprostory mo-

mentu hybnosti Pm(r; �) = 1
2�

R 2�

0
 (r; �

0

)eim(���
0

)d�
0

a tedy H� =
P




m2Z(H
�)m, m�u�z eme

pracovat na podprostorech RanPm;m 2Za m��sto rovniceH� = � s okrajovou podm��nkou
limr!0+  (r; �) = 0 �re�s��me rovnice (H�)m' = �';m 2Z, tedy rovnice

(�1

r
@rr@r +

1

r2
(m+ �+

Br2

2
)2)'(r) = �'(r):

�Re�sen��m je spo�cetn�a mno�zina vlastn��ch �c��sel

�m;n = B(m+ �+ jm+ �j+ 2n + 1);m 2 Z; n 2Z+

s odpov��daj��c��mi vlastn��mi funkcemi

'm;n(r; �) = Cm;nr
jm+�jLjm+�j

n

�
Br2

2

�
exp

�
�Br

2

4

�
exp(im�);

kde L
jm+�j
n

�
Br2

2

�
jsou Laguerrovy polynomy

Ljm+�j
n (r) =

er

n!
r�jm+�j d

n

drn

�
e�rrn+jm+�j

�
;

a Cm;n jsou normaliza�cn�� konstanty

Cm;n =

�
B

2

�1

2
(jm+�j+1)�

n!

��(n+ jm+ �j+ 1)

� 1

2

:
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Pro pevn�e m 2 Ztedy m�ame ortonorm�aln�� b�azi f'm;ng1n=0 v L2(R+; rdr) 
 C eim� a tedy

mno�zina f'm;ngm2Z;n2Z+ je ortonorm�aln�� b�aze L2(R+; rdr)
L2([0; 2�]; d�). Protoe dle �m;n 2
R;8m 2Z; n 2Z+, oper�ator H je samosdru�zen�y s �cist�e bodov�ym spektrem.

4.2. Blabla.
Nyn�� vy�set�r��me, zda lze postup z kapitoly (2.) a tedy i adiabatickou v�etu z t�eto kapitoly
aplikovat na Ahoronov�uv-Bohm�uv hamiltoni�an. Necht' tedy

H0(t) = �1

r
@rr@r +

1

r2
(�i@� + et+

Br2

2
)2; e =

1

T
;

H(s) = �1

r
@rr@r +

1

r2
(�i@� + s +

Br2

2
)2:

Plat�� H0(t) = H(t=T ):
Z p�redchoz��ho plyne, �ze p�ri vy�set�rov�an�� Hamiltoni�anu H se m�u�zeme omezit na pevn�y

vlastn�� podprostor momentu hybnosti. Bud' tedy m 2Zlibovoln�e, ale pevn�e. D�ale budeme
p�redpokl�adat, �ze m+ � � 0 a ozna�c��me s := m+ �. M�ame tedy vy�set�rit hamiltoni�an

H(s) = �1

r

@

@r
r
@

@r
+

1

r2
(s+

Br2

2
)2

Necht' V (s); Q(s); �(s); Y (s); 
(s); !n(s); C(T; s) a P (T; s) jsou de�nov�any jako v
kapitole 1. Ozna�cme 'n(s) := 'm;n(s) a podobn�e i pro Cm;n(s) a �m;n(s):

�n = B(2s+ 2n+ 1); n 2Z+

'n(s) = Cnr
sLsn

�
Br2

2

�
exp

�
�Br

2

4

�
exp(im�);

Cn =

�
B

2

�1

2
(s+1)�

n!

��(n+ s+ 1)

� 1

2

:

Z�avislost 'n(s) na � nebudeme v dal�s��m uva�zovat. Plat�� H(s)'n(s) = �n(s)'n(s).
Zderivujeme-li tuto rovnici podle s, dostaneme:

H(s)
@

@s
'n(s) +

@

@s
H(s)'n(s) =

@

@s
�n(s)'n(s) + �n(s)

@

@s
'n(s):

Z toho plyne

h'm(s);H(s)
@

@s
'n(s)i + h'm(s);

@

@s
H(s)'n(s)i = 0 + h'm(s); �n(s)

@

@s
'n(s)i

12



Prvn�� �clen m�u�zeme napsat jako

lim
"!0

Z
1

"

'm(r; s)

�
�1

r

@

@r
r
@

@r
+

1

r2
(s+

Br2

2
)2
�
@

@s
'n(r; s)rdr =

= lim
"!0

�
�
Z

1

"

'm(r; s)

�
@

@r
r
@

@r

@

@s
'n(r; s)

�
dr +

Z
1

"

�
1

r2
(s+

Br2

2
)2
�
'm(r; s)

@

@s
'n(r; s)rdr

�
=

= lim
"!0

�
�"'m(r = "; s)

@

@r

@

@s
'n(r = "; s) +

Z
1

"

r
@

@r
'm(r; s)

@

@r

@

@s
'n(r; s)+

+

Z
1

"

�
1

r2
(s+

Br2

2
)2
�
'm(r; s)

@

@s
'n(r; s)rdr

�
=

= lim
"!0

"

�
�'m(r = "; s)

@

@r

@

@s
'n(r = "; s) +

@

@r
'm(r = "; s)

@

@s
'n(r = "; s)

�
+

+ lim
"!0

�
�
Z

1

"

�
�1

r

@

@r
r
@

@r
'm(r; s)

�
@

@s
'n(r; s)rdr +

Z
1

"

�
1

r2
(s+

Br2

2
)2
�
'm(r; s)

@

@s
'n(r; s)rdr

�
=

= lim
"!0

"

�
�'m(r = "; s)

@

@r

@

@s
'n(r = "; s) +

@

@r
'm(r = "; s)

@

@s
'n(r = "; s)

�

+�m(s)h'm(r; s);
@

@s
'n(r; s)i:

Ozna�cme

K(") = lim
"!0

"

�
�'m(r = "; s)

@

@r

@

@s
'n(r = "; s) +

@

@r
'm(r = "; s)

@

@s
'n(r = "; s)

�
:

Tedy plat��:

h'm(r; s);
@

@s
'n(r; s)i =

1

�n � �m

�
K(") +

Z
1

"

'm(s)
@

@s
H(s)'n(s)rdr

�
:

Necht' nyn�� je s > 0. P�r��m�ym v�ypo�ctem lze zjistit, �ze

K(r) = �1

2
Cm(s)Cn(s)

B

2

s+1

r2s�1 exp(�Br
2

2
)�

�
�
2Lsm(

Br2

2
)Lsn(

Br2

2
) +Br2

�
[Lsm(

Br2

2
)Ls+1n�1(

Br2

2
)� Ls+1m�1(

Br2

2
)Lsn(

Br2

2
)] �

�[ln 2� lnB � 2 ln r � �
0

(n+ s+ 1)

�(n+ s+ 1)
] + 2Ls+1m�1(

Br2

2
)Lsn

(0;1;0)(
Br2

2
) + 2Lsm(

Br2

2
)Lsn

(0;1;1)(
Br2

2
)

��
:

Proto

h'm(r; s);
@

@s
'n(r; s)i =

1

�n � �m
h'm(s)

@

@s
H(s)'n(s)i; s > 0
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h'm(s)
@

@s
H(s)'n(s)i = 2sCm(s)Cn(s)

Z
1

0

r2s�1 exp(�Br
2

2
)Lsm(

Br2

2
)Lsn(

Br2

2
)dr =

= sCm(s)Cn(s)

�
2

B

�s Z 1

0

rs�1 exp(�r)Lsm(r)Lsn(r)dr =

= sCm(s)Cn(s)

�
2

B

�s mX
k=0

nX
l=0

(�1)k+l�(m+ s+ 1)�(n + s+ 1)

�(k + s+ 1)�(l + s+ 1)

1

k!l!(m� k)!(n� l)!
�

�
Z

1

0

rk+l+s�1 exp(�r)dr = sCm(s)Cn(s)

�
2

B

�s
�

�
mX
k=0

nX
l=0

(�1)k+l�(m+ s+ 1)�(n + s+ 1)

�(k + s+ 1)�(l + s+ 1)

1

k!l!(m� k)!(n� l)!
�(k + l+ s): (6)

Lemma:

Pro n;m 2Z+; m < n plat��:

h'm(0); Q(s)'n(0)i = i

�
2

B

�s
Cm(s)Cn(s)

2B(n�m)

�(m+ s+ 1)

�(m+ 1)
; (7)

je-li n;m 2Z+; m > n, potom:

h'm(0); Q(s)'n(0)i = i

�
2

B

�s
Cm(s)Cn(s)

2B(n�m)

�(n + s+ 1)

�(n+ 1)
; 8s � 0: (8)

D�ukaz:

Plat��

h'm(0); Q(s)'n(0)i = ihV (s)'m(0); _V (s)'n(0)i = ih'm(s);
@

@s
'n(s)i:

1)Necht' s > 0. Z (6) plyne, �ze

h'm(s);
@

@s
'n(s)i =

�
2

B

�s
sCm(s)Cn(s)

2B(n�m)
Sm;n; kde

Sm;n =

mX
k=0

nX
l=0

(�1)k+k �(m+ s+ 1)

�(k + s+ 1)�(m + 1)

�
m

k

� nX
l=0

�(n + s+ 1)

�(l + s+ 1)�(n + 1)

�
n

l

�
�(k+ l+s):

Pro m=0 m�ame

S0;n =

nX
l=0

(�1)l �(n + s+ 1)

�(l + s+ 1)�(n + 1)

�
n

l

�
�(l + s) =

=
�(n+ s+ 1)

�(n + 1)

nX
l=0

(�1)l
l + s

�
n

l

�

Ozna�cme F (x) =
Pn

l=0
(�1)l

l+s

�
n

l

�
xl+s. Potom F

0

(x) =
Pn

l=0(�1)l
�
n

l

�
xl+s�1 = xs�1(1 � x)n a

plat��

S0;n =
�(n+ s+ 1)

�(n + 1)
F (1) =

�(n + s+ 1)

�(n+ 1)

Z 1

0

ys�1(1�y)ndy = �(n + s+ 1)

�(n + 1)
B(s; n+1) = �(s);

kde B(a; b) je beta funkce prom�enn�ych a a b.
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Bud' nyn�� m = 1. Potom

S1;n =
�(s+ 2)

s+ 1
S0;n +

nX
l=0

(�1)l+1�(n+ s+ 1)

�(n + 1)

�
n

l

�
= (s+ 1)�(s) =

�(s+ 2)

s
:

Necht' kone�cn�e m � 2; n 2Z+; m 6= n. Potom plat��:

Sm;n =

mX
k=0

(�1)k �(m+ s+ 1)

�(k + s+ 1)�(m + 1)

�
m

k

� nX
l=0

(�1)l �(n+ s+ 1)

�(l + s+ 1)�(n + 1)

�
n

l

�
�(k + l + s) =

X
k=0;1

: : :+

mX
k=2

(�1)k �(m+ s+ 1)

�(k + s+ 1)�(m+ 1)

�
m

k

�
�

�
nX
l=0

(�1)l�(n + s+ 1)

�(n + 1)

�
n

l

�
(l + s+ 1)(l + s+ 2) : : : (l + s+ k � 1)

Prvn�� suma je rovna

�(m+ s+ 1)

�(m + 1)

"
�(s)

�(s+ 1)
�

nX
l=0

(�1)l �(n + s+ 1)

�(s + 2)�(n + 1)

�
n

l

�#
=

�(m + s+ 1)

s�(m + 1)
:

Pro v�ypo�cet druh�e sumy ozna�cme Fn =
Pm

k=2(�1)k
�(m+s+1)

�(k+s+1)�(m+1)

�
m

k

�
�

�
Pn

l=0(�1)l
�(n+s+1)

�(n+1)

�
n

l

�
(l + s+ 1)(l + s+ 2) : : : (l + s+ k � 1)

Fn(x) =

nX
l=0

(�1)l
�
n

l

�
xk+l+s�1 = xk+s�1(1 � x)n: Je-li n > m; plat ��

Fn =

mX
k=2

(�1)k �(m+ s+ 1)

�(k + s+ 1)�(m+ 1)

�
m

k

�
F (k�1)
n (x = 1) =

=

mX
k=2

(�1)k �(m+ s + 1)

�(k + s+ 1)�(m+ 1)

�
m

k

� k�1X
i=0

(xk+s�1)(i)(1� x)(k�1�i)

!
x=1

n>m
= 0:

T��m je d�ukaz hotov pro n > m.
Je-li nyn�� m > n , tvrzen�� plyne ze symetrie Sm;n v m;n.

2)s = 0: Tvrzen�� lze jednodu�se dostat limitn��m p�rechodem, proto�ze jak h'm(s); 'n(s)i, tak
i Sm;n jsou spojit�e v s = 0 a maj�� v 0 kone�cnou limitu, plat��:

jh'm(0);
@

@s
'n(0)ij = lim

s!0
jh'm(s); 'n(s)ij = lim

s!0
j �(m+ s+ 1)

2B(n�m)�(m+ 1)
Cm(s)Cn(s)j =

1

4�jn�mj:

Pozn.: Pro odhad kQ(s)k nem�u�zeme pou�z��t Schur-Holmgrenovu v�etu, proto�ze
supm

P
n jh'm(0); Q(s)'n(0)ij =1: Mus��me tedy postupovat jinak.

Nejprve necht' s = 0. Uk�a�zeme, �ze kQ(0)k je kone�cn�a. Nejprve p�rejdeme z H do l2(Z+).
Oper�ator Q(0) v b�azi 'n(0) je matice se slo�zkami.
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Qm;n =
1

4�(n�m)
= q(n�m); kde

q(n) :=
1

4�n
; n 6= 0

= 0; n = 0

Necht' P je OG projektor l2(Z) na l2(Z+). Pak plat ��

Q = P ~QP; ~Qx =
X
m2Z

q(n�m)xm; 8x = (x1; : : : ; xm; : : :) 2 l2(Z):

Plat�� kQk � k ~Qk. Necht'

F : l2(Z)! L2([��; �]; d') : x = (xm)! f(') =
1p
2�

X
n2Z

xne
in';

F�1 : L2([��; �]; d')! l2(Z) : f(')! x = (xn) =
1p
2�

Z �

��

f(')e�in'd';

jsou Fourierova a inverzn�� Fourierova transformace vektoru x.

Doka�zme nyn��, �ze (F ~QF�1)f(') = ~q(')f('), kde ~q(') =
P

m2Zq(m)eim':

(F�1f)m =
1p
2�

Z �

��

f(')e�in'd';

( ~QF�1f)m =
X
m2Z

q(n�m)p
2�

Z �

��

f(')e�in'd';

(F ~QF�1)f =
1

2�

X
m;n

q(n�m)ein'
Z �

��

f( )e�im d =
1

2�

X
m;n

q(n)ei(n+m)'

Z �

��

f( )e�im d =

=
1p
2�

X
n

q(n)ein'
X
m

1p
2�
eim'

Z �

��

f( )e�im d =
1p
2�

X
n

q(n)ein'f(')

Ted' u�z je snadn�e dok�azat, �ze kQ(0)k <1 :X
n

ein'

n
= 2i

X
n

sinn'

n
= 2i':

) kQk � k ~Qk � kF ~QF�1k = 1

2
p
2�

========================================================

Nyn�� zb�yv�a ur�cit






�R s0

0
P (T; s)ds'n(0)

�



. Bud' S > 0; s
0 2 [0; s

0

]. Plat��:







 Z s

0

0

P (T; s)ds'n(0)

!





2

=

1X
m=0

�����h'm(0);
 Z s

0

0

P (T; s)ds

!
'n(0)i

�����
2

=

=

1X
m=0

�����
Z s

0

0

h'm(0); Q(s)'n(0)i exp(iT (!m(s)� !n(s)))ds

�����
2

: (9)

Ozna�cme f(s) = h'm(0); Q(s)'n(0)i a g(s) = !m(s)� !n(s).
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Proto�ze g(s) 2 C([�; �]) i f(s)

g
0

(s)
2 C([�; �]) jsou na [0; s

0

] monotonn�� a

Z �

0

cos(Tg(s))g
0

(s)ds =
1

T

Z T (g(�))

T (g(0))

cos(x)dx � 2

T
;

Z �

0

sin(Tg(s))g
0

(s)ds =
1

T

Z T (g(�))

T (g(0))

sin(x)dx � 2

T
;

m�u�zeme na (9) pou�z��t v�etu o st�redn�� hodnot�e a dostaneme:

�����
Z s

0

0

f(s) cos(Tg(s))ds

����� =
�����
Z s

0

0

f(s)

g
0

(s)
cos(Tg(s))g

0

(s)ds

����� =
=

����� f(0)g
0

(0)

Z �

0

cos(Tg(s))g
0

(s)ds+
f(s0)

g
0

(s
0

)

Z s
0

�

cos(Tg(s))g
0

(s)ds

����� �
� 1

2B2T (n�m)2

 �
2

B

�s0 s
�(max(m;n) + 1)�(min(m;n) + s

0

+ 1)

�(max(m;n) + s
0

+ 1)�(min(m;n) + 1)
+ 1

!
;

) 1

2







 Z s

0

0

P (T; s)ds'n(0)

!





2

�

�
1X
m=0

1

4B4T 2(n�m)4

"�
2

B

�2s
0

�(max(m;n) + 1)�(min(m;n) + s
0

+ 1)

�(max(m;n) + s
0

+ 1)�(min(m;n) + 1)
+

+1 + 2

�
2

B

�s0 s
�(max(m;n) + 1)�(min(m;n) + s0 + 1)

�(max(m;n) + s
0

+ 1)�(min(m;n) + 1)

#
�

� 1

B4T 2

"
1X
m=0

1

(m� n)4
+max

 
1;

�
2

B

�2S
!

n�1X
m=0

1

(m� n)4
�(m + S + 1)

�(m+ 1)
+

+2max

 
1;

�
2

B

�S! n�1X
m=0

s
1

(m� n)4
�(m+ S + 1)

�(m+ 1)
+

+max

 
1;

�
2

B

�2S
!

�(n+ S + 1)

�(n + 1)

1X
m=0

1

m4
+

+ 2max

 
1;

�
2

B

�S!s
�(n + S + 1)

�(n + 1)

1X
m=0

1

m4

#
= C2T�2: (10)

M�ame tedy: 9C � 0 : 8s0 2 [0; S]; 8T > 0 plat��





 Z s

0

0

P (T; s)ds'n(0)

!




 �
p
2CT�1; 8n 2 N;

kde konstanta C je ur�cena v�yrazem v hranat�ych z�avork�ach v (10).Z adiabatick�e v�ety tedy
plyne:

17



8s 2 [0; S]; 8T > 0 :

k  n(Ts)� exp(�iT s(1 + 2n + s))'n(s) k� CeMST�1: (11)
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