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Abstract

This thesis concerns the study of interactions of hadrons in selected few-body sys-
tems, namely, n-nuclei, A*-systems (A* = A(1405)), single-A and double-A hyper-
nuclei. While calculations of few-body bound states were performed within the
Stochastic Variational Method with a correlated Gaussian basis, the few-body con-
tinuum was explored using two independent approaches - Inverse Analytic Continu-
ation in the Coupling Constant and Complex Scaling Method. We studied the onset
of n-nuclear binding by performing self-consistent calculations of n*He, n*He, and
n°Li systems taking into account the effect of 7 absorption. In the case of A*-systems,
we refuted Akaishi-Yamazaki conjecture of stable A*-matter. We demonstrated that
with increasing number of A* constituents the binding energy per A* saturates thus
leaving these systems susceptible to strong decay. We performed detailed calcula-
tions of the Ann (J™ = 1/27 I = 1) and 3H* (J™ = 3/2%, 1 = 0) states, and light
AA-hypernuclei within the LO #EFT . The Ann was found to be a near-threshold
resonance and the 3H* was robustly predicted as a virtual state. Concerning the
strangeness S = —2 hypernuclei, we revealed firm binding of 3 H, while particle sta-
bility of the ,} H system requires large AA scattering length, which seems unlikely.
The neutral AAn and AAnn systems were obtained unbound by a wide margin. The
applicability of LO the #EFT in p-shell systems faces certain difficulties which are
explored in the final part of this work. Consequently, this topic remains an open

and highly important question which should be addressed in future studies.






Abstrakt

Tato dizertacni prace se zabyva interakcemi hadroni v maloc¢asticovych systémech,
konkrétné n-jadry, A*-systémy (A* = A(1405)) a hyperjadry s jednim a dvémi A
hyperony. Malocasticové vypocty vazanych stavi jsou provedeny prostirednictvim
stochastické variacni metody v bazi korelovanych Gaussovych funkci. Malocasti-
cové kontinuum je zkoumano dvéma nezavislymi pristupy - inverznim analytickym
rozsifenim ve vazbové konstanté (Inverse Analytical Continuation in the Coupling
Constant) a metodou komplexni rotace (Complex Scaling Method). Provedli jsme
selfkonzistentni vypocty n-jader n*He, n*He a n°Li a studovali jsme vliv absorpce
7 mezonu na vznik vazanych stavi v nejleh¢ich n-jadrech. V pripadé A*-systému
jsme vyvratili hypotézu Akaishiho a Yamazakiho o stabilni A*-materii. Ukéazali
jsme, Ze se zvySujicim se poCtem A* ¢astic vazebné energie na A* saturuje, takze
tyto systémy podléhaji silnému rozpadu. Provedli jsme podrobné vypocty stavi
Ann (J" =1/2". 1 =1) a 3H* (J™ = 3/2%,1 = 0) a lehkych AA-hyperjader v LO
#EFT . Bylo zjisténo, ze Ann existuje ve formé rezonance blizko prahu a 3H* byl
jednozna¢né predpovézen jako virtualni stav. Co se tyce S = —2 hyperjader, pred-
povédéli jsme, Ze J\H systém je vézany, zatimco stabilita y4 H vyzaduje pomérné
velkou AA rozptylovou délku - je tedy nepravdépodobné, Ze by bylo toto hyperjadro
vazané. Nenasli jsme zadny vazany stav v neutralnich systémech AAn and AAnn.
Pouzitelnost LO #EFT pro popis jader p-slupky ¢eli urc¢itym obtizim, kterym je
vénovana zavéreéna Cast prace. Toto téma zustava otevienou a velmi dulezitou

otazkou, ktera by méla byt déle zkoumana.
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Preface

This thesis deals with interactions of hadrons in few-body systems. These sys-
tems play an essential role in the modern hadronic physics as they provide a direct
link between their observed properties and underlying interaction models. In a
current situation when most models of hadronic interactions quite differ in their
predictions and experimental scattering data are scarce and not precise enough, un-
like the NN data, each measured property of a few-body system represents highly
valuable and stringent constraint on hadronic interactions. Moreover, rather topical
issue of in-medium effects, such as the role of three-body force might be studied only
in systems of more then two particles. Current theoretical endeavor attempts not
only to confront existing models of interactions with already measured few-body
data but also to direct experimental efforts towards hadronic systems which still
could be observed in principle. However, these systems do not exist only in a form
of bound states but they are quite often particle unstable or they decay through
the strong interaction to energetically more favorable channels. It is thus crucial to
study consistently both bound and continuum regions which might reveal charac-
teristics of such hadronic states or exclude their existence. The study of few-body
hadronic systems considered in this work (7(548)- nuclei, A(1405)-systems, single-
A(1116) and double-A(1116) hypernuclei) is highly up-to-date. It has been one of
the main topics in multiple international conferences (e.g. MESON2018, HYP2018,
HADRON2019) or a subject of ongoing, approved or planned experiments in the
J-Lab (USA) and J-PARC (Japan) facilities.

The thesis is structured as follows: An introduction to the topic is given in Chap-
ter 1. Here, we outline the main motivation of our work together with an overview
of both theoretical and experimental current status of n/N as well as AN and AA
interactions and their connection with studied few-body n-nucler as well as A- and
AA- hypernuclear systems, respectively. Hypothetical A*-aggregates (A* = A(1405))
are closely related to the properties of few-body K- nuclei. Taking into account

that the topic of kaonic systems is certainly broad and, moreover, they are not ex-
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CONTENTS

plicitly studied in this thesis we include just necessary amount of information which
led to the hypothesis of stable A* matter. In Chapter 2, we present hadronic in-
teractions considered in this study. Methods and means of few-body calculations
are given in Chapter 3. We start with a description of correlated Gaussian basis
functions. Next, we briefly introduce the Stochastic Variational Method applied in
few-body bound state calculations and two methods employed in the study of few-
body continuum - the Inverse Analytic Continuation in the Coupling Constant and
Complex Scaling Method. General concept of the evaluation of matrix elements in
a correlated Gaussian basis for several operators is then outlined in Appendix A.
In addition, we summarize the main properties of two-body S-matrix poles in Ap-
pendix B, which we believe provides the reader with more complete explication of
both applied few-body continuum techniques. Since all calculations have been per-
formed by employing a new few-body code which was developed as a part of this
thesis, we present an indispensable benchmark study in Appendix C. In Chapter 4,
we highlight selected results of our work. First, we present results of self-consistent
calculations of n-nuclear quasi-bound states - n3He, n*He, and n°Li for two nN in-
teraction models. The effect of imaginary part of the n/N potential on the onset of
n-nuclear binding is evaluated as well. Next, we discuss the stability of hypothetical
A*-matter. Using both Stochastic Variational Method (few-body) and Relativistic
Mean-Field approach (many-body) we study the binding energy per particle as a
function of mass number A in a systems composed solely of A*. The major part
of this chapter is devoted to our study of few-body s-shell hypernuclei within the
leading-order pionless effective field theory (LO #EFT ) representation of nuclear
and hypernuclear interactions. First, we present our results concerning the contin-
uum spectrum of three-body A-hypernuclear systems and we explore the nature of
the Ann(J™ = 1/2%,1 = 1) and 3H*(J™ = 3/27, I = 0) states. Second, we construct
the LO #EFT representation of the AA interaction and we address the onset of AA
hypernuclear binding. The last section is devoted to possible insufficiency of the
nuclear 7#EFT at LO which emerges once the theory is applied to the description of
p-shell nuclear systems. Chapter 4 presents only the main and the most important
accomplishments of our work; further results together with a more detailed discus-
sion can be found in our selected articles enclosed in Appendix D. Finally, main

conclusions together with future prospects are summarized in Chapter 5.
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Chapter 1

Introduction

It is basic human nature to strive to discover the world around us and a tremen-
dous amount of effort has been put into understanding its laws throughout his-
tory. Ome of the essential questions concerns properties of the visible matter in
the Universe. Here, the physics of hadrons, strongly interacting particles, plays an
important role. The strong interactions are currently described by Quantum Chro-
modynamics (QCD). At low energies QCD gives rise to mesons and baryons which
then manifest themselves in various phenomena such as the existence of atomic nu-
clei or compact astrophysical objects (neutron stars). However, QCD in this energy
regime is highly difficult to solve. There are basically two main approaches which
aim to overcome this obstacle: The first one, the lattice QCD, employs extensive
numerical simulations (for review see [1]). Although lattice calculations have un-
dergone considerable progress in recent few years, the full description of hadronic
interactions or even hadronic systems at physical quark masses is still a subject of
ongoing research. The second option involves application of effective field theories
(EFTs) that implement symmetries and dynamics of QCD. Nowadays, the state-
of-the-art low energy EFTs are based on approximate chiral symmetry of QCD,
which is full in the limit of zero quark masses. Free parameters of these theories, so
called low energy constants, have to be fixed by experimental input. At this point
the significance of few-body hadronic systems becomes apparent - applying highly
precise few-body techniques one can make direct link between models of hadronic
interactions and their predictions for few-body hadronic systems, test or constrain
these models using experimental data, or even predict new, so far not experimentally
observed systems.

This chapter presents a short overview of the interactions of hadrons in few-

body systems — n-nuclei, K ~-nuclei, and single- and double-A hypernuclei studied
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INTRODUCTION

in this work. The hypernuclear systems provide important information on interac-
tions among constituents of the ground state baryonic octet. They allow us to study
the strangeness § = 0 (nuclear) and & = —1, —2 baryonic interactions within the
broader perspective of the broken flavor SU(3) symmetry. The study of - and K-
nuclear systems provides deeper insight into a more general concept of meson-baryon
interactions between the pseudoscalar meson octet (7, K, ) and the ground state
baryonic octet. In addition, properties of (pseudoscalar) mesons inside the strongly
interacting medium have been of great interest recently. According to several sce-
narios [2-5|, the meson masses are subject to in-medium modifications which lead
to partial restoration of chiral symmetry at high nuclear densities. Moreover, it was
proposed that kaons can appear in dense nuclear matter [6,7], e.g. in the inner core

of neutron stars [8].

n-nuclear systems

The first prediction concerning the nature of the n/N interaction was made in
1985 by Bhalerao and Liu [9] who performed coupled-channel analysis of 7N phase
shifts [10] together with 7~ + p — 1 + n cross-section data [11]. They found that
due to the presence of the N*(1535) hadronic resonance just ~ 50 MeV above the
nN threshold the s-wave nN interaction is attractive with |Re(a,n)| ~ 0.28 fm
and Im(a,y) ~ 0.2 fm. In the following works [12|, Haider and Liu illustrated that
attraction of this magnitude may be sufficient to allow formation of a strongly-bound
system of 7 and nucleus (the so called n-mesic nucleus) starting with 12C. They
further stressed that exploring these systems could compensate for the lack of n
beams and could thus provide a natural laboratory for testing the n/N interaction.

Since the pioneering work of Haider and Liu numerous experiments studying
n-mesic nuclei (briefly n-nuclei) with the nuclear core mass number A > 10 reported
negative or inconclusive results [13-17|. The only candidate for such a system was
announced by the COSYQGEM collaboration [16] which observed a peak in the
missing mass spectrum of the proton induced reaction p +27 Al — n*Mg + 3He —
7~ +p+X +3He with the decay of the n 2>Mg mesic state due to n+n — 7~ +p. The
measured 7 separation energy and width were BSXp(n%Mg) =13.1£1.6 MeV and
P (n*Mg) = 10.2 + 3.0 MeV, respectively. However, the analysis of reaction data
was obscured by rather strong kinematic constraints, consequently, the obtained
result is generally considered as a hint rather than strong experimental evidence.

Until now, the n/N interaction was studied in multiple works using coupled-

channel K-matrix methods [18-20] or chirally motivated coupled-channel models
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INTRODUCTION

[21-25].  The results confirm attraction around the nN threshold and agree on
strong energy dependence of the n/N scattering amplitude which steeply decreases
farther below the threshold. The predicted n/N interaction strengths significantly
differ - this is apparent from the size of a real part of the n/NV scattering length which
varies from the lowest values |[Re(a,n)| =~ 0.2 fm up to |Re(a,n)| ~ 1 fm according

to the model applied.

The state-of-the-art self-consistent calculations of medium and heavy n-nuclei
using several n/N interaction models were presented in Refs. [26,27]. It was found
that bound 7'2C is unlikely in models with |Re(a,n)| < 0.5 fm and in order to
reproduce the 7**Mg event measured by COSYQGEM rather large, |Re(a,n)| ~
0.9 fm is necessary. Being aware of limitations of the many-body approach, the

authors further suggested existence of bound n*He for |Re(a,n)| =~ 0.9 fm.

The experimental status of light n-nuclei was thoroughly summarized by Krushe
and Wilkins [28] which led to the conclusion that : "The most straightforward (but
not unique) interpretation of the data on light n-nuclei is that the nd system is
unbound, the n*He is bound, but that the n®He case is ambiguous.” The nd system
was experimentally explored through p+n — d+n [29-31| and d+p — d+p+n [32]
reactions which revealed enhancement of the nd production cross-section in the
vicinity of the nd threshold. Although Faddeev calculations in Ref. [33] strongly
supported the existence of a near-threshold nd quasi-bound or resonant state, the
following work [34,35] ruled out this scenario and, in fact, the existence of nd virtual
state is more acceptable [36-38]. The n*He system was studied in n-production
experiments via v+ *He — 1+ 3He [39,40] and d +p — 1+ *He [41-43] reactions at
MAMI and COSY, respectively. In both cases, there is a very sharp increase of the
corresponding total cross-sections near the nHe threshold, which indicates presence
of a pole. Statistically more rich d + p data were analyzed by Wilkin et al. [44] who
concluded that there is a pole with excitation energy Qo = [(—0.36 £0.11 +0.04) +
1(0.19 £ 0.28 £ 0.06)] MeV, however, the nature of the experimental input did not
allow to determine the sign of the Im((Q)y) which would discriminate between the
quasi-bound and virtual state. In the later analysis of the same data, Xie et al. [45]
deduced existence of the weakly bound 7*He state with B, = 0.30£0.10£0.08 MeV
and I' = 3.0 & 0.5 £ 0.7 MeV. The Krushe and Wilkins suggestion of bound n*He
has not been experimentally supported yet. This n-nucleus was searched by the
WASA@QCOSY collaboration using d + d — n*He — 7~ + p + *He; 7° +n + 3He

reactions but no signal which could be assigned to n*He was found [46].

Theoretical studies of light n-nuclear systems can be divided into two groups.
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INTRODUCTION

The first one is represented by Faddeev type approaches which in addition to the
aforementioned investigations of nd include calculations of n*He and 7*He within the
Alt-Grassberger-Sandhas formalism [47,48|. Neither n*He nor n*He was predicted
quasi-bound, however, these calculations use simplistic separable interactions which
represent a certain drawback. The second group includes self-consistent variational
calculations of nd, n3He, and n*He which use semi-realistic NN and chirally moti-
vated nN interactions [49,50] or pionless effective field theory approach [51|. They
reported no quasi-bound state in nd, while the n3He system was found bound for nN
interaction with |[Re(a,n)]| close to 1 fm, and n*He was bound for |[Re(a,n)| 2 0.7 fm.
In the recent work [52] which is part of this thesis, the variational calculations were
extended to 1n°Li and the effect of 1 absorption on the onset of n-nuclear binding

was explored.

K -nuclei

The study of the low energy KN interaction has attracted attention of theorists
as well as experimentalists for over decades. While the K+ N interaction is generally
accepted as weakly repulsive [53], more unsettled situation remains in the case of
the K~ N interaction. Both K ~p scattering and reaction data [54-56] together with
measurements of the K ~-hydrogen [57-59| clearly indicate that the K~ p interaction
is repulsive at and above the K ~p threshold. There are no experimental K ~n data,
nevertheless, planned measurement of the kaonic deuterium |60, 61] is expected to
provide desirable information. The subthreshold K~ N interaction is considered at-
tractive - this is indicated by the analysis of the K~ atom data [62,63] and suggested
by the presence of the A(1405) hadronic resonance just ~ 27 MeV below the K p
threshold.

The idea that the A(1405) might be a molecular state of an antikaon and a
nucleon was first spelled by Dalitz et al. [64,65|. Since then the nature of the
A(1405) resonance has been a subject of considerable interest (see Ref [66] for de-
tailed review). In the most KN interaction models, the A(1405) is considered as
a meson-baryon molecule, more specifically, as a I = 0 KN quasi-bound state af-
fecting the 7% resonant continuum [67,68]. This scenario suggests strong coupling
between the KN and 7% channels leading to significant K~ absorption in nuclear
matter. Other models consider A(1405) as elementary three-quark baryon [69] or
pentaquark [70].

The properties of KN interaction models are closely connected with the struc-
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INTRODUCTION

ture of the A(1405) resonance. While phenomenological K N interaction coupled-
channel models are often fixed to reproduce A(1405) corresponding to just one pole
of S-matrix [71-73], chirally motivated coupled-channel models [74-78|, which gen-
erate A(1405) dynamically, predict two poles in the complex energy plane which
are assigned to this resonance [66,79|. It is to be noted that the possible two pole
structure of A(1405) was reported already in 1990 within cloudy bag model [80]
even before chiral approaches. Studying both energy-independent phenomenolog-
ical KN potentials with one- or two-pole structure of the A(1405) and a chirally
motivated K N potential in Ref. [73] (see also references therein) led to the conclu-
sion that all options reproduce experimental data equally well and provide similar
results for the low-energy K ~d scattering amplitudes and characteristics of kaonic
deuterium. Until now, there is neither theoretical nor experimental argument which
would firmly discriminate between the one- and two-pole scenarios. Nevertheless,
recent measurements of the 73 mass spectra in various reactions by collaborations
at JLab [81], COSY [82], GSI [83], and J-PARC [84] exhibit the shapes and po-
sitions of the A(1405) that seem to prefer the two-pole structure. Clearly, more

precise measurements are badly needed.

The first study of light K ~-nuclei was performed by Akaishi and Yamazaki (AY)
using a phenomenological KN potential |71,85,86]. The authors found that few-
body kaonic systems with three and more nucleons are bound by > 100 MeV when
the main decay mode K~ N — 7 is energetically forbidden and thus they predicted
existence of deeply bound narrow K ~-nuclear states. This result triggered further
theoretical studies in the few-body sector using either Faddeev |72,87-90] or varia-
tional [91-93] approaches, nevertheless, the corresponding results considerably differ
based on applied KN interaction models. While phenomenological KN potentials
usually assume the PDG value of the resonance mass 1405 MeV [94], current chirally
motivated models predict the position of the pole associated with the KN channel
much closer (by ~ 15 MeV) to the threshold [79]. Consequently, the chirally mo-
tivated models give considerably shallower K ~p potential and thus smaller binding

energies of K -nuclear systems.

Experimental searches for K ~-nuclei have been predominantly motivated by the
AY conjecture about narrow deeply bound K -nuclear states, nevertheless, their
results are quite contradictory. The FINUDA collaboration reported structure in
the back-to-back Ap invariant mass spectrum of K~ stopped reaction on the °Li,
"Li, and '2C targets, which was interpreted as a K pp cluster with the binding
energy B = 11578 MeV and the width I' = 6717 MeV [95]. However, the ob-

25



INTRODUCTION

served structure could be explained by K~ absorption on two nucleons and final
state interactions [96]. The OBELIX collaboration found a structure in the Ap in-
variant mass spectrum from p *He annihilation, which was assigned to the K~ pp
state with B = 160 + 4.9 MeV and I' < 24 + 8 MeV [97|. Further, the K pp
state with B = 103 4 3(stat) £ 5(syst) MeV and I' = 118 + 8(stat) 4 10(syst) MeV
was claimed to be observed in the Ap invariant mass spectrum from p + p colli-
sions by the DISTO collaboration [98], however, no sign was reported in the fol-
lowing p + p reaction experiment performed by the HADES collaboration [99-101].
Also, no evidence of the K~ pp state was found in v +d — K7~ X reaction in
the energy region E, = 1.5 — 2.4 GeV at LEPS [102|. Exploring d(7*, K*) re-
action, the E27 experiment reported a possible K~ pp candidate in the X% chan-
nel with B = 957 13(stat) ™30 (syst) MeV and T' = 16275 (stat) 55 (syst) MeV [103].
Finally, the latest result was obtained in the E15 experiment using *He(K ™, Ap)
reaction - the observed structure was attributed to the K~ pp system with B =
47 £ 3(stat) T3 (syst) MeV and T' = 115 4 7(stat) 50 (syst) MeV [104].

As concerns heavier K -nuclear systems, Hrtankova and Mare§ performed re-
cently self-consistent calculations of kaonic nuclei across the periodic table using sev-
eral chirally motivated K~ N interaction models supplemented with a phenomeno-
logical K~ -multi-nucleon optical potential fitted to kaonic atom data [105, 106].
They found that due to K~ -multi-nucleon absorption there is substantial increase
of K~ -nuclear widths which are considerably larger than calculated K~ binding en-
ergies. Experimental observation of K~ states in many-body nuclear systems would
thus be highly difficult or even unlikely. The K~ multi-nucleon absorption was stud-
ied by the AMADEUS collaboration [107] and rather recently the first microscopic
model of K~ absorption on two nucleons has been developed [108]. New few-body
and many-body calculations of K~ nuclear states taking into account multi-nucleon
absorption are eagerly awaited since they could shed more light on unclear, yet

thrilling situation of K~ interactions in nuclear matter.

As stated above the K ~p interaction near threshold is sufficiently strong to form
a quasi-bound state. Using a phenomenological K N potential this quasi-bound state
was identified by AY with the A(1405) resonance [109]. Calculations of few-body
A* = A(1405) systems based on the above assumption led AY to a hyphotesis that A*
aggregates become increasingly bound with the number of constituents, eventually
reaching absolute stability. We demonstrated in our paper [110], which is a part of

this thesis, that such scenario is unlikely.
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A- and AA-hypernuclear systems

Systematic studies of hyperon-nucleon YN and hyperon-hyperon Y'Y interac-
tions, where Y = (A, X, =,Q7), have been performed for almost 70 years. The first
hypernucleus, a bound system of nucleons and hyperons, was observed in 1952 by
Danysz and Pnievski [111] who registered in emulsion experiment a slowly decaying
nuclear fragment which emerged from the collision of the high energy cosmic ray
proton (30 GeV) with the Ag or Br nucleus. Since then, more than 30 different
A-hypernuclei have been observed, ranging from the lightest hypernucleus 3H up
to 2% Pb. Thanks to rather long lifetime (~ 107'%) their A separation energies or
excitation spectra have been measured [112,113]. On the other hand, it has been
demonstrated that X-hypernuclei do not form bound states, except $He (see [114]
and references therein). Just one Z-hypernucleus, £*C (1N + Z) at J-PARC [115],
and no 2-hypernucleus have been observed so far. As for systems with more than
one hyperon, only three AA-hypernuclei have been reported — 4 He, 1) Be, and }3 B
(see [114] for review).

Concerning the strangeness S = —1 Y N interaction, scarce scattering data do
not provide stringent constraints. They include only 12 A +p — A + p [116,117]
and 22 X" +p - A+n, X +p > Xt +p, X +p > X +p, and X7 +p —
Y0 + n [118,119] cross-sections which all correspond to laboratory momenta above
100 MeV. The very existence of A-hypernuclei clearly proves that the AN interaction
is attractive. However, the analysis of the scattering data gives only rough estimates
of its strength, predicting the AN spin-singlet a)" and spin-triplet a{" scattering
lengths in rather broad interval 0 < [a)"] < 9 fm and 0.8 < [afV] < 3.2 fm,
respectively [116].

The § = —1 Y N interactions are described by models taking into account the
approximate SU(3) flavor symmetry of baryon-baryon interactions, which allows
to take advantage of rich NN scattering data and thus supplement the poor Y N
database. This approach was followed by multiple boson-exchange [120-125|, multi-
meson-exchange [126-128|, and more recent chiral LO [129] and NLO [130] models
which naturally implement a couple-channel form of the S = —1 interaction with
AN and XN components.

The observed lightest s-shell A hypernuclear systems 3H, 4H, 1He, and 3He
have irreplaceable role in the study of the AN interaction. Of particular interest
is the in-medium AN interaction where the conversion between A and ¥ known as
the AN — ¥ N mixing occurs. In Refs. [131,132|, different models of the AN inter-

action were tested in Faddeev type calculations of 3- and 4-body hypernuclei with

27



INTRODUCTION

explicitly included A and ¥ degrees of freedom. It was found that a rather small
A separation energy in 3H (BYP(3H) = 0.13(5) MeV [133]') together with experi-
mentally measured properties of 1H and 4 He provide rather important constraints
which have immediately discarded some models. However, even the AN interaction
models which give a good description of 3- and 4-body hypernuclear systems, fail to
reproduce the binding energy of 3He, yielding 1-2 MeV overbinding [114]. Rather
topical issue is the charge symmetry breaking (CSB) of the AN interaction. Since
there are no An scattering data, the CSB is often studied through the energy differ-
ence between the 07 ground state and the 17 excited state of the mirror hypernuclei
41H and 4 He [135,136].

So far unobserved hypernuclear systems - Ann (J™ = 1/27, I = 1) and the exited
state of hypetriton 3H* (J™ = 3/27,1 = 0) are currently a subject of theoretical
and experimental interest. Their properties would provide further constraints on the
AN interaction and, in particular, the measured Ann system would be extremely
valuable source of information about the An interaction. Moreover, the above sys-
tems represent a convenient testing ground for the AN N force. There is rather firm
theoretical consensus that both systems are unbound and their binding would be
inconsistent with the properties of already observed s-shell A hypernuclei [137-144].
In view of these theoretical works, the claimed evidence of the bound Ann system
reported by the HypHI Collaboration [145] was quite surprising. As concerns the-
oretical studies of 3H* and Ann, Garcilazo et al. showed that the Ad scattering
length in J™ = 3/2" channel indicates existence of a pole in the vicinity of the
A+ d threshold [140]. It was demonstrated by Belyaev et al. [141] and more recently
by Afnan and Gibson [144] that the neutral Ann system might exists in a form of

near-threshold resonance.

The AN interaction at very low momenta has been recently described by a
#EFT [146]. The primary goal of this theory is not to compete with more so-
phisticated approaches such as chiral EFT YN interaction models [129, 130], but
rather to provide more simple theoretical framework with well defined uncertainties
and a minimal number of free parameters which could be constrained by experi-
mental data. Within this approach three-body forces appear naturally at LO and
predictions of the theory are independent of regulator scheme. The LO hypernuclear
#EFT successfully resolved the 3 He overbinding problem [146]. More recently, we
applied the #EFT at LO in the study of the nature of Ann and 3H* [147].

Tt is to be noted that the most recent STAR experiment reported higher By (3H) ~ 0.4 MeV
[134] which is however under current debate.

28



INTRODUCTION

In the case of strangeness S = —2 YN and Y'Y interactions, the situation is even
more unsettled. There are just few S = —2 cross-section data points — =" +p — =7+
p, 2 +p— A+A, and =~ +p — E°+n, all for laboratory momenta above 200 MeV
(see [148] and references therein) and no AA scattering data. The analysis of AA
invariant mass 2C(K~, KTAAX) reaction data yielded AA spin-singlet scattering
length a)* = —1.2 £ 0.6 fm [149] which together with a}* = —0.797535 fm [150]
(analysis of the STAR collaboration data [151]) suggest that the AA interaction is
moderately attractive. This is further supported by AA-hypernuclear data [114].

The strangeness & = —2 interaction is described by several meson-exchange
[152-156] and chiral LO and NLO [148, 157| interaction models. Again, the im-
plemented broken flavor SU(3) symmetry allows to connect S = —2, —1, and 0
baryon-baryon interactions and thus to employ & = —1 and § = 0 scattering data
which compensate considerable lack of the & = —2 experimental input. However,
after using these techniques there still remain uncertainties in the underlying free
parameters. It was even stated in Ref. [148] that the chiral NLO interaction should
be considered to be of preliminary and exploratory nature until new & = —2 exper-

imental data are available .

Much theoretical effort has been made to search for possible binding in s-shell
AA hypernuclei, which would complement just one experimentally observed s-shell
system 5 He. Newly observed double-A hypernuclei would certainly put highly
needed constraints on the strangeness & = —2 interaction models in the same way
as they do in the § = —1 sector. The 4 H (J™ =17; T = 0) system was studied in
Refs. [158-160], however, the results are not conclusive, suggesting either no bound
state or very weak binding. Several theoretical works agree that J\H — 2, He (J™ =
1/2%; I = 1/2) isodublet is particle stable with ABys ~ 0.5 to 1 MeV [160-163].
Currently, the study of the neutral AAnn (J™ = 0%; I = 1) system is rather topical.
Indeed, an example of its importance is the persistent ambiguity in interpretation
of the AGS-E906 experiment [164| referred to as the E906 puzzle. First, the signal
was assigned to the bound ,4H system [164] but more recent analyses suggested
that the decay of the ,/yHe [165] or AAnn [166] hypernucleus might provide more
plausible interpretation. It was claimed that a particle stability of the AAnn system
is within uncertainties of the baryon-baryon interactions [167], however, later study
concluded that the system is unbound and located just above the A+ A +n+n
threshold [168]. In this thesis, the onset of AA hypernuclear binding was addressed
within #EFT at LO [169]. The virtue of this work with respect to the aforementioned

predominantly phenomenological studies is that we describe consistently the whole
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set of s-shell AA hypernuclei. This allowed us to make rather detailed predictions
of the particle stability of s-shell AA hypernuclear systems. It is to be noted that
experimental search for \H is included in the recent J-PARC proposal [170].

The hypernuclear physics is vivid scientific discipline with many open questions
which are predominantly related to the underlying S = —1 and § = —2 baryon-
baryon interactions. Although considerable theoretical as well as experimental effort
has been made in past decades, the interactions are not well understood yet, certainly
not on the level of the NN interaction. It is to be noted, that rather recently new
information has been provided by lattice HAL QCD calculations of the AA and
EN interactions near the physical point [171] and also by pA and AA correlations
studied via femtoscopy of p—p and p—Pb collisions [172|. Finally, the hypernuclear
physics has interdisciplinary nature since it lies at the intersection of nuclear and
elementary particle physics. Moreover, it has been shown in numerous works that
hypernuclear interactions, and three-body forces in particular, play a significant role

in the astrophysics of neutron stars (see [173| and references therein).
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Chapter 2

Interactions of hadrons

This chapter deals with hadronic interactions considered in this thesis. The first
part is devoted to models of meson-baryon interactions. We introduce n/N interac-
tion models employed in our study of n nuclei. Further, we discuss current status
of KN interaction models together with the Akaishi-Yamazaki phenomenological
potential used by these authors to provide an estimate of the two-body A* system
binding energy which led to their suggestion of stable A*-matter. The second part
provides the description of the LO (hyper)nuclear #EFT interaction. In our work,
we used meson-baryon interactions only as input, consequently, they are discussed
here just briefly - more detailed description is beyond the scope of this thesis and
can be found in enclosed references. On the other hand, the LO (hyper)nuclear
#EFT is introduced in more detail, since we fitted parameters of the theory directly
to experimental data and we deem that our results require deeper understanding of

the applied approach.

2.1 Meson-baryon interactions

The state-of-the-art description of meson-baryon interactions at low energies is
based on chiral approaches which reflect underlying symmetries of QCD. The corre-
sponding effective SU(3) Lagrangians at LO or NLO of chiral perturbation theory
(ChPT) are used to describe interactions between the pseudoscalar meson octet (7,
K, n) and the ground state baryon octet (N, A, 3, =), which naturally results
in a multi-channel formalism. In particular, for the n/N interaction the relevant
meson-baryon channels are : 7N, nN, KA, and K¥; for the KN interaction : KN,
wA\, 73, nA, n3, and K=. Due to the presence of the near-threshold hadronic res-
onances N*(1535) (nN interaction) and A(1405) (KN interaction), ChPT is not
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directly applicable and nonperturbative couple-channel techniques have to be em-
ployed. The current description of meson-baryon interaction is provided by so-called
chirally motivated coupled-channel models which use technique of T-matrix resum-
mation in combination with the chiral theory [21-25,74-78]. Within this approach
hadronic resonances are generated dynamically and their masses and widths come

out as predictions.

The central piece of these models is a coupled-channel potential V;; which reflects
SU(3) symmetry and structure of the underlying chiral Langrangian where indices
1 and j run over considered meson-baryon channels. The scattering amplitudes
of meson-baryon interactions are determined by solution of the coupled-channel

Lippmann-Schwinger equation for the T-matrix
T = Vij + Vi G T, (2.1)

where Gy, is the meson-baryon Green’s function.

A rather large amount of meson-baryon channels (note that one should also con-
sider different charge states) are for the purpose of few- or many-body calculations
often reduced to a single channel. Hyodo and Weise [174] proposed a procedure
which aims to construct an effective potential V% in a single channel under require-
ment that the resulting amplitude is identical to the solution of a full coupled-channel
problem for a selected channel 1 (KN ,nN)

T = vl p yeltig et = 1y, (2.2)

The effective potential is then sum of the bare interaction in channel 1 and all

contributions from the N — 1 channels

Vel = vy, + Z ViiGiVir + Z Vlz‘Gz‘Ti(gN_l)GjV}'h (2.3)

2<i<N 2<i,j<N
(N-1) . : : L .
where 77 is a resummation of interactions in remaining channels other then 1

(N A D D 7 A€ Al (2.4)

ij
1<k<N

The corresponding single-channel scattering amplitude, emerging as a result of the
above procedure, is complex and its imaginary part represents absorption into all

channels which have been reduced.
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Figure 2.1: Real (left panel) and imaginary (right panel) parts of the s-wave n/N
scattering amplitude F,y as a function of /s predicted by different n/N interaction
models - BC [21] (dot-dashed violet line), GW [20] (dashed red line), CS [22] (solid
black line), KSW [23] (dotted purple line), M2 [24] (dashed green line), and IOV [25]
(dot-dashed blue line). The nN threshold is marked by the thin vertical line. The
figure is partially adopted from Ref. [27], complemented with the BC nN scattering
amplitude.

The s-wave N interaction is considered attractive both above and below thresh-
old [28, 53] but the question about its strength is still unresolved. Zero charge of
the n-meson and its very short lifetime (7, & 5 x 107 "s [94]) obstruct its use in a
particle beam, consequently, elastic nN — nN scattering can hardly be applied as a
source of experimental information. Instead, the n/N interaction is usually studied
through 7+ N - 7+ N, 7~ +p—>n+n, v+ N - n+ N, v+ N — 7+ N,
m+p— K°+ A, and 7~ 4+ p — n + 1/ scattering or reaction data [175-180] which
are analyzed within various coupled-channel models. The 7N scattering length "
is complex; its imaginary part represents absorption into always opened 7N, 7wV,
and N channels. Its size, predicted by various studies, spans rather broad range
0.18 < Re(a™) < 1.05 fm and 0.16 < Im(a™) < 0.49 fm [53]'. Such large un-
certainties are induced by differences in applied coupled-channel models which in
addition do not use the same sets of experimental data to constrain their low energy

parameters.

In Fig. 2.1, we compare s-wave n/N scattering amplitudes F,y predicted by

'Tn this section we use opposite sign convention for the scattering length and scattering am-
plitudes with respect to the remaining part of the thesis. Positive means attraction here while
negative denotes repulsion. This convention is often applied in a construction of meson-baryon
interactions.
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selected chirally motivated n/N interaction models - BC [21], CS [22], KSW [23],
M2 [24], IOV [25] and by the K-matrix analysis of the 7N — 7N, yN — 7N, and
vN — nN reaction data (GW) [20].

All real and imaginary parts of the n/N scattering amplitude displayed in the fig-
ure are strongly energy dependent due to the presence of the N*(1535). The positive
real parts around the n/N threshold indicate attraction, however, their magnitude
significantly differs. Relatively strong attraction in the subthreshold region together
with small 1 absorption, given by size of Im(F,y) below threshold (particularly in
the BS, GW, CS models), are favorable for the existence of narrow n-nuclear quasi

bound states studied in this work.

The energy dependence of Fy is expressed using the Mandelstam variable
s = (E, + En)* = (p, + pn)%, (2.5)

where for the quasi-bound n-nuclear system FE, = m, — B,, Ey = my — By and
B, (By) is the 1 (nucleon) binding energy. In the 2-body cm frame the (p, + px)?

term is equal to zero and
\/gzmnijN—Bn—BN:\/st _Bn_BNa (26)

where /sy, is a position of the nN threshold (denoted in the figure by the thin
vertical line). Consequently, for a quasi-bound nN system /s < /sg and the
nN interaction is determined by the subthreshold part of the scattering amplitude.
Moreover, in few- and many-body systems the (p, + py)? term is no longer equal

to zero and causes an additional downward energy shift [181].

Complex energy-dependent n/N scattering amplitudes enter our few-body calcu-
lations of n-nuclei; they are used to derive an effective n/N potential (for more details
see Eq. (4.1) in Chapter 4). In our work, we are interested in the question what
is the lightest nuclear system in which the onset of n binding can appear. There-
fore, we consider n/N interaction models which yield one of the largest attraction
playing strongly in favor of the formation of n-nuclear quasi-bound states - CS [22]
and GW [20]. It is to be stated that the BS model was not available at the time of
our study. Nevertheless, one can expect that the results for the BS model should
not significantly affect conclusions of our study due to its similarity to the GW
model at threshold and rapidly decreasing Re(F,n) below the threshold. This im-
plies even smaller attraction with respect to GW almost in the entire subthreshold

region shown in Fig 2.1.

34



INTERACTIONS OF HADRONS

The negative charge and much longer lifetime of the K ~-meson than the one of n
(Tr- = 1.23 x 10735 [94]) makes possible to use kaonic beams in order to explore free
space KN interaction. In particular, measurements of the K ~p elastic scattering
and reactions [54-56], K~ p threshold branching ratios [182,183], and the strong
interaction shift and width of the 1s energy level in kaonic hydrogen [57-59] led
to rather strict constraints on the K~ p interaction at and above threshold. These
experimental data are frequently used as input in order to fix free parameters of

various models of the KN interaction.

Figure 2.2 presents comparison of the real (left) and imaginary (right) parts of
K~ p (upper panels) and K~ n (lower panels) s-wave scattering amplitudes, predicted
by different chirally motivated models - Prague (P) [74], Kyoto-Munich (KM) [75],
Murcia (M1 and M2) [76], Bonn (B2 and B4) [77], Barcelona (BCN) [78] and phe-
nomenological Akaishi-Yamazaki potential (AY) [71], which were obtained by re-
ducing all considered meson-baryon channels just into the single one - K~ N (see
Egs. (2.2), (2.3), and (2.4)). It is apparent that rather rich K~ p experimental data
provide stringent constraints on predicted K~ p scattering amplitudes at and above
threshold, which mostly agree remarkably well. Deviation of the Bonn models is
due to no s-wave projection of the interaction kernel with respect to other chiral
models [79]. On the other hand, there is significant model dependence of the sub-
threshold K ~p scattering amplitudes which are strongly energy dependent due to
the presence of dynamically generated isospin I = 0 hadronic resonance A(1405)
located just ~ 27 MeV below the K~ p threshold.

There are no experimental K~ n data so far. Predictions of theoretical models
mostly agree on its moderate attraction both above and below threshold (see the
lower panel of Fig. 2.2 for K~ n scattering amplitudes). Since K~ n interaction in-
cludes contribution only from isospin I = 1 channel, the corresponding scattering
amplitudes are not affected by A(1405), which leads to their weak energy depen-

dence. For comparative analysis of different chirally motivated models see Ref. [79].

We are predominantly interested in the AY KN interaction model which was
used in Ref. [109] to quantify the binding energy of the two-body A* = A(1405)
system. As already mentioned, A(1405) affects the I = 0 channel which contributes
only to F—, where it is responsible for strong energy dependence. Once we compare
Fk-, in Fig. 2.2 predicted by AY to the results of other models it is obvious that its

scattering amplitude differs not only quantitatively (imaginary part) but also qual-
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Figure 2.2: Real (left panel) and imaginary (right panel) parts of the s-wave K~ p
(upper panel) and K~ n (lower panel) scattering amplitudes as a function of /s
predicted by different K N interaction models - P [74] (dot-dashed red line), KM [75]
(solid black line), M1 (dashed green line) and M2 (dashed blue line) [76], B2 (dotted
red line), B4 (double-dot-dashed purple line) [77], BCN (dot-dashed yellow line) [78],
and AY (dashed black line) [71]. The thin vertical lines mark threshold energies.
The figure is partially adopted from Ref. [106], complemented with the AY and BCN
scattering amplitudes.

itatively (real part). Unlike chirally motivated approaches the AY KN interaction

model is based on a simple energy independent Gaussian potential

VEir)=Cl exp (—bl?r2> : (2.7)

where b = 0.66 fm, I stands for isospin, andm € { KN — KN, KN — 7%, KN — A}

36



INTERACTIONS OF HADRONS

1,0 T T T T T

o
0

IN absorption fraction
o
(@)

=
~

0 20 40 60 80 100

Figure 2.3: The fraction of K~ absorption on a single nucleon (IN) in various
kaonic atoms with proton number Z calculated for various KN interaction models.
The circles connected by solid lines assume K~ absorption in lower atomic states,
while squares connected by dashed lines represent K~ absorption in higher atomic
states (for more details see Ref. [184]). The gray shaded area indicates the range
of 1N absorption fractions suggested by the bubble chamber experiments [185-187].
Results based on the P and KM interaction models are very close and they are
represented by the same line. The figure is adopted from the author’s publication
[188] complemented with the AY 1N absorption fraction.

denotes projection of the potential into different two-body meson-baryon channels.
The only parameters of the potential are the C amplitudes which are constrained in
order to roughly reproduce free K~ p scattering [55] and kaonic hydrogen data [57,58|
together with the energy and width of the A(1405) resonance. It is a relevant ques-
tion to what extent is the six parameter AY potential reliable in the subthreshold
region since even more sophisticated chirally motivated approaches start to differ
(scattering amplitudes) once extrapolated below the threshold.

Recently, several models of the KN interaction yielding considerably different
s-wave K~ n and subthreshold K ~p scattering amplitudes were tested by Friedman
and Gal against kaonic atoms data, referred in short as kaonic atoms test [184]. For
each interaction model the authors used corresponding free space K~ N scattering
amplitudes as input in order to derive an in-medium single nucleon optical potential
within the ’tp’ approximation. In addition, the authors included a phenomenologi-

cal term representing K~ multi-nucleon processes - its parameters were then fitted
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for each single-nucleon potential using 65 kaonic atoms data points (see [62] and
references therein). Next, fractions of the K~ single-nucleon absorption at rest were
calculated for various kaonic atom species and they were compared with the data
from bubble chamber experiments (for more details see Ref. [184]).

In Fig. 2.3, we show the single-nucleon (1N) absorption fraction in different kaonic
atoms denoted by the corresponding proton number Z calculated for various KN
interaction models - AY, BCN, P, KM, M1, M2, B2, and B4. It is obvious that only
the P, KM, and BCN models pass the kaonic atoms test, yielding results which are
in agreement with experiment. On the other hand, the AY phenomenological model

clearly gives too large (1N) absorption fraction and its validity is thus questionable.

2.2 (Hyper)nuclear #EFT

An effective field theory (EFT) of short-range forces for particles with low mo-
menta () which are much smaller then their mass m, energy difference between their
ground state and first excited state, or the mass of the lightest particle exchanged
among them was introduced by van Kolck [189]. This theory can be successfully
applied in nuclear physics to the description of the NN interaction at small @,
where pions do not enter as explicit degrees of freedom and the ones which remain
are nucleons [190]. This so called pionless EFT (#EFT ) has been thoroughly re-
viewed in multiple works [191-194|. The #EFT Lagrangian density is expressed as a
sum of one-body £!, two-body £2, three-body L3, ... contributions each composed
of nucleon fields and their derivatives. It was illustrated that the corresponding
two-body NN scattering amplitude can be matched to all orders of effective range
expansion [189]. The power counting of the theory is given by two scales [189] - the
first one is the breakdown scale M of the theory associated with the pion mass m,
and the second one is the so called unnaturally small scale connected to the inverse
of the NN scattering length in spin-singlet and spin-triplet channels.

The LO #EFT Lagrangian contains two-body momentum independent contact
terms, one per each s-wave spin-singlet and spin-triplet NV channel, associated with
scattering lengths. It was demonstrated in Ref. [195] that strong cutoff dependence
in the three-body s-wave I = 1/2, S = 1/2 channel (which corresponds to the *H
ground state) calls for introduction of a nonderivative three-body contact interaction
to the LO, which enters nonperturbatively alongside with the two-body terms. In
calculations of 4-nucleon *He system [196] and 4- and more-body bosonic systems

(*He atoms) [197,198], where the same EFT approach can be applied as well, it was
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found that no 4- or more-body contact interactions are necessary at LO.

The LO #EFT was applied in a study of s-shell single-A and double-A hypernu-
clear systems as well [146,147,169|. Here, the breakup scale of the theory is higher
than in the nuclear case — it is 2m, since one-pion-exchange between AN and AA
is forbidden by isospin invariance.

The NLO includes a momentum dependent contact term with four fields and
two derivatives which can be associated with an effective range correction [189,190].
The inclusion of the NLO term within Gaussian regularization scheme (described
later in this section) is restricted by the Wigner bound [199,200] which enforces its
perturbative treatment [189]. However, starting 4-body system this leads to strong
regulator dependencies which have to be accounted for by a perturbative inclusion
of a 4-body force promoted to the NLO [201].

Even higher order corrections then include p-wave, tensor, spin-orbit, d-wave
and further contributions to the s-wave interaction, however, they have been mostly
applied on the two-body level (see [194| and references therein). Their study in
few-body nuclear systems is still an open task. The LO theory works very well for
s-shell nuclear and hypernuclear systems [146,147,169,195,196] and, in addition, is
successfully used in a study of s-shell nuclei based on lattice predictions for higher
pion masses [202-205]. However, it seems that one can encounter difficulties with
its application to p-shell nuclear systems. This is suggested by the calculation of
160 [204] which is predicted unbound.

In this thesis we apply the LO nuclear, single- and double-A hypernuclear #EFT

interactions [169]. The corresponding Lagrangian density is expressed as
(LO) t V>
L = E B'(i0y + B -V, — Vs, 2.8
= (i% 2mB) 2 3 (2.8)

where B = (N, A) are nucleon and A baryonic fields. The V, and V; terms stand
for all possible 2- and 3-body s-wave contact terms with no derivatives, respectively,
which can be constructed out of B. Each of these terms corresponds to a particular
s-wave 2- or 3-body channel and it is connected to one low-energy-constant (LEC).

The contact interactions introduced by V5 and V3 in Eq. (2.8) include divergencies
and therefore, they have to be regularized and renormalized [189]. Here, we use
a local Gaussian regulator with momentum cutoff A which has been successfully
employed in previous works [146,198,202-205|

ox(r) = (%):xp (—%2#) : (2.9)
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where \ is inversely proportional to the range of an interaction ~ 1/\. Consequently,
the Gaussian regulator (2.9) smears the contact interaction over a certain cutoff
dependent distance and in the contact limit A — oo it becomes the Dirac o(r)
function. This procedure yields two-body V5 and three-body V3 potentials which
together with the kinetic energy 7y enter the total LO #EFT Hamiltonian H )(\LO)
[169]:

H" = T+ Va+ Vi,
where V5 = ZLS Ci’s Zi<j Pij’55,\(rij) (2.10)

and V3 = ZI,S,a Dii Zi<j<k Qg}ja chc O (ri7)0n (T ;1)
Here, Pilj’s = P{jpg and ijga = ijng.kQ%k are the projection operators to
2- and 3-body s-wave isospin-spin (/,S) channels, respectively (for more details
see Appendix A). The index « = {NNN,ANN,AAN} denotes different particle
content of 3-body channels in order to distinguish between s-wave NNN and AAN
channels with the same I = 1/2, S = 1/2 quantum numbers. The corresponding
projector Q7 is defined in Eq. (A.15). Throughout this work we use notation with
« only when we work simultaneously with the nuclear and double-A hypernuclear
LO #EFT otherwise it is neglected. The 2- and 3-body low-energy-constants (LECs)

C1° and Dii are fixed for each A by the same set of experimental data.

In the case of finite A\, the Hamiltonian H /(\LO) is regulator dependent. This can
be clarified using representation of the Dirac function §(r) through derivatives of
the Gaussian regulator 0,(r) in Eq. (2.9) [206]

[ee] 1 1 k+l+m
D g (‘ﬁ) 5% G2 5P §y(x). (2.11)

klm=0

After some algebraic manipulation one can in return express J,(r) as a series of

derivatives of §(r) with increasing order

& v2\?
Ix(r) :5(1“)+)\—2T5(r)—2 ()\—;) o(r)+... . (2.12)
The Gaussian regulator thus induces not only the cutoff independent leading or-
der interaction but also cutoff and momentum dependent sub-leading contributions
starting with V24(r) (Q* NLO). Moreover, d)(r) does not commute with the per-
mutation operator further introducing p-wave interaction, which however exhibits

the same behavior as higher orders in Eq. (2.12) and starts to vanish with increas-
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ing A [207]. It is to be noted that p-wave contribution can be projected out by the

projection operators in HiLO) (2.10).

Equation (2.12) implies that higher order contributions enter as powers of (Q/\).
Consequently, the momentum cutoff A\ can be understood as a certain scale param-
eter with respect to a typical momentum @ [146]. Once C’i’s and Df\z in the H)(\LO)
(2.10) are fixed for certain A, all calculated observables which were not employed to
fit LECs, exhibit cutoff dependence. For A\ > @ this dependence becomes residual
with dominant contribution O(Q/\). It is further suppressed with A approaching
the regulator group invariant limit A — oo [146]

_ Q. 4(Q)
O(A)—O()\—>oo)—|—ozx+6 3) T (2.13)

In order to suppress regularization error, the calculated observable O(\) for finite
but different values of A is extrapolated as O(X\) = by + by /X + ba/A\* + ... where by

is associated with the LO prediction O(A — o0).

As demonstrated earlier, the cutoff dependence is caused by sub-leading contri-
butions which further iterate in the corresponding few-body Schrédinger equation
and thus can lead to a highly non-trivial system-specific O(\) behavior. The depen-
dence in Eq. (2.13) is guaranteed only for A > @ which can be fulfilled for a high

enough cutoff value.

It is to be stated that in view of the #EFT formalism the finite value of A does
not have any physical interpretation and it is basically used as a tool to provide
a scale to renormalized LECs and to perform extrapolation to A — oo [189], i.e.
to obtain regulator independent results. Therefore, it should not be misunderstood
that some new high momentum physics enters with increasing A. Instead, in the
A — 00 limit there is just the LO contribution. This certainly introduces a system-
atic error since the LO describes physics only for very small, strictly speaking zero
momenta. Calculated O(A — o) observables (2.13) thus should not be considered
as an accurate predictions - the missing sub-leading terms would improve physical
description at higher (). Using a LO theory thus introduces truncation error which
can be quantified as (Q/M)? [204], i.e. by the order of a missing NLO term which
introduces the largest uncertainty, where () is the typical momentum scale in the
studied system and M is the breakup scale of the theory. For nuclear LO #EFT the
truncation error is rather high ~ 30% [204]. For single-A and double-A hypernuclear
LO #EFT it is ~ 9% [146, 169].

There are in total 5 two-body (NN, AN, AA) and 5 three-body (NNN, ANN,
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N N N NN
S=0
Cl_){ =
=1 p, 5 [S=172
G- 1 I1=1/2
C,—>1{" "~
2 {1:0
N A NAND2_>{S=1/2
S = I=0
C3_>{1=1/2 5 {s=3/2
3—)
5= I=0
C4*{1=1/2 b L [s=1/2
* T r=1
A A AN A

$=0 §=1/2
CS_){I=0 ><D5_){’—1/2

Two-body LECs :

Cy (G700 adN = 118,63 fm [208]

Cy (C7"=Y  © B(*H) = 2.22452 MeV [209]

Cs (C’/{ZI/Q’S:O) L by

Co (G777 s af™

Cs (7)o gt

Three-body LECs :

Dy (Dyyn ™%+ BeH) — 8.482 MeV [210]
Dy (Dyen™) Ba(3H) — 0.13(5) MeV [133]
Dy (Dyen™?) Eepe(AH,17) = 1.09(2) MeV [211]
Dy (DN Ba(GH,0%) = 2.16(8) MeV [212]
Ds (Dy%°7Y%) + ABja(§aHe) = 0.67(17) MeV [213]

Figure 2.4: The s-wave contact terms in different isospin-spin (7, S) channels with
respective bare LECs considered in the LO (hyper)nuclear #EFT Lagrangian density
in Eq. (2.8) (upper part) associated with their regularized form fixed by listed low-
energy data (lower part). For more details see the text. The upper part of the figure
was adopted from the author’s publication [169].
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Table 2.1: Values of spin-singlet a3 and spin-triplet at" scattering lengths® used
to fit hypernuclear 2-body LECSs together with effective ranges r{ and 7V (in fm).
Corresponding A separation energies By (3He) (in MeV), predicted within #EFT for
A — 0o are to be compared with the experimental value By(3He) = 3.12(2) MeV
[133].

ayN AN g AN By (RHe; A — oo) [146]
Alexander B [117] -1.80 2.80 -1.60 3.30 3.01(10)
NSCI7f [123] -2.60 3.06 -1.71 3.33 2.74(11)
XxEFT(LO) [129] -1.91 140 -1.23 2.20 3.96(08)
YEFT(NLO) [130] -2.91 2.78 -1.54 2.27 3.01(06)
3 We use the effective range expansion sign convention defined as kcotg(8) = — 2= + Frsk? 4+ .

AAN) LECs which are summarized together with the corresponding low energy
observables applied to fix their values in Fig. 2.4. The nuclear LECs C’/{ZO’SZI,
C/{ZLSZO, and Df\:]\}]/\? NS =1/2 are fitted to the deuteron binding energy, N N spin-singlet
scattering length a)™V, and to the triton binding energy, respectively. Hypernuclear
two-body LECs C’izlm’s:o, C’izl/ls:l are fixed by the AN scattering length in
a spin-singlet a}" and spin-triplet a{"

1=0,5=1/2 1=1,5=1/2 1=0,5=3/2
D)\ ’ / ) D)\ ) / , and D}\ ) /

separation energies By (3H), Bx(4H,0") [Bo(4X) = B(3X)—B(*7!X), where B(...)
is the binding energy| and the excitation energy Fe.(1H,17). The LECs of the
double-A hypernuclear part C/{ZO’SZO and D/I\j\lﬁ}szl/ * are fixed by the spin-singlet
AA scattering length a)* and experimental ABya(§,He) = Baa(§,He) — 284 (3 He)
[Ban(hX) = BYX) - BA-X)].

channel. Three-body hypernuclear LECs

are fitted to the experimental values of A

Since a}™ and @V are not constrained sufficiently well by experiment, we use

their values given by direct analysis of scattering data [117| or predicted by several
models of the AN interaction [123,129,130]. Considered a)™ and a}V are given in
Table. 2.1. The #EFT approach was applied to s-shell A hypernuclei and, among
others, the experimental value of the A separation energy By in 3 He was successfully
reproduced [146] as demonstrated in the last column of Table 2.1. There is no strict
experimental constraint on the aj)™ scattering length, consequently, we consider
ay® € (—1.9; —0.5) fm range proposed by the analysis of AA correlations in heavy-

ion collisions [150].

We stress that the (hyper)nuclear LO #EFT provides us with a unified descrip-
tion of s-shell nuclei, A- and AA hypernuclei. In Table 2.2, we summarize few-body

systems together with scattering lengths which are employed as input to constrain
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Table 2.2: Few-body systems and scattering lengths which are employed to con-
strain the LO #EFT (red) together with nuclear and hypernuclear systems which
are prediction of the theory (black).

Strangeness =~ A=2 A=3 A=4 A=5 A=6
S_0 ad™  CH(LT) 1He(0T)
2H(1T)
+
ap™  RH(3T)  AH(0Y)  RHe(3")
; +
S=-1 apty RH(E AH(1T)
Ann(%+)
ag™ AA”(%Jr) AH(Y) ?\AH(%JF) AaHe(0)

AAnn(07)

the theory (red color). The black color then marks systems which come out as a
prediction of the LO (hyper)nuclear #EFT . Since we consider here full isospin sym-
metry, i.e. the same mass of the proton and neutron, no charge symmetry breaking
effects (CSB), and no Coulomb interaction, the theory can in addition to the systems
presented in the table predict their degenerate equivalents: 3H —3 He, 4H —% He,
2AH =3, He, AAn — AAp isodublets and Ann — 3H — 3He, AAnn — 4,H — 4, He
isotriplets. It is to be noted that CSB enters #EFT at higher orders [214]. This can
be seen for nuclear part from the fact that the NN scattering length in a spin-singlet
channel, which is applied to fit 2-body Ci=1,5=0 LEC, is associated with the experi-
mental nn scattering length. For example, using experimental np scattering length
in the spin-singlet channel instead, which is a bit larger, has only small impact on
LO #EFT predictions - the change in the *He bound state energy is less than 2%
and in the A separation energy By (3He) it is about 1% [146].

Figure 2.5 presents an example of a Stochastic Variational Method (SVM) cal-
culation of By (3He) within the LO #EFT . For cach cutoff A, LECs in H{"? (2.10)
are fitted to the same set of low energy observables given in Fig. 2.4 plus values of
spin-singlet and spin-triplet AN scattering lengths predicted by the YEFT(NLO)
model (see Table 2.1). The A separation energies of 3 He for different A, obtained as
Ba(RHe; A\) = B(RHe; \) — B(*He; \), are shown in the figure as black dots with
the corresponding error induced by the SVM. We see that for small values of cutoff
A, Bao(RHe; ) exhibits non-trivial behavior due to regulator dependent higher order
terms induced by the finite cutoff. Once A reaches high enough value A ~ 3 fm™!,
calculated By (3He; \) start to show ~ 1/\ behavior (2.13) gradually suppressing

cutoff dependent contributions. The black solid line then indicates two-parameter
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Figure 2.5: The A separation energy B, (3He) as a function of the cutoff X in LO
7#EFT using the YEFT(NLO) set of AN scattering lengths given in Table 2.1. Black
dots denote results of Stochastic Variational Method calculations (for more details
see Chapter 3) for different finite A\, the corresponding error bars mark numerical
uncertainties induced by the few-body method. Solid black line illustrates a two-
parameter fit by+b; /), starting from A = 4 fm~!. Gray horizontal band gives A — oo
extrapolation uncertainties. Dashed horizontal line denotes the experimental value
Ba(3He)=3.12(2) MeV [133]. The figure was adopted from Ref. [146].

fit b+ b1 /X of calculated By (3He; M) values yielding By (3He; oo) = 3.01(06) MeV,
denoted by the gray horizontal band, which agrees well with the experimental A
separation energy By T (3He) denoted by the blue dashed line.

The current version of the hypernuclear #EFT [146,169| considers only N and
A degrees of freedom. Consequently, effects related to AN — XN mixing are not
accounted for by explicit incorporation of ¥, which would lead to coupled channel
formalism, but they are partially included through AN and ANN low energy con-
stants [146]. In the case of the AA interaction there exist couplings to higher lying
=N and XX channels which are included implicitly in the two-body AA scattering
length. However, fixing AAN LEC to ABya(§,He) introduces certain error since
in this system =N channel is partially Pauli blocked, unlike lighter AA-hypernuclei.
According to G-matrix calculations [215]| disregarding Pauli blocking effectively in-
creases ABya(3,He) by ~ 0.25 MeV which indicates that the AAN force in 5-, 4-,
and 3-body s-shell AA-hypernuclear systems has to be appropriately modified.
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Chapter 3

Methodology

This thesis addresses a topical issue of interactions of hadrons in few-body sys-
tems, namely n-nuclei, A* systems, A-, and AA hypernuclei. Rapid improvement
of both numerical methods and computational facilities allowed to develop highly

accurate tools for the description of these systems.

Few-body bound states studied in this work are calculated within the SVM with a
correlated Gaussian basis which proved to yield quite accurate solutions competible
with other few-body techniques. For the purpose of our study we developed a new
efficient SVM code which has been employed to get a precise solution of the N-body
Shrodinger equation

HY = EV (3.1)

for N < 8. This allowed us to relate underlying interaction models with N-body
observables and thus put our present understanding of interactions of hadrons at

low-energies to the test with properties of experimentally observed hadronic systems.

In order to describe both few-body bound and continuum regions, we extended
the SVM using two methods - the Inverse Analytic Continuation in the Coupling
Constant (IACCC) and the Complex Scaling Method (CSM). This allowed us to
study resonances, virtual states or to calculate phase shifts using a complex scaled
Continuum Level Density (CLD).

The aim of this chapter is to provide the reader with main features of the above
methods which served in this work as a tool to study interactions of hadrons in few-
body systems. All the considered techniques are firmly established and frequently
used in nuclear physics, hadronic physics or in quantum chemistry. Therefore, we
skip tedious mathematical derivations which would mostly duplicate previous works,

listed in enclosed references.
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We start with an introduction of correlated Gaussian basis states used in our
calculations. Then we present the Stochastic Variational Method which is applied
in the selection of an appropriate basis set. Finally, we introduce ITACCC and CSM
which are employed in our study of few-body continuum. For completeness the
description of various continuum phenomena which can occur on a two-body level

are given in Appendix B.

3.1 Correlated Gaussian basis

Properties of a few-body system are affected by various phenomena which arise
as a result of highly non-trivial interparticle dynamics encoded in the Hamiltonian
H. Special care has to be payed to ensure that the total wave function ¥ given by H
is described properly while computational complexity is maintained at a reasonable
level.

The wave function W is usually approximated using a carefully selected trial
function F'(«) where its variational parameters o = (aq, @z, ...) can be determined

minimizing corresponding expectation value of the total energy

(F ()| H|F(a))
(F(a)|F(e))

In order to address effects related to correlations between particles the trial function

E(a) =

(3.2)

is often factorized in a form proposed by Jastrow [216]

P’:: II j}ﬂrk——rﬂ, (33)

I>k=1

where F' is written as a product of functions f;; explicitly dependent on a relative
distance between particles ry—r;. Here, we follow the work of Suzuki and Varga [217]

who expressed each fj; using Gaussian

TS | P R T I YOEL T

2
Xkl 1 Ykl

where ay; stands for N(N —1)/2 non-linear parameters. In principle, other forms of
fr1 are possible as well, such as correlated exponential functions applied in Ref. [218],
however, they mostly lead to rather complicated expressions which make their ap-

plication to systems of more than three particles rather difficult.
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In order to separate intrinsic and center of mass part of F'(«v) (3.4), single particle
coordinates r; are transformed into the Jacobi coordinate set xy,
N N
X = Z Ukiri, ri—r; = Z (Uz;1 — Uﬁgl) Xk, (35)
i=1

k=1

where U is a transformation matrix defined as

—1 1 0 Cee 0

__mi __m2 1 e 0
mi1—2 mi1—2

U — (3.6)
mi — m2 e e 1

mi_(N-1) m1_(N-1)

__mi __m2 B L7,
mi-N mi-N mi-nN

and mi_; = m1 +mo+ - -+ m; is the sum of the first ¢ particle masses. The Jacobi
vectors Xi,...,Xy_1 now describe intrinsic degrees of freedom whereas x, is the
center of mass coordinate. Performing the transformation (3.5) and neglecting the

center of mass part of F'(«) (3.4) defines the correlated Gaussian
F(A) = e 75 A%, (3.7)

where xT = (x1,...,Xy_1) and A is the (N — 1) dimensional matrix

N-1

_ _ 1 _ _

Ajj = Z (Ug' = U; l)T o, (U5 = U5 (3.8)
il

The matrix A is symmetric and depends on N(N — 1)/2 parameters. Further, from
the condition of square integrability of the correlated Gaussian (3.7) A has to be

positive definite.

Functions ¢(A") = F(A") (3.7) with different matrices A’ represent a dense
basis (for discussion on its completeness see [219] and references therein). In most
cases, approximating the total wave function ¥ with just one F'(A) (3.7) does not
yield accurate results, therefore, we express ¥ as linear combination of K correlated

Gaussian basis states 1"( A)

U= "¢ gAY (3.9)

=1
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selecting appropriate values of non-linear parameters in each A* matrix. This ba-
sis set was first used in a study of molecular and atomic systems [220,221]. The
application to few-body nuclei was proposed by Suzuki and Varga [217] and it was
demonstrated in later works that an extended version of correlated Gaussian basis
states is highly efficient in the description of few-body systems with both central

and non-central interactions (see [219,222-225| and references therein).

3.1.1 Angular momentum part

The correlated Gaussian in Eq. (3.7) is spherically symmetric and applicable only
to few-body systems with the total orbital momentum L = 0 and positive parity.
In order to describe higher orbital momenta L > 0, basis states 1)’(A") have to be

supplemented with the angular momentum part 61y, (x) [219]
Ui, (A% %) = e 2 G, (x), (3.10)

where M, is projection of L along the third axis. The angular part 6y, (x) can be

expressed using solid spherical harmonics V,,,(r) in the form [219]

O, (x) = H[ (Vi (x1) @ Vi, (x2)],,, ® ylg(xg)]Lm . .}Ll . ® Vin_1 (Xn-1) N
(3.11)
where
Vim (1) = 'Y (1) (3.12)

and [ ® | is a coupling through Clebsch-Gordan coefficients. In general, there are
various configurations Leons = (...((l1,l2)L12,13) L123...)L which yield the same L.
Since angular momenta of relative motion [; are not conserved quantities, a suffi-
cient amount of L., should be considered to obtain good description of the studied
system [219]. This means that basis states (3.10) would be dependent on the cor-
responding configuration of the 07, (x) part. Those Leons with high [; are often
neglected to prevent an excessively large amount of configurations [226]. However,
as pointed out in Ref. [219] this approach starts to be highly inefficient with an
increasing amount of particles where the number of L., increases dramatically.

In our calculations we describe the angular momentum part 0/, (x) using the
Global Vector Representation (GVR) [217,219,223,225|. This approach is consider-
ably more effective since it implicitly includes large variety of possible configurations

which would have to be otherwise considered through vectorial coupled product
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(3.11). Following Ref. [225] the 0Ly, (x) part of a correlated Gaussian is for the

system with given parity 7 expressed as

O, (ur,ug; x) = [V, (vi) ® yLz(V2)]LML )
(3.13)

Vi=ulxX, Vy=uix,

where Ly = L, Ly = 0 for natural parity states (—1)! =7 and L, = L, Ly = 1 for
unnatural parity states (—1)¥*! = 1. Global vectors v; and vy depend on (N — 1)

parameters contained in vectors u; and us, respectively.

As demonstrated in Ref. [219] the angular part in the GVR form (3.13) can be
expressed as a linear combination of all possible vector coupled products (3.11) with
different configurations. Consequently, defining the spatial part of the correlated

Gaussian basis state using GVR
w;]}\)jzlal) (A’ u;, Us; X) — 6—xTAX [yL1 (111 ) & yL2 (u2 ):| LM, (314)

ensures that all possible configurations L¢.,s are included. Elements of the matrix
A and vectors u;, and us are then regarded as continuous parameters defining a
given basis state. Another advantage of GVR is that the corresponding matrix
elements can be expressed in a compact form and, moreover, antisymmetrization
(symmetrization) and dependence on a size of the system are accounted for without

considerable effort.

For a system with the total angular momentum J, and parity m we construct a

correlated Gaussian basis state within the (L, S) coupling scheme
7 7 17 7 spatial S ln 1S0OS| ln
w(L’le)JTrMJ TMT<A 7u1’ UQ,X) - ézp )(A u17u2) ® w p M wIM[p (315)

where S* stands for the total spin coupled to L’ in order to obtain the total angular

@[)(‘“’bpm) parts, where I stands for

momentum J. Both the spin @Z)(bpmi and isospin
the total isospin with projection to the third axis M;, are addressed in more detail
in the following subsection. For given J there can be several different (L’, S?) com-
ponents (sometimes referred to as channels) contributing to the total wave function
WU y=ar,10,- This is in particular important for systems with realistic interactions
with a non-central part such as the tensor or L.S force which introduce coupling
between different channels. Consequently, in this specific case, we consider basis
states (3.15) with all possible (L’, S*) components. Calculation of matrix elements

of different operators is briefly commented in Appendix A.
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3.1.2 Spin and isospin part

SP)

For nucleons the spin 1,,.’ and isospin ;,, ISOSpm) parts of the N-body correlated

Gaussian basis state are constructed by applymg subsequent coupling of single par-

ticle spin and isospin. This procedure can be for wg\)jz) (or equivalently w(ISOSpm))
written as
o -
AP oL o | o1 (3.16)
2 2 Sio 2 2 2 )
Si23 S12..(N-1) SMg

where S5 is the total spin of the first two coupled particles, Syo3 first three etc. Con-
sequently, the coupling of single particle spin states ‘%> does not have to be unique
and for a given spin S various spin configurations Seont = (S12, 5123, - - -, S12..(N—1))

(or equivalently I ,,¢) can exist.

Possible spin and isospin configurations create a discrete basis set. In order to
obtain correct description of a few-body system with spin and isospin dependent
interactions all S.one and I.,,s have to be considered. For example, the binding
energy of SLi with the Minnesota N N interaction [227] and just one spin and isospin

configuration is ~ 2 MeV lower with respect to the full calculation [228|.

1sosp1n

We use the isospin part ¢;,, to distinguish between different particles, namely

nucleons, n meson, A*, and A hyperons considered in this work. Both n and A have

(nuclear)

isospin I = 0, consequently, their coupling to the nuclear part ¢ry, can be
expressed as
isospin nuclear
Uiy = U © [0y) (3.17)
for p-nuclei and
,¢ (isospin) _ w(nuelear) ® |0, ’
IM; IM; 0a) (3.18)

isospin nuclear
wIMlp ) = ng, : ® [04) ® [04),

for A- and AA-hypernuclei, respectively. While 1 meson is spinless particle and its
coupling to the nuclear spin part is equivalent to Eq. (3.17), A hyperons as spin %
fermions contribute to the overall coupling of Eq. (3.16) where N now stands for
number of nucleons plus As. Hypothetical systems consisting solely of spin % Ns
are studied using a spin-dependent A*A* interaction, consequently, the isospin part

is dropped out and the spin part is described in the same way as for nucleons.
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3.1.3 Symmetrization and antisymmetrization

For fermions antisymmetrization of the correlated Gaussian basis state (3.15) is

performed using the operator

N!
A= sen(P:) P; (3.19)
i=1
where the sum runs over all possible particle permutations. Each permutation is
then understood as an exchange of single particle indices given by the permutation
operator P;
Pz'(lv"vN) = (pi(l)v“'vpi(N)) (320)

and sgn(P;) stands for corresponding permutation parity.

An effect of P; on a set of single particle coordinates r = (ry,...,ry) can be

expressed using the permutation matrix C;
Pir = Cir, (321)

where

(Ci)u = L=k (3.22)

0 otherwise
The set of Jacobi coordinates x = (x1,...,Xy), connected with the single particle

coordinates through the transformation matrix U (3.6), is then permuted as
PZ'X = UOZ'U_IX = EX, (323)

where T; now represents the permutation matrix related to the Jacobi coordinates.
It readily follows that the form of correlated Gaussians with the GVR representation
of the orbital momentum part (3.15) allows to express the action of the operator P;

as a transformation of the correlation matrix A and global vectors uy, us
P (A, up, wp) = Y0 (TT AT, Ty, T wy). (3.24)

This property is highly convenient. The permutation does not change the form
of basis states, consequently, all relevant matrix elements are written in a compact
way and the action of the permutation operator P; is simply expressed through their

dependence on A, uy, and uy. On the other hand the construction of the orbital

52



METHODOLOGY

momentum part based on subsequent coupling of partial waves (3.11) does not have
this advantage and an extra effort is necessary.

(isospin)

The spin w(Sp and isospin part ¢, of the basis state (3.15) are permuted
explicitly by Changlng corresponding partlcle indices.

For bosons, the parity of permutation sgn(P;) in Eq. (3.19) is neglected, which
converts A into the symmetrization operator S. Systems with more then one type
of fermions (bosons) are antisymmetrized (symmetrized) at once and redundant
permutations given by mixing between different particle species are neglected owing

to the fact that the corresponding isospin matrix elements are effectively zero.

3.2 Stochastic Variational Method

The few-body Schrodinger equation (3.1) is solved using the expansion of W jx s, 1,

in a finite basis of K correlated Gaussians (3.15)

ety 1y (%) = Ci wéLiSi)J“MJ 1M1<Ai,uzia uh; x)

-

=1

(3.25)

-

(spatial) / 44 _.i .. (spln isospin)
C; |: Li (Aau17u27 )®¢ I M wIMI )

=1

where ¢; are linear variational parameters. Using the Ritz variational method we

reformulate Eq. (3.1) as a generalized eigenvalue problem

He = ENc,
(3.26)
Hij = (W HIW ), Nig = (@17,

where its solution yields eigenvalues E” and corresponding sets of variational param-
eters . The H and A are the real symmetric Hamiltonian and overlap matrices,
respectively. We have omitted lower indices with quantum numbers of each basis
state 9" for the sake of simplicity. It is mathematically guaranteed that with an
increasing number of basis states each eigenvalue E? in Eq. (3.26) decreases. More-
over, if the Hamiltonian H has M discrete eigenvalues €’ (bound states) then each of
M lowest E? in Eq. (3.26) converges from above to the corresponding €”. For more
details and proof see Theorem 3.3 and and 3.5 in [219]. This allows us to formulate
variational procedure where we search for a converged solution with an increasing

number of basis states.
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An important task is to find such states WU SImM, I 2, (A0, uh; x) with ap-
propriate values of parameters in matrix A* and global vectors uj, u}, which yield
converged result for a reasonable number of basis states. It should be stressed that
our basis is dense and any state can be expressed as a linear combination of other
correlated Gaussians with different (A4, u;, up). Consequently, using basis states with
carefully selected parameters can significantly reduce their amount necessary to de-
scribe the studied system with sufficient accuracy. On the other hand, straightfor-
ward methods such as a carefully selected grid of continuous parameters (A, u;, us)
for each (L%, 5%, S ¢, I'. ;) quickly leads to an excessively large basis dimension, as

conf’ *conf

pointed out in Ref. [226].

3.2.1 Stochastic Variational Method algorithm

In our work we use the SVM presented by Suzuki and Varga [217| which proved to
be highly efficient in the selection of relevant basis states. The SVM was successfully
used together with the correlated Gaussian basis in calculations of few-body systems
[217,219,222,223,225]; it yields very accurate results competible with other few-body
techniques [224].

The SVM algorithm is described in Table 3.1. The procedure is based on a step-
by-step systematic construction of a finite basis set where each correlated Gaussian
is being stochastically optimized with respect to the total bound state energy Fg
of the system. We start with the first basis state randomly selecting its discrete
parameters (L', S', S! . TI! .)and vectors uj, ui. The correlation matrix A' is
optimized through parameters o, (3.4) and then calculated using transformation
(3.8). First, all aj,; are initialized randomly selecting their values from a predefined

interval (min; max). Then each ayy; is stochastically tested kk-times by a random

(v!H[")
(Ppyt)

w(lLlsl)J”MJ ar, (A',ug, 155 x). The whole procedure is repeated mm-times on top

selection of its new value and calculating corresponding energy Fg = using
of individual testing of each aj;. In the end, we choose such parameter set which
yields the lowest bound state energy Eg. Fixing the first basis state we proceed
to the stochastic optimization of the second one. Repeating the above procedure
we randomly choose (L?, S?, S2 ., IZ2 ., ui, u3). The stochastic optimization of
the correlation matrix A? is then performed similarly but Eg is now calculated by
solving the generalized eigenvalue problem Hc = ENc¢ for two basis states where
the first one is fixed. From the parameters of the second basis state we again choose
those which yield the lowest Eg. Any further i-th state is then selected in the same

way keeping the previous ¢ — 1 states intact.
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Table 3.1: Stochastic Variational Method algorithm.

1 | Selection of the first basis state
(total number of basis states K = 1)

Select randomly (L', S*, S% . I!

conf’ “conf )

Select randomly vectors ul, ul

Optimization of A matrix

Select randomly the parameter set aj,

1 1
Calculate the total energy Fp = %

Fix the basis state with corresponding (L!, S*, S! I!

1 1 1
conf’ “conf?’ A ; Up, u2)

which yields the lowest Eg among the tested sets of a}d

Store (| H|ypt), (¢'|t), and Eg of the fixed basis state

i | First (: — 1) basis states fixed, addition of the i-th basis state

(total number of basis states K = 1)

Select randomly (L%, S%, S¢ ., I’ .)

Select randomly vectors uj, uj

Optimization of A’ matrix
Select randomly the parameter set a}‘cl
Calculate matrix elements of H;;j, N;; for j =1,...,1

Check positive definitness of A/

(if not, select a new set of a};)

Check linear dependence (Eq. (3.27)) of tested 1
with respect to ¢/ j=1,...,i—1
(if not, select new set of af,;)

Calculate the lowest eigenvalue Ep of Hec = ENc (Eq. (3.31))

Fix the basis state with corresponding (L¢, S¢, S! Il e A, ul, uh)

conf?

which yields the lowest Eg among the tested sets of 0‘21
Solve the generalize eigenvalue problem Hc = EN'c using fixed 9’
Store H;;, Nij, EP, and c® for B =1,...,i
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Performing the stochastic optimization of the matrix A* we check for each tested
parameter set a}, positive definitness of the corresponding overlap matrix A/ and
linear dependence with respect to the previously selected basis states. In our calcu-

lations we require

< P >
V< P >< iy >

<099 for j=1,..i—1. (3.27)

Possible values of (L, S, Sconf, leconf) are given by properties of the system
and can be easily determined. Vectors u;, uy enter GVR (3.13) just through their
direction, consequently, they are for convenience normalized to one. The parameters
ayy are being randomly chosen from the interval (in; max) carefully predefined to
cover all parts of the total wave function W=y, ra,. Large values of o contribute
to large interparticle distances often important in the description of shallow bound
states whereas small « are related to small distances which have significant role in

compact systems or bare interactions with a short-range repulsive core.

For the i-th basis state ¥ the SVM relies on a quite large number (= 1000)
of randomly selected sets of ai,. Each ¢ with newly chosen set is then tested by
calculating the lowest Fg of Hc = EN'c, which provides us with the key information
about its most optimal choice. Certainly, a full solution of the generalized eigenvalue
problem for each tested o, set is highly inefficient due to their amount. Here, we
follow the same procedure as given in Ref. [217] using the full generalized eigenvalue
solution of previously fixed i — 1 basis states. Then the Hc = EAN¢c problem for i

basis states can be formulated as

E' 0 ... 0 (W H |17 ¢l
0 .
0 o Ei-t (U1 H ) Cio1
(WIHEY) L I HYTY (YY) ¢
(3.28)
10 .. 0 (W) 1
0 .
= F ,
0 e 1 (U=t Ci1
ety L @ (@) &

56



METHODOLOGY

where E® and ¥P (3.25) for 3 = 1,....,i — 1 are eigenvalues and corresponding
eigenfunctions obtained for fixed i — 1 basis states. The matrix on the r.h.s. of
Eq. (3.28) can be conveniently transformed to identity matrix applying the Gram-

Schmidt orthogonalization procedure

Wi >+ 300 [P > < WOy >

[t >= : . (3.29)
V< U >+ 5 < P > < Wy >
Consequently, one can express Eq. (3.28) in a more convenient form
E' 0 ... 0 q1 C1 (&1
0
=F : , (3.30)

0 R Ci—1 Ci—1
a1 | a Ci &

where ¢; =< W/|H[¢' > and a =< 9*|H|)* >. The eigenvalues for i basis states are

then obtained as roots of a secular equation

i—1 i—1 9
B _ _ _ _m | =
[[E -E)|@a-E)-) | =0 (3.31)
B=1 m=1
In Fig. 3.1, we present as an example the SVM calculation of the J™ = %+ ground

state of *H (I = 1, M; = —3) using the realistic NN interaction G3RS [229] with

central, tensor, and spin-orbit part (we omit L? and (L.S)? terms). We consider
3
12
(1,3), (1,2) together with all corresponding spin and isospin configurations. In the
left panel we illustrate that with an increasing basis dimension the ground state

all possible (L, S) channels - with natural parity (0,3), (2,2) and unnatural parity

energy Fp decreases and for a certain number of basis states it starts to converge.
The probabilities of different (L, S) channels in the corresponding total wave function
W s~ ra, are shown in the right panel, where we demonstrate that their contribution

stabilizes with the converged SVM solution.

3.2.2 Excited states

The SVM can be readily extended to a calculation of bound excited states. For

a certain system we can directly calculate (J™; IM;) bound state with the lowest
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Figure 3.1: SVM calculation of the J™ = %Jr ground state of 3H using the realistic

NN interaction G3RS [229] with L? and (L.S)? terms omitted. Convergence of the
corresponding ground state energy Ep (blue solid line) with an increasing number of
basis states is shown in the left panel. The black dashed line denotes the calculated
ground state energy of the same system presented in Ref. [225]. In the right panel
we show evolution of the P(L, S) probabilities to find considered (L, S) channels in
the total wave function with increasing number of basis states.

energy. Consequently, we access the ground and several other excited states each
with different quantum numbers. If we are interested in the n-th lowest (J™; IMj)
bound state, the SVM method has to be modified. The stochastic optimization of
basis states is then performed with respect to the n-th lowest eigenenergy E™. This
change does not induce any additional computational cost since E™ can be directly
calculated as the n-th lowest root of the secular equation (3.31).

We stress that the SVM is applicable only to the bound states (ground as well
as exited states). In the case of unbound states the method tries to converge to the
lowest dissociation threshold. In particular, unstable states with a certain width
(resonances) which exist in a few-body continuum can not be directly studied using

the SVM and further techniques have to be applied.

3.3 Continuum

The theoretical study of a few-body continuum is rather non-trivial task. Un-
like bound states, continuum phenomena such as resonances or virtual states do
not directly exist as eigenstates of the Hamiltonian H but they are embedded in

its continuum spectrum where they manifest through various properties of scat-
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tering states. According to the generally accepted picture, resonances and virtual
states predominantly correspond to poles of S-matrix [230,231]. We will follow this
assumption in this work. A direct calculation of these poles, in particular for few-
body systems, remains complicated. We apply two different methods implemented
as an extension of the previously discussed SVM with the correlated Gaussian basis.
The first approach, the IACCC, relies on analytic continuation of the S-matrix pole
from a bound region, where we can apply appropriate bound state techniques, to a
continuum region. The second approach, the CSM, introduces a complex-dilation
transformation to the few-body Schrédinger equation (3.1). Resonances are then
related to quadratically-integrable functions in the same way as bound states and
are described using L? basis of correlated Gaussians. Discussion of main properties
of S-matrix poles on the two-body level, which provides useful grounds for better
understanding of IJACCC and CSM is given in Appendix B. More details can be
found in relevant textbooks [230,231].

3.3.1 (Inverse) Analytic Continuation in the Coupling Con-

stant

The Analytic Continuation in the Coupling Constant (ACCC) method [232] has
been successfully applied in various calculations of few-body resonances and virtual
states [233,234]. It provides rather convenient way how to extend applicability of
the SVM into the continuum region [233,235]. The starting point of the ACCC
method is a few-body Hamiltonian H consisting of a physical part HP"Ws and an
auxiliary attractive part H*"™ which introduces a bound state for a certain value of

«
H = HP™ 4 o H™. (3.32)

By decreasing the strength a the bound state moves closer to the threshold and for a
certain o it turns into a resonance or virtual state. It was demonstrated for a two-
body system that in a vicinity of the branching point o the square root of energy
k = /E behaves as k ~ (o —ayp) for | = 0 (s-wave) and k ~ /o — o for I > 0 [232].
Defining new variable x = /& — g one obtains two branches k(z) and k(—z) where
the former one describes the motion of the S-matrix pole assigned to a bound state
on a positive imaginary k-axis to the third quadrant of a k-plane. Using analyticity

of the function k(z) one can continue from a bound region o > ag to a resonance
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region a < a. In practice this is done by constructing a Padé approximant

M .
NPT )
k’(l’) ~i Zj_() J

i 3.33
1 + Z;V:l deEj ( )

of the function k(z) using M + N + 1 bound state solutions {(z;, k;);i =1,..., M +
N + 1} for different values of @ > «p. The evaluation of the Padé approximant
(3.33) at * = \/—ap yields complex k which is assigned to the physical resonance
solution k% = E, —il'/2 corresponding to the Hamiltonian HP™S. For more details
regarding the ACCC method see [231].

The ACCC method suffers from two drawbacks which are predominantly of nu-
merical nature. The first issue is high sensitivity of a numerical solution to precise
determination of the branching point value g [232]. The second obstacle appears
with increasing orders M and N of the Padé approximant (3.33) when the numerical

solution starts to deteriorate.

Rather recently Horacek et al. [236] have introduced a modified version of the
ACCC method called the Inverse Analytic Continuation in the Coupling Constant
(IACCC) method which provides more robust numerical stability. Starting in the
same manner as in the ACCC case, we consider the Hamiltonian (3.32) and calculate
series of bound states for different values of a > «y. Next, we construct a Padé
approximant of a function a(k), where k = —ik, using a relevant set of bound state

solutions o '
Py (k) _ Zj:O Cjk/
On(s) 145

j=

a(k) ~ (3.34)
Resonance or virtual state parameters of the physical Hamiltonian HP" are then

readily obtained by setting a = 0 as a root of a simple polynomial equation
Py (k) = 0. (3.35)

We note that the determination of complex polynomial roots might be a very sensi-
tive problem, nevertheless, most modern numerical libraries are able to handle this

issue with satisfactory accuracy.

A precise calculation of bound state energies used to determine the coefficients of
the Padé approximant (3.34) requires a special care. We define a grid {a;;a; > ap}
covering a rather large part of the bound state region. For each «; we use the
SVM to determine independently a set of basis states which provide solution for the

binding energy F; with accuracy ~ 10~% MeV. Next, we merge all determined sets
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into a larger basis checking linear dependency and numerical stability of the overlap
matrix. This procedure allows us to calculate any E;(c;) inside the considered bound
state region in a highly efficient way just by diagonalizing the Hamiltonian matrix
in the larger basis set. For each IACCC calculation we perform thorough checks of
the independence of our prediction on a specific choice of the bound state energies

E;(c;) and degrees of the Padé approximant (3.34).

3.3.2 Complex Scaling Method

The Complex Scaling Method [237] has proved to be a reliable tool for the
description of few-body resonances [238|. The main ingredient is a transformation

U(0) of relative coordinates r and their conjugate momenta k
U)r=re’, U@k =ke ", (3.36)

where 6 is a real positive scaling angle. Applying this transformation to the Schrédinger

equation (3.1) one obtains its complex scaled version
H(6)Y(0) = E(0)¥(0), (3.37)

where H(0) = U(0)HU*(6) is the complex scaled Hamiltonian and ¥ (6) = U(6)¥
is the corresponding wave function. For large enough 6, the divergent asymptotic
part of the resonance wave function is suppressed and ¥(6) is normalizable - possible
resonant states can then be obtained as discrete solutions of Eq. (3.37) in the same
way as bound states.

The role of the transformation (3.36) can be easily demonstrated on the 2-body
level. The complex scaled Schrédinger equation (3.37) with a short-range central

potential acquires the form

{% {—j—;Jr l(l:;l)} 6_219+V(r6i9)}\pl(k’r; 0) = E(0)U,(k,r; 6), (3.38)

where 1 is the reduced mass and [ is the orbital momentum. Following the analysis
of asymptotic behavior of its solutions given in Ref. [238| we obtain at large relative

distances

ik, 0) —— | S (s 0)e — (<) fy (ks )] (3.39)

T—00

where f;7(k; 6) and f;(k; ) are the complex scaled Jost functions representing
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asymptotic amplitudes of incoming and outgoing waves, respectively. For resonances
k = rk — iy and bound states k = iy the f;"(k; 6) is zero (see Appendix B) and the

asymptotic behavior is given by the complex scaled outgoing part

eikr ikr e(—ffsin@—i—'ycos@)rei(/@cose-l—'ysin@)r

ve, . (3.40)

— e T ef'yrcoseefl'yrsmG

’k:nfi'y = e"el"

7 iy
Clearly, the bound state asymptotic form remains unchanged under the CSM trans-
formation (3.36) whereas for resonant states at 6 > 6, = arctan(y/x) the divergent
asymptotic part is regularized.

The maximal value of 0 is given by analytic properties of the complex scaled
Hamiltonian H(f), in particular, by potential V(). In our work we are dealing
with Gaussian potentials, which limits § < 7 to prevent divergence of their complex
scaled version. Consequently, resonant poles which would require 6, > 7 are beyond
the reach of CSM.

A mathematically rigorous formulation of the complex scaling method for a two-
body system results in the ABC theorem [237] which provides description of the

behavior of a complex scaled energy F(f) with respect to 6 :
1. Bound state energies remain unaffected.

2. Continuum spectrum rotates clockwise in a complex energy plane by angle 26

from the real axis with its center of rotation at a relevant threshold.

3. For § > 6, = arctan(y/k) = sarctan(I'/2E,) corresponding to the resonance
energy F, and width I'; the resonance is described by a quadratically-integrable
function and its energy and width are given by a complex energy F(0) =

E, —iI'/2 which does not change with the increasing scaling angle 6.

The outcome of the ABC theorem can be applied with minor modifications also to
few-body resonances [238].
In this work, we expand the complex scaled total few-body wave function W(0)

in a finite basis of correlated Gaussians (3.15)

() = Zci(e) v (3.41)

Both energies E(#) and corresponding coefficients ¢;(#) are then obtained using the
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c-variational principle [239] as a solution of the generalized eigenvalue problem

K
0)> (W'[)

Jj=1

K
> @IHO)[) e (3.42)
7j=1

where (]) stands for the e-product (bi-orthogonal product) [238,240]. Moiseyev et al.
proved that the solutions of Eq. (3.42) are stationary solutions in the complex vari-
ational space, and as K' — oo the exact solutions of the complex scaled Schrodinger

equation (3.37) are obtained [239].

stationary principle, consequently, with increasing number of basis states K there

We stress that the c-variational principle is a

is no upper or lower bound to an exact solution [241].

In Fig. 3.2, we show as an example complex scaled eigenenergies £(f) obtained
by solving Eq. (3.42) for a toy 3-body system with interaction tuned to reproduce
one 3-body bound state and one 141+1 resonance (for details on this notation see
Appendix B). In agreement with the ABC theorem the CSM transformation (3.36)
0) = {E®(9), E"(0), E<(f)}. While

the bound state energy E°(f) remains intact with increasing 6, discretized complex

yields in Eq. (3.42) three types of solutions E%(

scaled continuum eigenenergies E°(6) rotate by angle 20. For 6 > 6, ~ 5.7°, the
0.2 0.2
6=5° e 0=20°
0.1 threshold 0.1 threshold 8230
0.0 ° ~ = 0.0 ® o
T ——— T -.:\ o
S bound state d’SCret,Zed S bound state *, ™= T~ .
S -0.1 (E?) (Ef) ”t’nuum 2 -0.1 (E®) "."x, \,_[esonance (E")
Py = . N
w_ w WO
= 0.2 = 0.2 N
= - *_. Q(%_.\ -
-0.3 -0.3 % (o%o ~
LX) e
~, / O(}‘ B
-0.4 -0.4 %, ’%,(/
%
'._
—0203 0.0 0.2 0.4 ~020 0.0 0.2 0.4
Re(E) [MeV] Re(E) [MeV]

Figure 3.2: Complex scaled eigenenergies E*(6), obtained by solving Eq. (3.42),
for a toy 3-body system with an interaction tuned to reproduce one 3-body bound
state and one 1+1+1 resonance with 6, ~ 5.7°. We show calculated E*(#) and
corresponding three types of solutions E°(6), E"(#), and E°(f) for three different
scaling angles 6. For the 6§ < 0, case, calculated complex eigenenergies E%(6 = 5°)
are presented in the left panel, while for the 6§ > 6, case eigenenergies E%(6 = 20°)
and E*(0 = 30°) are plotted in the right panel.
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resonance energy E"(6) is isolated from the E°() set and does not exhibit rotation.
In the left panel, we present CSM for § = 5° scaling angle which is not large enough
to reveal the resonance position. In the right panel, we show CSM for 6 = 20°
and 30° which yield the resonance energy F(6 = 20°) = 0.1251 —i0.0502 MeV and
E(0 =30°) = 0.1248 — 10.0502 MeV.

In fact, due to a finite dimension of the basis set the resonance energy F(f) =
E"(0) (3.42) moves with increasing scaling angle along the -trajectory even for 6 >
0,, featuring residual 6 dependence [238,242]. It was demonstrated that following
the generalized virial theorem [239,243] the best estimate of a resonance energy is
given by the most stationary point of the #-trajectory, i.e. such E(fop) for which

the residual # dependence is minimal but not necessarily equal to zero

dE®6)|
‘ 7 ~ 0. (3.43)

eopt

A real scaling angle 6 is frequently used in finite basis CSM calculations with
satisfactory results [242,244,245|. However, identifying the resonance energy with
E(0opt) using the O-trajectory (Im(#) = 0, Re(f) changing) is still approximate.
As pointed out by Moiseyev [241] the resonance stationary condition requires exact
equality in Eq. (3.43), which can be achieved in a finite basis set by considering
complex 0. Consequently, taking 6 real introduces certain theoretical error and it
is problematic to quantify how much the result obtained using the 6-trajectory tech-

nique deviates from the true CSM resonance solution (zero derivative in Eq. (3.43)).

Following Aoyama et al. [238] we use both #-trajectory and S-trajectories (Re(0)
fixed, Im(@) changing) to locate the position of the true CSM solution. In the above
work it was numerically demonstrated that for certain Re(6,,) the 6-trajectory
approaches the stationary point and then starts to move away. On the other hand,
the [-trajectories are roughly circles with decreasing radius as the corresponding
Re(#) approaches Re(fypt). In view of orthogonality of the #- and [S-trajectories at
given scaling angle 0, the true CSM solution is then located inside the area given by
circular S-trajectories. More specifically, it is identified as the center of the circular
[-trajectory with the smallest radius where the CSM error is given by the size of
this radius [238]. In our work we found that for a certain Re() close to Re(6,p¢) the
[-trajectory starts to oscillate within a small region around the true CSM solution
(for illustration see Fig. C.2 in Appendix C). It is caused mainly by a finite basis
which allows to get resonance solution within certain accuracy. By increasing the

basis set the circular trajectory could be recovered for this particular Re(0).
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The determination of appropriate correlated Gaussian basis states 1" which yield
a stable CSM resonance solution is a non-trivial task. To our knowledge, there have
been in principle two approaches applied to the selection of a relevant basis in
previous works. The first one incorporates at certain point geometrical expansion of
non-linear variational parameters of the matrix A* (3.15) [238,246]. The second one
uses the SVM to optimize the basis of 1 with respect to the energy of discretized
continuum states around the expected resonance position E, = Re(FE) [242,247)].
We found that both options could be satisfactorily applied only to relatively narrow
resonances. We admit that one can in principle use geometrical expansion also for
broader resonances, however, the amount of basis states dramatically increases with

the size of the system which makes this approach highly tedious.

Here, we present a more efficient procedure to determine an appropriate basis set
for an accurate description of both narrow and broad resonances. Before applying

the CSM we supplement the Hamiltonian H with an additional harmonic oscillator

(HO) trap

H™P(b) = H+VIO(b), VIO(b) = 5 ZQ m > (3.44)
j<k

where m is an appropriate mass scale and b is the HO trap length. The potential
VHO(p) gives rise to a HO spectrum of the ground and excited states which is
affected by the presence of a resonance in the Hamiltonian H [248]. For a given trap
length b we select basis states 1" (3.15) using the SVM, optimizing the variational
parameters for the ground state energy and then subsequently for energies of excited
states of H™P(b) up to a certain maximal energy Ey... We select Ep,, in a way
that a possible resonance position and width satisfy F.. > E. 4+ /2. The SVM
procedure prefers basis states which promote interparticle distances rj; in a specific
region given by the trap length 0. By increasing b we enlarge the rj;, region covered
by correlated Gaussians ¢*. For certain b, once rj; region is large enough, the
CSM resonance solution for the Hamiltonian H starts to stabilize and both short
range and suppressed long range asymptotic parts of a resonance wave function are
described sufficiently well. Choosing b beyond this certain point slightly improves
the description of suppressed long range part and adds only minor corrections to
the CSM resonance energy solution £%(6) in Eq. (3.42). In order to further enhance
accuracy of our CSM solutions we employ a HO trap length grid {b;} and for each
grid point we independently select correlated Gaussians in a way mentioned above.
Then we merge basis states determined for each by into a larger basis while checking

linear dependency and numerical stability of an overlap matrix.
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Continuum level density, phase shifts, virtual states

The CSM is highly useful in determination of a position of few-body resonances,
moreover, the range of its applicability can be easily extended to calculations of phase
shifts. This idea was firstly presented by Suzuki et al. [249] who demonstrated that
the Continuum Level Density (CLD), obtained approximately from CSM eigenvalue
solutions of Eq. (3.42), leads to reliable phase shifts predictions. The same conclusion
was made by Odsuren et al. [250,251] who pointed out that calculated phase shifts
can be used to reveal possible near-threshold virtual states which can not be obtained
as an isolated solution within the CSM [251].

We start with the level density p(E) given by the Hamiltonian H, which is defined
as the summation over discrete eigenvalues F; and integration over continuous ones.

It can be equivalently expressed using the Green’s function G+ = (E — H)™!

p(E) =) 6(E - E) +/ S(E - E;) = —%Im {Tr [E i H] } . (3.45)

disc cont.

The CLD A(F) is then defined as a difference between p(E) obtained from the full
Hamiltonian H and po(E) related to its asymptotic part Hy [250]

A(E) = p(E) — po(E) = —%Im {Tr {E 1 - = _1HJ } L (3.46)

Due to the subtraction of py, A(FE) reflects the effect of finite range interactions.
The CLD (3.46) can be directly related to the scattering phase shifts 0(F) [252,253]

AB) = =220 (3.47)

In order to determine A(E) from the CSM eigenvalue solutions E*(0) (3.42), we

introduce its complex scaled version

1 1 1
Ap(E) =U(O)AE)U'(0) = —=Im{ T — 4
) = UOMBU0) = - { |- s b ey
where U(6) is the complex scaling transformation with scaling angle 6 (3.36) and
H(0) (Ho(0)) is the full (asymptotic) complex scaled Hamiltonian. It was proved
that three types of solutions of the complex scaled Schrodinger equation - bound

states |U?), resonant states |¥U"), and continuum states |¥¢) - fulfill extended com-
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pleteness relation [254]

Ky K
ZI\D”)(\D”|+Z!\P’”)(\I””\+/ dE°| W) (T°] = 1, (3.49)
b—1 r—1 Ly

where |) stands for bi-orthogonal states. Here, K, is the number of bound state
solutions. The number of resonance states solutions K? depends on the scaling angle
0, i.e. the angle § has to be large enough to reveal a resonance as an isolated square
integrable solution. The L is a branch cut in a complex energy plane given by a
rotated continuum. For a finite number K of square integrable basis states, such as
correlated Gaussians applied in this work, the extended completeness relation holds

only approximately [254]

K K? K—-K,—K¢
DO (U Y ) &, (3.50)
b=1 r=1 c=1

where |U?), |[¥7), and |¥¢) now represent eigenstates obtained as a solution of the
generalized eigenvalue problem (3.42) for a given scaling angle 8. Using Eqs. (3.48)
and (3.50) one can approximate, after some minor algebraic adjustments (for details
see [249]), complex scaled CLD Ay(FE) as

Ay(E) ~ AK(E)= (3.51)
Ky K¢ K—K,—K? K
1 1 1 1 1
I ZE—Eb+;E—ET+ 22: E—EC_;E—Eg

where E?, E" and E° are the bound state, resonance and discretized continuum
energies, respectively, obtained as the CSM eigenvalue solutions E“(f) (3.42) for
the full Hamiltonian H. Complex energies E{ then correspond to the eigenvalue

solutions for Hj.

Scattering phase shifts are obtained from A (E) using Eq. (3.47) which leads

to rather simple relation between their values and CSM eigenvalue solutions

K¢ K—Ky,—K? K
GN(E)=Km+Y 0(E)+ Y () =) 6(E), (3.52)
r=1 c=1 r=1

67



METHODOLOGY

where

57‘(E) = arccotg (Rel(rf(r#) ’
Im(Ee) )’

5¢(E) = arccotg <$) |

Since the CSM allows to clearly distinguish resonance solutions from a discretized

d°(F) = arccotg ( (3.53)

continuum, it is apparent that using Eq. (3.52) one can directly separate resonance

04 z(E) and continuum 83 (E) contributions to the §5 (E)

K-K,—K¢ K
5(5(}% Z(V ) 550 (E) = Z 5°(E) _Z‘SS(E)- (3.54)
c=1 r=1

Further, it has been demonstrated that the discretized continuum CSM eigenvalue
solutions, and thus 55’(0(E ), are strongly affected by the presence of a near-threshold
pole, such as a virtual state, which can not be revealed as an isolated CSM solution
[251]. If there is just one near-threshold pole its position can be extracted from
550(E) using scattering length a and effective range r evaluated within the effective
range expansion (ERE) (B.11). The position of the pole is then determined from
(a,r) by applying Eq. (B.12), more precisely, we connect the pole position with the
primary pole k; which has the main effect on 5 (E).

We stress that due to a finite basis set the extended completeness relation (3.50)
is approximate and both Af(E) and d5z(E) depend in principle on the complex
scaling angle 6. It was demonstrated that a sufficiently large number of basis states
provides reliable approximation [249,250]. Nevertheless, to address this effect we
determine the above quantities for different scaling angles 6 and consider the uncer-

tainty introduced by the #-dependence as the error of our calculations.
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Chapter 4

Results

In this section, we highlight selected results of our few-body calculations of
hadronic systems, namely, of n-nuclei, hypothetical A(1405)-systems, and single-
A(1116) and double-A(1116) hypernuclei. Corresponding key publications with more
results and their detailed discussion are enclosed in Appendix D. Our work was pre-
sented at international conferences, published, submitted, or is being prepared for
submission in relevant scientific journals.

The enclosed works are result of joint effort of several co-authors. Nevertheless,
it is to be stressed that all underlying few-body calculations presented either in this
thesis or given in the enclosed works were made entirely by the author himself and
thus represent his original work.

Our calculations were performed using the SVM code with a correlated Gaussian
basis extended using the CSM and TACCC methods into continuum region. This
code was developed by the author during his Ph.D. study. In fact, we started with a
publicly accessible SVM program [255] which is, however, considerably restricted to
simple bound L = 0 systems with central forces. Moreover, it is written in Fortran in
a way which makes calculations computationally demanding already at 4-body level.
This motivated us to develop from the beginning a new C+-+ code where we included
correlated Gaussian basis states with GVR (3.13) in order to describe systems with
L > 0. Further, we included complete sets of different spin and isospin configurations
(for more details see Subsection 3.1.2) which are essential for the correct description
of systems with spin and isospin dependent interactions. We implemented non-
central tensor and spin-orbit forces as well. Finally, we supplemented our code with
the CSM and TACCC techniques in order to describe not only the bound but also
unbound region (resonances, virtual states). We checked correctness of our code in

rather thorough benchmark calculations - the results are presented in Appendix C.
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We stress that considerable amount of effort was focused on computational efficiency
and parallelization of the code. As will the reader notice from presented results we

deal with few-body systems up to A = 8, which is not trivial®.

4.1 7 - nuclei

First, we studied few-body n-nuclei which, if observed, might provide important
constraints on the underlying nN interaction. Although there is a general con-
sensus that the s-wave near-threshold n/N interaction is mildly attractive due to
the presence of the N*(1535) resonance [28], most n/N interaction models [20-25]
significantly differ both in the predicted n/V interaction strength and its energy de-
pendence. Consequently, the theoretical study of light n-nuclei, and of the onset of
n-nuclear binding in particular, is highly important. Strong attraction in the nd,
n3He, and n*He systems, has been confirmed in the corresponding near-threshold
production cross-sections [28,256], however, there is no conclusive experimental ev-
idence of any n-nuclear quasi-bound state so far.

We explored light n-nuclei for two different n/N interaction models - GW [20]
and CS [22], which yield the strongest n/N attraction and are thus most favorable
for forming n-nuclear bound states. We performed self-consistent SVM calculations
of n-nuclear states in the s-shell *He, and *He and p-shell °Li nuclei. We discussed
the effect of non-perturbative inclusion of n/N absorption on the corresponding n
separation energy B, in these systems in order to reveal further implications for the

onset of n-nuclear binding.

Here, we show selected results from our publications EPJ Web Conf. 181, 01011
(2018) and EPJ Web Conf. 199, 02022 (2019) enclosed in Appendix D.1 and D.2,
respectively. Some of these results were also published in Refs. [228,257].

In our study of n-nuclear quasi-bound states we used the Minnesota NN central
potential (with u = 1 parameter) [227] which reproduces well properties of ground
states of s-shell and light p-shell nuclei. The Coulomb potential was included as well.
The interaction of the n meson with nucleons was described by a complex two-body
energy dependent effective potential derived from the coupled-channel meson-baryon
interaction models GW [20] and CS [22]. The form of the n/N potential was taken

n this chapter A stands for number of particles in a few-body system (or number of nucleons
in p-nuclear systems studied here), while in the previous Chapter 3 we used N instead to avoid
confusion with the correlated Gaussian matrix (3.8).
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Figure 4.1: Subthreshold behavior of the complex amplitude b (4.1) as a function
of 04/s < 0 for the GW and CS interaction models and two values of the cutoff
A =2 and 4 fm~!. The real part of b is shown in the left panel, while the imaginary
part is given in the right panel.

according to [49] as

A7

2,UnN

Von(04/s,1) = b(5+/3)pa(7), pA(T):( A )3exp <_§7~2), (4.1)

2\/m

where p,y stands for the reduced 7N mass, 6y/s = \/s — /S, is energy shift with
respect to the n/N threshold, A is a scale parameter which is inversely proportional
to the range of V,n, and b(d+/s) is the energy dependent complex amplitude. The
value of \ is connected to the EFT momentum cutoff; its upper bound corresponds

1

to a vector-meson exchange A < 3.9 fm™! or more restrictively to A < 3.0 fm™!

excluding pN channel from dynamical generation of the N*(1535) resonance [50].

For given A the amplitude b(d+/s) was fitted to complex energy dependent phase
shifts derived from the subthreshold (dy/s < 0) scattering amplitude F,y(E) of the
corresponding /N interaction model [49]. Figure. 4.1 presents the real (left panel)
and imaginary (right panel) parts of b as a function of /s < 0 for the GW and CS

interaction models and two values of A = 2 and 4 fm™!.

The energy dependence of the V,n is treated self-consistently. We search for

such SVM solution that fulfills 6,/sec = (81/5s) where d./s enters V;x and (5y/s)
is obtained from the SVM solution for a given value of d+/s [50]
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2

(V5) = =5 — &g T+ S By 66y () (@), )
where B is the total binding energy, (T) and (7;) denotes kinetic energy of nu-
cleons and 7, and A is a number of nucleons. The energy E, = (Y|H — Hy|¢)
where the Hy is the Hamiltonian of the nuclear core, {n(;) = mn@)/(my + my),
and {4 = Amy/(Amy +m,).

Fig. 4.2 illustrates the self-consistent procedure for the n*He system, calculated
using the GW 5N interaction and A = 4 fm~!. Considering just the real part of
V,n(0+/s) (4.1) in the respective few-body Hamiltonian we performed SVM cal-
culations for different §/s grid points. Next, for each ground state solution we
calculated (d4/s) using Eq. (4.2). The figure shows evolution of the bound state
energy Ep, (04/s), and (Hy) with a value of d4/s entering V;x(0+/s). The green
dashed line marks the condition d+/s = (94/s). The self-consistent solution is then
located at the intersection of the green solid and dashed lines - in this particular
point <5\/S_SC> = 0,/5sc. The intersection of the black vertical line with the red line

then gives the self-consistent value of Eg.

The imaginary part of V,y is significantly smaller than its real part (notice
different y-axis scales in Fig. 4.1 ). This allows to calculate the width I, of the
n-nuclear state perturbatively [49]. The SVM calculations are thus performed only
for the real part of the n/V potential and I', is evaluated using the expression

(Wy.s T (Vo )[Wy.s.)

T, =2 , (4.3)
! (Vg |Wy.s.)

where |U, ) is the SVM solution for the np-nuclear ground state corresponding to

the real part of V, n.

In Fig. 4.3 we show results of our self-consistent calculations of n*He, n*He, and
n°Li - the n separation energy B, and width T',. Here, we used n*He and n*He
systems in order to benchmark the self-consistent procedure against the results of
Refs. [49,50]. Calculations were performed using the GW and CS nN interaction
models and two values of the parameter A = 2 and 4 fm~!. For the GW model the
n°Li quasi-bound state was found rather deep below the threshold for both values
of i with B,(A = 2) = 2.17 MeV, §,/5s [a=2 = —21.47 MeV and B,(\ = 4) =
6.40 MeV, 6/Ssc [x=4a = —33.11 MeV. On the other hand the CS model yielded
the n°Li quasi-bound state only for A = 4 fm™! with B,(A = 4) = 0.68 MeV,

72



RESULTS

-10

| |
N R
o wu

I
N
ul

Hy), (6V5) [MeV]
&
o

\/_—40—
o
[AT]
_45_
_50_
=33 —40 -30 -20 -10 0
6V's [MeV]

Figure 4.2: Self-consistent calculation of the n*He ground state using the Minnesota
NN potential with the Coulomb interaction and the GW nN effective potential
V,n(8+/5) (4.1) with the cutoff A = 4 fm™'. The red, blue and green symbols denote
calculated total bound state energies Ep, (dy/s) (4.2), and bound state energies
related to the nuclear part of the total Hamiltonian (Hy) for different d4/s entering
the V,n(d+/s), respectively. The green dashed line indicates d+/s = (0+/s) condition.
The intersection of the black vertical line with the red line then gives the self-
consistent value of Eg. The black dotted line stands for the n 4+* He dissociation

threshold. All calculations were performed using the SVM, and taking into account
just the real part of V,nx(dy/s).

5\/SSC |,\:4 = —21.68 MeV.

Another possible way how to calculate I, is to solve the generalized eigenvalue
problem for a complex Hamiltonian (with the imaginary part of V,x included) using
variationally selected SVM basis states for the real part of V, . This approach,
already used in SVM calculations of kaonic nuclei [93], yields complex eigenenergy
of the quasi-bound state £ = Re(E) + ilm(FE) and consequently the width I';, =
—2Im(E). The method takes into account the effect of the non-zero imaginary
part of V,,; on the binding energy. Namely, Im(V}x) acts as repulsion lowering the
binding energy of an n-nuclear system and thus making the 1 meson less bound.

Figure 4.4 demonstrates the convergence of the SVM calculation with increasing
number of basis states for the n*He system using the same interaction as in Fig. 4.2

and dy/s = —28 MeV. The SVM selects basis states using just the real part of

V,n. In each step, i.e. for a certain number of basis states, we study two following
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Figure 4.3: SVM calculations of the 7 separation energy B, and width I';, of the
n*He, n*He, and n°Li quasi-bound states using the Minnesota NN potential with
the Coulomb force and two n/N interaction models - GW and CS. The figure is
adopted from the author’s publication [52].

options: In the first (real) case, we calculate the ground state energy Ep using only
Re(V,n) and the width I', is evaluated by applying Eq. (4.3) (red solid lines). In the
second (cmplx) case, we include both the real and imaginary parts of V,x into the
Hamiltonian and solve a complex generalized eigenvalue problem which yields the
complex energy E. Corresponding Ep = Re(E) and I';) = —2Im(E) are depicted by
blue dashed lines. While there is almost negligible difference between the obtained
values of I',, the non-perturbative inclusion of Im(V, ) makes n*He less bound. This
scenario is rather general and it is observed in all our calculations. The most sizable
effect on Ep is for §4/s close to the nN threshold where the (relative) contribution
of the imaginary amplitude Im(b) in V, 5 (4.1) is largest (see Fig. 4.1 right panel).
In Table 4.1, we compare two approaches of treating Im(V,x) introduced above:
the (real) case and the complex eigenvalue problem (cmplx) case. Calculations of
the n3He and n*He systems were performed within the GW model. It is apparent
that including Im(V,x) in the (cmplx) case has rather significant effect in n*He
(04/55c close to the threshold), which decreases with a larger energy shift §,/s, with
respect to the threshold (n*He). For the nN model CS (not shown in the table),
the n*He is not bound while in n*He the effect of Im(V,x) is smaller (few tens of
eV) due to the lower value of Im(V}x) than in the GW model. Table 4.1 illustrates
that the size of the change in B, caused by Im(V,x) is related to the magnitude
of the subthreshold energy shift 04/s. More precisely, the strength of Im(V,x) as a
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Figure 4.4: SVM calculation of the n*He quasi-bound state using the same interac-
tions as in Fig. 4.2 and §+/s = —28 MeV. We show convergence of the corresponding
quasi-bound state energy Ep (upper panel) and width I', (lower panel) for both
(real) and (cmplx) case denoted by solid red and blue dashed lines, respectively. For
more detail regarding the (real) and (cmplx) case see the text.

Table 4.1: Comparison of self-consistent SVM calculations using two different eval-
uations of width I, - the (real) case and the (cmplx) case. Calculations were per-
formed for the Minnesota NN potential with the Coulomb force and the GW nN
model. The 7 binding energy B, and self-consistent energy shift d,/ss are shown
as well. The table is adopted from the author’s publication [52].

n*He B, [MeV] | T, [MeV] | /55 [MeV]
N =9 (real) 0.11 1.37 -9.23
(cmplx) -0.25 1.32 -8.87
() 1.01 3.32 11318
(cmplx) 0.36 3.44 -12.72

n*He B, [MeV] | T, [MeV] | /55 [MeV]
., (real 0.97 2.17 119,64
(cmplx) 0.77 2.22 -19.50
N =4 (real) 4.62 4.38 -29.73
(cmplx) 4.40 4.41 -29.60
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function of §+/s has for both CS and GW interaction models maximum just below
the threshold, as shown in Fig. 4.1. Furthermore, it is also apparent that the (cmplx)
case confirms the width estimation using Eq. (4.3) yielding very close widths in all

presented cases.

4.2 A* - matter

We performed both SVM (few-body) and Relativistic Mean-Field (RMF; many-
body) calculations of A*-nuclei in response to Akaishi and Yamazaki (AY) suggestion
that systems composed of purely A* = A(1405) [(KN + 7X);—o| constituents reach
absolute stability for mass number A Z 8 [109] . Using a ¢ — w meson exchange
model constrained by the binding energy of the two-body A*A* system we evaluated
B/A (binding energy per A*) as a function of A and thus explored stability of the

A*-matter.

In this section we present selected results from our publication Phys. Lett. B
785, 90 (2018) and manuscript submitted to Int. Jour. of Mod. Phys. A enclosed
in Appendix D.3 and D.4, respectively. This work was also published in Ref. [258].

We considered A* as a stable point-like particle with no further internal structure.
Next, motivated by a successful RMF description of medium and heavy nuclei [259]
we approached purely A* systems in the same way. The corresponding A* interaction
was then described by an exchange of the scalar o and vector w meson fields entering

the RMF Lagrangian density
L=A[iv"D, — (Mp+ — gop+0)] A* + (0, w,, free-field terms) , (4.4)

where D, = 0,,+1 guwa+ w,, A" is a baryonic field, and M- = 1405 MeV is the mass of
A*. Other parameters such as meson masses m; (i = o, w) or corresponding coupling
constants to the nucleon field g;5, which enter yet to be determined gz~ = ;gin
coupling constants of A* to the ¢ or w meson fields, were taken from the linear HS
model for atomic nuclei [260]. In this study, we excluded the Coulomb field and the
p meson exchange from the RMF Lagrangian density (4.4) simply guided by the fact
that A* has no charge and it is [ = 0 baryon.

In order to fix the scaling parameters «, and «, which determine the couplings

in Eq. (4.4), we used the corresponding o-w meson exchange A*A* potentials derived
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either by Machleidt [261]

Vi (1) = g2 (1 + %M[é: VY (r) — g2 5. (1 — %MXU* )Y, (r) (4.5)
2
to2nt (F) Yalr)( - )
or by Dover-Gal [262]
Viw() = G (14 2 V0) - e L LER)Ya0) (40)

2
ot (82) Vo) 32

where Yi—, ., (r) = exp(—myr)/(47r).

We used SVM together with the Vi«p« potentials in Egs. (4.5) and (4.6) to
fit the scaling parameters a, and o, to the binding energy of the two-body A*A*
system B(A*A*) = B((KKNN);—) — 2B((KN);=) = 40 MeV (we either kept
o, = 1 fixed and changed a, or vice versa). The binding energies of the (KN)—g
and (KKNN)—, systems were adopted from the K N interaction model of Akaishi
and Yamazaki [88] (for more details see Table 1 in Appendix D.3 and corresponding

discussion).

In Fig. 4.5, we show calculated B/A (left panel) and rms radii 7,y (right panel)
of several A* systems as a function of the mass number A. Results, presented in
the figure, are obtained using SVM and the Machleidt form of the Vj«« potential
(4.5). We found that there is no significant difference between calculated properties
of few-body A* systems fitting either o, or «,, (in fact, obtained results deviate from
each other within less than 8%), consequently, we show as an example only the case
with o, = 1 and a, fitted. While black color denotes our SVM results obtained by
completely neglecting relativistic mass correction terms ~ (mj;—y,/Mp<)? in Visps
(4.5), red color represents results taking into account mass corrections without the
last term in Eq. (4.5) ~ (¢ - d2). It is apparent that these two sets of calculations
yield very similar results and both suggest rather steep increase of B/A. Further
inclusion of the term ~ (& - 73) (blue) has significant effect and B/A decreases by
roughly 30% for all considered A* systems with A > 2. In the right panel we show
corresponding rms radii 7,5 as a function of A. We observe that r., first increases,
however, already at A = 5 starts to drop down and in all considered cases does not
exceed 0.85 fm. This questions the treatment of A* as a point-like particle without

inner structure.

Next, in the left panel of Fig. 4.6, we present RMF calculations of the binding
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energy per A* (B/A) as a function of A. Red and blue colors indicate results
obtained using the RMF Lagrangian density (4.4) where the scaling parameter o,
(o, = 1) was fitted to B(A*A*) = 40 MeV using the Machleidt (red) and Dover-Gal
(blue) Vj-p+ potentials in Eqs. (4.5) and (4.6), respectively, with all terms included.
We also show B/A obtained with the non-linear RMF model NL-SH [263] (black)
where «,, parameter was fitted to B(8A*) predicted by the corresponding Dover-Gal
RMF calculations (blue). B/A for atomic nuclei obtained with the NL-SH RMF
model are plotted for comparison as well (green). We see that in all presented cases
the binding energy per A* saturates for A > 120 and does not exceed 100 MeV.
Consequently, the calculated binding energy per A* is not large enough to reduce
the effective in-medium mass of A* below that of the lightest A(1116) hyperon, thus

leaving A* systems unstable with respect to strong decay.

In the right panel of Fig. 4.6, we compare the binding energy per A* calculated
within the SVM (blue) and RMF approach (red) using the Machleidt type of Vi« -
(4.5) with all terms included. It is clear that while RMF results saturate, naive
analysis of SVM calculations limited only to few-body systems might indeed suggest

that B/A can for certain A become large enough to ensure stability of A* systems.
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Figure 4.5: Binding energy per A*, B/A (left panel) and rms radius r,,s (right
panel) of A* systems as a function of mass number A, calculated using SVM and
Machleidt type of the Vj«p« potential (4.5). Black, red, and blue colors denote
results obtained with no mass correction ~ (mj—y.,/Mp~)? in the Vj«p«, with mass
corrections but neglected spin-dependent part, and full Vjy«5«, respectively. Values
of o, (o, = 1) fitted to B(A*A*)=40 MeV are given as well. The figure is adopted
from the author’s publication [188].
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Figure 4.6: Binding energy per A*, B/A as a function of increasing mass number A
calculated using the HS and NL-SH RMF model. In the left panel we show results
obtained with the HS model where the scaling parameter a, (a, = 1) is fitted
to the B(A*A*)=40 MeV using either the full Machleidt (red) or Dover-Gal (blue)
form of Vj«p+ given in Egs. (4.5) and (4.6). The results obtained with the NL-SH
RMF model are depicted in black color. Results for atomic nuclei predicted by the
NL-SH RMF model are given in green. In the right panel we show the comparison
between SVM (blue) and HS RMF (red) results for the full Machleidt type of Vysp-.
Equivalent RMF results but with fixed scalar baryonic density ps = 0.97p, (black)
are presented in the same panel as well. The figure is adopted from the author’s
publication [188].

In fact, this particular observation of B/A behavior in non-relativistic calcula-
tion of few-body A* systems was used as the cornerstone for the AY suggestion
of the A*-matter stability. However, one must be aware that rather large binding
energies in these systems certainly require relativistic approach which was omitted
in Ref. [109]. In our SVM calculations, relativistic treatment would mean at least
incorporation of the relativistic kinetic energy term and higher order relativistic
mass corrections in Vi«x«. On the other hand, the RMF model implicitly takes into
accounts relativistic effects which are entirely connected with the saturation mech-
anism in A* systems. Due to the Lorenz covariance there are two densities - scalar
ps related to the o attractive field and baryonic density p, related to the w repulsive
field. As described in more detail in our publications enclosed in Appendices D.3
and D.4, with increasing baryon density p, the scalar density ps rapidly shrinks
with respect to p, which suppresses the attraction from the ¢ meson field. In order

to demonstrate significance of this mechanism in A* systems we fix p, = 0.97p,,
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which corresponds to the fraction in the nuclear system 60 (black color in the right
panel of Fig. 4.6). The corresponding RMF calculations then predict steep increase
of B/A rather similar to the one suggested by the SVM calculations.

4.3 s-shell hypernuclear systems

The major part of our results concerns the theoretical study of s-shell hypernu-
clei. We applied the #EFT representation of nucleon [189,195,196] and A [146, 169
interactions at leading order (LO). The nucleon LO #EFT as well as three-body
ANN and AAN contact terms were constrained by experimental data. Being re-
stricted by the lack of experimental information on the two-body level, the AN and
AA contact terms were fixed by selected sets of AN scattering lengths given in Ta-
ble 2.1 - Alexander B, NSC97f, YEFT(LO), and xEFT(NLO) and a certain range
of AA scattering lengths. For more details about the hypernuclear #EFT at LO see
Section 2.2.

First, we explored the nature of the A(1116)-hypernuclear Ann (J™ = 1/2%,
I = 1) and 3H* (J™ = 3/2%, I = 0) systems using the LO #EFT nuclear and
A-hypernuclear interactions. Applying both the CSM and TACCC techniques we
performed the first EFT continuum calculation of these systems. We obtained posi-
tion of the Ann as well as the 3H* states in a continuum for several AN interaction
strengths. Further, we performed equivalent calculations using phenomenological
NN and AN potentials in order to address differences between the #EFT and phe-
nomenological approach.

In addition to the nuclear and A-hypernuclear LO #EFT interactions employed
in the study of hypernuclear continuum [147|, we constructed #EFT representation
of the AA-hypernuclear interaction at the same order. Applying these interactions
we performed SVM calculations of A < 6 s-shell AA hypernuclei for different AA
interaction strengths and we explored the onset of AA hypernuclear binding [169].

Below, we present selected results from our publications Phys. Lett. B 808,
135614 (2020), Phys. Lett. B 797, 134893 (2019) and manuscript arXiv:2003.09862
[nucl-th] enclosed in Appendices D.5, D.7, and D.6, respectively.

4.3.1 Nature of the Ann and 3H*(J™ = 3/27 [ = 0) states

We studied the movement of the Ann and 3H* S-matrix poles from a bound

region to a continuum and further to their physical positions given by the Hamilto-
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nian (2.10), which was induced by an auxiliary attractive potential VACCC = q fraux

(3.32).

We used the 3-body potential VJACCC which ensured that properties of the 2-
body part of the # EFT Hamiltonian (2.10) such as scattering lengths or deuteron
binding energy remained unaffected. Its form was selected to be the same as of the
7#EFT 3-body potential (2.10)

VIACCC —dIS Z Q,ij,ze = 7" +T‘ (47)

1<j<k cyc

where the amplitude d{\’s defines its strength, corresponding to the parameter «
in Eq. (3.32), and is negative for an attractive auxiliary potential. The projection
operator Qf]f ensures that the potential affects only a particular (I,.S) three-body
channel - (1, 3) for Ann or (0,2) for §H*. If not explicitly mentioned X in V549 is
equal to the #EFT cutoft \.

We started our study of three-body hypernuclear continuum states with the Ann
system. To demonstrate the cutoff dependence of the theory, we present in Fig. 4.7
the trajectories EA,m(dizl’S:l/ 2, A) of the Ann resonance pole, calculated using the
IACCC method for different values of cutoff A, and for a representative set of a’"
- NSC97f. With decreasing attraction of VJACCC the resonance poles move along

circular trajectories in the complex energy plane starting from the A+n-+n threshold

to the physical end points where dl LS=1/2 _ (. It can be deduced from the figure
that the trajectories EAnn(di 1,5= 1/ 2, A) and the physical end points converge with

increasing cutoff. We reach stabilized results already for A = 2.5 fm 1.

The excited state of the hypertriton 3H*(J™ = 3/2", I = 0) might be considered
as a good candidate for a near-threshold resonance. Indeed, several works demon-
strated the emergence of a bound state by increasing rather moderately the AN
interaction strength. Applying the IACCC method we follow the pole trajectory

1=0,5=3/2

given by the amplitude of the auxiliary 3-body force d, from a bound region

to its physical position in a A+deuteron (A +d) continuum. In Fig. 4.8 we show the

AH" pole momentum k = /2ung[ERH") — Ep(*H)], piaa = mama/(ma+my), as a
[=0.5=8/2 fo1 the Alexander B AN scattering lengths and A = 6 fm~!.

We observe that with decreasing auxiliary attraction the imaginary part of the mo-

function of d,

mentum Im(k) decreases from a positive value (bound state) to a negative value
(unbound state) whereas the real part Re(k) remains equal to zero. This behavior

is regarded as the definition of a virtual state [230].

In Fig. 4.9 we show the physical solutions (with no auxiliary force) corresponding
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Figure 4.7: Trajectories of the Ann resonance pole in a complex energy plane dgtef—
1=1,5=1/2

mined by a decreasing attractive strength of the auxiliary three-body force d,
for several cutoffs A and the NSC97f set of AN scattering lengths. Small dots mark
[ACCC solutions for different d§:1,5:1/ ? larger symbols stand for the physical po-

sition of the Ann pole (d§=1,5=1/ ? = 0). Notice the almost overlapping trajectories

for A = 2.50 fm~! and A = 4.00 fm~!. The figure is adopted from the author’s
publication [147].

to the #EFT Hamiltonian H (2.10). Here, the real Re(E) and imaginary Im(FE)
parts of the Ann resonance energy (left panel) and the energy FE, of the virtual
state 3 H* (right panel) are plotted as a function of the cutoff A for the AN scattering
length versions listed in Table 2.1. The calculated energies in the both hypernuclear
systems depend strongly on the input AN interaction strength. In the case of 3H*,
we obtain for all considered AN scattering lengths a virtual state solution. On the
other hand, in the case of the Ann system the #EFT predicts a resonant state.
Moreover, only NSC97f and YEFT(NLO) yield the AN interaction strong enough
to ensure for A > 2 fm~! the Ann pole position in the fourth quadrant of a complex
energy plane (Re(E) > 0, Im(E) < 0), i.e. they predict a physical Ann resonance.
In Fig. 4.9 we also demonstrate stability of our solutions with respect to the cutoft

A. The calculated energies vary smoothly beyond the value A = 2 fm~! and already

at A = 4 fm~! they stabilize within extrapolation uncertainties at an asymptotic

82



RESULTS

0.10;
0.05; Y
)
T
E 0.00 Re(K) .
X
—0.05/
—0.10
Bound 3H" Unbound 3H*
-0.3 -0.2 -0.1 0.0

diS/DIS; 1=0,5=3/2

Figure 4.8: Imaginary (blue) and real (red) parts of the 3 H* pole momentum k as a
function of dizo’szg/ ? calculated for the Alexander B set and A = 6 fm ™!, normalized
to the physical three-body LEC Df\zo’szg/ ?. Unbound region is determined through
the TACCC method. Dots mark the physical solution for d{\:o,s::a/ > = 0. The figure

is adopted from the author’s publication [147].

value corresponding to the renormalization scale invariance limit A — oo. This
is illustrated in the right panel, where we present for the Alexander B case the
extrapolation function and the asymptotic value including the extrapolation error
for the energy F, of the 3H* virtual state. It is to be noted that one might naively
expect clear dependence on the strength of the AN spin-triplet interaction which

solely enters the 3 H* hypernuclear part on a two-body level. However, the dominance
3
compensating the size of the spin-singlet scattering length a)", being fixed by the

of the spin-triplet interaction is undermined by 3-body force in the (O ) channel
Ba(31H*) experimental value.

The existence of the 3 H* virtual state is further confirmed by the CSM. We do not
see any sign of a resonance for all sets of AN scattering lengths, cutoffs, or auxiliary
3-body force values dizo’szg/ ?. From the rotated discretized CSM continuum spectra
we calculated the s-wave Ad phase shifts 55,,\/612 for the J™ = 3/2% channel using
Eq. (3.52). The calculated phase shifts for different AN interaction strengths and

A = 6 fm~! presented in Fig. 4.10 exhibit clear enhancement close to threshold,
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Figure 4.9: Real Re(F£) (full symbols) and imaginary Im(F) (empty symbols) parts
of the Ann resonance energy (left panel) and energy E, of the 3 H* virtual state (right
panel) as a function of cutoff A, calculated using the IACCC method for several AN
interaction strengths. For the 3H* virtual state (right panel) and Alexander B we
perform extrapolation for A — oco. The red dashed line is the extrapolation function,
the solid red line and shaded area mark the contact limit and the extrapolation error.
The figure is adopted from the author’s manuscript [264].

implying proximity of a pole. The shaded areas in the figure reflect the phase shift
dependence on the rotation angle #, which we checked for a rather broad interval
15° < 6 < 20°.

Our work represents the first EFT study of the Ann and 3 H* hypernuclear sys-
tems in a continuum. Therefore, we found it appropriate to discuss difference of our
approach with respect to the previous calculations of the Ann resonance performed
by Afnan and Gibson using a phenomenological approach [144]. Following their
work we neglected three-body force but instead of separable non-local two-body

potentials we employed one range Gaussians

. A2
V(r) = ZPI,S Cr.s exp (—LS'F) (4.8)
4
s
to describe s-wave interaction in nuclear [,S = (0,1), (1,0) and hypernuclear

1,8 = (1/2,1), (1/2,0) two-body channels. Here, P; g is the projection opera-
tor. The parameters C; g and A;g were fitted to the values of ay and r, listed
in [144]. Moreover, we took into account @’V and r2V related to Alexander B and
XEFT(LO) given in Table 2.1.

The calculated Ann pole trajectories for the Phen-2B potential (4.8) are pre-

sented in Fig. 4.11, left panel. The auxiliary interaction is in the form of a three-
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Figure 4.10: S-wave Ad phase shifts in the J™ = 3/2% channel 59%2 as a function of
energy F above the A+d threshold, extracted from the continuum level density of the
rotated CSM spectra (3.52). The phase-shifts are calculated for cutoff A = 6 fm™!
and several AN interaction strengths. Shaded areas mark uncertainty introduced
by the rotation angle # within interval 15° < 6 < 20°. The figure is adopted from
the author’s publication [147].

body force (4.7) with cutoff A\ = 1 fm~'. We observe that calculated physical
pole positions (filled larger symbols) are in good agreement with those presented in
Ref. [144] (empty symbols). Indeed, as might be expected the position of the near-
threshold Ann resonance is predominantly given by low-momentum characteristics
of the interaction - a, and r, which are the same in both cases.

In order to reveal the relation between the LO #EFT and phenomenological ap-
proaches discussed above, one can consider the finite cutoff A; which gives roughly
the same values of r; as used in the above phenomenological calculations. Such
a value, A\, ~ 1.25 fm~! for NSC97f andYEFT(NLO), yields in addition B, (3He)
remarkably close to experiment [265]. As explained by the authors one might under-
stand that A, absorbs into LECs NLO contributions of the theory which are likely to
increase its precision, however, success of this procedure is not in general guaranteed
for all systems. Indeed, higher orders above NLO which behave as powers of (Q/\)

are induced as well and are not suppressed by A\ — oo. In Fig. 4.11, right panel, we
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Figure 4.11: Trajectories of the Ann resonance pole in a complex energy plane given
by decreasing d§:1,5:1/ ? for several AN interaction strengths. Left panel: Calcu-

lations using the AN and NN phenomenological potential Phen-2B (4.8). Larger

full symbols stand for the physical position of the Ann pole (df\zl’szl/ 2 = 0), empty

symbols mark corresponding solutions obtained by Afnan and Gibson (AG) [144] for
the same scattering lengths and effective ranges used to fix potential Phen-2B (4.8).
Right panel: #EFT calculations for cutoff A = 1.25 fm~'. In a region accessible
by CSM we also show for each IACCC solution (dots) the one obtained by CSM
(crosses) for the same amplitude of the auxiliary three-body force. The figure is
adopted from the author’s manuscript [264].

present Ann pole trajectories calculated using the fEFT for this specific Ay value
and several AN interaction strengths. One notices very close positions of the Ann
resonance calculated for yEFT(NLO) and NSC97f using the Phen-2B potential (left
panel) and the #EFT (right panel). The LO #EFT for A = 1.25 fm~' could thus be
considered as a suitable phenomenological model which yields good predictions for
4- and 5- body hypernuclei and hypertriton [146,265].

In addition, in both panels of Fig. 4.11 we compare the Ann pole positions calcu-
lated within the CSM and TACCC method for the same values of dizl’szl/ ? located
in the area reachable by the CSM. We see remarkable agreement between IACCC
(dots) and CSM (crosses) solutions, which provides benchmark of the calculations

and demonstrates high precision of our results.

In Fig. 4.12 we show B, of remaining s-shell hypernuclear systems, calculated
using the Phen-2B potential (4.8). The hypertriton ground state 3H(J™ = 1/27, 1=
0) is in most cases overbound, calculated By (3H) are consistent with those obtained

by Afnan and Gibson using separable non-local potentials fitted to the same AN
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Figure 4.12: A separation energies B, from SVM calculations using various AN
interaction strengths of the Phen-2B interaction (4.8). The nuclear part is given
by the same form of a phenomenological potential. Experimental values of By
are marked by dashed horizontal lines. The figure is adopted from the author’s
manuscript [264].

interaction strengths [144]. The excited state of hypertriton 3 H* turns to be bound,
which is in disagreement with previous theoretical calculations [139,143]. Heavier
s-shell systems are considerably overbound as well, regardless of which specific set
of a® and 7V is fitted. Overbinding of s-shell hypernuclear systems brought
about by the Phen-2B interaction (4.8) clearly indicates a missing piece which would
introduce necessary repulsion. This could be provided by introducing a AN N three-
body force. In fact, Afnan and Gibson stated that more detailed study of the
Ann resonance including three-body forces should be considered [144|. In #EFT ,
additional repulsion is included right through the ANN force fitted for each cutoff
A to experimental values of By in 3- and 4-body hypernuclei. As a result, though
both the Phen-2B (as well as AG) interaction and the #EFT for A = 1.25 fm™! yield
close positions of the Ann resonance (see Fig. 4.11), the interplay between three-
body forces in the #EFT exhibits large effect which completely removes overbinding
presented for the Phen-2B interaction in Fig. 4.12; yielding correct B, (3}He), exact
Ba(BH), BA(4H), and Ee(3H*) plus unbound 3H* as presented in Fig. 4.9. This
suggests that the sensitivity of the Ann system to the three-body ANN force is

relatively small.

87



RESULTS

4.3.2 Lightest AA hypernuclei

In Table 4.2 we assess the onset of AA hypernuclear binding using a representative
value ayp = —0.8 fm, the Alexander B set of AN scattering lengths, and cutoff
A=4 fm~!. The first row of the table shows calculated A separation energies of s-
shell double-A hypernuclei for the three-body AAN term fitted to the experimental
ABap(§,He) (the so called Nagara event [213]). In this case we obtain , JH system
convincingly bound, while , {H, AAnn, and AAn hypernuclei are predicted unbound.
Reduction of the repulsive AAN LEC in order to make ,4tH just particle stable
overbinds , fHe by ~1.5 MeV (second row in Table 4.13). Reducing further the
AAN LEC one binds the neutral systems, first AAnn (third row) and then AAn
(fourth row), at a price of overbinding further , He. In fact, the particle stability
of these A = 3,4 neutral AA systems is incompatible with the , YHe binding energy
datum for all values of cutoff \ and scattering length ay, considered in our work.
These results suggest that the A = 3,4 light neutral AA hypernuclei are unbound
within a large margin.

Calculated values of the A separation energy Ba(,7H) are shown in Fig. 4.13.
Several representative values of the AA scattering length were used: ay)=-0.5, -0.8,
and -1.9 fm. Again, the choice of ay, determines the one AA LEC required at LO,
while the AAN LEC was fitted to ABa(, He)=0.67+0.17 MeV. Results presented
in the figure are predominantly calculated for the AN interaction terms constrained
by the Alexander B set of AN scattering lengths aV. For cutoff A=4 fm~! we also
show B, (4 H) calculated using three other " sets - YEFT(LO), YEFT(NLO), and
NSC9IT7f, demonstrating that the dependence on AN interaction strength is rather

weak when it comes to A separation energies in double-A hypernuclei. Calculated

Table 4.2: A separation energies By (4 {*Z) for A=3-6, calculated using ayy=—0.8 fm,
cutoff A=4 fm~!, and the Alexander B set of AN scattering lengths. In each row
a AAN LEC was fitted to the underlined binding energy constraint - experimental
ABap(,fHe) or just bound , H, AAnn, or AAn systems in the given order. The
table is adopted from the author’s publication [169].

Constraint (MeV) AAn AAnn  fH 2H ,fHe
AByn(,SHe)=0.67 T 121 328
Ba(,H)=0.05 - ~ 005 228 476
B(AAnn)—0.10 ~ 010 086 489 7.89

B(AAn)=0.10 0.10 15.15 1840 22.13 25.66
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Figure 4.13: A separation energies By (,H) and By (3He) from SVM calculations
as a function of the cutoff A\. Error bars (in black) reflect the experimental un-
certainty inherent in the 3H, 4H, 1H* and , SHe binding-energy input data, and
(red) rectangles include also varying ays between —0.5 to —1.9 fm. The AN set
of scattering lengths is Alexander B, with results for YEFT(LO), yYEFT(NLO), and
NSC97f sets shown from left to right in this order for A=4 fm~!. Dotted lines show
extrapolations, as A — 00, to the respective scale renormalization invariance limits
marked by gray horizontal bands. The wider , H band accounts for uncertainties
in the experimental values of binding energies used in extrapolation to A — oco. The
figure is adopted from the author’s publication [169].

values of By (3He) using Alexander B @V, compatible with those from Ref. [146],
are also shown in the figure. One observes that , 7H comes out particle stable over
a broad range of finite cutoff values used in the calculations.

The calculated By values shown in Fig. 4.13 exhibit renormalization scale in-
variance in the limit A — oo. To figure out the associated Bj(A — o0) values,
we extrapolated By()\) for A > 4 fm~! using a power series in the small parame-
ter /A (2.13). The corresponding extrapolation curves (dotted lines in Fig. 4.13)
converge to asymptotic values By (0o) within extrapolation uncertainties (gray hor-
izontal bands). , H remains particle stable in this limit with A separation energy
By (00) = 1.1440.0170 5 MeV, where the first uncertainty is due to the extrapolation

(2.13) and the second one is due to the ayy and By uncertainties.
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4.4 p-shell systems within LO #EFT

Motivated by the successful LO #EFT description of s-shell systems, we inves-
tigated whether this approach is applicable to p-shell nuclei. We constructed the
SU(4)-symmetric version of a nuclear # EFT interaction at leading order [266] which
allowed us to perform SVM calculations up to ®Be. In comparison with the standard
nuclear LO #EFT [189,195,196] applied in our work so far, this interaction omits
spin dependence on a two-body level. We note that the SU(4) form is certainly
a simplification, nevertheless, as pointed out in Ref. [266] it has some success in

heavier nuclei [267,268] which gives credibility to this approach.

For each value of cutoff we constrained the two-body NN contact term by the
deuteron binding energy B(?H) = 2.22 MeV, and the three-body N NN contact term
by the triton binding energy B(*H) = 8.48 MeV. Further, we considered the nucleon
mass my = 938 MeV. Using this interaction we performed SVM calculations for
different nuclear systems with A < 8 and we studied cutoff dependence of obtained

ground state energies. For more details about the LO #EFT see Section 2.2.

Here, we present selected results from the manuscript arXiw:2003.09862 which

is enclosed in Appendix D.8.

In Fig. 4.14 we show results of our calculations of s-shell 2H, 3H, *He and p-shell
SH(S = 3/2), *H, °He, SLi, "Li, and ®Be ground states for different values of cutoff
M. Since the ground state energies of 2H and 3H were employed as a constraint
of the theory, they exhibit no sign of A dependence. The calculated ground state
energy of “He converges with increasing cutoff A, which was checked by calculations
for A € (4;10) fm~!, not displayed in the figure. Studying the p-shell nuclear region
we found that for each considered p-shell system there exists a specific cutoft \. for
which the corresponding ground state is no longer bound. In fact, we obtained bound
p-shell systems only for rather small values of cutoffs A < A., while for A > A\, we
observed that following dissociation thresholds : 2H +n (*H(S = 3/2)), *H+n (*H),
‘He +n (°He), 2H +* He (°Li), 3H +* He ("Li), and “He +* He (®Be) assigned to the
corresponding s-shell subcomponents are energetically more favorable. Our results
suggest that the nuclear LO #EFT is not able to sustain bound states in p-shell nuclei
in the renormalization group invariant limit A\ — oo. This result is in disagreement
with the experimental observation that both °Li, and “Li ground states are bound.

Moreover, in the absence of Coulomb repulsion the ®Be ground state is expected
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Figure 4.14: Ground state energies Eg of different p-shell nuclear systems calculated
using the SU(4)-symmetric version of the nuclear LO #EFT interaction as a function
of increasing cutoff A\ (dashed lines). For each p-shell system we show calculated
energy of the lowest dissociation threshold (solid line). Ground state energy of each
p-shell system and their lowest dissociation threshold are drawn using the same
color. The energy of 2H + n, *H + n, and *He + n thresholds corresponds directly
to the ground state energy of 2H, *H, and *He, respectively. All calculations are
performed using SVM. The table is adopted from the author’s manuscript [269].

to become bound as well [270,271]. Our work in Appendix D.8 further illustrates
that observed insufficiency of the theory is not caused by its specific application
to nuclear systems, but it emerges as a consequence of a more general concept of

contact theories where the nuclear #EFT is only one of their possible applications.
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Chapter

Summary & Outlook

In this thesis we studied interactions of hadrons, namely 7, A, and A* in few-
body systems. We used either effective n/N and phenomenological NN potentials (7-
nuclei), meson-exchange A*A* potentials (A*-systems), or the #EFT representation
of nuclear, single-A, and double-A interactions (A-; AA-hypernuclei) at LO. We de-
veloped a new few-body code based on the Stochastic Variational Method with the
correlated Gaussian basis (bound states) and two different continuum techniques -
the Complex Scaling Method and Inverse Analytic Continuation in the Coupling
Constant (resonances, virtual states). Both correctness of the code and precision
of the selected few-body methods were tested in a series of benchmark calculations.
The accuracy was found comparable with other few-body techniques such as the
Faddeev (3-body) or Faddeev-Yakubovski (4-body) equations. We stress that the
only approximation made in our few-body approach came from finite dimension of
the basis set which could be, however, systematically increased in order to reach

converged results.

First, we performed few-body calculations of n-nuclear quasi-bound states in s-
shell 3He, “He nuclei and, for the first time, also in the p-shell °Li nucleus. While
the nuclear part was described using phenomenological Minnesota potential with
Coulomb force, the n/N interaction was given by a complex, energy dependent, effec-
tive V,n potential which was fitted for two values of momentum cutoff A = 2, 4 fm™!
to complex energy dependent phase shifts predicted either by the GW [20] or CS [22]
nN interaction model. The energy dependence of V,x was treated self-consistently.
The imaginary part Im(V,y) describing n absorption in the nuclear medium was
considered in two ways: either perturbatively or by its direct inclusion into the few-

body Hamiltonian. In the latter case we evaluated the effect of 1 absorption on the
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1 separation energy in the studied systems.

Second, we explored stability of the A*-matter suggested by Akaishi and Ya-
mazaki [109] by performing a series of few-body (SVM) and many-body (RMF)
calculations. The A*A* interaction was described within the o — w meson-exchange
model fitted to the binding energy of the two-body A*-system, derived from calcu-

lated properties of K~ -nuclei.

Third, we carried out thorough calculations of few-body hypernuclear systems
Ann (J™ =1/2%, I = 1) and 3H* (J™ = 3/2%, I = 0) within a LO #EFT with
2- and 3-body regulated contact terms. The AN LECs were associated with AN
scattering lengths given by various interaction models and the ANN LECs were
fitted to known A separation energies By in A < 4 hypernuclei and the excitation
energy Fex.(1H*). Our LO #EFT approach, which accounts for all known s-shell
hypernuclear data, represents a unique tool to describe within a unified interaction
model all s-shell A-hypernuclei and thus addresses both Ann and 3H* in connection
to the remaining s-shell hypernuclear systems. To the best of our knowledge, we
performed the first continuum calculation of 3 H* and the first EFT continuum study
of both Ann and 3H*. We introduced a 3-body auxiliary attractive potential into
the #EFT Hamiltonian and studied the movement of the Ann or 3H* poles with
its decreasing attractive strength from a bound region into a continuum up to their
physical position (with no auxiliary potential). This procedure allowed us to identify

the nature of both states as well as their position in the hypernuclear continuum.

Further, we extended the LO 7#EFT representation of the hypernuclear single-
A interaction to strangeness S = —2 sector by constructing its double-A version.
One additional AA contact term was fitted to broad range of ay, scattering lengths
suggested by the analysis of AA correlation data [150], while the three-body AAN
contact term was fixed by the experimental value Bya(§,He) (Nagara event [213]).
Performing SVM calculations of few-body A < 6 s-shell AA-hypernuclei we investi-
gated the onset of the AA-hypernuclear binding.

Finally, we explored a possible application of the nuclear LO #EFT interaction to
p-shell nuclei. We constructed its SU(4)-symmetric version and performed few-body
calculations of selected light p-shell systems up to ®Be. In particular, we studied
evolution of the calculated ground state energies as a function of increasing value of
the #EFT momentum cutoff \.

Our self-consistent n-nuclear calculations revealed that only the GW nN in-

teraction model convincingly predicted the n°Li quasi-bound state, while the CS
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model yielded just bound n°Li only for one particular value of the momentum cutoff
A =4 fm™'. Taking into account the effect of 1 absorption described by Im(V,y)
we noticed a decrease of n-nuclear binding in all considered systems. We observed
substantial reduction of the calculated 7 separation energy B, in n*He but rather
negligible change of B, in 7*He and 7°Li. For n*He, the 1 meson was barely bound
even in the GW case which predicts the largest n/N attraction in the subthreshold
region among considered 7N interaction models [20-25]. In fact, the recent ex-
periment performed by the WASAQCOSY collaboration found no evidence for the
n*He quasi-bound state [46]. This suggests that the GW model, which firmly gives
quasi-bound n*He, likely overestimates the nN attraction. On the other hand, the
CS model which predicts n*He on the verge of binding seems to be more plausible.
It further indicates that neither n°Li is likely to form a quasi-bound state and the

onset of n-nuclear binding is shifted to heavier A > 6 nuclei.

In our study of A*-systems, we demonstrated that the binding energy per A*,
B/A, saturates for A > 120 and does not exceed 100 MeV. Consequently, the amount
of binding is not large enough to shift the in-medium A* mass below the mass of the
A(1116) hyperon and thus to ensure stability of A*-matter with respect to strong
decay. We illustrated that the saturation mechanism is a purely relativistic effect
which once neglected leads to a steep increase of B/A as a function of A in both

few- and many-body systems.

Using the LO #EFT nuclear and hypernuclear interactions we found that the
binding of the Ann and 3 H* systems is in serious disagreement with experimentally
observed properties of 4- and 5-body A-hypernuclei. Further, we predicted that Ann
exists in a form of a resonance which is located close to the A +n+n threshold. The
corresponding pole position depends strongly on the strength of the ANV interaction.
For some AN scattering length sets [e.g., NSCI7f and yEFT(NLO)]|, it might be
located in the fourth quadrant of a complex energy plane, i.e., it exists as a true
resonance with Re(F) > 0. In this case, the resonance energy most likely does not
exceed E, ~ 0.3 MeV and its width I' is rather large — 1.16 < I" < 2.00 MeV. For
weaker AN interaction strengths the Ann pole position moves into the third quad-
rant Re(E) < 0 and it corresponds to a subthreshold resonance (a virtual state with
width). Our prediction is directly connected to the ongoing Ann resonance search at
the JLab E12-17-003 experiment [272]. The 3 H* system is firmly predicted to exist
in a form of a virtual state in the vicinity of the A + ?H threshold. We demonstrated
that its near-threshold position enhances calculated s-wave A + 2H phase shifts in
the J™ = 3/2" channel. The predicted nature of the 3 H* system will be likely put to
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the test in the near-future JLab C12-19-002 experiment [273| which is currently in
its final stage of approval. The results of our 3 H* phase shift study played a key role
in the recent work [274] where it was pointed out that measuring the A + *H two-
particle momentum correlation functions in high-energy heavy-ion collisions might

be a valuable source of information about the underlying AN interaction.

In our study of the onset of AA-hypernuclear binding within the LO #EFT | we
found that the size of the aj, scattering length needs to be rather large, |axa| >
1.5 fm, to bind the 4, H hypernucleus. This seriously questions particle stability
of this system. The neutral AAn and AAnn hypernuclei were found unbound by a
wide margin. If any of these systems was observed it would call the sound Nagara
event § ,He into question. On the other hand, we found that particle stability of the

AAH hypernucleus is robust, which plays in favor of the upcoming ,5 H experiment
in the J-PARC facility (the P75 proposal [170]).

Starting with a LO #EFT interaction we found that binding of light p-shell nu-
clei could persist only for finite, rather small values of the regulator cutoff. Once the
cutoff increases and the interaction approaches the contact limit, systems become
unbound at a certain system-specific value of the cutoff. Indeed, our calculations
indicate that at LO it is not possible to sustain p-shell bound states when the theory
approaches the regularization group invariant limit. We found that the main source
of binding comes from the residual p-wave interaction at small cutoff values, which
once removed (projected out) yields unbound p-shell systems even for smaller cutoff

values.

Hadronic interactions at low and intermediate energies are not fully understood
yet. A theoretical study of mesic nuclei certainly deserves further attention. First,
the self-consistent treatment of these systems is still approximate and it would be
desirable to derive more accurate representation of the strong energy dependence
of meson-nucleon interactions in few-body systems. Second, it would be interesting
to perform calculations directly using coupled-channel potentials. Third, since the
existence of n-nuclear quasi-bound states in few-body systems seems to be rather
unlikely, it is topical to perform a detailed study of the continuum region. Hand in
hand with the issue of n-nuclei goes the theoretical study of K few-body systems

which could be performed using the same techniques.

Our investigation of s-shell AA-hypernuclei could be further extended by per-

forming comprehensive continuum calculations of unbound AAn, AAnn, and 4\ H
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systems within the LO #EFT . Recent experimental progress in AA femtoscopy (the
STAR and ALICE collaboration) [150,151,172,275| makes this work highly desir-
able. Indeed, such a study for an acceptable region of aj, scattering lengths could
provide a clarifying answer whether these systems could be observed in experiment.

In the current version of the LO hypernuclear #EFT ¥ and = degrees of freedom
entering through AN — XN and AA — ZN — XX couplings, respectively, are not
explicitly included but they are accounted for implicitly in two- and three-body
contact terms. They should be considered in future more detailed calculations.

We believe that a low-energy theory such as the #EFT is extremely useful in the
study of hypernuclear systems. In fact, rather small number of low energy constants
which can be directly constrained by experimental data make this theory highly
useful with respect to YEFT approaches where the large number of parameters
starts to be problematic. Consequently, it is highly desirable to contribute to the
further development of the #EFT formalism, more precisely, to study its extension
to higher orders - NLO and N2LO in few-body systems. An interesting task would be
to incorporate a non-zero effective range. Another important topic is the extension
of a #EFT to p-shell nuclear systems. In particular, one should be able to describe
possible binding of the lightest stable p-shell nuclei °He and ®Li. Since the A hyperon
binds to the nuclear core predominantly in s-wave, a correct description of the
nuclear core would allow to directly proceed to p-shell hypernuclear systems. Rather
strong confirmation of future studies would be to reproduce stabilization of the
nuclear core *He by the presence of A (with By (§He) &~ 4.18(10) MeV [112]).

To summarize, we demonstrated in this thesis that current theoretical progress
allows to apply highly reliable few-body techniques to the study of various bound and
unbound hadronic systems. However, the few-body code developed here is versatile
enough and can be directly employed in various few-body systems exceeding the

scope of this work, e.g. in atomic physics or quantum chemistry.
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List of abbreviations

ACCC
AG

AY
CLD
ChPT
CSB
CSM
DMC
DVR-FV
EFT
ERE
FE-CS
GVR
IACCC
HO
LEC

LO, NLO, N2LO, ...

#EFT
QCD
RMF

Analytic Continuation in the Coupling Constant
Afnan-Gibson

Akaishi-Yamazaki

Continuum Level Density

Chiral Perturbation Theory

Charge Symmetry Breaking

Complex Scaling Method

Diffusion Monte Carlo

Discrete Variable Representation in Finite Volume
Effective Field Theory

Effective Range Expansion

Faddeev equations with Complex Scaling

Global Vector Representation

Inverse Analytic Continuation in the Coupling Constant
Harmonic Oscillator

Low Energy Constant

Leading Order, Next-to-Leading Order,
Next-to-next-to-Leading Order, ...

pionless Effective Field Theory

Quantum Chromodynamics

Relativistic Mean-Field
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SVD-CAP Slow-Variable Discretization coupled with Complex
Absorbing Potential
SVM Stochastic Variational Method
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Appendix A

Matrix elements

In this appendix, we comment on calculations of matrix elements in a correlated
Gaussian basis (3.15). It is to be stressed that we do not present here full derivation
leading to specific analytical expressions, which have been already thoroughly given
in Refs. [219,225|. As illustrated in Subsection 3.2.1, the cornerstone of the SVM is
a step-by-step stochastic selection of appropriate basis states which are being tested
on a calculated bound state energy. Consequently, corresponding matrix elements
which enter either the overlap N or Hamiltonian H matrices (3.26) have to be

calculated many times in each step and their efficient evaluation is thus crucial.

Although we study few-body systems composed of different particles interacting
via various potentials, we will give here as an example of two-body interaction terms
the NN force which has the most complicated structure among those applied in our
calculations (NN, nN, A*A*, AN, AA). We consider the NN two-body interaction

between particles k and [ in the form

Vi =Ve(ri) + VE (ri)(0n - 00) + VI (1) (Ti - 70) + VI (1) (01 - 00) (T3 - 1)

+{Vr(ra) + Vi (ri) (Te - 71) } S+ {Vis(ra) + Vig(ri) (7o - 71) } (L S)as
(A1)

where V(ry), n={-,0,7,07}, m = {c, T,LS} are radial functions which depend
on the relative distance ry; = |ry — r;| between particles k and [ . The o) and Ty
denote Pauli matrices in spin and isospin space, respectively. We consider only the
central (c), tensor (T), and spin-orbit (LS) interaction while the quadratic orbital
momentum ~ L?,, quadratic spin-orbit ~ (L-S)?,, and charge dependent terms were

not taken into account.

The expression (A.1) is rather general. We stress that different representations
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MATRIX ELEMENTS

of the NN interaction using either

Pi=glt(oo)l,  Pa=g [+ ), (A2)

where Pg (Pf,) is the spin(isospin)-exchange operator or

_ 1 _ 1
szz_ozzl[l—(ak'al)L 7’151_0:1[1—(7‘1«7‘1)],
_ 1 _ 1
P Zz[3+(0k'01)]7 Pt 21[3+(Tk'7l)]a (A.3)

where P5=0, PI=0 PS=1 and P/=! are projectors into spin-singlet, isospin-singlet,
spin-triplet, and isospin-triplet channels, respectively, can be easily transformed into
the form (A.1).

In order to facilitate the calculation of matrix elements we express the spatial
and spin part of each operator term considered here using an appropriate spherical
tensor of rank k. The identity 1 and kinetic energy T} are spherical tensors of rank
xk = 0. The same holds for the central interaction - the radial part V (ry;) and the

spin-dependent term (o - 0;). The tensor force Sy; can be expressed in the form
Skl = 3(0’1 . f“kl)(ak . f'kl) — 00 =V 2471 [Yé(f'kl) X [O'k ®0’l]2]00, (A4)

i.e. as a coupled product of the spherical harmonics Y5, (f);) of rank x = 2 (spatial
part) and the spherical tensor [oy ®al}2M of rank kK = 2 (spin part). Here, u =
—R, ...,k denotes different spherical tensor components, t; = (ry —r;) /1%, and [®]
is a coupling through Clebsch-Gordan coefficients. The spin-orbit interaction can

be transformed from its cartesian form into a spherical basis as
(L - S)r = —V3 Ly ® Siilg » (A.5)

where both Lj; and Sy; are now spherical tensors of rank x = 1. Consequently, each

operator term O discussed here so far! can be uniformly expressed as

O = [Olgspatial) ® O[({spin)} 00 O(isospin)' (A6>

LAll operator terms mentioned in this appendix have spatial, spin, and isospin components.
If any of these components is not explicitly given, we assume that there is an identity operator
1 acting in the corresponding spatial, spin, or isospin space (e.g. 1 = 1 (spatial) 7 (spin) 7 (isospin)
T = T ]l(spin) IL(isospin)’ ch(rk:l) = ‘/C(Tkl) ]l(spin) IL(isospin), etc.).
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Matrix elements in the correlated Gaussian basis (3.15) can then be factorized as

W’éu‘sz’)JﬂMJ IMI‘O’ngJ'Sj)Jﬂ’MJ IM1> =

_ < Spatlal ‘ ® < (Spln)@ [O,(fpatial) ® O,(:pm ]00 [’w(spatlal > ® |w (spin) >

JM; JM;

(Wingy ™ QU0 [y —

— ( spatlal HO (spatial) Hw spatlal)) ( (spln HO spln)Hw Splﬂ ) < Ili;lspln |O(1sosp1n ’w[ﬁjpm)>

L s J L s
2. 2

M iMg; My Mg; _MLi MSZ' MJ MLJ MSJ' MJ
Z yoou | L kL STk S
Vv 2"1 MLj 12 MLi Msj 12 Msi

_ ( spatlal ||O(5patla1)||1/) spatlal)) ( (spln ||O 5pm)||¢ spln ) < Il]s\‘./c[)spln |O(lb%pm |77/J 1sosp1n)>
I

D(sz Sla LJ? Sj? J7 MJ7 ’i)a
(A7)

where we have for simplicity omitted (A’ u},u}; x) with respect to our notation
for a basis state used in Eq. (3.15). The D(L!,S*, L7, S7, J, My; k) term represents
summation over different Clebsch-Gordan coefficients [ | and it is independent of
reduced matrix elements ( || || ) which were obtained by applying the Wigner-Eckart
theorem

. . Kk J , .
(J'Myi|Oppl J? M y5) = (J'|Ox]] 7). (A.8)
gi o My

It is apparent from Eq. (A.7) that matrix elements are non-zero only if |7 — k| <
L' < |L7+ k| and |S7 — k| < S* < |57+ k. Since randomly selected or stochastically
optimized continuous parameters in A’, u!, u} enter only the spatial part, the spin
and isospin parts together with D are calculated just once before the whole SVM

procedure - this considerably reduces the computational effort.

The factorization presented in Eq. (A.7) is general and it is applied to all two-
body XY € {NN,nN, A*A*, AN, AA} interactions considered here. As discussed in

Subsection 3.1.2 we distinguish between particle species using the isospin part of the
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basis state z/JzSOSp " Consequently, for systems composed of different particle species
we supplement two-body XY interaction terms with a projection operator in the
isospin space
1 ifkl~XY
Py = (A.9)

0 otherwise

which yields a non-zero isospin matrix element in Eq. (A.7) only if kl particle pair in
1#3‘?\04‘9[’9 " is associated with one particle of type X and one particle of type Y (which
is denoted by ’~’).

In our work, we consider only a central three-body potential among particles k,

[, and m with a spatial part in a Gaussian form

Viim = dZe B T“Hlm (A.10)

cyc

where d and A are real parameters representing the amplitude and width of the
Gaussian potential, respectively. The cyclic sum chc stands for summation over
different orders of particle indices Vi — Viim + Vinkt + Vimk. As the spin part we

use either identity or one of the projectors

Q5 = 3 (01 01) ~ (01 00) ~ (0 a)].
S=3/2 _ é 34 (0% 01) + (01 0w) + (@0 - )] (A1)

into the spin S = 1/2 or S = 3/2 three-body channels. The isospin dependent
three-body operators are applied only to the NNN force

Qi = L3 (ry 1)~ (r1 T) — (7))

6
_ 1
=32 G B+ (T -T1) + (70 To) + (T - T2)] (A.12)

where Qé;i/ 2 and Qi;i/ % are projectors into the isospin [ = 1/2 and [ = 3/2
three-body channels, respectively.

Both the spatial (A.10) and different spin (A.11) parts of the central three-body

potential are spherical tensor operators of rank x = 0. Matrix elements of Q,fl,:nl/ 2

Qf;j 2 Qil:ni/ ? and Qél:nf/ ? can be easily evaluated through (o;-0;) and (7;-7;) matrix
elements. Since we are aware only of published matrix elements for a Gaussian
three-body potential (A.10) with the total orbital momentum L = 0 [198] and thus

without GVR (3.13) we present here a full analytical expression for L > 0 matrix
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elements for natural parity (7 = (—1)) basis states applied and benchmarked (see

Appendix C) in our study

<¢Li<Ai7 uia ué)|ei/\7(7ﬂil+r12m) |¢Lj (Aj7 ll{, uj2)> -

L (@mN I det(C) 3/2
 (4np? ( det(B) > (det(0+)\2/2 ]1)> QL+ (A13)

detC (I)TCTY 4+ A2/2 (I)TCCTd\ ©
det(C' + A2/2 1) ’

(Pij —(M)Ter +

where ' = [ = [ and

B= A+ Al pi = (u})" Buj

we = Uy = U," I, = (w*)TB~u]
% ki li ﬁ ( ) 1 (A14)
P=Up = Un Ii = (w*) B '

with the matrix U defined in Eq. (3.6).

For systems with more particle species we distinguish between different XY Z €
{NNN,ANN,AAN} three-body interactions by applying a projector in the isospin
space

1 if kim ~ XY Z
W = (A.15)

0 otherwise

which is just a direct extension of its two-body P3Y equivalent (A.9). It yields
non-zero isospin matrix element in Eq. (A.7) only if klm particle triplet in w;sj\'zp o
is associated with one particle of type X, one particle of type Y, and one particle

of type Z.
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Appendix B

Two-body system and poles of S-matrix

A two-body system of point-like particles with masses m; and my interacting via

spherically symmetric potential is described by the Schrédinger equation

{h2 [ @ Ut

ol ar e

:| —I—V(T)}\IJZUC,T) :E\Pl(va)7 <B1)

mi1msa
mi+ma

motion, and £ =

is the reduced mass, [ denotes the orbital momentum of relative
k2
2u
The wave function W;(k,r) of Eq. (B.1) regular at 7 = 0 then has the asymptotic

form [230]

where p =

is the total energy corresponding to the relative momentum k.

Uy (k,r) — % [fi(k)hy (kr) — fi(k) R (k)] hiE(kr) — e5ikr=in/2)] (B.2)

where f;(k) is the Jost function and hi(kr) stand for spherical Ricatti-Hankel func-
tions. The first term of the asymptotic form represents an incoming wave and the
second one an outgoing wave. Consequently, f;(k) and f;(k)* can be understood
as corresponding asymptotic amplitudes of the incoming and outgoing part, respec-

tively. The S-matrix is then expressed as

ARy
£i(k)

and its poles are related to zeros of the Jost function f;(ko) = 0. Here, we assume

Si(k)

(B.3)

that the Jost function has good analytic properties and can be evaluated for given
k. Once the relative momentum approaches the position of a pole ko, fi(k) goes to

zero and the asymptotic behavior of the wave function (B.2) is given by the outgoing

123



TWO-BODY SYSTEM AND POLES OF S-MATRIX

term

lim Wy (k,r) = Uy (ko, ) — fi(ko)* e (B.4)

k*}ko

For Im(ky) > 0, the wave function (B.4) decreases exponentially and W;(ko, )
is a normalizable solution of Eq. (B.1). It corresponds to an eigenstate of the
Hamiltonian H with energy E = % Since H is hermitian, the energy E is real,
which implies that ko has to be purely imaginary. Poles with Im(k) > 0 are then
located only on the positive part of the imaginary momentum axis and correspond
to bound states.

The situation is rather different for poles with Im(ko) < 0 which do not cor-
respond to normalizable solutions. For Re(ky) = 0, the wave function increases
exponentially - this type of solution is in general referred to as a wvirtual or anti-
bound state due to its opposite asymptotic behavior with respect to a bound solution.
Once the pole moves from the negative part of the imaginary momentum axis to
the third quadrant of the complex momentum plane (Re(k) > 0; Im(k) < 0), the
asymptotic part (B.4) starts to oscillate. Its form ~ exp{iRe(ko)r}exp{—Im(ko)r}
corresponds to an outgoing wave with an exponentially increasing amplitude which
can be interpreted as a decaying state [231]. This type of an S-matrix pole is called a
resonance. Due to the Schwarz reflection principle, the Jost function satisfies relation
fi(k) = fi(=k*)* |230]. Consequently, each resonance pole kg = Re(ko) + ilm(ko)
is accompanied by another pole called an anti-resonance at the position —kj =
—Re(ko) + ilm(ko).

The positions of bound state, virtual state, resonance, and anti-resonance poles

in the complex momentum plane (k-plane) are illustrated in Fig. B.1 (left panel).

k2
24

is shown on the right panel. The transformation from £ to E is in fact two-to-one and

The corresponding complex energy plane (E-plane) related to the k-plane as F =

the E-plane has two Riemann sheets. The first sheet called physical represents the
upper half of the k-plane (Im(k) > 0) with bound state poles whereas the second
nonphysical sheet corresponds to the lower half (Im(k) < 0) with virtual states,
resonances, and anti-resonances.

Resonances are often interpreted using a time-dependent wave function (B.4)

iRe( £ Im (£,
lim U(k,r; t) ~ W (ko,7) exp {—Mt} exp{ m( O)t} : (B.5)
k—ko h h

where Ej is the complex resonance energy corresponding to the complex momentum
ko. For resonant poles Im(Ejy) is negative and the corresponding amplitude decreases

exponentially with time. This can be associated with the finite lifetime 7 of such a
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10.0 3
V¥ bound state v V¥ bound state
7.5{ M virtual state B virtual state
O resonance v 2 O resonance
5.0 anti-resonance anti-resonance
T
v — 1
E 25 S
— [0}
i =
0.0 = O0r—¥v = v
g LR 5 s
X /, \\ =
< -25 I E |
E ,,/ \\\ o -
- _5.0 ,/, \\\
7/ N
,,/ \\\ _2 O
-7.5 ,,/ \\\
10.0 3
U210 -5 0 5 10 =4 -3 -2 -1 0 1 2

Re(k)x1073 [fm~1] Re(E) [MeV]

Figure B.1: Position of bound state, virtual state, resonance, and anti-resonance
poles in the complex momentum plane (left panel) and their corresponding positions
in the complex energy plane (right panel). The transformation between k-plane and
E-plane is performed using £/ = % where p=1 MeV. The green dashed line indicates
border of the subthreshold resonance region 0 < |Re(k)| < —Im(k) denoted by green
shaded area.

state [276]
h 2h

Im(E,) T

where I" is a width of the resonance. The complex resonance energy is then usually

(B.6)

written in a form

r
Ey=E, —i—,
2

where FE, stands for the resonance energy referring to its real part Re(Ey).

(B.7)

A rather interesting phenomenon are S-matrix poles with Im(ky) < 0 (resonant or
anti-resonant) which satisfy condition 0 < |Re(ko)| < —Im(kq) presented in Fig. B.1
by green shaded area. Corresponding complex energies Fy have then a negative
real part, consequently, this type of poles is sometimes referred to as a subthreshold
resonance or a virtual state with width. To the best of our knowledge, there is no solid
physical interpretation of such resonances, nevertheless, they are in general regarded
as nonphysical, i.e. they are not considered as physically observable resonances
with certain lifetime. However, their existence can still influence experimentally
observable quantities such as scattering phase shifts. As an example we give a
diproton spin-singlet case with an estimated s-wave pole at Ef¥ &~ —0.14—10.47 MeV

enhancing near-threshold p — p phase shifts [231,277]. Throughout this work we
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implicitly consider resonances with Re(E) > 0, if not mentioned otherwise.

The effect of a resonance can be experimentally observed in two-body scatter-
ing, more precisely, in scattering phase shifts and cross sections. For a small in-
terval around the resonance position E, corresponding phase shifts §(F) can be

decomposed into a slowly varying background d,,(£) and a resonant contribution

or(E) [230] L2
E—-E,

Consequently, a resonance pole close to the real energy axis manifests as a sudden

0, (F) = —arctan (B.8)

increase in §(F) by 7 with its center at §,(E,) = w/2. The increase is sharper with
smaller " while for a large width (resonance pole farther from the real energy axis)
d,(E) contributes over wider range of energies and 0,(E,) can be outweighed by
dhg(E). It is to be noted that there is no unique correspondence between experi-
mentally observable phenomena in scattering phase shifts and a resonance as zero
of the Jost function [230]. Poles far from the real axis can hardly have noticable
effect on 0(E) and on the other hand, there might exist resonant-like phase shift
phenomena without any zero in f;(k). Moreover, a near-threshold virtual state can
exhibit similar effect on two-body scattering as a resonance. To conclude, careful
interpretation of experimental phase shifts, preferably connected with underlying

theoretical models, is desirable.

It is highly useful to connect the position kg of near-threshold poles with proper-
ties of the scattering amplitude F;(k) at low momenta. From the relation between

Fi(k) and S(k)
Sl(k) -1 101 (k)sind; (k)
21k L

we obtain that S-matrix poles manifest themselves as poles of the corresponding

Fi(k) = (B.9)

scattering amplitude. Using the s-wave (I = 0) effective range expansion (ERE) up

to k2 .
kcotgdy = _E+gk2+”" (B.10)

where a is the scattering length and r is the effective range, we can approximate the

amplitude Fy(k) in the near-threshold momentum region as

B 1 1]

The amplitude has then two poles and their position kg is given by the first two
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Table B.1: Classification of s-wave primary pole k, (B.12) as a function of the
scattering length a and effective range r.

Bound state a>0, r<a/2
Virtual state a<0, r>0

a<0, r<0, a<2r
Virtual state with width a <0, r<0, 2r<a<r

(subthreshold resonance)

Resonance a<0, r<0, r<a

parameters of ERE - the scattering length and the effective range

i

+ _
ky = -
r

2
1+ 1——1. (B.12)
a

A detailed study of both primary k; and conjugate kj poles as a function of a
and r was performed in Refs. [278,279]. The primary pole is located closer to the
physical scattering axis (Im(k) = 0, Re(k) > 0) and it has the main affect on the
corresponding scattering amplitude Fy(k) [278|.

In Table B.1, we present classification of the primary pole k; as a function of
the s-wave scattering length a and effective range r based on Eq. (B.12). While the
bound state option is clearly related to a > 0, the a < 0 case allows three different
scenarios - a virtual state, a virtual state with width, and a resonance. Moreover, it
is apparent that just from the knowledge of a scattering length itself one can deduce
only the bound or unbound characteristics of a pole. In fact, taking into account only
the first term of ERE (B.11) one obtains the pole position ky = i/a, consequently,
finer classification of an unbound case requires knowledge of an effective range. Both

resonances and virtual states with width appear only for r < 0.

The most striking difference between a two-body system and a few-body case is
the existence of various thresholds. Already at 3-body level, a system consisting of
particles a, b, and ¢ might have three different 2-body thresholds associated with
corresponding 2-body continua - (ab) + ¢, (bc) + a, and (ac) + b where () stands
for a bound two-body subsystem. Moreover, there is a 3-body threshold a + b + ¢
connected with the 3-body continuum. Consequently, abc S-matrix poles can have
in principle different structures predominantly affecting only a certain part of the
corresponding continuum. In order to distinguish different resonant characteristics

we adopt notation Ny + Ny + --- + N,,, where m stands for the number of bound
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subsystems inside a few-body resonance and {N;,i = 1,...,m} are the numbers of
particles in each subsystem.

The presence of few-body S-matrix poles associated with two bound subsystems
could be revealed in scattering experiments measuring two-body phase shifts and
cross sections. In this specific case conclusions of our discussion concerning the effect
of two-body S-matrix poles on scattering observables can be applied as well. As an
example the resonant 07 ground state of ®Be can be viewed as a near-threshold
a + « (444) resonance which dominates elastic s-wave o — « scattering at low
energies [280]. Another example is the s-wave A scattering off 2H dominated by
the weakly bound hypertriton ground state in J™ = 1/2% channel and a possible
(2-+1) near-threshold excited state in J™ = 3/2% channel studied in this work [147].
In the case of more than two bound subsystems different experimental techniques
have to be employed. For example, the measurement of photodisintegration cross
sections of the ?Be(,n) 2 “He reaction reveals sharp peak just above the *Be + n
threshold, which was then used in subsequent theoretical works [251,281] to address
the nature of the first excited 1/27 state of Be. These studies led to the conclusion
that the 1/2% state exists as the ®Be + n virtual state rather than the a + a + n
(4+4+1) resonance. Another example is the experimental search for a possible Ann
(1+1+1) hypernuclear resonance which should be produced in *H(e, ¢/ K) A reaction

and visible in the corresponding A missing mass spectrum [272].
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Appendix C

Benchmark calculations

We test our recently developed SVM code extended with the CSM and TACCC
methods to few-body continuum using series of benchmark calculations. In the
first part, we present SVM calculations of few-body bound states using several phe-
nomenological as well as realistic potentials. In the second part, we show benchmark
IACCC and CSM calculations of few-body resonances.

It is to be stressed that the factorization (A.7) appears crucial in SVM calcula-

tions with realistic potentials which would not be numerically feasible otherwise.

C.1 Bound states

We demonstrate correctness of our SVM code calculating properties of few-body
nuclear ground states - 2H, 3H, 3He, and *He for four different interaction models
with the Coulomb interaction included - the Minnesota with v = 1 parameter (Minn)
[227|, Argonne V4’ (AV4’) [282], Argonne V8 (AVS8’) [283], and Gaussian soft core
G3RS [229] two-body potentials. For G3RS we omit L? and (L.S)? terms. We
made this specific choice since all our results up to AV4’ can be directly compared
with detailed calculations presented in Ref. [225] (see Tables 1 and 2 in that work)
which were obtained using the same method - SVM with the correlated Gaussian
basis with GVR (3.15). While the Minn and the AV4’ potential consider only the
central interaction the AV8 and G3RS include non-central tensor and spin-orbit
terms as well. Further, both AV4’ and AV8’ have a strong repulsive contribution at
short relative distances (hard-core), which can be challenging for their application
in few-body calculations.

In this subsection we use (fic)?/m = 41.47 MeV - fm? and e¢? = 1.440 MeV - fm.

In each calculation, we consider all possible (L,S) components (3.15) which can
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Table C.1: Results of SVM calculations of the 2H(J™ = 17) ground state using
different NN potentials. We show both the ground state energy FE and individual
contributions to £ - the kinetic term (7%) and the central (V;), tensor (Vr), and spin-
orbit (Vis) parts of the potential. The rms radius 1/(r?) and individual probabilities
P(L,S) to find considered (L, S) channels in the total wave function are presented
as well. For each calculation we give the number of basis states #basis used to
obtain converged SVM solution. All energies are given in MeV, rms radii are given
in fm.

Potential Minn [227] AV4’ [282] AVS&’ [283] G3RS [229]

H(1Y) FE -2.202 -2.245 -2.243 -2.277
(Tx) 10.490 11.419 19.885 16.479

(Vo) -12.692 -13.664 -4.458 -7.295

(Vi) -16.645 -11.461

(Vis) -1.024 0

(r?) 1.947 2.020 1.961 1.979

P(0,1) 100 100 94.223 95.220

P(2,1) 5.777 4.780

#basis 10 30 50 30

contribute to the total wave function of the J™ ground state. We also use a com-
plete set of possible spin and isospin configurations. Due to rather high amount
of numerical values presented here as well as very small discrepancies between our
results and those obtained in Ref. [225], we do not show specific values given in that
work. Instead, we make a general statement that for the 2H system the ground state
energy as well as other properties presented here slightly differ in the third decimal
place and for ®H, 3He, and “He in the second decimal place with respect to Ref [225].
We remind that within SVM we select basis states stochastically. This means that
although we use the same method as in Ref. [225] our basis sets are different which
is the reason of these small numerical discrepancies. For example, in Ref. [225] the
authors compared their *H, 3He, and *He SVM results using the correlated Gaussian
basis with either the GVR or orbital momentum part expanded into partial waves
(3.11) and they differed at the same numerical order (second decimal place). Iden-
tical level of precision was obtained in Ref. [224] comparing SVM results for *He

using the AVS8’ potential with other few-body techniques.
In Table C.1, we present our SVM results for the deuteron 17 ground state. We

show the calculated bound state energy E as well as individual contributions from

the kinetic and different potential terms (central, tensor, and spin-orbit) to E. The
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Table C.2: Results of SVM calculations of the H(J™ = 1/2%), 3He(J™ = 1/27),
and *He(J™ = 01) ground states using different NN potentials with the Coulomb
force included. We show the same ground state properties as in Table C.1 plus the
Coulomb contribution (Vo) to the ground state energy E. All energies are given
in MeV, the rms radii are given in fm.

Potential Minn [227] AV4’ [282] AVS’ [283] G3RS [229]
SH(LT) B -8.39 -8.99 777 7.74
(Ty) 27.21 37.20 47.60 40.29
(Ve) -35.60 -46.19 -22.51 -26.82
(V) -30.86 -21.18
(VLs) -2.00 -0.03
(r2) 1.71 1.67 1.76 1.79
P(0,3) 100 100 91.39 92.91
P(2,3) 8.55 7.04
P(1,1) 0.04 0.03
P(1,3) 0.02 0.02
#basis 400 400 400 400
SHe(1") E 771 -8.30 -7.09 -7.08
(Ty) 26.69 36.43 46.66 39.47
(Ve) -35.07 -45.42 -21.99 -26.25
(Vooul) 0.67 0.69 0.65 0.64
(V) -30.45 -20.91
(Vis) -1.96 -0.03
(r2) 1.74 1.69 1.79 1.82
P(0,1) 100 100 91.44 92.95
P(2,3) 8.50 7.00
P(1,3) 0.04 0.03
P(1,3) 0.02 0.02
#basis 400 400 400 400
‘He(0") E -29.95 -32.06 -25.10 -25.29
(Ty,) 58.09 86.86 101.64 86.94
(Ve) -88.88 -119.76 -54.94 -66.22
(Vooul) 0.83 0.84 0.77 0.76
(Vr -67.90 -46.64
(VLs) -4.65 -0.13
(r2) 1.41 1.39 1.49 1.51
P(0,0) 100 100 85.77 88.45
P(2,2) 13.87 11.29
P(1,1) 0.36 0.26
#basis 400 400 800 600
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root-mean-square (rms) radius and probabilities of considered (L, S) components in
the ground state wave function are presented as well. The calculated 2H ground
state energy for AV4’ can be compared to the results given in Ref. [284] for several
few-body models - their predictions yield £ = —2.245 MeV, which agree with our
SVM calculation. In the same work one can also find the 2H ground state energy for
AV’ which slightly differs from our result. On the other hand, more detailed study
for the same system with AV8’ in Ref. [285] shows remarkable agreement with our

predictions.

Results of our SVM calculations of the 3H, *He, and *He ground states are
given in Table C.2. Again, we present the same quantities as in the deuteron case.
For AV4’, the predicted *H ground state energy agrees with results presented in
Ref. [284]. We did not find any numerical result for the He system with AV4’
including the Coulomb interaction, consequently, we compare calculated ground
state energy with no Coulomb force ' = —32.89 MeV with the equivalent result
given in Ref. [284].

Three-body force

Benchmark calculations of a three-body force are performed using "toy" nuclear-
like few-body systems composed of fermions with nucleon mass m = 938.858 MeV

interacting with two- and three-body potentials

A2 o
_ -y
V=G Y e i,

i<j

Vo= Dy 30 S e 0,

1<j<k cyc

(C.1)

where Cy = —337.616 MeV, D3 = 244.626 MeV, and A = 2 fm~!. Calculated SVM
binding energies for several systems are compared with results obtained using the
Diffusion Monte Carlo (DMC) technique in Table C.3 - one can see good agreement
with respect to the DMC results. While for the 3H-like system we use correlated
Gaussian three-body potential matrix element with total orbital momentum L = 0
where no global vectors (3.13) are required, ®*n- and *Li-like systems have L = 1 and

global vectors (3.13) are included.
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Table C.3: Calculated ground state energies of several few-body systems using either
our SVM code E(SVM) or DMC method E(DMC). All calculations are performed
using potential in Eq. (C.1) and considering just one (L, S) component in the cor-
responding correlated Gaussian basis (3.15). All energies are in MeV.

System  (L,S) E(SVM) E(DMC) [207]
2H(1Y)  (0,1) -87.90

n(1/27)  (1,1/2) ~104.30 -104.26
SH(1/2%)  (0,1/2) -198.37 -198.32
ALi(17) (1,1 -215.56 -214.90

C.2 Resonances

We benchmark our CSM and TACCC codes by calculating resonance positions
in two different three-body systems studied in previous works. The first system
has one 3-body bound state and one 2+1 resonance ( with 2-body bound state).
The second system is borromean with no bound state and one 1+1+1 resonance in
the three-body continuum. In both cases, we perform rather detailed comparison
between IACCC and ACCC results. We also discuss stability of our continuum
calculations, more specifically, we show residual dependence on the complex scaling
angle § (CSM) and degrees of the Padé approximant (IACCC and ACCC method).

2-+1 resonance

A model system of three identical bosons with mass m = 939 MeV interacting

with the two-body s-wave potential

V(r) _ ‘/1670'27“2 + %670.01(%5)27
Vi = —55 MeV, (C.2)
Vo =1.5 MeV

was used in several works in order to benchmark few-body resonance methods. Re-
sults of previous studies using different few-body techniques - the Faddeev equation
with complex scaling (FE-CS) [244, 286|, the slow-variable discretization coupled
with a complex absorbing potential (SVD-CAP) [287|, and the discrete variable
representation in finite volume (DVR-FV) [288]| are summarized in Table C.4. It
was found that potential (C.2) supports one two-body and one three-body bound

state plus one three-body 241 resonance existing just few hundred keV above the
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Table C.4: Collected results of a 2- and 3-body system of identical bosons with the
nucleon mass interacting with s-wave potential (C.2). We show the 2-body ground
state, 3- body ground state, and 3-body (2+41) resonance energy Fsp, Fsp, and
E(resonance), respectively, calculated using different few-body techniques. In some
cases ground state energies were not presented in corresponding papers. Only the
real part of the resonance is given in Ref. [288]. All energies are in MeV.

Model Eop Esp E(resonance)
FE-CS [286] 15.9525 - i0.4034
FE-CS [244] 676  -37.22 596 -i0.40
SVD-CAP [287] -37.35 531 -i0.12
DVR-FV [288]  -6.756(1) -37.30(5) -5.32(1)

two-body threshold. It can be noticed that while the above mentioned works agree
on bound state energies, the resonance positions differ. In fact this dichotomy
with respect to FE-CS results was firstly pointed out by Blandon et al. [287] us-
ing SVD-CAP method where it came out as a surprise since the other benchmark
calculations presented in their work agreed. Moreover, the other study using DVR-
FV method [288] yielded the resonance energy in agreement with [287] and thus
questioned the FE-CS results [244,286].

Using SVM with the correlated Gaussian basis we obtain two-body bound state
energy Fog = —6.754 MeV and three-body bound state energy Fsg = —37.245 MeV,
which is in reasonable agreement with the results of previous works given in Ta-

ble C.4.
In order to calculate the position of the 2+1 resonance within the TACCC method

we introduce an additional three-body attractive potential

‘/?)IACCC d Z Zeif r? +r (C3)

i<j<k cyc

where A = 1 fm™! and the strength parameter d is negative for attraction. In
fact, the introduction of the three-body potential simplifies our study since the
two-body bound state energy FEsg does not change with d and the corresponding
two-body threshold remains at the same position. By increasing attractive strength
of the auxiliary potential (C.3) the 2-+1 resonant pole moves towards the two-body
threshold and at dy ~ —11.545 MeV a bound excited state emerges in addition to
the ground state.

Applying the SVM we calculate M + N + 1 bound excited state energies E; for
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Figure C.1: Calculated 2+1 resonance positions for different strengths d of auxiliary
potential (C.3) using either CSM (crosses) or IACCC method (dots). For CSM we
present resonance positions which correspond to the most stationary point of respec-
tive f-trajectory. IACCC solutions are obtained using Padé approximant (3.34) of
degree (12,12). Calculated CSM and TACCC resonance positions with no auxiliary
potential (d = 0) are in blue color.

different d; < dy and we construct a Padé approximant of degree (M, N) (3.34) using
the SVM solutions {d;(k;); i = 1,..., M+N+1}. Here, k; = —ik; and k; is the excited
state momentum with respect to the nearest 2+1 threshold k; = /2u(E; — Eqp)
where p is the reduced mass in 241 decay channel. Corresponding TACCC pole

positions are then obtained as roots of the polynomial equation (3.35).

CSM resonant solutions are obtained using an appropriate basis of correlated
Gaussians, more specifically, we select corresponding basis states applying the HO
trap technique described in Section 3.3.2. We find that already for the trap length
b = 30 fm, CSM solutions stabilize and do not change with increasing b any further.
We perform CSM calculations for several strengths d of the auxiliary potential (C.3)
using different values of the complex scaling angle # ranging from 1° up to 45° with

1° step. For each d we search for the corresponding 2-+1 resonance #-trajectory
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Figure C.2: 241 resonance #-trajectory (Im(6)=0; black solid line) and S-trajectories
(colored dotted lines) showing movement of corresponding E(6) as a function of ¢
in the complex energy plane. [-trajectories are presented for several different Re(6)
changing Im(6) from 0 to 0.22 radians with 0.01 step. While the red dot on the
f-trajectory indicates the position of its most stationary solution E(f.p = 14°),
the black cross indicates the estimated 241 resonance position of the true CSM
solution satisfying exact equality in Eq. (3.43). The shaded gray area then shows
the corresponding CSM error. The 241 resonance calculation is performed for d = 0
(i.e. with no auxiliary potential).

together with the most stationary solution E(fopt).

In Fig. C.1, we compare the calculated ITACCC 2+-1 resonance solutions using the
Padé approximant (3.34) of degree (12,12) and the corresponding CSM resonance
solutions obtained as the most stationary point of the #-trajectory for different
strengths d of VJACCC (C.3). One can see good agreement between both TACCC
and CSM resonance solutions. As the strength d of the auxiliary attractive potential
decreases the resonance position moves in the complex energy plane further from the
2+1 threshold. For d = 0 (blue marks) there is no auxiliary force and the calculated
resonance position is given only by the potential in Eq. (C.2).

We now focus on the case with d = 0 which can be compared with the previous
results summarized in Table C.4. Starting with the CSM we show in Fig. C.2 the
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calculated 0-trajectory with the most stationary point at 0., = 14° and several S-
trajectories for different Re(f). The true CSM solution satisfying exact equality in
Eq. (3.43) is located inside the gray area and its most probable position is marked
with the black cross. Taking into account both the most probable position and
error given by the shaded area we obtain the CSM resonance energy E(CSM) =
—5.3486(10) — i0.1168(10) MeV. Here, we constrained the true CSM solution using
p-trajectory with Re(#) = 9°. For f-trajectories with Re(#) closer to the Re(fopt) =
14° we did not get circular shape but unstable g-trajectories inside the gray shaded
area instead. We assume that this effect is related to the finite dimension of our basis
set which is able to sustain stable [-trajectory only up to a certain point. Circular
trajectories with Re(f) closer to the Re(f,,t) = 14° would have smaller radii and

thus the error of our CSM solution further decrease.

In Table C.5, we demonstrate stability of our TACCC 2+1 resonance energy
solutions with respect to different degrees (M, N) of the Padé approximant for d = 0
(no auxiliary force). For this particular point we present ACCC results as well. We
see that both IACCC and ACCC results agree, however, we observe that numerical
stability of ACCC solutions is slightly worse. In fact, it takes much more effort to
obtain stable ACCC solutions due to stringent requirement on precise determination
of the branching point dy which is used in the corresponding Padé approximant
(3.33). In particular, for this case of L = 0 system, dy does not correspond to
the dy value when continuum pole turns into the bound state FE(dy) = 0. Based
on the interaction the branching point is shifted further from dy (dy > do) [289]

and additional techniques have to be involved in order to determine its value (for

Table C.5: Stability of the 2-+1 resonance energy solution obtained using either the
IACCC or ACCC method with respect to increasing degree (M, N) of the Padé
approximant applied in analytic continuation. Presented resonance solutions cor-
respond to situation with no auxiliary potential (C.3). All energies are given in

MeV.

(M,N)  E(IACCC) E(ACCC)
(7,7)  -5.345-10.126 -5.409 - i0.157
(8,8) -5.346-10.127 -5.377 - i0.115
(9,9)  -5.354-10.127 -5.374 - i0.117

(10,10) -5.344 -i0.124 -5.318 - i0.123

(11,11) -5.345-1i0.122 -5.377 - i0.134

(12,12) -5.343-10.123 -5.387 - i0.122
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more details see [231]). On the other hand, for IACCC calculations the issue of
precise determination of dy is completely avoided, which leads to higher numerical
stability. Summarizing our IACCC and ACCC calculations for d = 0 we obtain the
2+1 resonance energy F(IACCC) = —5.34(1) — 1i0.12(1) MeV and E(ACCC) =
—5.4(1) — 1i0.12(2) MeV, where the corresponding error is estimated comparing
ITACCC or ACCC solutions obtained with different (M, N) ranging from (7,7) up to
(12,12). We conclude that our CSM, TACCC, and ACCC resonance solutions are in
agreement with the SVD-CAP [287| and SVD-FV [288] results given in Table C.4.

14+1+1 resonance

The second system tested in our benchmark calculations are three identical
bosons with (hc)?/m = 41.47 MeV.fm? interacting through the two-body poten-
tial

(¥

r

Vr)= Vie 4 gVae T,
Vi = —120 MeV, (C4)
Vo =3 MeV,

where the parameter g defines strength of the repulsive part. The system was studied
in [235] using mostly the same methods as in our work - SVM with the correlated
Gaussian basis extended with the CSM and ACCC method. It was shown that for
g 2 2.5 there is one 14+1+1 resonance while there is no two- or three-body bound
state.

Here, we supplement the potential (C.4) with the additional three-body interac-
tion (C.3) used in the previous 241 resonance calculations. Consequently, there are
two parameters g and d defining the strength of the two-body repulsive part and
three-body attraction, respectively. We perform two types of calculation: In the

VAACCC) we keep d = 0, following the work in [235], and we

‘/?)IACCC)

first case (referred as
consider g as the TACCC coupling constant. In the second case (referred as
we set g = 3 and we use three-body parameter d as the IACCC coupling constant.
For ¢ = 3, d = 0 both cases coincide having the same interaction, consequently,
corresponding ViACCC and VIACCC resonance solutions in this particular point have
to agree. Using the SVM we obtain for d = g = 0 a three-body bound state with
Esp = —15.733 MeV. Further, for VJACCC calculation the three-body system starts
to be unbound at gy &~ 2.498 whereas for ViACCC at strength dy ~ —3.625 MeV.

In Fig. C.3, we present 1 + 1 + 1 TACCC resonance solutions for the VACCC
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Figure C.3: Calculated 1+1+1 resonance positions for two different cases - V44
(red) and VFACCC (blue). For ViACCC we show IACCC solutions (dots) corresponding
to d = 0 (no auxiliary potential (C.3)) and different parameter g (C.4), while for
VAACCC we present IACCC solutions corresponding to g = 3 (C.4) and different
strength d (C.3). TACCC results are obtained using the Padé approximant (3.34)
of degree (13,13). Each IACCC solution is benchmarked against the corresponding
CSM resonance position calculated using the #-trajectory technique for the same
values of d and g (crosses). Resonance solutions are presented in the complex k =
v E-plane where E is the complex energy.

and VgACCC

case and different values of ¢ and d, respectively, in the complex k =
V'E - plane. Here, we use the k-plane in order to compare our results to those
in Ref. [235]. The IACCC results shown in the figure are calculated using the
Padé approximant (3.34) of degree (12,12). Corresponding CSM solutions k(6qpt),
obtained using the #-trajectory technique in the same way as for the previous 241
resonance calculation, are shown as well. Both the TACCC and CSM results agree
remarkably well. Moreover, the comparison of the VJACCC case with the previous
work [235] (see Fig. 3 in the paper) shows agreement for all VACCC resonant solutions
with different g. We see that for ¢ = 3, d = 0 both ViACCC and VJACCC TACCC

calculations yield the same resonance position.
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Detailed results for the 14141 resonance position corresponding to g =3, d =0

IACCC IACCC
Vs Vs

are presented for both and cases in Table C.6. Here, we show

comparison between the IACCC and ACCC methods as well as stability of their
solutions with respect to increasing degrees (M, N) of the Padé approximant. We
also give our result of the true CSM solution k(CSM) obtained using the S-trajectory
technique in the same way as for the previous 241 resonance calculation. We see

that all considered methods - TACCC, ACCC, and CSM yield remarkably close,

mutually consistent predictions of the resonance position.

Table C.6: Stability of the 1+1+1 resonance solution obtained using either the
TACCC or ACCC method with respect to increasing degree (M, N') of Padé approx-
imant. Presented resonance solutions correspond to a situation with d = 0 (i.e. no
auxiliary potential (C.3)) and the size of the two-body potential parameter g = 3
(see Eq. (C.4)). VJACCC stands for the set of solutions obtained by performing an-
alytical continuation in g, while VJACCC resonance solutions are calculated using
analytical continuation in d. The true CSM solution k(CSM) is shown for compar-
ison. All resonance solutions are presented as k = v/E where E is the resonance
energy. All results are given in MeV'/2,

(M, N) | k(IACCC, VJACCC)  E(ACCC, VJACCO)
(7,7) 1.6355 - i0.1241 1.6366 - 10.1249
(8,8) 1.6351 - i0.1244 1.6360 - 10.1248
(9,9) 1.6354 - 10.1241 1.6366 - 10.1246

(10,10) | 1.6349 - i0.1245 1.6359 - 10.1247

(11,11) | 1.6346 - i0.1248 1.6354 - 10.1249

(12,12) | 1.6351 - i0.1242 1.6350 - i0.1253

(13,13) | 1.6356 - i0.1242 1.6342 - 10.1259

(M, N) | k(IACCC, VJACCC)  E(ACCC, VACCO)
(7,7) 1.6351 - i0.1262 1.6344 - 10.1256
(8,8) 1.6352 - i0.1266 1.6348 - 10.1261
(9,9) 1.6350 - i0.1262 1.6344 - 10.1258

(10,10) | 1.6356 - i0.1268 1.6354 - 10.1265

(11,11) | 1.6347 - i0.1253 1.6318 - i0.1244

(12,12) | 1.6353 - i0.1267 1.6356 - i0.1293

(13,13) | 1.6348 - i0.1258 1.6357 - i0.1235

k(CSM) = 1.6349(5) - 10.1253(5)
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Onset of 7 nuclear binding
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Abstract. Recent studies of 7 nuclear quasibound states by the Jerusalem-Prague Col-
laboration are reviewed, focusing on stochastic variational method self consistent cal-
culations of n few-nucleon systems. These calculations suggest that a minimum value
Rea,y ~ 1 fm (0.7 fm) is needed to bind 1 *He (*He).

1 Introduction

The nN near-threshold interaction is attractive, owing to the N*(1535) resonance to which the s-wave
nN system is coupled strongly [1]. This has been confirmed in chiral meson-baryon coupled channel
models that generate the N*(1535) dynamically, e.g. [2]. Hence 5 nuclear quasibound states may
exist [3] as also suggested experimentally by the near-threshold strong energy dependence of the
1 3He production cross sections shown in Fig. 1. However, the 1 He scattering length deduced in
Ref. [4], a,spe = [-(2.23 £ 1.29) + i(4.89 + 0.57)] fm, although of the right sign of its real part, does
not satisfy the other necessary condition for a quasibound state pole: —Rea > Ima.
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Figure 1. Near-threshold 77 *He production cross sections. Left: dp — 1*He [4]. Right: v *He — n>He [5].

*Presented by A. Gal (avragal@savion.huji.ac.il) at EXA2017, Vienna, Sept. 2017

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).



EPJ Web of Conferences 181, 01011 (2018) https://doi.org/10.1051/epjconf/201818101011
EXA2017

Quite generally, experimental searches for 7 nuclear quasibound states in proton, pion or photon
induced 7 production reactions are inconclusive. Regarding the onset of 7 nuclear binding, Krusche
and Wilkin [6] state: “The most straightforward (but not unique) interpretation of the data is that nd is
unbound, 17 *He is bound, but that the 7 *He case is ambiguous." Indeed, with 7 >He almost bound, one
might expect that the denser “He nucleus should help forming a bound 7 *He. Nevertheless, a recent
Faddeev-Yakubovsky evaluation [7] of the scattering lengths a,p. for both He isotopes, A = 3,4,
finds this not to be the case, with the denser *He apparently leading to a stronger reduction of the
subthreshold 7N scattering amplitude than in *He.

The present overview reports and discusses recent few-body stochastic variational method (SVM)
calculations of pNNN and nNNNN using several semi-realistic NN interaction models together with
two 77N interaction models that, perhaps, provide sufficient attraction to bind 7 in the *He and “He
isotopes [8-10].

2 N and NN interaction model input

| | | | | | | | | | | | | | | | | | | | | | |
60 -40 20 0 20 40 60 60 -40 20 0 20 40 60
E-E, (MeV) E-E, (MeV)

Figure 2. Real and imaginary parts of the 7N cm scattering amplitude near threshold in two meson-baryon
coupled channel models: GW [11] and CS [12].

Figure 2 shows nN s-wave scattering amplitudes F,y(E) calculated in two meson-baryon coupled-
channel models across the 7N threshold where Re F,y has a cusp. These amplitudes exhibit a reso-
nance about 50 MeV above threshold, the N*(1535). The sign of Re F;,xy below the resonance indicates
attraction which is far too weak to bind the n/N two-body system. The threshold values F,y(Ey,) are
given by the scattering lengths

aSY = (0.96 +0.26) fm, aly = (0.67 + i0.20) fm, 0

with lower values below threshold (Ey, = 1487 MeV). These free-space energy dependent subthresh-
old amplitudes are transformed to in-medium density dependent amplitudes, in terms of which optical
potentials V,(,’p ‘(p) are constructed and used to calculate self consistently 7 nuclear quasibound states.
This procedure was applied in Refs. [13, 14] to several N amplitude models, with results for 1s,
quasibound states in models GW and CS shown in Fig. 3 from '>C to 2°8Pb,.

Figure 3 demonstrates that in both of these 7N amplitude models the 1s, binding energy increases
with A, saturating in heavy nuclei. Model GW, with larger N real and imaginary subthreshold am-
plitudes than in model CS, gives correspondingly larger values of B, and I',. While model GW binds
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Figure 3. Binding energies B, (left) and widths I’ (right) of 1s, quasibound states across the periodic table
calculated self consistently [13, 14] using the GW and CS 5N scattering amplitudes of Fig. 2.

1 also in nuclei lighter than '>C (not shown in the figure) this needs to be confirmed in few-body
calculations.
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Figure 4. Real and imaginary parts of the strength function b, (E) of the effective nNV potential ngy (E), Eq. (2),
obtained from the scattering amplitude F ,‘fNW (E) of Fig. 2 below threshold for four values of the scale A [9].

Few-body calculations, in distinction from optical model calculations, require the use of effec-
tive N potentials v,y which reproduce the free-space nN amplitudes below threshold. Fig. 4 shows
subthreshold values of the energy dependent strength function b (E) for v,y of the form

4 A\ A2
N (E: 1) = =3 —bA(E)SA (D), 5A(r)=(ﬁ) eXp(—T), 2)
1.

derived from the scattering amplitude F ,?NW (E) of Fig. 2 for several choices of inverse range A. The
normalized Gaussian function dx(r) is perceived in #EFT (pionless EFT) as a single n/N zero-range
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Dirac 6¥(r) contact term (CT), regulated by using a momentum-space scale parameter A. Regarding
the choice of A, substituting the underlying short range vector-meson exchange dynamics by a single
regulated CT suggests that the scale A is limited to values A < m, (~4 fm™1).

Similarly, a #EFT energy independent vyy(r) is derived at leading order (LO) by fitting a single
regulated CT ~ 6, (r) in each spin-isospin s-wave channel to the respective NN scattering length. A
pp Coulomb interaction is included. To avoid NNN and NN Thomas collapse in the limit A — oo,
one introduces a three-body regulated CT for each of these three-body systems [9]:

Vnn (i, 7ix) = dn OaTips Tit)s— Vn(Figs 1) = d,l,\NN OA(Fins 1), (3)

where 8 (rij, rjx) = 6a(rij)da(rjx). The three-nucleon CT dy, is fitted to Bex,(*He). With no further
contact terms, B.y.(*He) is found in this #EFT version [15] to vary moderately with A and to exhibit
renormalization scale invariance by approaching a finite value Ba_,.,(*He)=27.8+0.2 MeV that com-
pares well with Bey, (*He)=28.3 MeV. In contrast, no n-related experimental datum is available for the
nNN CT df]\NN to be fitted to. Two versions for choosing this CT were tested: (i) df]\NN = djyy» and (ii)
setting d,’;NN so that nd is just bound, i.e. B,(nd) = 0. Added to US:,V (E), one finds that each of these

versions prevents a potential collapse of 1d, with calculated values of B(14He) that for A > 4 fm™!
are nearly independent of the adopted version, as shown in Fig. 7 below.

3 Energy independent fEFT  nuclear few-body calculations
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Figure 5. Separation energies B, obtained in SVM calculations of n *He (left) and  *He (right) using #EFT NN
and 77N real interactions (2) fitted to values of a,y < 1 fm, plus a universal NNN and nNN three-body CT (3),

d;ly\zwv = dy - as a function of 1/A.

Fig. 5 shows 7 separation energies B, from #EFT SVM calculations of °He and 7*He using
energy independent nN potentials v,y(E=Ey; r) fitted to a given real values of a,y for a few values of
A. The figure suggests that binding 1 *He (17*He) requires that @,y > 0.55 fm (0.45 fm), compatible
with an effective value Re a;]N:O.48iO.05 fm derived for a nearly bound 7 *He [4]. For input values
of a,y higher than shown in the figure, beginning at a,y~1.2 fm, the calculated binding energies
B§:3’4(A > 4 fm~!) diverge, apparently since d becomes bound then at A=4 fm~! [8]. Qualitative
arguments in support of this nd onset-of-binding value of 4,y are given here in Appendix A.
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4 Energy dependence in 7 nuclear few-body systems

Having derived energy dependent nN potentials v,n(E; 1), see Eq. (2) and Fig. 4, a two-body sub-
threshold input energy § vs = E — Ey, needs to be chosen. However, 6 4/s is not conserved in the
n nuclear few-body problem, so the best one can do is to require that this choice agrees with the
expectation value ( § Vs ) generated in solving the few-body problem, as given by [10]

B 1 A-1 A-1)\
(6+Vs) = AT fNZ(TA> + Tan —&aéy (T) (T)). 4)

Here éngyy = mngy/(my + my), €a = Amy/(Amy + my), Ta and T, denote the nuclear and 7 kinetic
energy operators in appropriate Jacobi coordinates, B is the total binding energy, and &, = (H — Hy)
with each Hamiltonian defined in its own cm frame. Self consistency (SC), (5 v/s ) = 6 /s, is imposed
in our calculations, as demonstrated graphically in Fig. 6 (left). Applications of SC to meson-nuclear
systems are reviewed in Ref. [16]. For recent K™ -atom and nuclear applications see Refs. [17, 18].
More recently, Hoshino et al. [19] argued in a K~d study that by applying this procedure one violates
the requirement of total momentum conservation. In Appendix B here we show specifically for A = 2
that our choice of SC Eq. (4) is not in conflict with any conservation law.

Finally, we note that Eq. (4) in the limit A >> 1 coincides with the optical model downward
energy shift (supplemented by a Coulomb term) used in recent K~ atom and nuclear studies [17, 18]:

6V5) = —By 2 —enB, £ — enTy )P + £ Re V(G V), 5)
p 0 p
where Ty = (T4)/A = 23.0 MeV at the average nuclear density p, By = Bn./A =~ 8.5 MeV is an

average nucleon binding energy and B, denotes the calculated 7 separation energy. All terms here are
negative, thereby leading to a downward energy shift.
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Figure 6. Left: n*He bound state energy E (red, squares) and the expectation value (5 +/s) (blue, circles),
calculated using the AV4’ NN potential (denoted here AV4p), as a function of the input energy argument & /s of
the GW 77N potential with A = 4 fm~!. The dotted vertical line marks the self consistent output values of (5 /s)
and E. The horizontal dashed line denotes the calculated “He g.s. energy, marking the threshold of 1 binding.
The green curve shows the expectation value < Hy > of the nuclear core energy. Right: subthreshold /N energies
64/s = E — Ey, probed by the i nuclear optical potential as a function of the relative nuclear RMF density in Ca.
Each of the two curves was calculated self consistently for a particular /N subthreshold amplitude model.
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The SC procedure is demonstrated in Fig. 6 (left) for n*He binding energy calculated using the
AV4’ NN potential and GW 5N potential with A=4 fm~'. The *He bound state energy E (excluding
rest masses) and the output expectation value (5 v/s), where 6 +/s stands for the N cm energy with
respect to its threshold value Ey,, are plotted as a function of the subthreshold input energy argument
0 +/s of the potential ngy . The SC condition requires & /s = (5 /s) which is satisfied at —32.4 MeV.
The corresponding value of E((d v/s)) then represents the SC energy of n*He, with B2C = 3.5 MeV,
considerably less than the value B},h = 13 MeV obtained by disregarding the energy dependence of
U”G]y and using its threshold value corresponding to § /s = 0.

In Fig. 6 (right) we present the nN downward energy shift §v/s = E — Ey, as a function of the
relative nuclear density p/pg in Ca, evaluated self consistently via Eq. (5) in the CS and GW models.
The energy shift at pg is =55+ 10 MeV, about twice larger than the SC condition § v/s = —B,, applied in
some other works, e.g. [20]. The GW shift exceeds the CS shift owing to the stronger GW amplitude
of Fig. 2 and both were incorporated in the calculation of 1s, quasibound nuclear states, Fig. 3.

5 Results of 7 nuclear few-body calculations

Our fully self consistent NN, nINNN and nNNNN bound-state calculations [8—10] use the following
nuclear core models: (i) #EFT including a three-body contact term [15], (ii) AV4p, a Gaussian basis
adaptation of the Argonne AV4’ NN potential [21], and (iii)) MNC, the Minnesota soft core NN
potential [22]. Models GW [11] and CS [12] were used to generate energy dependent 7N potentials
which prove too weak to bind any 7NN system when using AV4p or MNC for the nuclear core model.
Calculated n separation energies B, are shown in Figs. 7 and 8.

20.0 T T 30.0 T — T
self-consistent m self-consistent m
dy/s=0 e 25.0 /// 0/s=0 e
15.0 ,, \ g
pE 20.0 %o :
> -7 ; k e
=100 Z15.0 \
= [} N _ = n
= NS 2100 el
5.0 \\ -
-m 5.0
N \.\l‘\f*I//
[ - oW TN ®
0.0 e 0.0 e
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
1/A [fm] 1/A |fm]

Figure 7. B,(n 3He) (left) and B,(n “He) (right) as a function of 1/A from #EFT few-body calculations [9] using
upy'» With (squares) & without (circles) imposing self consistency. Solid lines: dp; = dyyy» dashed lines: @),
ensuring that B,(nd) = 0.

Fig. 7 demonstrates in #EFT the moderating effect that imposing SC (red, squares) by using
vgly (Es), rather than using threshold values vgjy (Ew) (blue, circles), bears on the calculated B, val-
ues and their A scale dependence [9]. Near A=4 fm™!, imposing sc lowers B,(n 3He) by close to 5
MeV and B,(n “He) by close to 10 MeV. The figure demonstrates that By, (n “He) is always larger than
B,(n°He). Focusing on scale parameters near A=4 fm~! one observes that *He is hardly bound by
a fraction of MeV, whereas n*He is bound by a few MeV. The choice of three-body CT d};\NN hardly

matters for A > 4 fm™~!, becoming substantial at A < 4 fm~".



EPJ Web of Conferences 181, 01011 (2018)
EXA2017

https://doi.org/10.1051/epjconf/201818101011

Fig. 8 demonstrates in non-EFT calculations the dependence of B,,, calculated self consistently, on
the choice of NN and 7N interaction models. Using the more realistic AV4’ NN interaction results in
less i binding than using the soft-core MNC NN interaction. For UUGIY,V near A=4 fm~! the difference
amounts to about 0.3 MeV for 77°He and about 1.5 MeV for n*He; 1 *He appears then barely bound
whereas 77 *He is bound by a few MeV. The weaker u{.¢ does not bind 77*He and barely binds 7 *He
using the MNC NN interaction, implying that *He is unlikely to bind for the more realistic AV4’
NN interaction. For smaller, but still physically acceptable values of A down to A = 2 fm™!, 13He
becomes unbound and 7 *He is barely bound using the AV4’ NN and GW 7N interactions.
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Figure 8. B,(n 3He) (left) and B,(n “He) (right) as a function of 1/A from few-body calculations [10] using NN
and 77N interactions, as marked, and imposing self consistency.

The B, values calculated in Refs. [8—10] were calculated assuming real Hamiltonians, justified by
Imv,y<Re v,y from Fig. 4. This approximation is estimated to add near threshold less than 0.3 MeV
to B,,. Perturbatively-calculated widths I';, of weakly bound states amount to only few MeV, outdating
those reported in Ref. [8].
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Figure 9. Preliminary SVM results for binding energies B, (left) and widths I';, (right) of 1, quasibound states
in 3He, “*He and °Li, calcualted using the Minnesota NN potential and the GW 7N potential for A = 2 and 4 fm™".

In future work it will be interesting to extend the present SVM few-body calculations to heavier
nuclei, beginning with light p-shell nuclei. This represents highly non-trivial task. In Fig. 9 we
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present preliminary results for 1°Li, using the central Minnesota NN and GW 7N potentials. In
this calculation the °Li nuclear core consisted of a single S = 1,7 = 0 spin-isospin configuration,
yielding B(°Li)=34.66 MeV which is short by almost 2 MeV with respect to a calculation reported
in Ref. [24] that used the same NN interaction while including more spin-isospin configurations.
The figure suggests that n°Li is comfortably bound, even for as low value of scale parameter as
A=2fm™!

6 Summary

Based mostly on the AV4’ results in Fig. 8, which are close to the #EFT results in Fig. 7, we conclude
that *He becomes bound for Re @,y ~ 1 fm, as in model GW, while 77 “He binding requires a lower
value of Re a,y ~ 0.7 fm, almost reached in model CS. These Re a,y onset values, obtained by incor-
porating the requirements of 7N subthreshold kinematics, are obviously /arger than those estimated
in Sect. 3 upon calculating with v,y(E = Ey,; r) threshold input. Finally, Re a,y < 0.7 fm if n“*He is
unbound, as might be deduced from the recent WASA-at-COSY search [23].

Appendix A: Onset of nd binding

Here we apply the Brueckner formula [25], expressing the nd scattering length in terms of the nN
scattering length, to discuss qualitatively the onset of nd binding. This formula was originally pro-
posed for a system of a light meson (r meson) and two heavy static nucleons. More recently it was
used to estimate the K~d scattering length (see derivation and discussion in Ref. [26]) where the
meson-nucleon mass ratio is similar to that for nN. For nd the Brueckner formula assumes the form

pa = f apa(Pla(o)dr (6)
-1 ~ ~ ~ o~
3 My \ " dp + an + 2a,a,/r
anq(r) = (1 + md) [ aay? (7

where @ = (1 + m,/my)a, with a,, and a,, standing for a,, and a,, respectively in the N cm system.
The numerator in the Brueckner formula consists of single- and double-scattering terms, whereas the
denominator provides for the renormalization of these terms by higher-order scattering terms. Since
a, = a, for the isoscalar 7 meson, Eq. (7) reduces to a simpler form,

2 ayn
a, (r) = s 8
W= TR T (8)
which leads to the following approximate expression:
2 apN
ya = . )

T+ 2 1= a1/

with expansion parameter @(1/r)y, where (1/r); ~ 0.45 fm~' for a realistic deuteron wavefunc-
tion [27]. Hence, this multiple scattering series faces divergence for sufficiently large n/N scattering
length, say a > 1.4 fm.

Several straightforward applications of Eq. (9) are as follows:
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e For Re anGly = 0.96 fm, suppressing Im anGI},V , one gets a,q = 7.46 fm. Increasing this GW input

value of a,y, a critical value afﬁvi‘ = 1.40 fm is reached at which the denominator in Eq. (9) vanishes,

signaling the appearance of a zero-energy nd bound state.

e The LO #EFT nuclear calculations [15] yield a more compact deuteron, s = 1.55 fm for A — oo
compared to the ’experimental’ value r,s = 1.97 fm. Scaling the value (1/r); = 0.45 used in
Eq. (9) by 1.97/1.55, one gets a,q = 18.1 fm and agﬁ\,i‘ = 1.10 fm.

e For the fully complex scattering length aSA‘;V = 0.96 + i0.26 fm, one gets a,q = 4.66 + i4.76 fm.

Increasing Re a,y at a frozen value of Im a,y, Re a,4 reverses its sign at Re af;;,“ = 1.35 fm while
Im a,,4 keeps positive all through.

e AtRe agﬁvi‘ = 1.59 fm, [Re a,,4| becomes larger than Im a,)4, which signals a threshold 1d bound state.

Appendix B: nN subthreshold kinematics

Here we outline the choice of the 7N subthreshold energy shift § v/s = +/s;n — (my + my) applied
in our i nuclear few-body works [8-10], see Eq. (4), with emphasis on the three-body nd system.
Since the N effective potential v,y discussed in Sect. 2 is energy dependent, one needs to determine
as consistently as possible a fixed input value & /s at which v,y should enter the  nuclear few-body
calculation. The two-body Mandelstam variable /s,y = \/(E,7 + En)? — (P, + Pn)? which reduces
to (E, + Ey) in the nN two-body cm system is not a conserved quantity in the n nuclear few-body
problem since spectator nucleons move the interacting nN two-body subsystem outside of its cm
system. We proceed to evaluate the expectation value of output values of § /s, replacing \syn by

(1 /A)Zf‘: | \/(E,7 + E;)? — (P, + Pi)? due to the antisymmetry of the nuclear wavefunction. Expanding
about the nN threshold, one gets in leading order of p?

(10)

where &, = E, — m, and & = E; — my. Since Y1, & is naturally identified with the expectation
value of the nuclear Hamiltonian Hy, Z,A:l &Ei = (Hy) = Epue = =By, it is natural and also consistent
to identify &, with the expectation value of (H — Hy), &, = (H — Hy). Furthermore, recalling that
Ep+ Zf‘zl &E;=E=-B, where E = (H) is the total 7 nuclear energy and B is the total binding energy, the
sum over the momentum independent part in Eq. (10) gives [-B + (A — 1)&,]/A, thereby reproducing
two of the four terms in Eq. (4). Note that &, is negative and its magnitude exceeds the i separation
energy B,. The sum over the momentum dependent part of Eq. (10) yields the other two terms of
Eq. (4), which we demonstrate for nd, A = 2.

Since the nd calculation employes translationally invariant coordinate sets, the total momentum
vanishes sharply: (3, + i + P») = 0. We then substitute 7 for (3, + p»)* and p} for (3, + p1)? in the
momentum dependent part in Eq. (10), resulting in momentum dependence proportional to ﬁlz + ﬁ22
This is rewritten as

- - 1 - = — - - 1 -
BE+ 73 = 51y = B + (B + B2)°) = 25 + 5Py (11)

where py.y is the nucleon-nucleon relative momentum operator. To obtain the 7 momentum operator
Py on the r.h.s. we used again total momentum conservation. Finally, transforming ﬁi, ~ and ﬁnz to
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intrinsic kinetic energies, Ty.y for the internal motion of the deuteron core and 7, for that of the n
meson with respect to the NN cm, one gets for this A = 2 special case

1 1
CARTE =5 | B~ &+ énvTvn) +§A:2§r]§<Tn>)’ (12)

which agrees with Eq. (4) for A = 2 upon realizing that 7.5 here coincides with T4-, there. To get
idea of the relative importance of the various terms in this expression, we assume a near-threshold nd
bound state for which both &, and (T,) are negligible (fraction of MeV each) and B — B; ~ 2.2 MeV.
With (Tn.n) — (T4), and with a deuteron kinetic energy (7,) in the range of 10 to 20 MeV, this term
provides the largest contribution to the downward energy shift which is then of order —5 MeV for the
diffuse deuteron nuclear core.
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Abstract. We report on our Stochastic Variational Method (SVM) calculations
of p-nuclear quasi-bound states in s-shell nuclei as well as the very recent calcu-
lation of the p-shell nucleus °Li. The 7N potentials used were constructed from
nN scattering amplitudes obtained within coupled-channel models that incor-
porate N*(1535) resonance. We found that 5°Li is bound in the 7N interaction
models that yield Rea,y > 0.67 fm. Additional repulsion caused by the imagi-
nary part of nN potentials shifts the onset of -nuclear binding to 1*He, yielding
very likely no quasi-bound state in 7°He.

1 Introduction

The current status of our theoretical studies of n-nuclear quasi-bound states, including dis-
cussion of the self-consistent treatment of the strong energy dependence of nN scattering
amplitudes derived from coupled-channel meson-baryon interaction models have been dis-
cussed thoroughly in Refs. [1-3]. So far, few-body calculations of n-nuclear quasi-bound
states have been restricted to s-shell nuclei up to *He. In this contribution, we present our
first SVM calculation of the n-nuclear quasi-bound state in the p-shell nuclear system 7°Li,
taking into account all possible spin-isospin configurations. Moreover, we focus on the effect
of the imaginary part of the complex V,x potential on the n binding energy B,. We show that
the effect could be considerable in light p-nuclear systems and must be taken into account in
the study of the onset of n-nuclear binding.

2 Theoretical approach

Properties of n-nuclear quasi-bound states are studied within the SVM with a correlated Gaus-
sian basis [4]. This approach was successfully applied in our previous calculations of s-shell
n-nuclei and proved itself as highly accurate method with straightforward extension to sys-
tems with the number of particles N > 5.

The wave function of an n-nuclear system with orbital momentum L = 0 is expanded as
a linear combination of correlated Gaussians

*e-mail: m.schafer @ujf.cas.cz

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative
Commons Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).
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V=) oA {Xlggl}nexp (—%XTAkx)} : (1)

k

where x stands for Jacobi coordinates and X{é (§§T7) are corresponding spin (isospin) parts of a
given spin (isospin) configuration. The matrix Ay is symmetric positive definite and includes
N(N — 1)/2 variational parameters. The SVM optimizes the variational basis step-by-step in
a random trial and error procedure (details can be found in Ref. [5]).

SVM calculations of n-nuclear quasi-bound states in p-shell nuclei represent a rather
challenging task. First, the computational complexity scales with N!, second, the amount of
different spin-isospin configurations starts to increase quite rapidly. Preliminary results [6]
showed that taking into account only one configuration underestimated binding of the nuclear
core °Li by approximately 1.8 MeV. This led to development of a new high-performance
SVM code which was used in the very recent fully self-consistent calculation of 7°Li, taking
into account all posible spin-isospin configurations.

In our study of n-nuclear quasi-bound states we use the Minnesota NN central poten-
tial [7] which reproduces well properties of the ground states of s-shell and light p-shell
nuclei. The interaction of the 7 meson with nucleons is described by a complex two-body
energy dependent effective potential derived from the coupled-channel meson-baryon inter-
action models GW [8] and CS [9]. The form of nN potential is taken according to [1] as

ar
VT]N(é\/E’r) = _2# v
n.

A 3 A2 2
b(EVPA(r),  palr) = (ﬁ) exp (— 4r ) ()

where y,,y stands for the 7N reduced mass, § s = /s — /sy, is the energy shift with respect
to the nN threshold, A is a scale parameter which is inversely proportional to the range of
V,n, and b(6 v/s) is an energy dependent complex amplitude.

The value of A is connected to EFT momentum cut-off; its upper bound corresponds to
vector-meson exchange A < 3.9fm™! or more restrictively to A < 3.0 fm~! excluding pN
channel from dynamical generation of the N*(1535) resonance [3].

For given A, b(6+/s) is fitted to the phase shifts derived from subthreshold § s < 0
scattering amplitude of the corresponding n7N interaction model. See Ref. [3] for details.

The energy dependence of V,y is treated self-consistently: we search for a SVM solution
that fulfills § /sy = <(5 \/ssc> where 6 /s enters V,y and <6 \/§> is obtained from the SVM
solution for a given value of 6 /s [3]:

2
B 1 A-1 A-1
(5V5) = =5 =& () + —— By =~ éa, (T) (Ty), 3)
where B is the total binding energy, Ty (T}, denotes the kinetic energy of nucleons (77), and
A is the number of nucleons. The energy E;, = (Y| H — Hy |) where Hy is Hamiltonian of
the nuclear core, &y, = my;)/(my + my), and &4 = Amy /(Amy + m,).

The imaginary part of V,y is significantly smaller than its real part. This allows to calcu-
late the width I',, perturbatively [1]. The SVM n-nuclear calculations are thus performed only

for the real part of the 7N potential and I';, is evaluated using the expression

Ty = =2 (P | ImVyy [¥y.s) )
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where |‘Pg“§, is the SVM solution for the n-nuclear ground state corresponding to ReV,y.
Another possible way how to calculate I';, is to solve a generalized eigenvalue problem for
complex Hamiltonian (including ImV,y) using variationally determined SVM basis states
for ReV,y. This approach, already used in SVM calculations of kaonic nuclei [10], yields
complex eigenenergy of the ground state £ = Re(E) + ilm(E) and consequently the width as
I'; = =2Im(E). This method takes into account the effect of the non-zero imaginary part of
V,~ on the n binding energy. Namely, ImV,y acts as repulsion and thus makes the 7 meson
less bound in the nucleus.

3 Results

Results of our SVM calculations of the 77 binding energies B, and widths I, in 1°He, n*He,
and n°Li are summarized in Fig. 1. The calculations were performed using the GW and CS
models and the parameter A = 2 and 4 fm~!. In the GW model, n°Li is rather comfortably
bound for both values of A. On the other hand, the CS model yields n-nuclear quasi-bound
state only for A = 4 fm~!, with B, = 0.68 MeV.

8 T T T I T 8 T I T I T I T

| | L 44 Vi =MNV, (=GW (A=2)

+ + 4 Vi =MN.V,  =GW (A=4)

o N O f b Vi =MN.V, =CS(A=2)
~ - ~ o h

¢ ¥ 3 +o
g 4 ; - E 4 —
= = .

m L i ~ L + “_+ i
2 Lt = 2 + —
i + S + i i o i

1 | 4 T 1 | 1 1 | 1 | 1 | 1
0 2 4 6 8 0 2 4 6 8

A A

Figure 1. SVM calculations of the binding energy B, and width T, in n°He, *He, and n°Li using the
Minnesota NN potential with Coulomb force included and two n7N interaction models - GW and CS.

Table 1. Comparison of self-consistent SVM calculations using two different width I';, evaluations -
the mean-value approximation (Eq. 4) and the complex eigenvalue problem (cmplx) approach.
Calculations were performed for the Minnesota NN potential with Coulomb force and the GW model.
The 7 binding energy B, and self-consistent energy o +/s,. are shown as well.

7 He B, [MeV] | T, [MeV] | 6 /5, [MeV]
A=zt CEDL S | in | Cew
A=amt RO S | 3n | TR

" He B, [MeV] | T, [MeV] | 6 /5, [MeV]
A=amt D0 L 30 | et
A=amt RO | dn | Dk
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In Table 1, we compare two approaches to evaluation of the width I';, introduced in the
previous section: the mean-value approach (Eq. 4) and the complex eigenvalue problem (cm-
plx) approach. Calculations of 7°He and n*He were performed within the GW model with
A =2and 4 fm™'. It is apparent that the effect of the imaginary part of V,y on B,, which
is included in the cmplx approach, is quite significant in 7°He (with § /s close to threshold)
and decreases in *He with larger energy shift with respect to threshold. For the CS model
(not shown in the table) the n*He is not bound while in 7*He the effect of ImV,y is smaller
(few tens of keV) due to the lower value of ImV,y than in the GW model. Table 1 illus-
trates that the size of the changes of B, caused by ImV,y decreases with the magnitude of
the subthreshold energy shift § v/s. Namely, the strength of ImV,y has for both CS and GW
interaction models maximum close to threshold and decreases with +/s, as shown in Figure 2
of Ref. [3]. Moreover, the cmplx method confirms the estimate of I',, within the mean-value
approach (Eq. 4), giving practically the same widths in all considered cases.

4 Summary

We performed few-body calculations of n-nuclear quasi-bound states in s-shell nuclei as well
as in the p-shell nucleus °Li within our newly developed high-performance SVM code. We
considered the Minnesota NN potential and two nN interaction models - GW and CS. Cal-
culations of 7°Li within the GW model yield the binding energy B, and corresponding width
consistent with previous RMF calculations [11]. The CS model gives quasi-bound state only
for A = 4 fm~!. This suggests that to bind 7°Li, the real part of the nN scattering length
should be greater than Rea,y = 0.67 fm, predicted by the CS model.

Next, we repeated our previous study of the onset of n-nuclear binding in He isotopes
taking into account the effect of ImV,y on the binding energy B,. We observed considerable
decrease of B, in ;He and rather negligible effects in jHe as well as in SLi. The 7 meson
is barely bound in ,3]He even for the larger value of the cut-off parameter A = 4 fm~!. This
indicates that in order to study the 7°He system, one has to explore the resonance region as
well, e.g., using the complex rotation method [12].

M. Schifer acknowledges financial support from the CTU-SGS Grant No. SGS16/243/OHK4/3T/14
and from the organizers of the MESON2018 conference.
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A recent suggestion by Akaishi and Yamazaki (2017) [3] that purely-A*(1405) nuclei provide the absolute
minimum energy in charge-neutral baryon matter for baryon-number A 2> 8, is tested within RMF
calculations. A broad range of A* interaction strengths, commensurate with (KKNN);—¢ binding energy
assumed to be of order 100 MeV, is scanned. It is found that the binding energy per A*, B/A, saturates
for A 2> 120 with values of B/A considerably below 100 MeV, implying that A*(1405) matter is highly

unstable against strong decay to A and ¥ hyperon aggregates. The central density of A* matter is found
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to saturate as well, at roughly twice nuclear matter density. Moreover, it is shown that the underlying
very strong KN potentials, fitted for isospin I = 0 to the mass and width values of A*(1405), fail
to reproduce values of single-nucleon absorption fractions deduced across the periodic table from K~
capture-at-rest bubble chamber experiments.

RMF © 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Strangeness (S) provides for extension of standard nuclear mat-
ter to strange matter in which SU(3)-octet hyperons (A, X, E)
may prove as abundant as nucleons [1]. Particularly interesting
at present is the role of hyperons in the composition of the
neutron star interior, the so called ‘hyperon puzzle’ [2]. Little
is known about the possible role of higher-mass hyperons in
hadronic matter. However, it was recently suggested by Akaishi
and Yamazaki (AY) [3] that purely-A*(1405) aggregates become
increasingly bound with the number A = —S§ of A* constituents,
reaching absolute stability for A > 8. This suggestion for which we
found no documented supporting calculations beyond A =2 fol-
lows a similar conjecture made already in 2004 [4]. It is worth
recalling that solving the A-body Schrédinger equation for purely
attractive A*A* interactions will necessarily lead to collapse, with
the binding energy per A*, B/A, and the central A* density
p(r~0) diverging as A increases. This immediately raises the
question whether AY perhaps just overlooked this basic many-body
aspect of the Schrodinger equation in asserting that purely-A*
matter becomes absolutely stable for some given value of A. There-
fore the issue of stability has to be checked within calculational
schemes that avoid many-body collapse. A commonly used ap-
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proach in nuclear and hadronic physics that avoids collapse and
provides sufficiently faithful reproduction of nuclear binding ener-
gies and densities is the Relativistic Mean Field (RMF) approach [5]
which is used here.

In this Letter, we show within RMF calculations in which
strongly attractive A*A™ interactions are generated through scalar
meson (o) and vector meson (w) exchanges that both B/A, the
A*-matter binding energy per baryon, and the central density
p(r ~ 0) saturate for values of A of order A ~ 100. For the case
considered here, B/A saturates at values between roughly 30 to
80 MeV, depending on details of the RMF modeling, and the as-
sociated central densities saturate at values about twice nuclear-
matter density. This leaves A™ aggregates highly unstable against
strong interaction decay governed by two-body conversion reac-
tions such as A*A* — AA, XX.

The plan of this note is as follows. In Sect. 2 we briefly re-
view several few-body calculations of K nuclear quasibound states,
including those based on energy independent strongly attractive
KN potentials as advocated by AY, in order to introduce plausi-
ble input values for the A*A* binding energy (Baxa+) used to
determine the strength of the scalar and vector meson-exchange
couplings applied in our subsequent RMF calculations. In Sect. 3
we question the validity of such energy independent strongly at-
tractive KN interactions by checking their ability to reproduce the
single-nucleon absorption fractions deduced from K~ capture ob-
servations in bubble chamber experiments. RMF calculations of
purely-A™ nuclei are reported in Sect. 4, showing clearly how B/A
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Table 1
(KN)i=0, (KNN)|—1/2 and (KKNN);—o binding energies B (in MeV) calculated us-
ing energy dependent (E-dep.) [9] and energy independent (E-indep.) [10] KN po-
tentials. (KKNN);—o binding energies are transformed in the last row to Baxa+
values.

K nuclei (E-dep.) (E-indep.)q (E-indep.)p
(KN)j=o 114 26.6 64.2
(KNN)i=1)2 15.7 515 102
(KKNN)j—o 321 93 190

A*A* 9.3 40 62

and p saturate as a function of A, thereby leaving A* matter
highly unstable. A brief Conclusion section summarizes our results
with some added discussion.

2. K nuclear quasibound states

The I = 0 antikaon-nucleon (KN) interaction near threshold
is attractive and sufficiently strong to form a quasibound state.
Using a single-channel energy independent KN potential this qua-
sibound state has been identified by AY, e.g. in Refs. [6,7], with the
JP =(1/2)~ A*(1405) resonance about 27 MeV below the K~ p
threshold. In contrast, in effective field theory (EFT) approaches
where the KN effective single-channel potential comes out energy
dependent, reflecting the coupling to the lower-energy 7 X chan-
nel, this KN quasibound state is bound only by about 10 MeV [8].
The difference between KN binding energies gets compounded in
multi-KN quasibound states predicted in these two approaches,
as demonstrated for (KKNN);—o in Table 1 by comparing binding
energies B listed in the (E-dep.) column with those listed in the
(E-indep.) columns. Regarding these two columns, we note that
the binding energies listed in column (E-indep.), arise by fitting
the (KN);—o potential strength such that it reproduces the value
B(RNN),:1/2 =102 MeV derived from the DISTO experiment [11].
This derivation was challenged subsequently by the HADES Collab-
oration [12]. The most recent J-PARC E15 [13] dedicated experi-
ment derives a value of B(KNN) =1/2 =47 £33 MeV. Therefore,
when studying energy independent KN potentials, we will keep
to the (E-indep.), scenario that also identifies the (KN) =0 quasi-
bound state with the A*(1405) resonance observed 27 MeV below
threshold. This identification plays an essential role in the earlier
Akaishi and Yamazaki works, Refs. [6,7]. It is worth noting that
the more refined state-of-the-art chiral EFT approaches, with low-
energy constants fitted to all existing K~ p low-energy data, pro-
duce two (KN);—o quasibound states [14], the narrower and least
bound of which is consistent with the (E-dep.) column of Table 1.

3. Kaonic atoms test

Here we confront the (E-indep.); scenario of the last section
with the broad data base of kaonic atoms which are known to pro-
vide a sensitive test of KN interaction models near threshold [15].
In the last decade several chiral EFT models of the KN interac-
tion provided K~ N scattering amplitudes based on fits to low
energy K~ p data, including kaonic hydrogen from the SIDDHARTA
experiment [16,17]. Kaonic atom potentials based on such single-
nucleon amplitudes within a sub-threshold kinematics approach
are generally unable to fit the kaonic atom data unless an addi-
tional phenomenological density dependent amplitude represent-
ing multi-nucleon processes is introduced. In a recent work [18]
this procedure was applied to several chiral EFT KN model am-
plitudes. Good fits to the data were reached with x? values of
110 to 120 for 65 data points. Considering that the data come

Kaonic atoms
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Fig. 1. K~ single-nucleon absorption fractions calculated using K~ N amplitudes
from the chiral EFT models M1, P and KM, see Ref. [18], and as generated from
Eq. (1) (here marked YA). The range of experimentally deduced fractions, 0.70-0.80,
is marked by horizontal dashed lines; see Ref. [18] for a comment on carbon (low-
est Z points).

from four different laboratories, covering the whole of the peri-
odic table, these x? values are quite satisfactory. This procedure
was extended to include also KN amplitudes generated from the
energy independent KN potentials used by Yamazaki and Akaishi
(YA) [7] (in MeV),

V(1) =(—595 — i83) exp[—(r/0.66 fm)?],

VI=1(r) =(~175 — 1105) exp[— (/0.66 fm)?].

(1)

These potentials approximate reasonably the (E-indep.); scenario
of the last section. The corresponding KN amplitudes are shown
in Fig. 15 of Ref. [19]." Like other models, also this model fails
to fit kaonic atoms data on its own. Adding a phenomenological
density dependent amplitude produces fits with x?2 of 150 for the
65 data points, which is significantly inferior to fits obtained for
the chiral EFT models considered in Ref. [18].

It was shown in Ref. [18] that one could distinguish between
different KN models by testing their ability to reproduce experi-
mentally deduced values of single-nucleon absorption fractions at
threshold across the periodic table. Fig. 1 shows such fractions as
calculated for four models of the KN interaction, including that of
Eq. (1). Results of calculated absorptions from the so-called lower
state and whenever provided by measured yields also from the up-
per state are shown for each kaonic atom. Experiments [20-22] do
not distinguish directly between the two types of absorption.

As shown in the figure the KN interaction model of Eq. (1)
(marked by YA) leads to far too large single-nucleon fractions
whereas, for example, the Murcia (M1) model leads to too small
ratios. The Kyoto-Munich (KM) model and the Prague (P) model,
which yield predictions indistinguishable from each other, provide
a very good agreement with experiment. The bottom line for the
present discussion is that the KN interaction model of Eq. (1) does
not reproduce the experimental absorption fractions.

4. RMF calculations of purely-A* nuclei
Bound systems of A* hyperons are treated here in a similar way
as applied to nuclei [5] and also to hypernuclei, e.g. in Ref. [23],

within the RMF framework. In our calculations of A* nuclei, we
employed the linear RMF model HS [24], taking into account the

1 We thank Tetsuo Hyodo for providing us with tables of these amplitudes.
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Fig. 2. Binding energy of A* nuclei per A*, B/A as a function of mass number A,
calculated within the HS and NL-SH RMF models for various strengths of scalar and
vector fields (see text for details). The binding energy per nucleon in atomic nuclei
is shown for comparison (n + p: HS without Coulomb and p meson field, NL-SH
nuclei: including these terms).

coupling of A* baryons to isoscalar-scalar o and isoscalar-vector
w meson fields. Other fields considered in ordinary nuclei, such as
isovector-vector p or Coulomb fields were disregarded since the
A* is a neutral I = 0 baryon. The resulting RMF model Lagrangian
density for A* nuclei is of the form (i =c =1 from now on):

L=A*[iy*D, — (Mp+ — gopa+0) | A*
+ (0, w,, free-field terms), (2)

where the covariant derivative D, = 9, + igwa* @, couples the
vector meson field w to the A* baryon fields. Here we disregard
the wA* tensor coupling term fy,+0, @, which, while affecting
spin-orbit splittings of single-particle levels, has little effect on the
total binding energies of closed-shell nuclear systems (or A* nu-
clei).

To start with, we used the HS linear model for atomic nu-
clei [24] with scalar and vector meson masses m; (i = o, w) and
coupling constants gjy given by

me =520 MeV, my, =783 MeV, gsny =10.47, g,n = 13.80.
(3)

Modifying these coupling constants in ways described below, we
explored A* nuclei with closed shells by solving self-consistently
the coupled system of the Klein-Gordon equations for meson fields
and the Dirac equation for A*.

In Fig. 2 we show binding energy values per baryon, B/A, calcu-
lated as a function of A for atomic nuclei (lowest two lines) and for
purely A* nuclei using mostly the linear HS model. It is clear that
B/A saturates in all shown cases for A > 120, to a value of order
10 MeV for nucleons when using parameters specified in Eq. (3),
and to a somewhat higher value in the case of A* nuclei (marked
by A*) upon using the same parameters. The increased B/A values
in this case with respect to atomic nuclei is due to the higher A*
mass which reduces its kinetic energy. This is not yet the A* mat-
ter calculation we should pursue since when extrapolated to A =2
it gives a Bp+a+ value of only a few MeV, whereas the calculation
pursued here assumes a considerably stronger A*A* binding cor-
responding to B(KKNN)j—g — 2B(KN)j—o ~ 40 MeV from column
(E-indep.), in Table 1.2 To renormalize the A* RMF calculation to

2 We note for comparison that the scalar and vector A* couplings estimated in
the microscopic calculations of Ref. [28] within a chiral EFT model do not produce
a bound A*A* state.

Table 2
Values of the scaling parameters o, and «,, for o and w fields,
respectively, each yielding Bpxx+ =40 MeV.

Vasax U [o2%)
Dover-Gal (4) 1.0332 0.9750
Machleidt (5) 1.0913 0.8889

such a high value of B+p+ we need to increase g,y or decrease
gon from the values listed in Eq. (3). This is how the other B/A
lines marked by scaling factors o, or o, in Fig. 2 are obtained.
The appropriate values of a, and o, are determined as follows.

The RMF underlying attractive scalar (o) exchange and repul-
sive vector (w) exchange baryon-baryon (BB) spin-singlet S =0
potentials are given to lowest order in (m/M)? recoil corrections,
disregarding tensor couplings, by:

2 2

3m 1m
Ves() =825 (1= 2 —2) Yo () — 25 (1— = —2)Yo(r)  (4)
8 M5 8 M3
according to Dover-Gal [26], or
2 2 1mg
V() =gup Yo () — 855 (1 — - —3) Yo (1) (5)
4 M3

according to Machleidt [27]. Here Y;(r) = exp(—m;r)/(47r) is the
Yukawa form for meson exchange. The difference in the (m/M)?2
recoil terms in these two forms arises from a total neglect of non-
local contributions in Dover-Gal, while partially retaining them
by Machleidt. Using these BB = A*A™* potentials, with Mp_p+ =
1405 MeV, A*A* binding energies were calculated by solving a
two-body Schrédinger equation, scaling either g5 or g,m accord-
ing to gon — o+ =AoZon and guN — Zwar = Ap8wN SO as to
get Bpxa+ =40 MeV while retaining the other coupling constant
fixed. The resulting scaling parameters are listed in Table 2.

We then performed RMF calculations of A* nuclei using the
renormalized coupling constants as marked to the right of each
line in Fig. 2. Saturation is robust in all versions for A > 120, but
the saturation value depends on which potential version is used,
Dover-Gal (4) or Machleidt (5). Scaling the w meson coupling re-
sults in larger values of A* binding energies than by scaling the
o meson coupling. Calculations were also performed using the
nonlinear RMF model NL-SH [25] for comparison. The correspond-
ing scaling parameter ¢z = 1.026 was fitted to yield the binding
energy of the 8A™ system calculated within the HS model for
o = 1.0332. The resulting NL-SH calculation yields similar bind-
ing energies per A* to those produced in the linear HS model.
Fig. 2 clearly demonstrates that B/A does not exceed 100 MeV
in any of the versions studied here. The calculated values are
without exception considerably lower than the ~ 290 MeV re-
quired to reduce the A*(1405) mass in the medium below that of
the lightest hyperon A(1116). This conclusion remains valid when
A* absorption is introduced in the present RMF calculations, say
by considering the two-body conversion processes A*A* — YY
(Y = A, Z). Absorption normally translates into effective repul-
sion in bound state problems, thereby reducing the total binding
energy and hence also the associated B/A values in A* nuclei.

Having shown that B/A values saturate in A* nuclei to values
less than 100 MeV, we illustrate in Fig. 3 that the central den-
sity p(r &~ 0) also saturates as a function of the mass number A.
This is demonstrated in the left panel for the NL-SH model and
o = 1.026. The central densities p(0) shown in the figure vary
in the range of 0.3-0.45 fm—3, which is about twice nuclear mat-
ter density. Expressing the r.m.s. radius of the A™ nuclear density

1
distribution p as ryns =19 A3, the variation of the radius parame-
ter ro with A is shown in the right panel of the figure for selected
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Fig. 3. Left: A™* density distribution in systems composed of 20, 82, 126 and 168 A* baryons, calculated within the NL-SH RMF model for o, = 1.026. Right: values of the
r.m.s. radius parameter ro in A* nuclei (see text) for three of the RMF models and interaction strengths giving rise to B/A lines in Fig. 2. Values of ro in atomic nuclei

(marked ‘NL-SH nuclei’) calculated within the NL-SH model are shown for comparison.

A*A* potential versions. Again, the radii ro saturate with values
about 0.7-0.8 fm, indicating that A* nuclei are more compressed
than atomic nuclei in which rg is typically 0.9-1.0 fm, as shown by
the upper line. The approximate constancy of ro with A is consis-
tent with approximately uniform A* matter density.

5. Conclusion

It was shown within a straightforward RMF calculation that the
A*(1405) stable-matter scenario promoted by AY [3] is unlikely
to be substantiated in standard many-body schemes. The decisive
role of Lorentz covariance to produce saturation in the RMF calcu-
lations of binding energies and sizes reported in Sect. 4 is worth
noting. Lorentz covariance introduces two types of baryon density,
a scalar ps = BB associated with the attractive o meson field and
a vector py = ByoB associated with the repulsive w meson field.
Whereas py coincides with the conserved baryon density B'B (de-
noted simply o on the Lh.s. of Fig. 3), ps shrinks with respect to
py in dense matter by a multiplicative factor M*/E* < 1, where
M* =M — gop{0) < M is the baryon density-dependent effective
mass, thereby damping the attraction from the scalar o meson
field [5]. Saturation in the RMF model is thus entirely a relativis-
tic phenomenon. Calculations within the non-relativistic approach
with static potentials such as (4) or (5) would lead to collapse of
systems composed of sufficiently large number of A* baryons, as
it also holds for nucleons [29].

Doubts were also raised in the present work on the validity of
using a very strong and energy-independent KN I =0 dominated
potential fitted directly to the position and width of the A*(1405)
resonance. Similar potentials have been used by AY over the years
to promote the case for strongly bound K nuclear clusters, see
Table 1 here, and thereby also to suggest strongly attractive A*A*
interactions that would according to them lead to absolutely sta-
ble A* matter. It was shown in Sect. 3 here that such strong and
energy-independent KN potentials do not pass the test of kaonic
atoms, hence casting doubts on their applicability in describing
higher density kaonic features. Having said it, we concede that a
proper description of high density hadronic matter, considerably
beyond the p ~ 2 density regime reached in our own calcula-
tions, may require the introduction of additional, new interaction
mechanisms such as proposed recently in Ref. [30].

Finally, we recall related RMF calculations of multi-K nu-
clei [31] in which, for a given core nucleus, the resulting K sepa-
ration energy By, as well as the associated nuclear and K-meson
densities, were found to saturate with the number of K mesons

(Z 10). Saturation appeared in that study robust against a wide
range of variations, including the RMF nuclear model used and the
type of boson fields mediating the strong interactions. In partic-
ular strange systems made of protons and K~ mesons, as similar
as possible to aggregates of A*(1405) baryons, were found in that
work to be less bound than other strange-matter configurations.
Our findings are in good qualitative agreement with the conclusion
reached there that the SU(3) octet hyperons (A, X, E) provide,
together with nucleons, for the lowest energy strange hadronic
matter configurations [1].
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We performed calculations of nuclear systems composed solely of A* hyperons,
aiming at exploring the possibility of existence of absolutely stable A* matter.
We considered A* interaction strengths compatible with the A*A* binding
energy Bp+p+ given by the KN interaction model by Yamazaki and Akaishi®.
We found that the binding energy per A* saturates at values well below 100
MeV for mass number A > 120. The A* matter is thus highly unstable against
strong interaction decay.

Keywords: Strange matter; A* resonance; SVM; RMF.

1. Introduction

This contribution concerns our recent study of A* nuclei?, which was stirred
up by a conjecture about absolutely stable charge-neutral baryonic matter
composed solely of A(1405) (A*) hyperons3.

We calculated A* few-body systems within the Stochastic Variational
Method (SVM)*, as well as A* many-body systems within the Relativis-
tic Mean Field (RMF) approach®. The meson-exchange A* potentials
applied in our work were fitted to reproduce the A*A* binding energy
Bp~a~ = 40 MeV, given by the phenomenological KN interaction model .
We recall that the KN potentials used by Akaishi and Yamazaki®?3, fitted
for I = 0 to the mass and width of the A(1405) resonance, fail to reproduce
K~ single-nucleon absorption fractions deduced from K~ capture bubble
chamber experiments®. Nevertheless, we employed these very strong po-
tentials in order to demonstrate that while solving the A-body Schrodinger
equation for purely attractive A*A* interactions will inevitable lead to col-
lapse, with the binding energy per particle diverging as A increases, this

page 1
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scenario promoted in ref.? is unlikely in standard many-body approaches.
In the following sections, we discuss only briefly our main results; more
details can be found in ref. 2.

2. A* Few-Body Systems

We started our study of A* nuclei by calculations of few-body systems
within the Stochastic Variational Method* for the meson-exchange poten-
tials of the Dover-Gal form”:

m2 2
Vaeas(r) = g2a- (14 5 372) Yo (r) = gpe (L= 5377) Yo () (1)

2
+gia-5 a8 Yo(r)(G1-62)

or the Machleidt form?$:

2
Vaear () = - (14 5380 Vo) — 2. (1= 30 Vo () (2)

—

2
+93JA* %1\?71%: Y, (r)(d1-72) ,

where Mp~ = 1405 MeV, m; are the meson masses, giax = aug;N are
the corresponding coupling constants with g;x taken from the HS model?,
and Yj—, (1) = exp(—m;r)/(4nr). In the above expressions, the mass
correction factors (~ m2/M3,) as well as the spin-spin interaction terms
(~ (&1 - &2)) are included.

In the calculations we fit either the value of o, and kept «,, fixed to
1 or vice versa in order to get the binding energy of the A*A* system
Baxax = 40 MeV. We present here only selected results for o, # 1.

In Fig. 1, left panel, we show the binding energy per A*, B/A, as a
function of mass number in few-body A* nuclei, calculated within the SVM
approach for the Machleidt potential (1). When the spin-spin interaction
is omitted, the binding energy per particle is rapidly increasing with A,
reaching B/A ~ 130 MeV for A=6. The mass corrections have almost no
effect on the calculated values of B/A. On the other hand, when the spin-
spin interaction is taken into account, the increase of B/A is considerably
less steep. The corresponding rms radius of the considered A* nuclei is
presented in the right panel. The rms radius is extremely small, hardly
exceeding the value 0.8 fm even if the spin-spin interaction is included.
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Fig. 1. Binding energy of A* nuclei per particle, B/A (left panel) and rms radius (right
panel) of few-body A* systems as a function of mass number A, calculated using the
Machleidt potential with and without mass corrections, as well as including spin-spin
interaction.

3. A* Many-Body Systems

As the next step, we explored many-body systems composed solely of A*
hyperons within the RMF framework?®, where the interaction among A*’s
is mediated by the exchange of the scalar o and vector w meson fields. The
underlying Lagrangian density is of the form

L =A*[iv"D, — (Ma+ — goa+0)] A* + (0,w), free-field terms) ,  (3)

where D, = 0, +1igwa+ wy. It is to be noted that the isovector-vector g’ and
Coulomb fields were not taken into account since the A* is a neutral I =0
baryon. First calculations were perfomed using the linear HS model® with
the coupling constants scaled by ay, giax = @;g;n, determined by fitting
Bp«p- (see previous section). For comparison, we performed also calcu-
lations using the nonlinear NL-SH model *°.
parameter o, was fitted to yield the binding energy of the 8A* system cal-
culated within the HS model. We explored A* nuclei with closed shells and
solved self-consistently the coupled system of the Klein-Gordon equations
for meson fields and the Dirac equation for A*.

The corresponding scaling

The results of our RMF calculations are summarized in Fig. 2. In the
left panel, the binding energy per particle, B/A, is plotted as a function of
mass number A, calculated within the RMF HS model with the properly
rescaled o meson coupling constant corresponding to the A* potentials (1)
and (2). For comparison, B/A calculated within the RMF NL-SH model in

page 3
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Fig. 2. Left panel: Binding energy of A* nuclei per particle, B/A as a function of mass
number A, calculated within the HS and NL-SH models; B/A in atomic nuclei (‘nuclei’)
is shown for comparison. Right panel: Comparison of B/A calculated in A* nuclei
within the HS model for the Machleidt potential (red line) with a similar calculation
using ps = 0.97py (black line); B/A in few body systems, calculated within the SVM is
shown for comparison. See text for details.

A* nuclei as well as in ordinary nuclei is shown as well. The binding energy
per A* saturates with the number of constituents for A > 120 in all ver-
sions considered and reaches tens of MeV depending on the potential used.
Calculations with the rescaled w coupling constant yield similar saturation
curves for B/A in A* nuclei.

The observed saturation originates from the Lorentz covariance which
introduces two types of baryon densities — the scalar density ps associated
with the attractive o field and the vector (baryon) density p, associated
with the repulsive w field. In dense matter, the scalar density decreases
with respect to the vector density since ps ~ M*/E*p, where %—: <1,
and M* = M — g,p(o) is baryon effective mass. As a consequence, the
attraction from the scalar field is reduced considerably at higher densities.
This is illustrated in Fig. 2 (right panel), where we present the RMF cal-
culation of B/A in A* nuclei, in which we replaced the scalar density p, by
a density equal to 0.97p, (this corresponds to ps/p, in %0). The binding
energy per A* (denoted ’ps = 0.97p,’) is rapidly increasing in this case,
similar to the SVM calculations (also shown for comparison), and does not
seem to saturate within the explored mass range, unlike B/A evaluated
using the ’dynamical’ scalar density ps (denoted ’a, = 1.0913’). It is to
be noted that the central density of calculated A* nuclei saturates as a
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function of A as well, reaching about twice nuclear matter density.

Finally, we introduced the A* absorption and explored how the A* decay
width changes in the medium. We considered the two-body decay A*A* —
AA in the 1s state, described by the imaginary part of an optical potential
in a ’tp’ form with the amplitude fitted to assumed width I'p«p« = 100 MeV
at threshold, taking into account phase space suppression. We found that
the conversion widths, despite being suppressed to some extent in the A*
nuclei (by 28% in A=8 systems and by less than 1% in A=168 systems),
remain considerable and the A*A* pairs will thus inevitably decay.

4. Summary

We performed calculations of A* nuclei with various A* interaction
strengths compatible with the value Bp«p+ = 40 MeV of the YA model® in
order to demonstrate that the A* stable-matter scenario® is not supported
by standard many-body approaches. We found that the binding energy per
A* in many-body systems saturates in all cases for A > 120 at values far
below & 290 MeV, which is the energy required to reduce the A(1405) mass
in the medium below the mass of the lightest hyperon A(1116). The A*
matter is thus highly unstable against strong interaction decay.
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1. Introduction

Understanding the interaction between nucleons and a A hy-
peron is the subject of an ongoing experimental and theoretical
campaign [1]. In the last few years much effort is dedicated to the
study of hypernuclear trios (ANN) aiming to determine the un-
known A-neutron (An) interaction, and the ANN 3-body force.
The latter is known to have a crucial effect in the nuclear equa-
tion of state at high density, and therefore on our understanding
of neutron stars.

The A-nucleon interaction is not strong enough to bind a AN
pair, making the hypertriton iH(I =0, J* =1/2") the lightest hy-
pernuclei. It is weakly bound with a A separation energy By =
0.13 +0.05 MeV [2]. The experimental search for other bound hy-
pernuclear trios has found no evidence for the hypertriton state
3H*, 3H(I =0, J© = 3/2%), indicating that the singlet s =0 AN
interaction is somewhat stronger than the triplet s =1 interaction.

Recently, the HypHI collaboration [3] has claimed evidence for a
bound Ann state, in(l =1, J® =1/2%). However, this observation
contradicts theoretical analyses demonstrating that such a bound
state cannot exist. Since the first calculation by Dalitz and Downs
[4], numerous theoretical studies of [ = 0,1 and J = 1/2,3/2
ANN states have been performed, confirming the observation that

* Corresponding author.
E-mail addresses: m.schafer@ujf.cas.cz (M. Schdfer), betzalel.bazak@mail.huji.ac.il
(B. Bazak), nir@phys.huji.ac.il (N. Barnea), mares@ujf.cas.cz (J. Mares).

https://doi.org/10.1016/j.physletb.2020.135614

no bound Ann and 'j'\H(I =0, J® =3/2%) exist within Faddeev
calculations for separable potentials [5,6], chiral constituent quark
model of YN interactions [7,8] or the Nijmegen hyperon-nucleon
potentials [9]. The same conclusion was drawn in [10] within vari-
ational calculations using YN model, simulating the realistic Ni-
jmegen interaction. The Ann system was also studied within a
baryonic (pionless) effective field theory (7 EFT) [11,12], however,
due to uncertainty in fixing the three-body Ann force no firm pre-
dictions of its stability could be made.

In spite of the theoretical consensus regarding a bound Ann,
the nature of hypernuclear ANN trios remains a subject of an on-
going discussion [13]. Specifically, the search for the Ann system
is a goal of the JLab E12-17-003 experiment [14], and the study of
the iH(l =0, J¥ =3/2%) state is part of the JLab proposal P12-
19-002 [15].

Regardless the apparent interest, the possible existence of Ann
and f\H* hypernuclear continuum states has been directly ad-
dressed in only few theoretical works. Calculating zeros of the
three-body Jost function, Belyaev et al. found a very wide, near-
threshold, Ann resonance [16]. Afnan and Gibson [17] using Fad-
deev calculation and separable potentials, fitted to reproduce AN
and NN scattering length and effective range, concluded that the
Ann state exists as a sub-threshold resonance. They also found
that a small increase of the AN interaction strength shifts the
resonance position above threshold and thus yields an observable
resonance. We are not aware of any direct calculation of the 3 H*
continuum state, however, as Garcilazo et al. concluded, there is a

0370-2693/© 2020 Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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hint of near-threshold pole which gives rise to large Ad scattering
length in J” =3/27 channel [7].

The aforementioned continuum studies [7,8,16,17] were limited
to A =3 systems. Therefore, the predictive power of their inter-
action models was not verified against the available experimental
B, data in e.g. 4-body or 5-body s-shell hypernuclei. In fact, ap-
plying a gaussian potential mimicking the low energy behavior of
the separable potential of [17] we find substantial overbinding in
these systems. Given the relatively poorly known AN scattering
parameters, and the precise B, data, such comprehensive study is
called for.

Motivated by the debate regarding the nature of the hypernu-
clear 3-body states, and the soon to be published JLab E12-17-003
Ann results [14], in the present work we report on precise few-
body calculations of the hypernuclear ANN bound and continuum
spectrum, using Hamiltonians constructed at leading order (LO)
in #EFT [18]. This #EFT is an extension, including A hyperons,
of the n, p nuclear #EFT Hamiltonian, first reported in [19,20]
and more recently used to study lattice-nuclei in [21-24]. At LO
7 EFT contains both 2-body and 3-body contact interactions. The
theory’s parameters, i.e. the 2- and 3-body low-energy constants
(LECs), were fitted to reproduce the AN, NN scattering lengths,
3H binding energy, and the available 3,4-body B, data [18]. The
predictive power of the theory was tested against the measured
iRl—le separation energy [18,41]. The #EFT breakup scale can be
associated with 2-pion exchange 2my, or the threshold value for
exciting XN pair. These two values are remarkably close. Assum-
ing a typical energy scale E, of about 1 MeV, the momentum
scale Q ~ /2MpE 5 =47 MeV/c, suggesting a 7t EFT expansion pa-
rameter (Q /2my) ~ 0.2. This implies a # EFT LO accuracy of order
(Q/2my)* ~ 4%.

The 3-body calculations were performed with the Stochastic
Variational Method (SVM) expanding the wave function on a cor-
related gaussian basis [25,26], the continuum states were located
using the Complex Scaling Method (CSM) [32], or the Inverse Ana-
lytic Continuation in the Coupling Constant (IACCC) Method [40].

Our main findings are: (a) The possible existence of a bound
Ann, or f\H* state is ruled out, confirming findings of previous
theoretical studies [4-10,16,17]. (b) The excited state of hypertri-
ton, f\H*(]” =3/2%), is a virtual state. (c) The Ann state is a
resonance pole near the three-body threshold in a complex en-
ergy plane. The position of this pole depends on the value of the
AN scattering length. Within the current bounds on the AN scat-
tering length it can either be a real resonance or a sub-threshold
resonance.

2. Calculational details
2.1. Hypernuclear 7t EFT at LO

At LO the ##EFT of neutrons, protons and A-hyperons is given
by the Lagrangian density

2 2
L= NT(iao+ ZVTN)N+AT(i80+ ;TA>A +Lop+ L3 (1)
where N and A are nucleon and A-hyperon fields, respectively,
and Lp, L3 are 2-body, and 3-body, s-wave contact interactions,
with no derivatives. These contact interactions are regularized by
introducing a local gaussian regulator with momentum cutoff A,
see e.g. [27],

s [ 3 22, 5
A(r)_<ﬁ> exp(—zr> (2)

that smears the Dirac delta appearing in the contact terms over
distances ~ A~!. This procedure yields Hamiltonian containing
two-body V; and three-body V3 interactions

Table 1

Input spin-singlet a}" and spin-triplet a{*N scattering
lengths (in fm), used to fit the hypernuclear 2-body
LECs. Also shown is the spin-independent combination
of AN scattering lengths aN = (3a{'N +ajN)/4.

model Reference  afN  afN  atN
Alexander B [28] -1.80 -1.60 -1.65
NSC97f [29] -2.60 -1.71 -1.93
X EFT(LO) (30] 191 123 -140
XEFT(NLO)  [31] 291  -154 -188
I,S 1,S
Va= D GO Y P o)
1,S i<j
1,S 1,8
V=) D;° Y Qi Y i), (3)
1,S i<j<k cyc

where Pf]ﬁs and Qfﬂf are the 2- and 3-body projection operators
into an s-wave isospin-spin (I, S) channels. The cutoff A dependent
parameters Ci’s, and DIA’S are the 2- and 3-body LECs, fixed for
each A by the appropriate renormalization condition. For A higher
than the breakup scale of the theory (A > 2my ), observables posses
residual cutoff dependence, at LO O(Q /1), suppressed with A ap-
proaching the renormalization group invariant limit A — oo [18].

In total there are 4 two-body (NN, AN), and 4 three-body

(NNN, ANN) LECs. The nuclear LECs C/=0°=! ¢[=1:5=0" 3nd
Di:1/z,5:1/2 are fitted to the deuteron binding energy, NN spin-
singlet scattering length ag’N, and to the triton binding energy,
respectively. The hypernuclear two-body LECs Ci=1/2’5=0 and
Cizl/z'szl are fixed by the AN < spin-singlet a}N and spin-

triplet a{‘N scattering lengths. The three-body hypernuclear LECs
D;:o,s:uzy Dizl‘szl/z, and let)’5=3/2 are fitted to the experi-
mental A separation energies B A(il—l), B A(‘}\H), and the excitation
energy Eexc(yH").

Since ajN and afN are not well constrained by experiment, we
consider different values both as given by direct analysis of experi-
mental data [28], or as predicted by several AN interaction models

[29-31], see Table 1. For the particular values of the LECs see [18].
2.2. The stochastic variational method

The A-body Schrodinger equation is solved expanding the wave
function W in correlated gaussians basis [25]

~ 1 . ,
=Y cvi=) A {exp <—§XTA1'X> Xsmséim; } )

where A stands for the antisymmetrization operator over nucle-
ons, X = (X1, ...,X4—1) denotes a set of Jacobi vectors, and XéMs

(S}MI) is the spin (isospin) part. The information about interparti-
cle correlations is contained in the (A — 1) dimensional positive-
definite symmetric matrix A;. Once we fix all basis functions v,
both energies and coefficients c; are obtained through diagonaliza-
tion of the Hamiltonian matrix. The A(A — 1)/2 nonlinear vari-
ational parameters contained in each A; matrix are determined
using the Stochastic Variational Method (SVM) [25,26].

Unlike bound states, continuum wave functions are not square-
integrable. Therefore, resonances or virtual states can not be di-
rectly described using an L? basis set of correlated gaussians. Tech-
niques such as CSM or IACCC have to be used to study such states
with a correlated gaussians. Below we discuss in some detail the
techniques we applied in our study.
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2.3. The complex scaling method

The CSM [32] is a reliable tool to study few-body resonances
[33]. The basic idea in the CSM is to locate resonances introducing
complex rotation of coordinates and momenta

UO)r=re’, U@Bk=ke ", (5)

that transforms the continuum states into integrable L? states. This
transformation rotate continuum state energies by 26 uncovering a
section of the second energy plane between the real axis and a ray
defined by |argE| = 26, exposing resonances with argument 6, =
arctan(I'/2E;)/2 smaller than 6. Here, E, = Re(E) is the resonance
energy and I' = —2Im(E) is the width. Using gaussian regulator (3)
the rotation angle is restricted to be 6 < %, to prevent divergence
of the rotated gaussian, limiting the scope of the CSM.

The SVM method uses the variational principle as a tool to
optimize the nonlinear basis parameters A; (4), minimizing the
basis size. This does not apply to resonance states, making it a
highly non trivial problem to choose the appropriate basis. Here,
we present a new efficient procedure to determine the basis set
for an accurate description of resonance states. To optimize the
basis, we supplement the Hamiltonian H with an additional har-
monic oscillator (HO) trap

hZ
VIOM) = o3 D T (6)
Jj<k

where m is an arbitrary mass scale, and b is the HO trap length.
The potential VHO(b) gives rise to a HO spectrum of the ground
and excited states which is affected by the presence of a resonance
in the Hamiltonian H [34]. For a given trap length b we select basis
states v; (4) using the SVM, optimizing the variational parame-
ters for the ground state energy and then subsequently for excited
states energies up to Epmax > E; + I'/2. The SVM procedure prefers
basis states which promote interparticle distances rj in a specific
region given by the trap length b. Increasing b we enlarge the typ-
ical radius of the correlated gaussians ;. For large enough b, the
CSM resonance solution for the Hamiltonian H starts to stabilize
and both the short range and the suppressed long range asymp-
totic parts of a resonance wave function are described sufficiently
well. In order to further enhance the accuracy of our CSM solu-
tion, we use a grid {by}, of a HO trap lengths, and for each grid
point we independently select correlated gaussians basis. Then we
merge basis states determined for each by into a larger basis while
ensuring linear independence and numerical stability of the over-
lap matrix. We have found that this procedure works well for both
narrow, and broad resonances.

H"P(b) = H + vHO(b),

2.4. Inverse analytic continuation in the coupling constant method

The Analytic Continuation in the Coupling Constant (ACCC)
method [35] has been successfully applied in various calculations
of few-body resonances and virtual states [36,37]. Moreover, it was
pointed out that the ACCC method provides rather convenient way
how to extend applicability of the SVM into the continuum re-
gion [36,38]. We consider a few-body Hamiltonian consisting of
the physical part H and an auxiliary attractive potential V¥

HIACCC — H +a Vaux’ (7)

which introduces a bound state for a certain value of «, but
ensures that the physical dissociation thresholds for the various
subsystems remain unaffected. By decreasing the strength o the
bound state moves closer to the threshold and for a certain ¢ it
turns into a resonance or virtual state. It has been demonstrated

for a two-body system that in the vicinity of the branching point
ag the square root of an energy k = +/E behaves as k ~ (« —ag) for
s-wave (I =0) and k ~ /o — ag for [ > 0 [35]. Defining new vari-
able x = ./a — ag one obtains two branches k(x) and k(—x) where
the former one describes motion of the S-matrix pole assigned to
a bound state on a positive imaginary k-axis to the third quadrant
of a k-plane. Using analyticity of the function k(x) one can con-
tinue from a bound region « > o to a resonance region o < .
In practice this is done by constructing a Padé approximant

y .
ijo cjx!
1+ Y0 djxi

for the function k(x) using M + N + 1 bound state solutions
{(xj,kj);j=1,...,M 4+ N + 1} for different values of o > «aq.
The evaluation of the Padé approximant (8) at x = /—ag yields
complex k which is assigned to the physical resonance solution
k? = E; —iI'/2 corresponding to the Hamiltonian H. For more de-
tails regarding the ACCC method see [39].

The ACCC method suffers from two drawbacks which are pre-
dominantly of numerical nature. The first issue is high sensitivity
of the numerical solution to precise determination of the branching
point value «p [35]. The second obstacle appears with increasing
orders M and N of the Padé approximant (8) when the numerical
solution starts to deteriorate.

Rather recently Horacek et al. [40] have introduced a modified
version of the ACCC method called the Inverse Analytic Contin-
uation in the Coupling Constant (IACCC) method which provides
more robust numerical stability. Starting in the same manner as
in the ACCC case, we consider the Hamiltonian (7) and calculate
series of bound states for different values of o > «g. Next, we
construct a Padé approximant of a function «(k), where x = —ik,
using a relevant set of bound state solutions

k(x) ~ i (8)

Pu() _ DjoCiKk
Qule) 14+ Y0 djicd

a(k)~

(9)

The parameters of the physical resonance or virtual state pole are
then readily obtained by setting o = 0 as the physical root of a
simple polynomial equation Py;(x) =0.

To ensure that the properties of the 2-body part of the Hamilto-
nian, such as scattering lengths or deuteron binding energy, remain
unaffected, we choose the auxiliary potential to be an attractive 3-
body force. The natural choice is to select it to have the same form
as the # EFT 3-body potential (3),

22 (2., .2
ylacce _ df\’s Z Ql’]lf Ze77<rij+rjk)’ (10)
i<j<k cyc

where the amplitude di’s defines its strength, corresponding to the
parameter « in Eq. (7), and is negative for an attractive auxiliary
potential.

The accuracy of our IACCC resonance solutions in the fourth
quadrant of the complex energy plane, Re(E) > 0, Im(E) < 0O, are

better than =~ 10~3 MeV. These results compare very well with
the CSM calculations in their region of applicability 6 < 7 /4.

3. Results

Using #EFT at LO with the LECs fitted to the available data
as described earlier [18], we find no bound Ann or f\H* states.
Further examining the hypothetical existence of these states, we
found that they are incompatible with the well measured A =4,5
hypernuclear spectrum.
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As we have already pointed out, the possible existence of bound
Ann and il—l* states has been quite convincingly ruled out in sev-
eral theoretical studies [4-10]. Our #EFT findings support their
conclusions.

3.1. A Ann resonance?

We start our study of three-body hypernuclear continuum
states with the Ann system. To understand the cutoff dependence
of our theory we present, in Fig. 1, the trajectories E app (df\=1,5=1/2’
A) of the Ann resonance pole, calculated using the IACCC method
for different values of cutoff A, and for a representative set of
a’N - NSC97f. With decreasing attraction of VIA®C, the reso-
nance poles move along a circular trajectory in the complex energy
plane starting from the A + n + n threshold to the physical end

point where dlfl’s:l/ 2 0. The figure suggests that the trajecto-
1=1,5=1/2

,A) and the physical end points converge with

ries Eann(d;
~1 we approach stabi-

increasing cutoff, and already at A = 2.5 fm
lized results.

Repeating the same calculations for all sets of scattering lengths
given in Table 1, we find that regardless the cutoff value, the imag-
inary part of the physical solution lm(E;\\nn) lies in the interval
—1.32 <Im(E%,,) < —0.58 MeV for all a®N sets. In contrast, the
real part Re(Eknn) exhibits large cutoff dependence. As shown in
Fig. 1 for the NSC97f case, the pole moves with increasing A from
the unphysical part of the Riemann sheet (Re(E) < 0, Im(E) < O;
third quadrant) towards the physical one (Re(E) > 0, Im(E) < 0;
fourth quadrant).

In Fig. 2 we compare the trajectories EAnn(di:]’s:]/z,)») for
the different values of AN scattering lengths, Table 1, at cutoff
A =4 fm~!. From the figure, we can deduce that the existence
of a physically observable Ann resonance is very sensitive to the
AN interaction. The latter must be strong enough to ensure the
pole’s location in the fourth quadrant of a complex energy plane.
The figure and Table 1 show that with increasing size of the spin-
averaged scattering length a*N =3/4afN + 1/4alN the Ann pole
trajectories move closer to the A 4+ n + n threshold. Moreover, by
increasing the cutoff A the physical Ann pole is shifted closer to
or into the fourth quadrant. In this sense the pole position in
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Fig. 2. Trajectories of the Ann resonance pole in the complex energy plane de-
termined by a decreasing attractive strength df\:”:” 2 for selected sets of AN
scattering length, calculated at A =4.00 fm~1. Larger symbols stand for the physical
position of the Ann pole (di:m:l/2 =0).

the renormalization group invariant limit A — oo could be con-
sidered as the most favorable to the existence of an observable
resonance. Nevertheless, in the A — oo limit only two sets of a®N -
NSC97f and y EFT(NLO) undoubtedly predict a physical resonance.
From the results shown in Fig. 2 we can roughly estimate that
a*N ~ 1.7 fm™! is the minimal value for the Ann pole to enter the
fourth quadrant, becoming a physical resonance. It should be noted
that though the size of @*N plays a dominant role, one should take
into account also the effect of the three-body force which might
introduce more complicated dependence on aé‘N and a{‘” .

3.2. The hypertriton excited state ZH*( J*=3/2%)

The excited state of the hypertriton il—l*(]” = 3/2") might
be considered as a good candidate for a near-threshold reso-
nance. Indeed, several works demonstrated an emergence of a
bound state by increasing rather moderately the AN interaction
strength. Applying the IACCC method we follow the pole trajec-
tory given by the amplitude of auxiliary 3-body force di:0’523/2
from a bound region to its physical position in a A+deuteron

(A + d) continuum. In Fig. 3 we show the iH* pole momen-

tum k= /21 ad[EGH) — EgCH)], jtag =mama /(mg +my), as a

function of di:0’5:3/ 2 for Alexander B AN scattering lengths and

A =6 fm~!. We observe that with a decreasing auxiliary attrac-
tion the imaginary part of the momentum Im(k) decreases from
positive value (bound state) to a negative value (unbound state)
whereas the real part Re(k) remains equal to zero. This behavior is
regarded as definition of a virtual state [42].

Repeating the calculations for various cutoffs and different AN
scattering lengths, Table 1, we find -j’\H* to be a virtual state in
all considered cases. As we have seen in the Ann calculations, the
energy of the virtual state E, is stabilized at cutoffs A > 4 fm~1.

The existence of the 3 H* virtual state is further confirmed by
the CSM. We do not see any sign of resonance for all sets of
AN scattering lengths, cutoffs, or auxiliary 3-body force values
di=o¢s=3/2. Odsuren et al. [43] have showed that the rotated dis-
cretized CSM continuum spectra reflect phenomena such as near-
threshold virtual states, although one would naively assume that
virtual states having |argE| = 7w /2 are beyond the reach of the
CSM. From continuum level density they have extracted the scat-
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Fig. 4. S-wave Ad phase shifts in the J7 =3/2% channel 83["12 as a function of
energy E above the A +d threshold, extracted from the continuum level density of
the rotated CSM spectra. The phase-shifts are calculated for cut-off A =6 fm™ and
several AN interaction strengths. Shaded areas mark uncertainty introduced by the
rotation angle 6 within interval 15° <6 < 20°.

tering phase shifts which revealed enhancement due to the vicinity
of the pole [43,44]. Following this approach we calculated the Ad
s-wave phase shifts Bé‘/‘é for the J® =3/2% channel. The calcu-
lated phase shifts, presented in Fig. 4, exhibit clear enhancement
close to threshold implying proximity of a pole. The shaded areas
in the figure reflect the phase shift dependence on rotation angle
6, which we checked for a rather broad interval 15° <6 < 20°.

The scattering length aé‘/dz and effective range ré‘/dZ extracted

from the Ad phase shifts reveal through their sign, negative ag‘/dz

and positive ré\fé, the existence of a virtual state [45]. Using
a§‘/‘12, ré\/dz the virtual state binding momentum k, = /2t agEy can

be approximated by

(11)

Table 2

Calculated Ad scattering lengths a§‘/d2, effective ranges ré‘/%,
and virtual state energies E, in J* =3/2% channel for sev-
eral AN interaction strengths and cutoff A =6 fm™!. Results
of two different methods are presented - the continuum level
density of rotated CSM spectra and the IACCC method. For
the CSM we obtain E, using relation (11), for the IACCC us-
ing the relation aé‘/dz = —i/+/2isdEy. The scattering length
and effective range are given in fm, E, in MeV.

CSM IACCC

aé\/dz r?/dz Ey ‘Ié\/dz Ev
Alexander B -17.3 3.6 -0.08 -25.7 -0.042
NSC97f -10.8 3.8 -0.18 -16.1 -0.108
X EFT(LO) -8.5 35 -0.28  -12.8 -0.169
X EFT(NLO) -76 3.6 -034  -117 -0.205

In Table 2 we present the IACCC results for E,, and an estimate
aé‘/dz = —i//2upqgE, for the scattering length, together with the
scattering parameters aé\/‘jz and r§\/dz extracted from the CSM calcu-
lations and the resulting estimate for E,, Eq. (11). Inspecting the
table, one might naively expect clear monotonic dependence of E,
on the spin-triplet scattering length a{‘N . However, the dominance
of a#*N is undermined by the 3-body force in the (I, S) = (0, 3/2)
channel, fixed by BA(j‘X H*). Comparing the IACCC and CSM results,
one clearly sees that both approaches are in mutual agreement,
they exhibit the same dependence on the AN interaction strength,
though, the CSM yields larger estimates for |E,|. It is a well known
drawback of the CSM that eigenvalues in a vicinity of the threshold
start to be affected by inaccuracies caused by complex arithmetic.

Concluding this section, we see that at LO #EFT firmly predicts
the excited state of hypertriton -;’\H*( J* =3/2%) to be a virtual
state in the vicinity of the A — d threshold. This result has impor-
tant implications for prospective experimental search of this state.
Experimental observation of f\H* as a resonance state seems to
be highly unlikely. Instead, there is a near-threshold virtual state
which should be seen through the enhancement of s-wave Ad
phase shifts in the J7 =3/2% channel as demonstrated in Fig. 4.

4. Conclusions

In this work we have presented the first comprehensive 7 EFT
study of continuum hypernuclear ANN trios. The underlying nu-
cleon and hyperon interactions were described within a 7 EFT at
LO, with the LECs fixed by 2-body low energy observables and
experimental input from 3- and 4-body s-shell systems. The Ann
and iH* energies were then obtained as predictions of the the-
ory. In view of poor low energy AN scattering data we considered
several sets of AN scattering lengths, whereas the NN interaction
remained constrained by experiment [18].

Few-body wave functions were described within a correlated
gaussians basis. Bound state solutions were obtained using the
SVM. The continuum region was studied employing two indepen-
dent methods - the IACCC method and CSM.

The g EFT predicts that both Ann and iH* are unbound. Tun-
ing the 3-body LECs to put the Ann or il—l* binding energy on
threshold, yielded considerable discrepancy between the calculated
and measured B, in the A =4, 5 hypernuclei. Our findings further
strengthen the conclusions of previous theoretical studies that both
states are unbound [4-10,16,17].

Our LO #EFT calculations predict Ann and iH* to be near-
threshold continuum states. We thus anticipate that the EFT trun-
cation error is small due to low characteristic momenta and thus
higher order corrections would not change our results qualitatively.
We conclude that position of the Ann pole depends strongly on
the spin independent scattering length a®N. For @*N > 1.7 fm™!
the Ann pole becomes a physical resonance close to threshold
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with E; < 0.3 MeV, and a large width most likely in the range
1.16 < T <2.00 MeV. If observed, the position of the Ann reso-
nance can yield tight constraints on the AN scattering length. We
note, however, that the exact position of the Ann depends both on
a$N and af*V, and also on subleading 7 EFT terms neglected here.
The excited state of hypertriton iH* was firmly predicted to be
a near-threshold virtual state regardless of the value of a’N. We
have demonstrated that this virtual state has a strong effect on the
Ad s-wave phase shifts in J7 =3/2% channel.
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The nature of the Ann and §H*(J™ = 3/2%, T = 0) states is investigated within a pionless effective
field theory at leading order, constrained by the low energy AN scattering data and hypernuclear
3- and 4-body data. Bound state solutions are obtained using the stochastic variational method,
the continuum region is studied by employing two independent methods - the inverse analytic
continuation in the coupling constant method and the complex scaling method. Our calculations
yield both the Ann and 3H* states unbound. We conclude that the excited state 3H* is a virtual
state and the Ann pole located close to the three-body threshold in a complex energy plane could
convert to a true resonance with Re(E) > 0 for some considered AN interactions. Finally, the
stability of resonance solutions is discussed and limits of the accuracy of performed calculations are

assessed.

I. INTRODUCTION

The s-shell A hypernuclei play an important role in the
study of baryon-baryon interactions in the strangeness
sector. In view of scarce hyperon-nucleon scattering data
they provide a unique test ground for the underlying in-
teraction models thanks to reliable few-body techniques.
In particular, experimental values of the A separation en-
ergies in A = 3, 4 A hypernuclei including their known
spin and parity assignments, as well as the 4 H* and } He*
excitation energies represent quite stringent constraints
(see [1] and references therein).

The hypertriton 3H (J™ = 1/2%, I = 0) is the light-
est known hypernucleus, with the A separation energy
By = 0.134+0.05 MeV [2]. In view of the small value
of By in the hypertriton ground state, it is likely that
the excited state 3H* (J™ = 3/2%, I = 0) is located just
above the A+ d threshold, however, its physical nature is
not yet known. Moreover, since the isospin-triplet NN
state is unbound, it is highly unlikely that there exists
a bound state in the I = 1 Ann system. A thorough
study of the A = 3 hypernuclear systems with different
spin and isospin, addressing the question whether they
are bound or continuum states, provides invaluable in-
formation about the spin and isospin dependence of the
AN interaction, as well as dynamical effects in these few-
body systems caused by a A hyperon. Moreover, the issue
of the Ann and also AAnn states as possible candidates
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for widely discussed bound neutral nuclear systems has
attracted increased attention recently in connection with
the experimental evidence for the bound Ann state re-
ported by the HypHI collaboration [3].

The first variational calculation demonstrating that
the Ann system is unbound was performed by Dalitz and
Downs more than 50 years ago [4]. Later, this conclu-
sion was further supported by Garcilazo using Faddeev
approach with separable potentials [5]. Following, more
detailed, studies of both Ann and 3H* systems within
Faddeev approach using either Nijmegen Y N potential
[6] or chiral constituent quark model of YN interactions
[7, 8] confirmed that both systems are indeed unbound.
In addition, these calculations revealed that with increas-
ing YN attraction the binding of 3H* comes first. The
investigation of the Ad scattering length in J™ = 3/2%
channel indicated existence of a pole in the vicinity of
the A + d threshold. Continuum calculations of the un-
bound Ann system were performed by Belyaev et al. us-
ing a phenomenological AN potential [9]. This neutral
hypernuclear system was found to form a very wide, near-
threshold resonance.

In view of the above theoretical calculations, the
claimed evidence of the Ann reported by HypHI Col-
laboration was quite surprising and it stimulated re-
newed interest in the nature of the 3-body hypernuclear
states. The HypHI conclusions were seriously challenged
by succeeding calculations [10, 11], demonstrating incon-
sistency of the existence of the Ann bound state with
AN scattering as well as 3- and 4-body hypernuclear
data. Furthermore, the renewed analysis of the BNL-
AGS-E906 experiment [12] led to conclusion that the for-
mation of a bound Ann nucleus is highly unlikely. In
addition, rather recently Gal and Garzilazo [13] made a



rough but solid estimate of Ann lifetime which, if bound,
is considerably longer than the one of free A hyperon 74.
This result is in disagreement with the shorter Ann life-
time with respect to 7o extracted from the HypHI events
assigned to this system. The Ann was also explored
within pionless effective field theory (#EFT ) [14, 15].

In spite of the apparent interest the Ann and 3 H* con-
tinuum states have been investigated in only few theoret-
ical works[9, 16, 17]. Afnan and Gibson [16] performed
Faddeev calculations of Ann using two-body separable
potentials fitted to reproduce NN and AN scattering
lengths and effective ranges. They pointed out that while
Ann pole appears in the subthreshold region (Re(E)<0),
only small increase of the AN interaction strength pro-
duces a Ann resonance (Re(FE)>0). This work encour-
aged the search for the Ann system in the JLab E12-17-
003 experiment [18].

In this work, we performed few-body calculations
of the Ann and 3H* hypernuclear systems within LO
#EFT , both in the bound and continuous region, ex-
ploring thoroughly their nature. The first selected results
have been reported in Ref. [17]. As demonstrated in that
work the virtual state 3 H* pole position close to the A+d
threshold strongly affects the Ad s-wave phase shifts in

™ = 3/2% channel. The calculated Ad scattering lengths
and effective ranges from this work were further employed
by Haidenbauer in the study of Ad correlation functions
within the Lednicky-Lyuboshits formalism [19]. It is to
be noted that the nature of the 3 H* state is a subject of
the JLab proposal P12-19-002 [20].

The #EFT approach was applied to s-shell A hyper-
nuclei and, among others, the experimental value of
the A separation energy Ba in 3He was successfully
reproduced [21]. The #EFT was further extended to
S = —2 sector with the aim to study the onset of
binding in AA hypernuclei [22]. Finally, in the present
work the 7#EFT is applied to the study of continuum
states in 3-body hypernuclear systems. Bound state
calculations are performed using the Stochastic Vari-
ational Method (SVM), the continuum states are de-
scribed within the Inverse Analytic Continuation in the
Coupling Constant (TACCC) Method and the Complex
Scaling Method (CSM). The IACCC calculations are
benchmarked against the CSM and the stability of reso-
nance solutions is discussed. The CSM is in addition used
to set limits of the accuracy of performed calculations.

The paper is organized as follows: In Section II, we
first give a brief description of the #EFT approach and
the SVM method applied in the calculations of few-body
hypernuclear systems. Then, we introduce the CSM and
TACCC method used to describe continuum states and
pole movement in a complex energy plane. In Section
I1I, we present results of our study of the Ann and 3 H*
systems. We discuss in more detail the relation between
the applied LO #EFT approach and phenomenological
models and, in particular, the stability and numerical ac-
curacy of our fEFT calculations. Finally, we summarize
our findings in Section V.

II. MODEL AND METHODOLOGY

Hypernuclear systems studied in this work are de-
scribed within the #EFT at LO which was introduced
in detail in [21]. In this section we present only basic
ingredients of the theory. The LO #EFT contains 2- and
3-body s-wave contact interaction terms, each of them
associated with corresponding isospin-spin channel. The
contact terms are then regularized by applying a Gaus-
sian regulator with momentum cutoff A\. This procedure
yields two-body V5 and three-body V3 potentials which
together with the kinetic energy Ty enter the total Hamil-
tonian H :

H =T+ Vo + Vs, (1)
where
Zcf SN LS o (2)
i<j
and

Vs = ZDIS >l e (i), (3)

<j<k cyc

Here, PzIJS and Q . are the projection operators to 2-

and 3-body s-wave isospin-spin (I, S) channels and the 2-
and 3-body low energy constants (LECs) C’i’s and Di’s
are fixed for each \ by experimental data. The momen-
tum cutoff A might be understood as a scale parameter
with respect to a typical momentum @. Calculated ob-
servables exhibit residual cutoff dependence O(Q/\) sup-
pressed with A\ approaching the renormalization group
invariant limit A — oo [21].

There are in total 4 two-body (NN, AN) and 4 three-

body (NNN, ANN) LECs. Nuclear LECs C} "5,

CI=19=0 and DITV5=Y2 gre fitted to the deuteron
binding energy, NN spin-singlet scattering length a2V
and to the triton binding energy, respectively. Hyper—

nuclear two-body LECs CI /2520 4nd CI 1/2,5= are
fixed by the AN scatterlng length in a spin-singlet a
and spin-triplet a?" channel. Three-body hypernuclear
LECs D§:0,5:1/27 D§:1’321/27 and DiZO’SZB/Q are fit-
ted to the experimental values of A separation energies
Ba(RH), Ba(31H) and the excitation energy Eexc(3H*).

Since aj™¥ and a{'" are not constrained sufficiently well
by experiment, we use their values given by direct analy-
sis of scattering data [23] or predicted by several models
of AN interaction [24-26]. Considered aj)™ and afV to-
gether with the data used to fix NN spin-singlet 'Sy
and spin-triplet 3S; LECs are given in Table. I. The
#EFT approach was applied to s-shell A hypernuclei and,
among others, the experimental value of the A separa-
tion energy Ba in 3 He was successfully reproduced [21]
as demonstrated in the last column of Table I.

The calculation of A = 3,4,5 -body s-shell A hyper-
nuclear systems are performed within finite basis set of



TABLE 1. Values of spin-singlet a3™ and spin-triplet ai*?
scattering lengths® used to fit hypernuclear 2-body LECs to-
gether with effective ranges 74" and riV (in fm). Corre-
sponding A separation energies Ba (% He;00) (in MeV), pre-
dicted within #EFT for A — oo [21] are to be compared with
the experimental value Ba (3 He) = 3.12(2) MeV [2].

adV oy o AN Ba(RHe; o0)
Alexander B [23] -1.80 2.80 -1.60 3.30 3.01(10)
NSCO7f [24] 260 3.05 -1.71 3.33  2.74(11)
YEFT(LO) [25]  -1.91 1.40 -1.23 220  3.96(08)
YEFT(NLO) [26] -2.91 278 -1.54 227  3.01(06)
NN [27, 28] 18.63 2.75 Eg(*H) = —2.22457 MeV

2 We use the effective range expansion sign convention defined as
kcotg(d) = —a% + %rsk2 4+

correlated Gaussians [29]
i L or i i
Y; = A exp —5X Aix ) Xsns €Ty s (4)

where the operator A ensures antisymmetrization be-
tween nucleons, x7 = (x,...,X4_1) is a set of Jacobi
coordinates, and x%,,, and &}, stand for correspond-
ing spin and isospin parts, respectively. Each v; includes
A(A—1)/2 nonlinear parameters which are placed in the
(A — 1) dimensional positive-definite symmetric matrix
A; plus 2 discreet parameters which represent different
spin and isospin configuration in Xis Mg and I3 M, s Tespec-
tively.

In order to choose 1; with the most appropriate nonlin-
ear parameters we use the Stochastic Variational Method
(SVM) [30] which was proved to provide systematic pro-
cedure to optimize the finite basis set, thus reaching
highly accurate bound state description.

Resonances and virtual states, predominantly inter-
preted as poles of S-matrix [31, 32], can not be addressed
directly using the SVM with the finite basis set. Conse-
quently, in order to study hypernuclear continuum we
apply the Inverse Analytic Continuation in the Coupling
Constant (IACCC) method [33] which was proposed as
numerically more stable alternative to the Analytic Con-
tinuation in the Coupling Constant [34].

Following the spirit of analytical continuation tech-
niques we supplement the Hamiltonian H (1) by an aux-
iliary 3-body attractive potential

dIS Z kaze 22( 1J+Tjk (5)

i<j<k cyc

IACCC
Vs

where the amplitude di’s defines its strength and is neg-
ative for attraction. The projection operator QZIJ‘Z en-
sures that the potential affects only a particular (1,5)
three-body channel - (1,1) for Ann or (0,2) for 3H*.
If not explicitly mentioned A in VAACCC is equal to the
#EFT cutoff A. In principle one can use a rather large

class of 2- or 3-body attractive auxiliary potentials which
fulfill certain criteria imposed by analytic continuation
[32]. Using V4ACCC (5) ensures that the properties of
2-body part of the #EFT Hamiltonian (1) such as scat-
tering lengths or deuteron binding energy remain unaf-
fected. TIts form is selected to be the same as of the
#EFT 3-body potential (1).

With increasing attractive strength of d{\’s the res-
onance or virtual state S-matrix pole described by H
starts to move towards the bound state region and at
certain d S \ becomes a bound state. The other way
around, studylng bound state energy Ep as a function
of dI 5 < dl we can perform an analytic continuation
of the pole poswlon from the bound region back into the
continuum (d>\ > d07 )\) up to the point of its physical
position with no auxiliary force (di’s =0).

In practice, we apply the SVM to calculate a set of
M + N +1 bound state energies for different values of the
coupling constant {Efg( i) di <do;i=1,....M+N+
1}, where d; = d . Next, using this set we construct the

Padé approxurnant of degree (M,N) PM:N) of function
d(r)

M .
bk
’P(MvN)(K) — M ~ d(k), (6)

1+ Zjvzl cikI

where b; and c; are real parameters of the PUMN) - The
k is defined as Kk = —ik = —iv E with E standing for
a bound state energy with respect to the nearest dis-
sociation threshold. The position of the S-matrix pole
corresponding to H is calculated setting d = 0 in Eq. (6)
which leads to the the simple polynomial equation

M .
> bl =0. (7)
=0

The resonance or virtual state energy with respect to the
nearest threshold is then obtained as E = (ix)?, where
x now corresponds to the physical root of Eq. (7). Here,
for complex resonance energy, we use the notation E =
E. — iI'/2, where E, = Re(FE) is the position of the
resonance and I' = —2 Im(E) stands for the resonance
width.

Using the TACCC method we study the whole pole
trajectory E(d) in the continuum region d € (dy;0)
(see Fig. 4). For a given set of bound state energies
{E5(di) 5 di < do; i =1,...,M + N + 1}, we shift
d; — d — d; in the E4(d;) set, construct new Padé ap-
proximant (6), and obtain E(d) as a corresponding root
of Eq. (7).

The specific choice of VAACCC (5) provides clear phys-
ical interpretation for any di’s solution. By varying di’s
the Ann or 3 H* pole moves along its trajectory E(df\’s, A)
which is defined purely by the underlying 2-body inter-
actions and cutoff A\. Supplementing the physical Hamil-
tonian (1) by VAACCC might be understood as a shift of



the three-body LEC constant D/I\’S — D/I\’S +d§’s. Since

D/I\:l,S:l/Q and D£=0’5=3/2 have been fitted for each A
to the experimental value of Bx(4H) and Eex.(3H*), re-
spectively [21], one could assign the parts of trajectories
for d[ 5 <0 to an overbound 4-body system. In other
Words for a given set of a}" and cutoff A\ the trajec-

tory E(dI L.5=1/2 ,A) of Ann pole positions corresponds
to different valueb of By(34H) and similarly the trajec-
tory E(dI 0.5=3/2 ,A) of 3H* pole positions corresponds
to different values of Fey.(3H*).

For each TACCC resonance calculation we benchmark
part of the corresponding pole trajectory against the
Complex Scaling Method (CSM) [35]. The main ingre-
dient of the CSM is a transformation U(f) of relative
coordinates r and their conjugate momenta k

U@)r=re’ U@)k=ke ", (8)
where 0 is a real positive scaling angle. Applying this
transformation to the Schrodinger equation one obtains
its complex scaled version

H(0)W(0) = E(0)¥(0), (9)

where H(0) = U(O)HU~(0) is the complex scaled
Hamiltonian and ¥(0) = U(#)¥ is the corresponding
wave function. For large enough 6, the divergent asymp-
totic part of the resonance wave function is suppressed
and ¥(0) is normalizable - possible resonant states can
then be obtained as discrete solutions of Eq. (9) [36]. In
order to prevent divergence of the complex scaled Gaus-
sian potential (1) the scaling angle is limited to 6 < 7.
A mathematically rigorous formulation of the CSM for
a two-body system results in the ABC theorem [35] which
provides description of the behavior of a complex scaled
energy E() with respect to 6 : (i) Bound state ener-
gies remain unaffected (ii) The continuum spectrum ro-
tates clockwise in a complex energy plane by angle 26
from the real axis with its center of rotation at the cor-
responding threshold (iii) For # > 6, = Jarctan 22

corresponding to the resonance energy ET and width T,
the resonance is described by a square-integrable func-
tion and its energy and width are given by a complex
energy E(0) = E,. —il'/2 which does not change further
with increasing 6.

In this work, we expand ¥ () in a finite basis of corre-
lated Gaussians (4)

N
=" cil) v (10)
=1

Both resonance energies E(6) and corresponding coeffi-
cients ¢;(#) are then obtained using the c-variational prin-
ciple [37] as a solution of generalized eigenvalue problem

N N
D Wil HO)[¢)) ¢ () (Wilw;) e5(0), (11)
Jj=1 j=1

where (|) stands for the c¢-product (bi-orthogonal prod-
uct) [36, 38]. In the case of real 1);, the c-product in
Eq. (11) is equivalent to the inner product < | >. It
was proved that the solutions of Eq. (11) are station-
ary in the complex variational space, and for N — oo
they are equal to exact solutions of the complex scaled
Schrodinger equation (9) [37]. Nevertheless, with increas-
ing number of basis states the solution stabilizes and
there is no upper or lower bound to an exact resonance
solution [39].

In fact, due to a finite dimension of the basis set the
resonance energy E(6) (11) moves with increasing scal-
ing angle along the 6-trajectory even for 6 > 6,., featuring
residual 6 dependence [36, 40]. It was demonstrated that
following the generalized virial theorem [37, 41] the best
estimate of a resonance energy is given by the most sta-
tionary point of the f-trajectory, i.e. such E(fp) for
which the residual 6 dependence is minimal but not nec-
essarily equal to zero

220
de

~ 0. (12)

gopt

A real scaling angle 6 is frequently used in finite basis
CSM calculations with satisfactory results [40, 42, 43].
However, identifying the resonance energy with E(6opt)
using the #-trajectory (Im(f) = 0, Re(d) changing) is
still approximate. As pointed out by Moiseyev [39] the
resonance stationary condition requires exact equality in
Eq. (12), which can be achieved in a finite basis set by
considering complex ;. Consequently, taking 6 real in-
troduces certain theoretical error and it is problematic to
quantify how much the result obtained using #-trajectory
technique deviates from the true CSM resonance solution
(zero derivative in Eq. (12)).

Following Aoyama et al. [36] we use both 6-trajectory
and S-trajectories (Re(f) fixed, Im(#) changing) to lo-
cate the position of the true CSM solution. In the above
work it was numerically demonstrated that for certain
Re(Oopt) the O-trajectory approaches the stationary point
and then starts to move away. On the other hand, the (-
trajectories are roughly circles with decreasing radius as
the corresponding Re(#) approaches Re(fopt). In view of
orthogonality of the #- and (-trajectories at given scaling
angle 6, the true CSM solution is then located inside an
area given by circular S-trajectories. More specifically,
it is identified as the center of the circular g-trajectory
with the smallest radius where the CSM error is given by
the size of this radius [36].

Another non-trivial task is to determine an appropriate
yet not excessively large correlated Gaussian basis which
yields stable CSM resonance solution. In this work, we
apply the HO trap technique [17] which introduces sys-
tematic algorithm how to select such basis. First, we
place a resonant system described by the Hamiltonian H
into a harmonic oscillator (HO) trap

Htrap(b) — H+VHO(b), VHO

2 b4z Jk> (13)

i<k



where b is the HO trap length and m is an arbitrary
mass scale. Next, for given b we apply the SVM to de-
termine basis set which yields accurate description of the
ground as well as excited states of H%™®P(h). The po-
tential VHO(b) plays a role analogous to a box boundary
condition (though not so stringent) — the SVM procedure
promotes basis states with their typical radius given by
the trap length b. By increasing b we enlarge the typical
radius of the correlated Gaussians ;. For large enough b,
the CSM resonance solution for the Hamiltonian H starts
to stabilize and both the short range and suppressed long
range asymptotic parts of a resonance wave function are
described sufficiently well.

For 6 > 6, the CSM resonant wave function ¥(6) is
localized at certain interaction region whereas its asymp-
totic part is suppressed by the CSM transformation (8).
Consequently, we use the HO trap technique in order
to build the CSM basis which describes physically rele-
vant interaction region of ¥(#) up to certain large enough
Rpax beyond which the asymptotic part does not con-
tribute significantly to the CSM solution .

In practice, for each CSM calculation, we apply the
HO trap technique to independently select basis sets for
a grid of increasing trap lengths {b;;b; < bmax}. Next,
merging these sets into a larger CSM basis we calculate
the resonance 6-trajectory solving Eq. (11). In the last
step we study stabilization of the f-trajectory with in-
creasing bpyayx considered in the merged basis set. For
more details and an example see Subsection IITA.

III. RESULTS

We applied the LO #EFT approach with 2- and 3-
body regulated contact terms defined in Eq. (1) to
the study of the s-shell A hypernuclei, the Ann and
3H*(J™ = 3/2%, I = 0) systems in particular. In this
section, we present results of the calculations and pro-
vide comparison of the results obtained within our LO
#EFT approach and phenomenological models. In a sep-
arate subsection, we discuss in detail stability and nu-
merical accuracy of the presented SVM and IACCC res-
onance solutions.

The additional auxiliary 3-body potential VJACCC (5)
introduced to study continuum states allows us to vary
the amount of attraction and thus explore different sce-
narios, as demonstrated in Fig. 1. Here, the Ann and
32H* bound state energies Ep are plotted as a function
of the strength di’s of the auxiliary force normalized to
the strength Di’s of the 3-body ANN potential of the
#EFT . In the limiting case di’S/Di’S = —1, the 3-body
repulsion is completely canceled and the systems undergo
Thomas collapse [44] in the limit of A — co. For suitably
chosen values of di’s / Di’s between -1 and 0, both Ann
and 3H* are bound and one can study implications for
the 4- and 5-body s-shell hypernuclei as will be shown
below where we tune di’s to get either Ann or 3H* just
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FIG. 1. The Ann and 3H* bound state energies Ep as a
function of di’s normalized to Di’s for I =1,5 =1/2 and
I =0,5 = 3/2, respectively. The calculation is performed for
the Alexander B set of AN scattering lengths and A = 6 fm™!.

bound by 0.001 MeV. Finally, for the zero auxiliary force
d{\’s / D/I\’S = 0 one gets physical solutions, namely con-
tinuum states of Ann and 3 H* (either resonant or virtual
states). The figure suggests that the value of d{\’s / Di’s
considerably closer to 0, i.e. much less additional attrac-
tion, is needed to get 3 H* bound then in the case of Ann.

We will now demonstrate that such A interactions
tuned to bind Ann and/or 3H* are inconsistent with A
separation energies in A = 4 and 5 hypernuclei. We keep
2- and 3-body LECs fixed and fit the attractive strength

of the auxiliary 3-body force, either dizO’SZS/Q to A sep-

aration energy B (3H*) = 0.001 MeV or df\=1,5=1/2 to
bound state energy Ep(Ann) = —0.001 MeV.
Consequences of such tuning are illustrated in Fig. 2.
Here, we present A separation energies Bp in s-shell
hypernuclei, calculated for selected AN scattering
lengths and cutoff A = 6 fm~! which already exhibits
partial renormalization group invariance. Variations of
di:o,szg/z or dﬁzl’szlp do not affect the 1, S = (0, 3)
three-body channel, consequently, the A separation
energy of the hypertriton ground state remains unaf-
fected and is not shown in the figure. In order to get
the 3H* system just bound (left panel), the amount
of repulsion in the (O7 %) three-body channel must
decrease, which leads in return to overbinding of both
the $H* excited state and the 3 He hypernucleus. The
wave function of the 4H ground state does not include
the (07 %) component and thus its By remains intact.
As was already noted and demonstrated in Fig. 1, the
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FIG. 2. A separation energies Bx from SVM calculations using cutoff A = 6 fm~! and several sets of AN scattering lengths for
two cases - just bound 3H* (left) and just bound Ann (right). Horizontal dotted lines mark experimental values of Ba.

binding of the Ann system requires a larger change in
the corresponding auxiliary three-body force. Indeed,
decreasing amount of repulsion in the (1, %) three-body
channel induces even more severe overbinding than in
the 3H* case - Bps are more than twice larger than
experimental values (right panel). We might deduce that
by varying the strength of A interactions, it is harder
to get Ann bound - the bound 3 H* state appears more
likely first. This result is in agreement with previous
works [6-8].

In Fig. 3 we show the physical solutions (with no aux-
iliary force) corresponding to the #EFT Hamiltonian H
(1). Here, the real Re(E) and imaginary Im(E) parts
of the Ann resonance energy (left panel) and the energy
E, of the virtual state 3H* (right panel) are plotted as
a function of the cutoff A for the AN scattering length
versions listed in Table I. The calculated energies in the
both hypernuclear systems depend strongly on the in-
put AN interaction strength. In the case of 3H*, we
obtain for all considered AN scattering lengths a vir-
tual state solution. Namely, in accord with the definition
of a virtual state [31], the imaginary part of the 3H*
pole momentum Im(k) decreases from a positive value
(bound state) to a negative value (unbound state) with
a decreasing auxiliary attraction whereas the real part
Re(k) remains equal to zero [31] (as was demonstrated
in ref. [17]). On the other hand, in the case of the Ann
system the #EFT predicts a resonant state. Moreover,
only the NSC97f and yEFT(NLO) yield AN interaction
strong enough to ensure for A > 2 fm~! the Ann pole po-
sition in the fourth quadrant of a complex energy plane
(Re(E) > 0, Im(F) < 0), i.e. predict a physical Ann

resonance.

In Fig. 3 we also demonstrate stability of the solu-
tions with respect to the cutoff A. The calculated en-
ergies vary smoothly beyond the value A = 2 fm~! and
already at A = 4 fm~! they stabilize within extrapo-
lation uncertainties at an asymptotic value correspond-
ing to the renormalization scale invariance limit A — oo.
This is illustrated in the right panel, where we present
for the Alexander B case the extrapolation function and
the asymptotic value including the extrapolation error for
the energy E, of the 3H* virtual state. It is to be noted
that one might naively expect clear dependence on the
strength of the AN spin-triplet interaction which solely
enters the 3H* hypernuclear part on a two-body level.
However, the dominance of the spin-triplet interaction is
undermined by 3-body force in the (0, %) channel com-
pensating the size of the spin-singlet scattering length
ayN, being fixed by the B (3H*) experimental value.

One could argue that considering different values of
a®N AN N three-body forces or an effect of non-zero ef-
fective range r; would open a possibility to locate the
Ann resonance in the fourth quadrant closer to the real
axis and thus decrease its width I'. This would certainly
facilitate its experimental observation. However, ANN
forces are fixed by experimental Bps of 3- and 4-body
hypernuclear systems. Considering unusually large val-
ues of a™Y would allow Ann pole position closer to the
threshold but AN interactions would have to be rec-
onciled again with remaining s-shell systems. At LO
7#EFT we would be constrained by a possibility of bound
2H* and by the experimental value of By (3 He).

Incorporation of a non-zero effective range for A — oo
is restricted by the Wigner bound [45] and leads to per-



0.50
® Alexander B
® NSC97f
0.25 o o o * XEFTLO)
XEFT(NLO)
0.00
% 0.25
E_ .
@ 0.50
§_ .
)
2 —0.75
-4
-1.00
-1.25 B TR S &
—1.501 > 3 4 5
A [fm~1]

0.05
® Alexander B
® NSC97f
\ ®  xEFT(LO)
0.00 ow o, XEFT(NLO)
3 i
*u - = — g s—
~0.05 % =S
\‘x \.\
S NS
[] e
E _O 10 x\‘ | ST, @ ----—- Y
W *
.
-0.15 =
%-.
e %
-0.20
~0.25; 3 7 6 )
A [fm~1]

FIG. 3. Real Re(E) (full symbols) and imaginary Im(E) (empty symbols) parts of the Ann resonance energy (left) and energy
E, of the 3H* virtual state (right) as a function of cutoff \ calculated using the IACCC method for several AN interaction
strengths. For 3H* virtual state (right) and Alexander B we perform extrapolation for A — co. The red dashed line is the
extrapolation function, the solid red line and shaded area mark the contact limit and the extrapolation error.

turbative inclusion of NLO term [46]. Assuming that
the total energy of the Ann resonance is below 1 MeV
one might estimate maximal A (V) typical momentum
as pp ~ V2MpFE =47 MeV (py ~ V2MyE = 43 MeV)
which yields truncation error of of the LO #EFT of or-
der (%)2 ~ 3% ((77%)2 ~ 10%) for hypernuclear (nu-
clear) part. Consequently, NLO effects are not expected
to qualitatively change the LO results.

Our work represents the first EFT study of the Ann
and 3H* hypernuclear systems in a continuum. There-
fore, we find it appropriate to discuss difference of our
approach with respect to the previous calculations of the
Ann resonance performed by Afnan and Gibson using
a phenomenological approach [16]. Following their work
we neglect three-body force but instead of separable non-
local two-body potentials we employ one range Gaussians

. A2
Vir)= ZPLS Cr,s exp (297@) (14)

1,8

to describe s-wave interaction in nuclear 1,5 =
(0,1), (1,0) and hypernuclear I,S = (1/2,1), (1/2,0)
two-body channels. Here, ’ﬁLS is the projection oper-
ator. The parameters Cr s and Aj g are fitted to the
values of as and r, listed in [16]. Moreover, we took
into account ¢V and r2V related to Alexander B and
XEFT(LO) given in Table I.

The calculated Ann pole trajectories for the Phen-2B
potential (14) are presented in Fig. 4, left panel. The
auxiliary interaction is in a form of three-body force (5)
with cutoff A = 1 fm~!. We observe that calculated
physical pole positions (filled larger symbols) are in good

agreement with those presented in [16] (empty symbols).
Indeed, as might be expected the position of the near-
threshold Ann resonance is predominantly given by low-
momentum characteristics of an interaction - a, and r,
which are the same in both cases.

In order to reveal the relation between the
LO #EFT and phenomenological approaches discussed
above, one can consider the finite cutoff A\; which gives
roughly the same values of rs as used in the above phe-
nomenological calculations. Such a value, \; ~ 1.25 fm~!
for NSC97f and YEFT(NLO), yields in addition B, (3 He)
remarkably close to experiment [47]. As explained by
the authors one might understand that A\s absorbs into
LECs NLO contributions of the theory which are likely
to increase its precision, however, success of this proce-
dure is not in general guaranteed for all systems. In-
deed, higher orders above NLO which behave as powers
of (Q/)) are induced as well and are not suppressed by
A — oo. In Fig. 4, right panel, we present Ann pole
trajectories calculated using the #fEFT for this specific
As value and several AN interaction strengths. One no-
tices very close positions of the Ann resonance calculated
for YEFT(NLO) and NSC97f using the Phen-2B poten-
tial (left panel) and the #EFT (right panel). The LO
#EFT for A = 1.25 fm ™! could thus be considered as a
suitable phenomenological model which yields good pre-
dictions for 4- and 5- body hypernuclei and hypertriton
[21, 47].

In addition, in both panels of Fig. 4 we compare
the Ann pole positions calculated within the CSM and
TACCC method for the same values of dizl’szl/ ? Jocated
in the area reachable by the CSM. We might see re-
markable agreement between IACCC (dots) and CSM
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FIG. 4. Trajectories of the Ann resonance pole in a complex energy plane determined by a decreasing attractive strength

I=1,S=1/2
dy

2B (14). Larger full symbols stand for the physical position of the Ann pole (d,

for several AN interaction strengths. Left panel: Calculations using AN and NN phenomenological potential Phen-

[=1,5=1/2 _ 0), empty symbols (left panel) mark

corresponding solutions obtained by Afnan and Gibson (AG) [16] for the same scattering lengths and effective ranges used to
fix potential Phen-2B (14). Right panel: #EFT calculations for cut-off A\ = 1.25 fm~!. In a region accessible by the CSM
we also show for each IACCC solution (dots) the one obtained by the CSM (crosses) for the same amplitude of the auxiliary

three-body force.

(crosses) solutions, which provides benchmark of the cal-
culations and demonstrates high precision of our results.

In Fig. 5, we show Bj of remaining s-shell hypernu-
clear systems, calculated using the Phen-2B potential
(14). The hypertriton ground state 3H is in most cases
overbound, calculated By (3H) are consistent with those
obtained by Afnan and Gibson using separable non-local
potentials fitted to the same AN interaction strengths
[16]. The excited state of hypertriton 3H* turns to be
bound, which is in disagreement with previous theoreti-
cal calculations [6, 11]. Heavier s-shell systems are con-
siderably overbound as well, regardless of which specific
set of a®V and r2V is fitted. Overbinding of s-shell hy-
pernuclear systems brought about by the Phen-2B inter-
action (14) clearly indicates a missing piece which would
introduce necessary repulsion. This could be provided
by introducing a ANN three-body force. In fact, Afnan
and Gibson stated that more detailed study of the Ann
resonance including three-body forces should be consid-
ered [16]. In #EFT additional repulsion is included right
through the ANN force fitted for each cutoff A to exper-
imental values of By in 3- and 4-body hypernuclei. As a
result, though both the Phen-2B (as well as AG) inter-
action and the #EFT for A = 1.25 fm~! yield close posi-
tions of the Ann resonance (see Fig. 4), the interplay be-
tween three-body forces in the # EFT exhibits large effect
which completely removes overbinding presented for the
Phen-2B interaction in Fig. 5, yielding correct By (3 He),
exact BA(3H), Ba(i1H), and Eex.(3H*) plus unbound
2H* as presented in Fig. 3. This suggests that the sen-

sitivity of the Ann system to the three-body ANN force
seems to be relatively small.

A. Stability and error of continuum solutions

In this subsection, we demonstrate stability and ac-
curacy of our CSM and TACCC resonance solutions for
a particular point of the Ann pole trajectory. More
precisely, we use the YEFT(LO) #EFT interaction with
A = 1.25 fm~! and the strength of auxiliary three-body
interaction d§:1,3:1/ ? = —24 MeV. This specific choice
was motivated by large 0, = arctan(E/2T")/2 angle of
the corresponding Ann resonance energy since it can be
already challenging to describe such a pole position ac-
curately within the CSM (see the last xEFT(LO) CSM
solution in the right panel of Fig. 4).

Using the CSM in a finite basis we make sure that our
resonant solution is stable and does not change with an
increasing number of basis states. Here, we apply the
harmonic oscillator (HO) trap technique [17] with mass
scale m = 939 MeV (13) which provides us with an ef-
ficient algorithm to select an appropriate, yet not exces-
sively large CSM basis. For a chosen HO trap length b
(13), this procedure yields stochastically optimized ba-
sis of correlated Gaussians with a maximal typical ra-
dius Rpax which gets larger as the trap becomes more
broad. We choose a grid of increasing trap lengths b;
ranging from 20 fm to 80 fm with 2 fm step and using
HO trap technique for each b;, we prepare 31 different
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FIG. 5. A separation energies Ba from SVM calculations using various AN interaction strengths of the Phen-2B interaction
(14). The nuclear part is given by the same form of a phenomenological potential. Experimental values of Ba are marked by

dashed horizontal lines.

basis sets. In the next step, we build the CSM basis for
our resonance calculation in the following way : First,
we fix correlated Gaussian states obtained for the low-
est bg = 20 fm trap length. Second, we take the basis
states for by = 22 fm leaving out the states which are
nearly linear dependent to any of already fixed by corre-
lated Gaussians and we merge by and b; basis sets. Next,
in the same way, we add correlated Gaussians from the
by = 24 fm basis set to already fixed by and by states. We
continue this procedure for all b; up to certain by and
construct our final CSM basis set.

The stability of the CSM solution with respect to HO
trap length b is illustrated in Fig. 6. Here, we present cal-
culated real and imaginary parts of the Ann resonance
energy using different CSM bases obtained combining
HO trap sets up to a certain by.x. Black dots stand for
the most stationary point of the resonance #-trajectory
E$3M(0ope) for which |92 ] 6oy, S Minimal. Shaded ar-

eas then show the spread of resonance energy E{SM(6)
within the 6, &+ 1° range (darker shaded area) and the
Oopt = 4° range (lighter shaded area) thus indicating the
level of the CSM resonance energy dependence on the
scaling angle 6 (8). Calculated Ann resonance energy
stabilizes already using the CSM basis constructed for
bmax = 36 fm. It is clearly visible that considering higher
bmax and thus including more basis states does not affect
the CSM solution.

In Fig. 7 we show the calculated #-trajectory and sev-
eral p-trajectories for two different CSM bases which
were obtained for bp.x = 24 fm (left panel) and for
bmax = 80 fm (right panel). For bpa.x = 24 fm we can

0.375
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g 0-325
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_—0.66

3 A
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-0.72
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FIG. 6. Stability of the Ann CSM resonant solution E(6) =
Re(E(0)) + iIm(E(0)) as a function of increasing HO trap
length bmax. Black dots show the most stationary point of
the O-trajectory E(fopt). Darker shaded area shows uncer-
tainty of E(f) within 6,p¢ + 1° range, lighter shaded area
shows the same within 0.p¢ £ 4° range. The particular pole
position was calculated for #EFT interaction with xEFT(LO)
AN scattering lengths and A = 1.25 fm ™!, strength of auxil-

iary three-body force was set to d{\:l,S:l/Q = —24 MeV.

clearly see that p-trajectories are not circular and man-
ifest highly unstable behaviour due to poor quality of
the employed basis set. In fact, we have already pointed
out in Fig. 6 that the Ann resonance solution stabilizes
at least for byax = 36 fm. Using the CSM basis for
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FIG. 7. Ann resonance f-trajectory (Im(6)=0; black solid line) and S-trajectories (colored dotted lines) showing movement of
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sets which were obtained combining HO trap sets up to bmax = 24 fm (left panel) and up to bmax = 80 fm (right panel).
B-trajectories are presented for several different Re(f) changing Im(#) from 0 to 0.44 radians with 0.01 step. Black cross in
the left panel indicates estimated Ann resonance position of the true CSM solution satisfying Eq. (12). Shaded gray area then
shows corresponding CSM error. Ann calculation is performed using the same interaction as in Fig. 6

bmax = 80 fm (right panel) our results are stable show-
ing almost circular [-trajectories characterised by their
decreasing radius as the corresponding Re(#) approaches
Re(fopt) ~ 41°. The B-trajectory for Re(f) = 41° ex-
hibits oscillatory behaviour within a small region around
the true CSM solution. We assume that this effect is
related to a finite dimension of our CSM basis set and
corresponding circular trajectory would be recovered by
considering more basis states. The most probable Ann
resonance energy E/(\jsg/[ is in the center of the grey shaded
circle while its radius defines the error of our true CSM
solution. In this particular case, the Ann resonance en-
ergy is E{SM = (0.2998(42) — 1 0.6767(42) MeV.

Ann

The stability of the IACCC solution is demonstrated
in Table II where we present Ann resonance energies

EIACCC ysing different degrees (M, N) of the Padé ap-

Ann
proximant PN (6). As expected, calculated piacec

n
start to stabilize with increasing (M, N). The IACCC
solution saturates already for (7,7) and does not improve
dramatically with further increase of (M,N). This is
predominantly explained by finite precision of our SVM
bound state energies which are used to fix the parame-
ters of PMN) and by numerical instabilities which slowly
start to affect our TACCC solution at higher degrees of
the approximant. Comparing saturated IACCC solution
obtained with different (M, N) ranging from (7,7) up to
(13,13) we estimate for this specific example the E2CCC
accuracy ~ 3 x 1073 MeV. Despite considerable differ-
ence between TACCC and CSM, both approaches predict
remarkably consistent Ann resonance energies. In fact,

all presented TACCC energies starting from the Padé ap-
proximant of degree (7,7) and higher lie within the errors
of the corresponding CSM prediction.

Dependence of our IACCC calculations of the 3H*

virtual state energy EiAngE} on different degrees of
’ A

the Padé approximant is demonstrated in Table II as
well. In this particular case we use as an example the
#EFT interaction with the yEFT(LO) AN scattering
lengths, cut-off A = 1.25 fm™!, and no auxiliary inter-
action. We see that the 3H* solution starts to stabilize
already for P4 and it is approximately by two orders
more accurate than the solutions for the Ann resonance.
The reason is that the 3 H* virtual state lies in the vicin-
ity of the A + d threshold, analytical continuation from
the bound region is thus not performed far into the con-
tinuum, which enhances the IACCC precision.

The uncertainty of our IACCC resonance solutions in
the fourth quadrant of a complex energy plane (Re(EF) >
0, Im(E) < 0) does not exceed ~ 4 x 1073 MeV. All
TACCC results are crosschecked by the CSM in a region
of its applicability determined by the maximal resonance
angle 0, = 35° for which our complex scaling results are
still reliable. Up to this point the CSM solution possesses
the same minimal accuracy as the TACCC solution, how-
ever, for higher 6, approaching the limiting value 45° the
CSM solution quickly starts to deteriorate due to numer-
ical instabilities.

Subthreshold resonance positions are calculated within
the TACCC method. For poles residing deeper in this re-
gion of a complex energy plane (Re(E) < 0, Im(FE) < 0)
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TABLE II. Stability of the Ann resonance energy Ex2SCC and 3H* virtual state energy with respect to the A + d threshold

IACCC
Ev, iH*

calculated within the IACCC for increasing degree (M, N) of the Padé approximant. Ann calculation is performed

using the same interaction as in Fig. 6. Position of the 3H* virtual state is determined for #EFT interaction with xEFT(LO)
AN scattering lengths and A = 1.25 fm™' with no auxiliary three-body force, i.e. d§:0‘3:3/2 = 0 MeV. Egig stands for

the difference between absolute values of IACCC solution calculated for two neighbouring Padé approximants Eé?é’m =
|[EMLN)| | p(M=1LN=1) " A]] energies are given in MeV.
(M, N) EiacC |Ena Eaigt (Ann) i“si%c Bain(RH)
(3,3) -0.0588 - 10.5605 0.5636 -0.04216
(4,4) 0.3367 - i0.7041 0.7805 0.2169 -0.05192 0.00976
(5,5) 0.2965 - 10.6559 0.7198 -0.0652 -0.05154 -0.00038
(6,6) 0.2941 - i0.6770 0.7381 0.0183 -0.05161 0.00007
(7,7) 0.3003 - 10.6796 0.7430 0.0050 -0.05160 -0.00001
(8,8) 0.2997 - 10.6796 0.7427 -0.0003 -0.05160 <1075
(9,9) 0.3001 - i0.6796 0.7429 0.0002 -0.05156 -0.00004
(10,10) 0.3014 - i0.6791 0.7430 0.0001 -0.05159 0.00003
(11,11) 0.3012 - 10.6795 0.7433 0.0003 0.05160 0.00001
(12,12) 0.3020 - i0.6757 0.7401 -0.0032 -0.05160 <107°
(13,13) 0.3026 - i0.6765 0.7411 0.0010 -0.05161 0.00001

the precision of our results, predominantly of the imagi-
nary part Im(FE), decreases. For Re(E) € (—0.25,0) MeV
the maximal error of Im(E) is ~ 5 x 1073 MeV, for
Re(E) € (—0.5,-0.25) MeV it is = 0.03 MeV, and for
Re(FE) € (—1.0,—0.5) MeV it is ~ 0.1 MeV. Since we
are primarily interested in a possible experimental obser-
vation, i.e. resonance solutions close to or in the fourth
quadrant, we deem such accuracy satisfactory, not affect-
ing our conclusions.

The TACCC method proved to be highly precise in the
study of near-threshold virtual state positions. Here, we
reach accuracy up to ~ 10=% MeV in all considered cases.

IV. CONCLUSIONS

In the present work, we have studied few-body hy-
pernuclear systems Ann and 3H*(J™ = 3/27, I = 0)
within a LO #EFT with 2- and 3-body regulated con-
tact terms. The AN LECs were associated with AN
scattering lengths given by various interaction models
and the ANN LECs were fitted to known A separation
energies By in A < 4 hypernuclei and the excitation
energy Fox.(3 H*). Few-body wave functions were de-
scribed within a correlated Gaussians basis. Bound state
solutions were obtained using the SVM. The continuum
region was studied by employing two independent meth-
ods - the JACCC and CSM. Our LO #EFT approach,
which accounts for known s-shell hypernuclear data, rep-
resents a unique tool to describe within a unified inter-
action model 3-, 4-, 5- and 6-body hypernuclar systems
— single- and double-A hypernuclei including continuum
states. In that it differs from other similar studies which
focused solely on few particular hypernuclei. Moreover,

the #EFT approach allows us to develop systematically
higher orders corrections, assess reliably precision of cal-
culations and evaluate errors of their solutions.

The additional auxiliary 3-body potential introduced
to study Ann and 3H* continuum states allows us to ex-
plore different scenarios. Fixing the attractive strength
of the auxiliary force in order to get these systems just
bound yields considerable discrepancy between calcu-
lated and experimental Bys of 4- and 5-body s-shell hy-
pernuclei. Our conclusions thus ruled out the possibility
for the existence of bound Ann and 3 H* states, which is
in accord with conclusions of previous theoretical stud-
ies [4-8, 10, 11]. Moreover, we found that by increasing
the strength of the A attraction, the onset of the 3H*
comes before the Ann binding. The experimental evi-
dence for the bound Ann state reported by the HypHI
collaboration [3] would thus imply existence of the bound
state 3 H*.

On the basis of our #EFT calculations with the auxil-
iary force set to zero, we firmly conclude that the excited
state 3 H* is a virtual state. On the other hand, the Ann
pole located close to the three-body threshold in a com-
plex energy plane could convert to a true resonance with
Re(E) > 0 for some considered AN interactions [e.g.,
for NSC97f and xYEFT(NLO)] but most likely does not
exceed E, ~ 0.3 MeV. However, its width I' is rather
large — 1.16 < T' < 2.00 MeV. Even larger width would
be obtained for a rather weak AN interaction strength
but it does not yield experimentally observable Ann pole.
On the contrary, the observation of a sharp resonance
would definitely attract considerable attention since it
would signal that the AN interaction at low-momenta is
stronger than most AN interaction models suggest.

Besides the model dependence of our calculations we



explored the stability of solutions with respect to the
cutoff parameter A. We demonstrated that already for
A =4 fm~! the calculated energies stabilize close to the
asymptotic value corresponding to the renormalization
scale invariance limit A — oco. We anticipate that the
truncation error, describing effects of higher order cor-
rections, is small due to low typical momenta and does
not change our results qualitatively. In a region acces-
sible by the CSM we performed comparison of the CSM
with TACCC method, which yielded highly consistent so-
lutions, hence proving reliability of our results. More-
over, we verified that our CSM solutions for Ann are
stable with respect to the considered number of basis
states. Exploring both the # and § trajectories of the
Ann pole for one particular case we set the true CSM
solution including its error. The stability of the IACCC
method with respect to the degree of the employed Padé
approximant was investigated and the uncertainty of the
calculations was assessed.

A rather different situation occurs when we consider
just 2-body phenomenological interactions fitted to NN
and AN scattering lengths and effective ranges. We then
obtain subthreshold Ann pole positions close to those of
Afnan and Gibson [16]. However, these interactions fail
to describe other few-body A hypernuclei. The predicted
overbinding of the s-shell hypernuclei induced by these
phenomenological 2-body interactions indicates a miss-
ing repulsive part of the A interaction. In the #EFT ,
it is provided by an additional ANN 3-body force. A
comparison with our LO #EFT calculations revealed that
the results of Afnan and Gibson could be reproduced
for the finite cutoff value A; ~ 1.25 fm~—'. However,
thanks to the repulsive ANN force the s-shell hyper-
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nuclear data are now described successfully. The LO
#EFT with A\; ~ 1.25 fm~! could thus be considered as
a suitable phenomenological model.

Our method presented here can be directly applied to
the double-A hypernuclear continuum using the recently
introduced AA extension of a LO #EFT [22]. It is highly
desirable to explore possible resonances in the neutral
AAn and AAnn systems or in the 4 ,H hypernucleus,
where a consistent theoretical continuum study has not
been performed yet. Indeed, an example of its impor-
tance is the continuing ambiguity in interpretation of the
AGS-E906 experiment [48] referred to as the E906 puz-
zle. It was firstly interpreted as the bound 4} \H system
[48], however, more recent analyses suggested that the
decay of the \\ He [49] or AAnn [12] hypernucleus might
provide more plausible interpretation.

This clearly demonstrates the growing importance of
precise few-body continuum studies which, although be-
ing difficult to conduct, significantly contribute to the
complete picture of a stability of hypernuclear systems.
In fact, the applicability of our few-body approach is
rather broad in principle — it might be used not only
to calculations of hypernuclear systems but also 77 or K~
mesic nuclei, or even atoms.
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1. Introduction

Single-A and double-A (AA) hypernuclei provide a unique
extension of nuclear physics into strange hadronic matter [1].
Whereas the behavior of a single A hyperon in atomic nuclei has
been deduced quantitatively by studying A hypernuclei (‘}“\Z) from
A =3 to 208 [2], only three AA hypernuclei (K‘AZ) are firmly
established: the lightest known AIG\He Nagara event [3] and two
heavier ones, 1, Be and 13\ B [4]. Remarkably, their binding en-
ergies come out consistently in shell-model calculations [5]. Few
ambiguous emulsion events from KEK [6] and J-PARC [7] have also
been reported. However, and perhaps more significant is the ab-
sence of any good data on the onset of AA hypernuclear binding
for A < 6. In distinction from the heavier species, these very light
s-shell species, if bound, could be more affected by microscopic
strangeness S = —2 dynamics. An obvious issue is the effect of
a possible EN dominated H dibaryon resonance some 20-30 MeV
above the A A threshold [8,9] on AA hypernuclear binding in gen-
eral.

Several calculations of light A < 6 s-shell AA hypernuclei using
AA interactions fitted to A?\He suggest a fairly weak A A interac-
tion, with the onset of AA hypernuclear binding deferred to A =4.

* Corresponding author.
E-mail address: avragal@savion.huji.ac.il (A. Gal).

https://doi.org/10.1016/j.physletb.2019.134893

Indeed, a slightly bound I =0 Aj{H(l*) was found in AApn four-
body calculations by Nemura et al. [10,11] but not in a four-body
calculation by Filikhin and Gal [12] who nonetheless got it bound
as a AAd cluster. Unfortunately, the AGS-E906 counter experiment
[13] searching for light AA hypernuclei failed to provide conclu-
sive evidence for the particle stability of Aj‘\H [14,15]. Interestingly,
the neutral four-body system Af\n has been assigned in Ref. [15]
to the main yet unexplained signal observed by AGS-E906. Recent
few-body calculations of Af\n [16,17] diverge on its particle stabil-
ity, but since none was constrained by the Af\He binding energy
datum, no firm conclusion can be drawn yet.

In the present work we study the light A <6 s-shell AA hy-
pernuclei together with their nuclear and A hypernuclear cores
at leading-order (LO) 7 EFT. The s EFT approach was first applied
to few-nucleon atomic nuclei in Refs. [18,19] and recently also
in lattice calculations of nuclei [20-23] and to s-shell single-A
hypernuclei [24]. Focusing on 7 EFT applications to & = —2 light
systems, we note A-A-core LO calculations done for A =4 [25]
and separately for A =6 [26], which therefore limits their pre-
dictive power. Among past non-EFT studies, the only work that
covers all s-shell AA hypernuclei is by Nemura et al. [11] who
used simulated forms of outdated hard-core YN and YY Nijmegen
potentials [27]. No chiral EFT (x EFT) calculations of AA hypernu-
clei have been reported, although x EFT representations of the AA
interaction at LO [28] and NLO [29] do exist. Hence, the present
LO ##EFT work is the first comprehensive EFT application to light

0370-2693/© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.
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A A hypernuclei, and could be generalized in principle to study
multi-A hypernuclei and strange hadronic matter.

The 7 EFT baryonic Lagrangian governing multi-A hypernuclei
requires, at LO, one AA and one AAN interaction terms beyond
the interaction terms involved in the description of single-A hy-
pernuclei. We fit the new AA contact term to a AA scattering
length value spanning a range of values, —0.5 fm to —1.9 fm,
suggested by analyses of the AA invariant mass spectrum [30]
measured in the 2C(K—, K*) reaction at the KEK-PS [31] and of
AA correlations [32] extracted from ultra-relativistic Au+Au col-
lisions at the RHIC-STAR experiment [33]. The corresponding A A
interactions are weakly attractive, far from producing a AA bound
state. Recent analyses of LHC-ALICE experiments reach similar con-
clusions, but leave room also for a AA bound state [34]. For
each choice of AA contact term we determine a AAN three-
body contact term, promoted to LO, by fitting to ABAA(A/G\HE) =
Baa(,§He) — 2B A (3 He) = 0.67 £ 0.17 MeV. With such AA and
AAN contact-term input our 7 EFT scheme exhibits renormaliza-
tion scale invariance in the limit of point-like interactions, demon-
strating that no N >4 N-body contact term is required at LO, as
first shown by Platter et al. [35] for a four-nucleon system. Ap-
plying this scheme to explore A =3,4,5 AA hypernuclei, we find
that unless |apa| 2> 1.5 fm, Af\H is unlikely to be particle stable.
The neutral systems Ain and Aj‘\n are found unstable by a wide
margin. A robust particle stability is established for the , 3 H-, 3 He
A =5 isodoublet, with A separation energy of order 1 MeV, pro-
viding further support for a recent J-PARC proposal P75 [36] to
produce , 3 H. Possible extensions of our work are briefly discussed
in the concluding section.

2. Application of 7 EFT to A A hypernuclei

With AA one-pion exchange forbidden by isospin invariance,
the lowest mass pseudoscalar meson exchange is provided by a
short range 1 exchange (0.4 fm) which is rather weak in SU(3)
flavor. Pions appear in the AA dynamics through excitation to
fairly high-lying X intermediate states. Therefore, a reasonable
choice of a #EFT breakup scale is 2my, same as argued for in
our recent work on A hypernuclei [24]. Excitation from AA states
to the considerably lower mass EN intermediate states requires
a shorter range K meson exchange which, together with other
short-range exchanges, is accounted for implicitly by the cho-
sen 7 EFT contact interactions. To provide a meaningful 7 EFT ex-
pansion parameter we note that since ABAA(AiHe) is less than
1 MeV, considerably smaller than B A(f\He), a A momentum scale
Q in AiHe may be approximated by that in il—le [24], namely
DA ~+/2M B =83 MeV/c, yielding a 7 EFT expansion parameter
(Q /2my) ~ 0.3 and LO accuracy of order (Q /2my)? ~ 0.09.

To construct the appropriate 7 EFT Lagrangian density at LO we
follow our previous work on single-A hypernuclei [24]:

VZ
£ =% "B+ ——)B -V, — V3, (1)
- 2Mp

where B = (N, A) and V,, V3 consist of two-body and three-body
s-wave contact interaction terms, each of which is associated with
its own low-energy constant (LEC). These contact terms are shown
diagrammatically in Fig. 1 and the corresponding LECs are listed
alongside. Going from single-A hypernuclei to multi-A hypernu-
clei brings in one new AA two-body LEC, Cs, and one new AAN
three-body LEC, Ds, each one labeled by the total Pauli-spin and
isospin involved. This completes the set of LECs required to de-
scribe single-, double- and in general multi-A hypernuclei at LO.
Further contact terms, such as a three-body AAA term, appear
only at subleading orders.

N N N NN
S=0
Cl_){ =
I p, - {5=172
-1 I=1/2
C, >
2 {1 0
N A NAND2_>{S=1/2
$=0 =0
G—=9,_
I=1/2 .o [S=3/2
3—)
s=1 I=0
G=r=1)2 . [s=122
* =1
A A AN A
S=0 §=1/2

Fig. 1. Diagrammatic presentation of two-body (left) and three-body (right) contact
terms, and their associated LEC input (Cq,..., Cs) and (D1,...,Ds) to a LO J/EFT
calculation of light nuclei (upper) A hypernuclei (middle) and AA hypernuclei
(lower), with values of spin S and isospin I corresponding to s-wave configurations.

Following the procedure applied in Ref. [18], the two-body con-
tact interaction term V), gives rise to a two-body potential

Vo= CP* Y Pisij)siriy), (2)

Is i<j

where Pjs are projection operators on s-wave NN, AN, AA pairs
with isospin I and spin S values associated in Fig. 1 with two-body
LECs. These LECs are fitted to low-energy two-body observables,
e.g., to the corresponding NN, AN, AA scattering lengths. The sub-
script A attached to C'S in Eq. (2) stands for a momentum cutoff
introduced in a Gaussian form to regularize the zero-range contact
terms:

2\ 22
S (r) = (ﬁ) exp (—Zr2> , (3)

thereby smearing a zero-range (in the limit A — oo) Dirac §® (r)
contact term over distances ~ A~!. The cutoff parameter A may be
viewed as a scale parameter with respect to typical values of mo-
menta Q. To make observables cutoff independent, the LECs must
be properly renormalized. Truncating 7 EFT at LO and using values
of A higher than the breakup scale of the theory (here ~2my ), ob-
servables acquire a residual dependence O(Q /1) which diminishes
with increasing A.

The three-body contact interaction, promoted to LO, gives rise
to a three-body potential

Vi=Y "D Y Qis(ijk) (Zwrij)ak(rjk)), (4)

olS i<j<k cyc

where Qs projects on NNN, NNA and AAN s-wave triplets with
isospin I and spin S values associated in Fig. 1 with three-body
LECs which are fitted to given binding energies. The subscript o
distinguishes between the two IS =11 NNN and AAN triplets
marked in the figure.

Using two-body V, and three-body V3 regularized contact
interaction terms as described above, we solved the A-body
Schrodinger equation variationally by expanding the wave function
W in a correlated Gaussian basis using the SVM. For a comprehen-
sive review of this method, see Ref. [38]. For a specific calculation
of the three-body interaction matrix elements, see Ref. [39].
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Fig. 2. Minimum values of |as| for which Aj‘\H becomes bound are plotted, for
several values of cutoff A, as a function of ABAA(A?\ He) using the Alexander[B] AN
interaction model [24]. The vertical dotted lines mark the experimental uncertainty
of ABa. Horizontal lines mark the range of a,, values [—0.5, —1.9] fm suggested
by studies of AA correlations [30,32], with a representative value of ay, = —0.8 fm
marked by a dashed line. The 2 — oo limit is reached assuming a Q /A asymptotic
behavior, similar to the discussion around Eq. (5) below.

Table 1

A separation energies BA(M’QZ) for A =3-6, calculated using ay o = —0.8 fm, cutoff
> =4 fm~! and the Alexander[B] AN interaction model [24]. In each row a AAN
LEC was fitted to the underlined binding energy constraint.

Constraint (MeV) Aan Abn AAH AH ASHe
ABan(,8He)=0.67 - - - 121 328
Ba(,4H) =0.05 - - 0.05 228 476
B(,4n)=0.10 - 010 0.86 4389 7.89
B(Ain) =0.10 0.10 15.15 18.40 2213 25.66

3. Results and discussion

We first discuss the case of ,4H, with | =0 and J7 =17,
which following the brief discussion in the Introduction could sig-
nal the onset of AA hypernuclear binding. For each of several
given cutoff values A we searched for minimum values of |apx ]|,
as a function of ABx4(,$He), that would make , 4 H particle sta-
ble. The choice of a specific value for this ABx, determines the
AAN LEC necessary for the Af\H calculation, in addition to the
AA LEC determined by aaa. The resulting values of |ap | above
which Af\H is particle stable are plotted in Fig. 2 as a function
of ABpa( AfiHe). Choosing sufficiently large values of the cutoff
A, say A > 4 fm~!, for which convergence to the renormaliza-
tion scale invariance limit A — oo is seen explicitly in the figure,
one concludes that |aa | needs to be larger than ~1.5 fm to bind
A;‘\H. A AA scattering length of such size would make the AA
interaction almost as strong as the AN interaction, whereas most
theoretical constructions, e.g. recent Nijmegen models, suggest that
it is considerably weaker, say |axa| ~ 0.8 fm [40]. For this reason
we argue that Af\H is unlikely to be particle stable.

Using representative values an, = —0.8 fm and cutoff A =
4 fm™', values for which according to Fig. 2 A}‘\H is particle un-
stable, one may reduce the repulsive AAN LEC in order to make
it particle stable. According to the first two rows in Table 1, this
will overbind A16\I-le by ~1.5 MeV. Reducing further the AAN LEC
one binds the neutral systems, first , 4 n (third row) and then ,3n
(fourth row), at a price of overbinding further Aji\He. In fact, the
particle stability of these A = 3,4 neutral AA systems is incom-
patible with the AIG\He Nagara event binding energy datum for all

1 I AHe
~ I
(]
Z
=21 :
[aa]

1_

1 2 3 4 5 6 7

Fig. 3. A separation energies BA(AZH) and BA(iHe) from SVM calculations that
use 7 EFT LO two-body (2) and three-body (4) regularized contact interactions, con-
strained by requiring ABAA(Af\He) =0.67 £0.17 MeV, are plotted as a function
of the cutoff A. Error bars (in black) reflect the experimental uncertainty inherent
in the 3 H, 4H, 4H* and ,§He binding-energy input data, and (red) rectangles in-
clude also varying as 5 between —0.5 to —1.9 fm. The AN interaction model used is
Alexander[B] [24], with results for models yLO, x NLO and NSC97f shown from left
to right in this order for A =4 fm~!. Dotted lines show extrapolations, as A — oo,
to the respective scale renormalization invariance limits marked by gray horizontal
bands. The wider ,3H band accounts for uncertainties in the experimental values
of binding energies used in extrapolating to A — oo.

values of cutoff A and scattering length a,, tested in Fig. 2. These
results suggest quantitatively that the A = 3,4 light neutral AA
hypernuclei are unbound within a large margin.

Calculated values of the A separation energy BA(AiH) are
shown in Fig. 3. Several representative values of the AA scat-
tering length were used: apnp = —0.5, —0.8, —1.9 fm, spanning a
broad range of values suggested in AA correlation studies [30,
32] of experimental spectra mentioned in the Introduction. Again,
the choice of aja determines the one AA LEC required at LO,
while the AAN LEC was fitted to the ABaa(,$He) = 0.67 &
0.17 MeV datum. For the AN interaction terms we generally used
the Alexander[B] AN model [24], with its AN C3 and C4 LECs
(see Fig. 1) corresponding to the scattering lengths a; = —1.8 fm
and a; = —1.6 fm, respectively, from [41]. For cutoff » =4 fm~!
we also used three other AN interaction models from Ref. [24]:
xLO [42], xNLO [43] and NSC97f [44], demonstrating that the AN
model dependence is rather weak when it comes to A separation
energies in double-A hypernuclei, provided B, values of single-A
hypernuclei for A <5 are fitted to generate the necessary ANN
LECs.! Calculated values of BA(f\He), compatible with those from
Ref. [24] are also shown in the figure, demonstrating the suitability
of the input AN model. One observes that , > H comes out particle
stable over a broad range of finite cutoff values used in the calcu-
lations. This is not the case for Af\H which, as discussed above, is
unbound with respect to i‘\H for most of the permissible parameter
space.

The calculated B, values shown in Fig. 3 exhibit renormaliza-
tion scale invariance in the limit of A — oo. To figure out the asso-
ciated B (A — 00) values, we extrapolated B (%) for A >4 fm~!
using a power series in the small parameter Q /A:

1 This is reminiscent of the weak dependence of A separation energies in
single-A hypernuclei on the input NN interaction, found in few-body calculations
by Nogga et al. [45].
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A=6fm1
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Fig. 4. Hypernuclear Tjon lines: calculated A separation energies BA(Af\H) are
plotted as a function of the constrained value assumed for ABAA(AiHe) for two
cutoff values, using ayp = —0.8 fm. The shaded vertical area marks the observed
value ABAA(Af\He) =0.67 £0.17 MeV. The AN interaction model used is Alexan-
der[B] [24].

BA(%) Q Q\?
=|14+a—+ — ) +...]. 5
B A (00) A p A )
The corresponding extrapolation curves are shown by dotted lines
in Fig. 3, converging at asymptotic values B (oc0) given with their

extrapolated uncertainties by the gray horizontal bands in the fig-
ure. AZH remains particle stable in this limit with A separation

energy B (co) = 1.14i0.01f8:‘2‘é MeV, where the first uncertainty
is due to extrapolating by use of Eq. (5) and the second one is due
to the app and B, uncertainties.

The A separation energies Ba(,3H) studied above are corre-
lated with those of Af{He in a way reminiscent of the Tjon line cor-
relation between binding energies calculated for >H and “He [46].
This is shown in Fig. 4 by the linear dependence of BA(AZH).
for two given values of the cutoff A, on the value assumed for
ABAA(Af\He), which was varied for this purpose around the ‘phys-
ical’ value 0.6740.17 MeV. We note that the cutoff dependence of
this correlation is very weak. The hypernuclear correlation noted
here is generated by variation of the AAN LEC which is derived
from ABAA(Af\He). This is similar to the origin and realization of
Tjon-line correlations in nuclear physics, where many-body con-
tact interaction terms beyond three-body terms do not appear at
LO [35]. However unlike other physics applications where Tjon
lines were shown to hold, its appearance here does not require
proximity to the unitary limit.

We note that ap, includes implicitly the coupling of the AA
channel to the higher mass =S =0 EN and ¥¥ channels. How-
ever, beginning with A?\He the coupling to the relatively low-lying
EN channel is partially Pauli blocked (with the formed nucleon
excluded from the s shell). It could be argued then that the refer-
ence value of ABAA(A/G\He) used in this work has to be somewhat
increased in order to account for the blocked states which are in-
cluded effectively in the present LO application of ZEFT to AA
hypernuclei. The coupled-channel calculations by Vidafia et al. [50]
suggest an increase of ~0.25 MeV which according to Fig. 4 would
increase B, (,2H) by roughly 0.5 MeV and ,%H, had it been
bound, by no more than 0.03 MeV. Interestingly, recent HAL QCD
Collaboration studies based on LQCD find a vanishingly small I =0
1Sqg AA — EN coupling potential for r > 0.6 fm [51]. Consequences
of this extremely weak coupling, as well as the one derived at NLO

within x EFT [29], on few-body A A hypernuclei should be studied
in future NLO calculations.

4. Summary and outlook

The focus in this first comprehensive ¥ EFT application to light
A A hypernuclei was to study the onset of binding in the S = -2
hadronic sector by constraining ABAA(AIG\He) to the most recent
value 0.67+0.17 MeV [4] assigned to the Nagara event [3]. We var-
ied the value assumed for the AA scattering length ap, over a
range of values suggested in Refs. [30,32] by analyzing AA corre-
lations observed in several high-energy production reactions, but
barring an unlikely AA bound state [8,9,52]. Our results suggest
with little model dependence that both members of the A =5
isodoublet pair, ,3H and ,XHe, are particle stable. Of the A =4
A A hypernuclei, the particle stability of the I =0 Aj{H(l*) re-
quires values of |apa| 2 1.5 fm, which are unlikely in our opinion.
The I =1 excited state , #H(0"), or its isospin analog state ,4n
are far from being bound; if any of these were established experi-
mentally, the soundness of the Nagara event would suffer a serious
setback.

Extensions of the present LO work should consider explicit
AA-EN-XX coupling in the 1Sy channel or, at least, address mo-
mentum dependent AA interaction components generated in NLO
EFT through effective-range (rp, ) contributions. We note that no
conclusive determination of rp, exists yet because of the scarce
and inaccurate hyperon-hyperon (mostly €~ p) scattering and re-
action data available in the ~25 MeV interval between the AA
and EN thresholds. For example, small values of r5, between 0.3
to 0.8 fm were derived from such data in the LO xEFT work of
the Jiilich-Bonn group [28] using values of ap s about —1.5 fm. In
contrast, large values of rp 5 between 5 to 7 fm were derived from
the same data in the NLO xEFT work of the Jiilich-Bonn-Munich
group [29] using values of ay, about —0.65 fm. This dichotomy is
apparent also for the Nijmegen soft core potentials listed in Table I
of Ref. [30] and would have to be considered in future studies of
A A hypernuclei.
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We analyze the stability of systems composed of isomassive fermions in which the number of
particles is larger than the number fermionic flavours. To this end, the leading order of a momentum-
and flavour-independent contact effective field theory is renormalized to shallow dimer and trimer
states. The regulator dependence of the stability is assessed as a function of particle number and of
the proximity of the two-body interaction to unitarity. The systems become unstable with respect
to decays into spatially symmetric fragments if the regulator-induced effective ranges are below a
certain threshold. This critical range decreases when the number of particles is increased down to
a minimum range which is significantly smaller than the dimer scale. The closer the system is to
unitarity, the more particles are needed to attain the minimum. At unitarity, the critical range
tends to zero parabolically with the particle number.

We elaborate on the consequences of these results for the systematic description of any system
close to unitarity. For nuclei in particular, the usefulness of the pionless theory for the description
of P-wave stable systems such as °Li and "Li effectively is considered.

Introduction If each particle of a set of A isomassive fermions can be distinguished by an internal degree of freedom,
the dynamics changes significantly with this number A exceeding the dimension d of the flavour space. For A < d,
the system can realize bose-like behaviour in a totally symmetric spatial state while mixed symmetry is demanded if
A > d. If the mutual interaction is flavour independent, this change is solely a consequence of the statistical properties
of the particles. As such, the difference between fermionic and bose-like few-body phenomena can be studied in a
universal approach, which does not depend on the short-distance structure of the particle-particle interaction, namely,
with a resonant contact interaction [1]. The ideal resonant system, viz. at unitarity, has a two-body bound state
exactly at the threshold with a corresponding scattering length @ = £o00. Physical systems typically deviate from this
ideal. However, if their two-body correlation/scattering length is much larger than any other relevant length scale of
the problem, as a three-body extension, they still share universal few-body phenomena, e.g. , the three-body Efimov
effect [2], the Tjon [3] and Phillips [4] correlations, and the spectrum of the multi-boson system [5]. Certain mesons,
nuclei, and atoms (see, e.g. , Refs. [3, 4, 6-9]) are prominent members of this universality class which exhibit structure
at widely different scales.

With interactions of this type, three- and four-body systems driven by fermionic substructures were also found in
form of the absence of shallow resonant [10] and bound states [11] in isomassive two-flavour three- and four-body
systems, respectively. It thus appears that the description of fermionic systems which exhibit such peculiar structure,
e.g. , a hypothetical three-neutron (3n) resonance, needs to consider an additional scale which relaxes unitarity.
Multiple mechanisms could, in principle, generate such a scale: a specific realization of the discrete scale invariance in
the three-boson [12] system with a S-wave three-body contact; finite two-body scales beyond the scattering length;
the difference between particle number and flavour-space dimension (A — d); the absolute numbers of A, and d,
respectively.

Here, we explore these possibilities with an effective field theory (EFT) applied to a variety of few-body problems.
This entails renormalization as a systematic way to trace the effect of short-distance scales in a range of A-body
observables for various flavour-space dimensions.

Theory The minimal EFT for non-relativistic point particles exhibiting two- and three-body shallow states has
been studied extensively (e.g. Refs.[12-17]). The theory is defined as a perturbative series and can be refined
systematically to attain a desired accuracy. Its Hamiltonian formulation at leading order (LO) comprises zero-range
two- and three-body vertices which depend on the renormalization parameter A:
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In the expansion of any resultant amplitude, the LO is represented by all Born terms depending solely on the
coupling constants C* and D?. Parameters representing the aforementioned refinements enter perturbatively at the

order given naively by their mass dimension. In this work, a Gaussian regulator o, (z) < A3e~ T -=” is used. It induces
a A dependence in C* and D* which was calibrated to the energy of a single bound state in the two- (B(2)) and
three-body (B(3)) system, respectively. Whether or not the A convergence of another amplitude depends on the
specific choice for B(2) and B(3) classifies the corresponding observable as universal or emergent. The few-body
problem is thereby specified with five parameters: the particle’s mass (here, m = 938 MeV), the number of particles
(A) and flavours (d), and the dimer and trimer binding energies.

We use this structure to consider a class of few-body systems with A @ 1 statistics [31] as they approach
the unitarity limit by increasing the ratio v := B(3)/B(2). We choose the combinations B(2) = 1 MeV with
B(3) € {1.5 [32], 3, 4} MeV; and B(2) = 0" with B(3) = 3 MeV. Finally, the nuclear pionless EFT (EFT(7))
is renormalized to yield the deuteron and triton binding energies of B(2) = 2.22 MeV and B(3) = 8.48 MeV, respec-
tively. The necessary fits for D* employ Stochastic-Variational (SVM, [18]) and Resonating-Group (RGM, [19]) vari-
ational diagonalizations. C* is determined via a Numerov-type integration of the appropriate one-dimensional radial
Schrédinger equation.

Results The bose-like ground states of a theory with Hamiltonian of type (1) have been analysed in detail nu-
merically (see e.g. Refs.[20-24]). The SVM-predicted bose-like ground state energies for A < 7 are shown in fig. 1.
We find convergent behaviour as A — oo (renormalization-group (RG) invariance) At unitarity, we find the ratio

B(4)/B(3) consistent with Refs. [25, 26]. In addition, we find B(A)/B(3) B(A)/B(3 )‘ which implies that

v=3 =4
the universal ratios B(A)/B(3) are approached from below when taking the unitarity limit.

Now, we extend the analysis to A @ 1 systems. In those, our SVM calculations with anti-symmetric wave function
and total orbital angular momentum Liota = 0 yield no stable states, which confirms the intuitive demand for mixed
spatial symmetry. Even if expected due to Pauli repulsion, this result is non-trivial because of the numerous angular
couplings between particles in many-fermion systems.

When projecting the spatial component of the variational basis onto Liota = 1, we find A @ 1 systems for A between
2 and 6 to sustain stable states (B(A @ 1) > B(A)) for A ~ 0.1fm~'. In order to assess the universal character of
these bound states, we vary the cutoff (1.2 a=! < A < 60 a~!) for all considered v < oo. Increasing the cutoff, i.e. ,
decreasing the interaction range while approaching the contact limit, unbinds the A @ 1 systems at some critical value
A. (fig. 1). The interaction range at which an A @ 1 system disintegrates decreases with the number of particles A = d
comprising its spatially symmetric core. For small systems, this relation is almost linear, A, x A < 7. To assess the
dependence for A > 6, we employ a single-channel effective two-fragments resonating-group local approximation (to
be detailed in upcoming communication in extension of Refs. [19, 27]). This approximation turns the few-body into
a two-body problem between a “frozen” core and the one residual particle which is forced out of the Pauli shell. The
halo character of the problem motivates a one-parameter representation of the bose core as a product of harmonic
oscillator ground states because of the increasingly large gap between B(A) and B(A — 1) which does not allow for
its excitation by the out-of-shell particle. For A < 7, the parameter is fitted to the SVM results for the rms radius
of the core. For larger A, we match the core wave function with the drop model formula 7ms o A3 as successfully
employed in Ref. [5]. Thereby, we find A. to increase up to a maximum number of particles A*. Both, A* and the
associated A.(A*) increase with v (compare maxima of the two curves in fig. 2) and we observe lim,_, o A* > 100.
The existence of A* thus appears to be an artifact of the deviation from unitarity. As a finite A, indicates a drastic
change of the system’s behaviour, its magnitude being of the order of or even above a conceivable breakdown scale
would exclude this behaviour from the range of applicability of the theory. For systems with breakdown scales below
A., our results expose the instability of A @ 1 system as universal.

To substantiate the conjecture of such a universal instability for nuclei and a more generic Pauli-shell structure, we fit
the experimental deuteron and triton binding energies, B(2) = 2.22 MeV and B(3) = 8.48 MeV, respectively, thereby
realizing a SU(4)-symmetric version of EFT(#) [28]. For A < 4, we observe an instability pattern qualitatively
identical to those found earlier (compare fig. 1 with fig. 3). Hence, the three-parameter theory predicts correctly
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FIG. 1: (Color online) LO Cutoff dependence of ground-state energies of A bosons (solid) and A @ 1 mixed-symmetry systems
(dashed) obtained with B(2) =1 MeV and B(3) = 3 and 4 MeV (blue and red) from (1). With scattering volume set to zero,
the A @ 1 systems destabilize at smaller A. (red crosses, B(3) = 4 MeV).

the experimentally established instability of nuclei in the 3H(%7), 3n, *H, 34Li, and °He channels. In contrast, the
isotopes %7Li with J™ = 11 and %_,respectively, are known to sustain bound states. In these channels, we find
particle-stable systems (4@ 2 and 4@ 3) only below critical cutoffs A, ~ 2 fm~! and 1fm~'. For larger A, the systems
break into an a-particle and a deuteron or triton, respectively. Furthermore, we find *Be (42 @ 0, J™ = 0%), which
is considered to be stable without Coulomb repulsion [29, 30], to a-decay at a A, ~ 0.7fm™ " ~ O(m,). A. being
of the same order as the nuclear breakdown scale renders the stability as a cutoff artifact. We explain the loss of
stability with increasing number of particles in different Pauli shells heuristically with the smaller spatial extent of
the pertinent nuclear fragments, i.e. , the a particle, the triton, and the deuteron. The larger is the rms radius of
the fragment, the larger is its overlap with the symmetric o core, which increases the attraction between the two.
Furthermore, our three-parameter calculations at A < A, i.e. , when a stable ground state is realized, postdict the
ordering of states in the rotational spectrum in ®Be - 0T, 2%, and 4% correctly. More specifically, these states emerge
in form of bound excited states for A < 0.4 fm~!.

The study of the trajectories of the bound-state poles through the respective o — n, o — 2H, o — 3H, and o — «
thresholds at A > A, is crucial for the usefulness of EFT(s) for the description of these nuclear channels. This will
tell whether a perturbative insertion of subleading order must move a shallow scattering pole to a stable one, or if
a non-perturbative mechanism has to account for the creation of the pole anew. At unitarity, a shallow 2 & 1 pole
cannot be fixed to a specific energy. In this limit, i.e. , without any scale, the resonance can only converge to threshold
or diverge to infinity for A — oo [33]. In the first case, three-body unitarity would be a universal consequence of
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FIG. 2: (Color online) Dependence of the critical cutoff A. on the number of core particles A. SVM few-body results are
shown for A < 7 (dots, B(3) = 4 MeV) along with single-channel resonating-group approximations for A < 150 (lines). The
unitarity limit (yellow) was realized with B(2) — 07 and B(3) = 3 MeV and deviations from it with B(2) = 1 MeV and
B(3) € {3,4} MeV (blue, red). In the shaded regions, the respective theories do sustain bound A & 1 states, while systems
above the lines are unstable. The step-like change in the curves results from a numerical criterion for the onset of binding and
can be removed systematically.

the resonant two-body interaction. In the second case, the pole is an unphysical artifact which disappears with the
regulator. In contrast, for d > 2, scale invariance is broken, and the associated emergence of a scale could pin the
resonance to a finite energy. As of now, such a study has not been done.

For the conception of an extension of the EFT(#) which predicts also the particle-stable character of ©7Li and ®Be
in the zero-range limit, we analyze the mechanism behind the stability of these systems for A < A.. Of all artifacts
introduced by the finite range of the regulated contact interaction, the finite effective range in the two-body S-wave
channel and a non-zero attractive two-body P-wave interaction are expected to dominate. Both contribute to the
attraction in the A @ 1 system but their relative significance in this role is obscure. In other words, the finite-range
interaction does not only describe a finite but large S-wave scattering length but also other finite parameters of the
effective-range expansion of the S-wave amplitude like the effective range ry. Furthermore, the scattering volume a
of the two-nucleon P-wave amplitude is non-zero as well. To shed light on their relative importance, we project the
two-body interaction in an asymmetric internal state. This forces two interacting particles into an even spatial state
(L =0,2,..) removing any spatially asymmetric contributions. In effect, a reduction of A7 by about 50% is observed
(crosses in fig. 1). Hence, the finite 7o and a; seem to be of similar significance for the stability of the corresponding
nuclear systems.
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FIG. 3: (Color online) Cutoff dependence of nuclear ground-state energies obtained in LO EFT(#). For A < 5, solid lines
represent nuclei with spatially symmetric ground-state wave functions. For A > 4, solid lines mark the lowest decay threshold
into two bose-like fragments.

Conclusion We find that a non-relativistic system of d + 1 particles with identical masses and a d-dimensional
internal flavour space cannot sustain a stable state if its dynamics is constrained by representations of two- and three-
body momentum-independent contact interactions which are renormalized to yield a resonant two-body state and a
single bound three-body state and whose residual finite-range is below a critical value. If the range of the regulated
contact interactions, however, surpasses the critical range, the Lioa = 1 ground state of the d + 1 particles is stable
with respect to breakup into a spatially symmetric d-body ground state and a single free particle. This critical range
decreases with the system’s particle number increasing as A = d + 1. For a set of interactions close to unitarity, the
critical range reaches a minimum at a certain number of particles. At unitarity, we observe that the critical range
keeps decreasing up to d ~ 100 particles. Similarly, with the pionless EFT at leading order, we find the nuclear
systems ®7Li, and ®Be unstable, contrary to expectations.

We investigate the finite effective-range and scattering volume of two bodies as the dominant parameters affecting
stability. Both were found of similar importance to bind the studied systems at small cut-off. With the vanishing
of these parameters in the contact limit, the result questions the capability of such theories for the description of
P-wave-stable states and asks for a study of the renormalization-group running of hypothetical shallow scattering
poles. Only RG-stable poles might be stabilized with insertions of sub-leading operators, while in their absence they
would have to be created anew. The latter result would have fundamental consequences for the effective-field-theory
formulation.
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