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1. Introduction

First, let me start with an example. Let us consider a two-dimensional
electric particle of charge e (i.e. electron) and mass m in the presence of a
uniform magnetic field perpendicular to the system plane. At this point solv-
ing the eigenvalue/eigenfunction problem is well analysed in many quantum
mechanics books. But provided that such particle interacts with a point per-
turbation with varying support, we come to remarkable spectral problem.

The Hamiltonian of the system mentioned above can be chosen in the
form

H = ~[(0, — iBy)* + 0, + Bi(y) , (1)

where B is the strength of the magnetic field, d(y) is the Dirac delta function
and (3 is the strength of the perturbation potential. By virtue of the Fourier
transform we can rewrite (1) in the momentum representation as follows

H=-0,+B(y+q°+8y) , (2)

where ¢ = ¢ is the location of the perturbation on the y axis. The Hamilto-
nian of the unperturbed system

Hy=—0;+V(y) ,V(y) = B*(y +q)° (3)

has a discrete spectrum. The principal aim of this work is to analyse the
g-dependence of the eigenvalues of the operator H.

There are more examples of systems for which the investigation of eigen-
values reduces to spectral properties of operators having the form (2). The
operator (2) can be chosen to describe a short-range impurity in a potential
well, where V' (y) would be the confining potential of the well and 5 would
characterize the impurity potential (5 < 0 for attractive impurities and 5 > 0
for repulsive ones). Besides, taking # > 0 we obtain Hamiltonian of a charged
particle tunneling through moving barrier.



2. Spectral analysis of perturbed Hamilto-
nian H

First, let us summarize basic results of the spectral properties of the
operator Hy in L?(R) denoted by the differential equation

H=-0,+V(y), (4)

where the potential V' is bounded from below and V' € L2 .(R). Such operator
belongs to class of so-called Schrodinger operators.In this case the expression
(4) defines an essentially self-adjoint operator on C§°(R). It’s obvious that
in our case lim, .1V (y) = +00

The spectrum of H consists of so-called Landau levels, that is o(Hy) =
{\, = B(2n+1) | n € Ny}. We see that o(Hy) is discrete, bounded from below
and \; < A, for all j < k, j, k € Ny. The multiplicity of each eigenvalue is
1. The eigenfunctions can be written in the form

O, = e TH,(E) |

where H, = (—1)"¢¢ (%)% ¢ are the Hermitean polynomials and & =

d¢
VB(y+q).
These solutions can be written [1] in terms of confluent hypergeometric
functions
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and v is L*(R) in +oo.

At this point we have an orthonormal system ®,, of eigenfunctions of the
operator Hy corresponding to the eigenvalue \,. The resolvent Ry(¢) of the
operator Hy: Ry(¢) = (Hp — ¢)~ ! has an integral kernel Gy(y, z; () which we
call the Green function of Hy. We can write [4]
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where k(n) is the multiplicity of eigenvalue A,. In our case k(n) = 1 for
all n € N. By virtue of the Mercer theorem the series (6) converges locally
uniformly on R? x p(Hy).
Now we shall consider the self-adjoint operator H in the space L*(R)
defined by
H = Hy+ By —q) , (7)

which we obtain by argument shift in (2). According to the Krein resolvent
formula (see appendiz) H is defined by its resolvent R(({) with the integral
kernel

Gy, () = Go(y,z:¢) — Q) + B 'Goly, :)Gol(q,2:¢) ,  (8)

where Q(() is the so-called Krein function. From the condition
[ [Goly, 21 )dy < 00,y € R and ¢ € p(Ho)

we get Q(¢) = Q(C,q) = Golg, ¢; ¢). Hence

oo #(n)
Q) =22 (=7 Pril(a)” (9)
n=0 k=1
The following lemmas will be useful for finding o(H).

Lemma 1. For every yo € R the relation @, x(yo) # 0 is valid for in-
finitely many values of the index n.

Lemma 2. For a fized q € R the following statements are true:

(i) ¢ — Q((,q)) is a meromorphic function of ¢ € C with infinitely many
simple poles. The poles of this function are exactly those points A\, for
which there ezists k € {1,...,k(n)} such that ®, x(q) # 0.

(i) 240 > 0 if ¢ € p(Ho) NR.

(iii) For real E the function E — Q(E,q) increases from —oo to +o00 as E
varies between any two neighbouring poles.

(iv) For every ¢ € Hy the function y — Go(y,q;C) does not vanish identi-
cally in R.

(v) Q(¢,q) — 0 as R¢ — —oo locally uniformly with respect to q € R.



Proofs of this lemmas can be found in [4].

Proceeding further, let us fix ¢ € R. Considering the function ¢ — Q((, q)
which has the form (9) we have the set of all its poles. Let us arrange these
poles in an increasing sequence A,, < A,, < ... < A, < ... . Further we
shall assume that if a point ( = A\, does not belong to the sequence, then
the function Q((,q) is equal to its continuous extension to the point. The
resolvent R(¢) = (H—¢) ! is a bounded operator for all ( € p(H) = C\o(H)
and has the integral kernel G(y, z; (). According to Lemma 1 and Lemma 2
for any ¢ # A, the function Gy(.,q;() does not vanish identically on R.
From here we get that o(H) is determined by the pole of the resolvent, that
is

Q(¢,q) + 57" =0. (10)

The equation (10) is known as dispersion equation. Said in other words, every
( satisfying the dispersion equation belongs to the spectrum o(H). H being
the self-adjoint operator results in o(H) C R. Thus equation (10) has only
real solutions.

Lemma 2 says that for real E the function E — Q(FE, q) increases from
—00 to +00 as E varies between any two neighbouring poles, which means
that in each interval (\,,_,, An,), j € N, the equation Q(E,q) = —(~" has a
solution. These solutions can be arranged in an increasing sequence ¢1(q) <
eo(q) < ... . If B > 0, equation (10) has no other solutions; otherwise it has
an additional solution £¢(¢) lying in the interval (—oo, \,,) [4].

In the case of Schrodinger operator we will use the following representa-
tion of the Green function Gy. Let (o € p(Hp) and Wi (y; (o) are functions
(5). Then

U, (maz(x,y); Co)¥_(min(y, 2); Co)
w (o) 7

Go(y, 21 o) = (11)

where
w(Co) = WV (y;¢0), Y—(¥; o))

is the Wronskian of W, (y; {p) and W_(y; (o). In a neighbourhood of the point
(o the functions W (y; () can be chosen to be analytical ones of (. It follows
from the elementary properties of the resolvent of Hy which has the integral
kernel, the Green function Gy, that the function w((y) has only simple zeros
which coincide with the eigenvalues A, of the operator Hy. From (9) and (11)

we obtain U (g O (q:0)
V(g OV _(g;
Q(C7Q) - w(()

. (12)



Because for ¢ € R and ¢ < Ag the functions W.(y;() can be chosen to be
strictly positive for all y € R, % > 0 and lim¢_,_oQ(¢,q) =0 for all ¢ € R,
we have

w(¢) > 0. (13)
In our case the Wronskian has the form

477\/?
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Because I'(2)[(z + 1)..T(z + =1) = (27)"2 n2 "20(nz) (see [1]), taking
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and n = 2, we can rewrite the Wronskian as follows
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Theorem 1. The spectrum of the operator H is a discrete one and con-
sists of four non-intersecting parts oy (k = 1,2,3,4) which are described as
follows.

(i) The part oy consists of all the solutions €;(q) of equation (14) which are
different from the eigenvalues A, of the operator Hy. Each solution ¢;(q)
15 a simple eigenvalue of the operator H, the corresponding normalized
ergenfunction has the form

=

B5(0) = Guoly: 0524(0)) [ 523 (0). )|

(ii) The part o9 consists of all the eigenvalues N\, of the operator Hy satis-
fying equation (14) and such that ®,,x(q) = 0 for all k = 1,...,k(m).
FEach point of o9 is an eigenvalue of the operator H of multiplicity
k(m) 4 1; an orthonormal bases of the corresponding eigensubspace is
spanned by the functions @, and the function

1
2

U (y) = Go(y, ¢; Am) [222‘()‘7717 q)]



(iii) The part o3 consists of all the eigenvalues A, of the operator Hy which
do not satisfy equation (14) and such that ®,,.(q) = 0 for all k =
1,...,6(m). Fach point of o3 is an eigenvalue of the operator H of mul-
tiplicity k(m); an orthonormal bases of the corresponding eigensubspace
is spannes by the functions @, .

(iv) The part o4 consists of all the eigenvalues N\, of the operator Hy for
which k(m) > 2 and which are poles of the function ( — Q(C,q).
(i.e., for which ®,,1(q) # 0 at least for one k). Each point of o4 is an
eigenvalue of the operator H of multiplicity k(m)—1; the corresponding
ergensubspace is the orthogonal complement of the function

~

Fo(y) = Prna ()P (y) + oo 4 Pry o) (@) Ponos(m) (1)

in the ergensubspace of the operator Hy associated with \,,.

Proof of Theorem 1 can be found in [4].

Lemma 3. Let the potential V (y) be an even function. If ®,,(q) = 0,
then Q(Am,q) = 0.

Proof of Lemma 3 can be found in [4].

In our case the eigenfunctions ®,, j, of the Schrodinger operator Hy satisfy
@, = Dypy. That is k € {1,...,k(m)} = {1} (each eigenvalue \,,, m € N
has multiplicity x(m) = 1) . Therefore Lemma 3 and Theorem 1 both imply
that the set o4 from Theorem 1 is empty.

Lemma 3 and Theorem 1 also imply:

Corollary. Let the potential V (y) be an even function. Then:

(a) For 3 # +oc all the eigenvalues of the operator H are simple and belong
either to the set o1 or to the set o3 from Theorem 1.

(a) For B = +oo the set o3 is empty, and all the eigenvalues \,, from the
spectrum of H are doubly degenerate.

(b) Ao does not belong to the spectrum of all the operators H, while every
ergenvalue of the form Aopmyq belongs to the spectrum of any operator

H=H(qg=0,p).



Our next aim is to analyse the g-dependence of the eigenvalues ¢;(¢q). Let
us introduce the notations first:

)\_1 = —O
X_1 :R
Xn={¢eR:9,,(q) #0forall j =1,...,k(n)} (n>0).

The following theorem will be useful for us:

Implicit function theorem. If f1, ..., f,, are continuously differentiable

functions on a neighbourhood of the point (xg,yo) = (29, ...,2%, 4y, ...,9%) €

R™ x R™, if fi(zo,y0) = f2(x0,90) = ... = fu(To,90) = 0, and if the n x n
matriz (J);; = ggy is nonsingular at (zo,yo), then there is a neighbourhood

U of the point yo = (y2,...,y°) in R™, there is a neighbourhood V of the

point o = (29,...,28) in R", and there is a unique mapping ¢ : U — V

sy by

such that o(yo) = zo and f1(p(y),y) = ... = fule(y),y) =0 for ally € U.
Furthermore, ¢ is continuously differentiable.

In our case m,n = 1, f(zo,50) = Q(zo30) + 57 = 0, (Bu(g)rq) =
(x0,%0) € (Mk—1, k) X (Xk—1NXg). The function E — Q(F,q) is contin-
uously differentiable on each set (Ag_1, A\x) X (Xp—1 N Xx). For any fixed
q € Xik_1N Xk, the function E — Q(FE, Q) is real-analytic on the interval
(Ak—1, A\x) as a function of E. Further we have

_oQ
- OF

af _ d

92 = 9E Q(E(q),q) + 87"

(E(q), q)-

It follows from Lemma 2 that g—% # 0 on the set (Ar_1, A\x) X (X1 N Xk),
which implies that det|J| # 0 therefore the matrix J is non-singular. Thus
the premises of the Implicit function theorem are satisfied. Therefore the
equation (14) for any ¢ € X;_1 N Xy has a unique solution Fy(q) € (Ar_1, A)-
Let us recall that k € N for 3> 0 or k € Ny = N U{0} if 5 < 0.

Proposition 1. Fach function Ei(q) has a continuous extension on the
whole real line R.

The result of the Implicit function theorem and Proposition 1 is the fol-
lowing theorem:



Theorem 2. For each fized 0 # [ € (—o0,+00] there is a sequence
(En(q)) of continuous functions of ¢ € R such that the following properties
are satisfied:

(1) M1 < En(q) < A\, for all n.
(il) E.(q) < E,11(q) for all admissible values of n.

(iii) For each q the set consisting of all E,(q) and all the numbers \,, with
k(m) > 2 is the complete collection of all the eigenvalues of the operator

H = H(q, ).

(iv) If Mot < En(q) < A\, then E,(q) is the unique solution of the disper-
sion equation (14).

(v) If A\, is a pole of the function ¢ — Q(C,q) (i-e. if Dpi(q) # 0 at least
for one k), then \—1 < En(q) < A.

(vi) Provided that A, is not a pole of the function ¢ — Q((,q) (i.e. P, x(q) =
0 for all k), we have the following:

(@) If Q(M\n,q) + 871 <0, then E,(q) = N\ < Eny1(q).
(b) If Q(M\nyq) + 71 > 0, then E,(q) < A\ = Eni1(q).
(c) If Q(\n,q) + 571 =0, then E,(q) = M\ = Enyi1(q).

Definition. The points for which condition (iv) of Theorem 2 is satis-
fied we shall call the non-singular points of the function E,(q). If condition
(vi)/(a), (vi)/(b) or (vi)/(c) is satisfied, then ¢ will be called singular point
of kind (a), (b) or (c), respectively.

In the next step we will evaluate the energy of bound state of the per-
turbed Hamiltonian H. It can be proved that for 5 # 400 we have Dom(H,) =
Dom(H) C C(R). Further if ¢» € Dom(H), then q(¢) = qo(v) + 8|1 (q)|?
where ¢ and ¢y are the quadratic forms associated with the operators H and
Hy, respectively; [1(q)|? < ho(v)) for any 1 € Dom(H,). Thus for all ¢ € R
we obtain [4]

~ < Eola). (15)

Let us denote the asymptotics of the so-called Krein function (as a func-
tion of ¢ € R). The potential V(y) satisfies lim, 1o V(y) = +oo. The
set of all discontinuity points of the function V(y) is empty. It’s obvious
that V(y) decreases on the half-line y < 0 and increases on the half-line

10



y > 0. V(y) is differentiable and there exists a point yo > 0 such that
the derivative V'(y) is a locally absolutely continuous function for |y| > yo,

and f|y|>yo|%z(%) — ‘égéz))h/\/(y)dx < oo. Then for any £ € R\ o(H))
Q(E, q) ~ V(q)*% for ¢ — £oo which implies that lim,1Q(q, E) = 0.

Moreover, provided that the set of all discontinuity points of the function
V(y) is finite (or empty), then if \,, # E € R for every n, ¥, (s; E) # 0 and
Q'(E,s) =0 (s € R) we have Q"(F,s +0) <0 [4].

The previous hypothesis and Theorem 2 lead to a final result of this
work: for the Schrodinger operator Hy the functions Ej(q) have the following
properties:

(i) Let 8 < 0 and k£ > 1. Then the function Ej(q) attains the maximum
Ak at those points g € R for which ®;(q) = 0 and has no other points
of local maximum. Besides, Ei(q) > Ax_; for all ¢ € R.

(ii) Let 0 < 8 < 0o and k > 1. Then the function Ej(q) attains its min-
imum A,_; at those points ¢ € R for which ®;_;(¢) = 0 and has no
other points of local minimum. Besides, Fi(q) < Ax for all ¢ € R.

(iii) Let § = oo and k£ > 1. Then:

(a) Ao < F1(q) for all ¢ € R.

(b) The function Ei(q) attains its maximum which is equal to A; at
that point ¢ for which ®1(¢) = 0 and has no other points of local
maximum or local minimum.

(c) For k > 2 the function Ej(q) attains its minimum A,_; at those
points ¢ € R for which ®;_1(¢) = 0, and attains its maximum A
at those points ¢ € R for which ®4(¢q) = 0; this function has no
other points of local maximum or local minimum.

(iv) Let the potential V (y) fulfills the properties as discussed above. Then:

(a) If 0 < B < oo, then lim,—100Ek(q) = Ap—1 for k > 1.

(b) If B <0, then lim,—, 100 Ex(q) = A for k > 0. For the same values
of 3, there exists a unique point gy such that E{(go) = 0, moreover,
El(q) > 0if ¢ > q, and Ey(q) < 0if ¢ < qo.

11



3. Conclusion

In this work we have showed that the spectrum of perturbed Hamilto-
nian H = H(q, ) apart from so-called Landau levels consists of absolutely
continuous bands varying between two adjacent Landau levels without cross-
ing them. For ¢ — o0 these bands adhere to corresponding Landau levels,
which depends on the parameter 3. Moreover, there exists unique point at
which the bound state of H attains its maximum /minimum according to the
value of (.
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4. Appendix
Self-adjoint extensions of symmetric operators

Assume A to be a densely defined, closed, symmetric operator in some
Hilbert space H with deficiency indices (1,1). If

A'¢(z) = 2¢(2), ¢(2) e D(A), z€C\R, (16)
we have

Theorem 4.1. All self-adjoint extensions Ay of A may be parametrized
by a real parameter 6 € [0, 27) where

D(Ag) = {g+ o, +cc6_| g € D(A),c € C},

Ag(g+ cop 4+ ce®p_) = Ag+ico, —ice®p_, 0<0 <2,  (17)

and
¢r = ¢(xi), o+l = [lo-|]- (18)

Concerning resolvents of self-adjoint extensions of A we state

Theorem 4.2 (Krein’s formula) Let B and C' denote any self-adjoint
extensions of A. Then we have that

(B—2)" = (C=2)" = M2)(6(2),.)0(2), z€p(B)Np(C),  (19)

where A(z) # 0 for z € p(B)Np(C) and A and ¢ may be chosen to be analytic
in z € p(B)Np(A). In fact, ¢(z) may be defined as

¢(2) = d(z0) + (2 = 20)(C = 2)'d(), z € p(C), (20)
where ¢(20), Yo € C\ R, is a solution of (26) for z = zy and \(z) satisfies
M2) = M) = (2= )(0(2)e(y)) 2,7 € p(B)Np(C), (21)

if ¢(z) is chosen according to (20).

Next we turn to the general case and assume that A is densely defined,
closed symmetric operator in H with deficiency indices (N, N) N e N. Let
B and C be two self-adjoint extensions of A and denote by A the maximal
common part of B and C' (i.e., A obeys A C B, A C C and A extends
any operator A’ that fulfills A C B, A’ C C). Let M, 0 < M < N, be
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the deficiency indices of A and let {¢1(2), ..., ¢ar(2)} span the corresponding
deficiency subspace of A4, i.e.,

A G (2) = 20m(2), ¢m(2) €ED(A*), m=1,...M, z€C\R, (22)

and {¢1(z2), ..., oar(2)} are linearly independent. Then the analog of theorem
4.2 reads

Theorem 4.3 (Krein’s formula for deficiency indices N > 1) Let B, C,
A, and A be as above. Then

(B=2)"'=(C=2)"" = 3 Aun(2)(0n(2), )0m(2), 2 € p(B)Np(C), (23)

m,n=1

where the matriz A(z) is nonsingular for z € p(B) N p(C) and A\pp(z) and
Om(2), myn=1,..., M, may be chosen to be analytic in z € p(B) N p(C). In
fact, ¢m(z) may be defined as

¢m(z) = ¢M(ZO) + (Z - ZO)(C - Z)71¢m('zo)7 m = 17 ] M? KAS p(C), (24)

where ¢m(z0),m =1,.... M, zy € C\'R, are linearly independent solutions of
(22) for z = zy and the matriz A\(z) satisfies

N2)n = N — (2 = 2)(00(2), 0(?)), myn=1,... M,
2,2 € p(B) N p(C), (25)
if the ¢ (2),m = 1,..., M, are defined according to (24).

In general, we have

N
(B=2)"'=(C=2)"" = > Mn(2)(9n(2), )m(2), 2 € p(B) N p(C), (26)
m,n=1
where now ggm(z), m =1,..., N, are linearly independent solutions of

A (2) = 20m(2), bm(2) € D(A*), m=1,...N, zeC\R, (27)

and, in general, det A\(z) = 0.

14
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